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IBano-®paHKIBCHKOTO MPUPOIHUYO-MATEMAaTHYHOTO Jineto Ta «Panukam» HanBipHIHCHKOTO JIIEHO.

[Ipononyemo Bamiiii yBa3i BuOpaHi MaTepiand 3 MIATOTOBKM KoMaHau «Pamukam» 110
3aKJIIOYHOTO eTamy TypHipy. B cTarTi Takok BUKOpHCTaHI OKpeMi pe3ylbTaTd, OTpUMaHi (iHATICTOM
TypHipy — komaH 010 «I'emiocy (M. UepHiBiii).

3 po3B’si3aHHSAM YACTHHM IHIIMX 3a7ad, a Takoxk 3 Mmatepiamamu XIII IBano-®paHKiBCHKOTO
00JacHOTO TYpHIPY IOHUX MAaTeMaTHKIB, YHTa4l MOXYTh O3HaHoMHTHCA Ha OQimiifHOMY cailTi
BceykpaiHChbKHX TYpHIpIiB IOHAX MaTeMaTHKiB iMeHi mpodecopa M.J. Snpenka http://www.tym.in.ua.

«isiouncI0BMi TPUKYTHUK
Vkakite xou oauH npsMokyTHud TpukytHuk ABC i3 uinouncnoBuMu cTOpoHaMH, BCEPEIUHI SKOTO

MOJKHa BKa3aTh Taky Todky M , mo goexunu Biapizkis MA, MB ta MC € uinumu. Yu icHye Ge3miu Takux
TPUKYTHHKIB, )KOJIH1 /IBa 3 SIKUX HE € MOTIOHNMU?

Po36’szanns. HecknaaHo MepeKOHATHCS, 10 TAKUM €, HAIPUKIIA, TPUKYTHHK, BEPIINHH SKOTO
MarOTh KOOPJMHATH: A(80;0) , B(0;84), C (0;0). Toni AC =80, BC =84 i3a teopemoto Ilidparopa

AB =116. Sxumo Tenep M (40;9), to 3a Tieto x Teopemoro Ilidaropa snaxomumo MA=MC =41,

MB =85.
JloBeneMo, 10 HEMOAIOHMX MK CO00K NPSIMOKYTHMX TPHUKYTHHKIB icHye Oe3miu. Hexaii

A(4mn;0), B(O;4m2 —nz), C(O; 0), ae m, n — HarypaimbHi umcia, m>n>1. Toxi AC=4mn,
BC =4m® —n” i 3a Teopemoro Iliparopa AB =4m* +n?.

BubpaBmm  Ttemep Touky M (Zmn; m® — nz), orpumaemo  MA=MC =m*+n* rta
MB? = (3m2)2 + (Zmn)2 =m’ ((3m)2 + (2n)2) =m? (n2 +1)2 , akmo 3m=n®—1.

TMoknanatoun, nanpuxnan, N =3k +1, k € N, ssincu snaxomumo m=k(3k+2), ke N,

Cepen oTpUMaHUX MPH [BOMY JUIS PI3HHX keN MPSMOKYTHUX TPUKYTHUKIB € HECKiHUCHHA
KIJIBKICTh TaKHX, JKOMHI [IBa 3 IKMX HE € MOAIOHNMHU, 00 BiIHOIIEHHS KAaTETIB

AC  2mm  4k(3k+2)(3k+1)
BC 4m’-n®  4k?(3k+2)" —(3k+1)°
4k (3k +1)(3k +2)

(k+1)(2k+1)(3k —1)(6k +1)

npsiMmye 1o Hynst mpa K — oo, omke, abo came yTBOPIOE CIaqHy MOCIiIOBHICTh, 200 MICTHThH CHAJHY
MI1AIOCHITOBHICT.



Bokpema, mpu k=1, m=5n=4 orpumyemMo HaBeACHHI MCPIIMM MNPUKIAA MOTPIOHOTO
MPSIMOKYTHOTO TPUKYTHHUKA.
Bingzuaurmo, 1o MokHa Oyio 6 takox Bubupatn N=3K+2, k € N. Ilpu npomy otpumainu ou

m=(k+1)(3k+1), ke N.
3ayBaxxuMo, 110 Touka M He 000B’SI3KOBO TOBUHHA 3HAXOJIUTHUCS HA CEPEIHIN JiHIT TPUKYTHHUKA.

Hanpukian, st IpsIMOKYTHOTO TpukyrHuka 3 Bepmmuamu A(69;0), B(0;92), C(0;0) i touxn
M (21;20) orpumyemo AC =69, BC =92, AB=115, MA=52, MB=75, MC =29.

«Ynciaa ®idonavyi Ta mionr»
ITocninoBHicTs ®iboHAYHI 3agaeThes piBHOCTAIMH F, =F, =1 F,, =F +F_;, keN.

1. doBenits, mo it koxkHoro m =0 muroma TpukytHuka A A A, 3 BepmMHAMU Ai(Fm+1; Fm+2),

A (FaFoa)s A(F,sF,.6) Ropisaoe 0,5.

2. Jlosenits, mo mist kokHoro M =0 wormpuxyruk AA,AA, 3 Bepumnamu A (F,.;;F,.,),
A (FraiFoa)y A(FrsiFus)> A(Fo.7iF.e) € Tpaneniero, moma sikoi 1opiBHioe 2,5.
3. Jlosenits, mo moma MHorokyrauka AA,..A,Nn=3, 3 sepmmuamn A (F,..;F..,),

A (Fm+3; Fm+4) s ey A (Fm+2n71; Fm+2n) HE 3aJIeKHUTH Big BUOOpy uncia M >0, Ta 3HAUIITH 110 MJIOILY.

Po3e’azanna. Crioyarky nosegemo, mo AA, || A/A;, ToOTO 10BOIMMO PIBHICTH

Fm+7 — I:m+1 — I:m+5 — I:m+3

I:m+8 B I:m+2 I:m+6 B I:m+4
Jist 11 mpaBoi yacTUHU O€3M0CcepeHBO 3a O3HAUYEHHAM uncen Di6oHaYdl OTPUMYEMO
I:m+5 — I:m+3 _ F

m+4

I:m+6 - Fm+4 - F

m+5

Kpim toro, maemo

I:m+7 - I:m+1 = (Fm+6 + Fm+5) - (Fm+3 - Fm+2) =

= ((Fm+4 + I:m+5)+ Fm+5)_(F +3 _(F 4 Fm+3)) = 2Fm+5 +2Fm+4 _2Fm+3 =4F

m m m+4 *
Amnanoriudo nosogumo, mo F . —F, ., =4F .. Tomy Takox
I:m+7 — I:m+1 — F

m+4

I:m+8 - I:m+2 - F

m+5

HeckmagHo Takox IIoKa3saTu, 1o IIBi 1HIII CTOPOHH HC € IapaJICIIbHUMU.

3 N0BEIECHOrO BUIUIMBA€E, IIO BCi 4oTUpukyTHHUKH AAAA, 3 BeplIMHaAMU Ai(Fm+1; Fm+2),
A2 (Fm+3; I:m+4) ’ % ( I:m+5; I:m+6) > AA (Fm+7; I:m+8) € TpaHeI.lifIMI/I 3 OCHOBAMH AJ.A4 Ta AZA?)

Orxe, piBHUMH € Tuonli TpuKyTHUKIB AA A, Ta A AA, SK Takux, 110 MalOTh CIIbHY OCHOBY
A A, Ta piBHI BHCOTH, NPOBEIEHI 10 Hei. 3BIJCH BUIUIMBAE, IO IUIOII BCiX TPUKYTHHKIB AA A

nopiBHIoIOTS wIomwi TpukytHuKa 3 Bepmmnamu A (F;F,), A (F;;F,), A(Fs;F;), 10610 3 Bepmmuamn

A(L1), A(23), A(58).



SAxmo toukn F, F;, K, e npoeknismu touok A, A,, A, BIINOBiAHO Ha Bick abCLUC, TO ILIOILY

OO TPUKYTHHUKA BUPA3UMO Uepe3 IUIOIII BIAMOBITHUX MPSIMOKYTHUX TPAarewiii:
1 1

1 1
2(143).14+= 3-2(1 Q==
(1+3) +2(3+8) 3 2( +8) 2

S FAR ~ SRAAR = 2

=S +S

Ahh FAAF
1o i Tpeda Oyno qoBecTH B II. 1.

Posrnsinemo Tenep noBiAbHMH MHOrokKyTHHUK AA,...A,N>3, 3 BeplIMHAMU Ai( Fm+l;Fm+2),

A (FrsiFoa)s oo A (FuianaiFion ). 3 1OBEEHOI BHINE NApanebHOCTI BUILIMBATHME, WO HOTO

IJI0INA HE 3aJIeKUTh Bl BUOOpY M > 0. Tomy, moknagaroun M =0, 00YKCIUMO IOy MHOTOKYTHHKA 3

BEPUIMHAMHU Ai(Fl;Fz), AZ(F3;F4), ey A1(F2n_1;F2n).

Taka 3amaua Oyna 3amporoHoBaHa B kypHaii The Fibonacci Quarterly B posmini Elementary
problems and solutions (Vol. 53.2, May 2015. — B-1167. Proposed by Atara Sriki and Opher Liba).
HaBoaumo ii po3B’s3anns npodecopom ["'appicom KBoHroM B nepekiazi 3 aHTIIHCHKOI.

Takuii MHOTOKYTHUK € OMYKJIMM 1 HOro MO)KHa po30MTH Ha N—2 TPUKYTHUKIB 3 BEpIIMHAMU

(Fl;Fz), (F2k—1;|:2k) Ta (F2k+1;F2k+2), ne 2<k<n-1. [lpu upoMy IUIONIa KOKHOTO TPUKYTHHKA 3

TaKUMHU TPhOMa BEPIIMHAMHU MOKEe OyTH BUPaXXCHA 4epe3 IUIOII TPhOX MPSMOKYTHHX TpAremid, siKi
3HAXOASATHCS MiJl TPbOMa HOTO CTOPOHAMH 1 0OMEXeH1 3HU3Y Biccio adciuc.

Ockinbku (Fl; Fz) = (1; 1) , TO MM OTPUMY€EMO:
2Ak = ( Fya— 1)( F + 1) + ( Foa — F2k—1)( Fu + Fasz ) - ( Faca _1)( Fan + 1) =
=Fy P PP + R + ( For = Faca — Fa ) =

— L4k+1_1_ L4k+1+4+

5 5 Fas =F -1
n-1 n-1
Orxe, ZZAk = Z Fua—(n=2)=(F,, ,—1)—(n—2) i moma MHOTOKyTHHUKa JOPIBHIOE
k=2 k=2
s - F. —n+1_
" 2

Tyt 4epe3 L,,,, mo3nauyeHi uncna Jlroka 3 ingekcoM 4K +1, o3HaueHHs SKUX c(HOPMYIbOBAHE B

HACTYIHIHN 3aja4i.

. . ) F.-3 5
[Noknagaroun n =4, orpumaemo, 1o IwIonii Beix Tpamenin A A, A,A, TOPIBHIOIOTH 62 = E ,

1110 Ja€ BiAMOBIAb HA II. 2.
CrpaBennuBe ¥ 3araibHillle BiJ] JOBEIEHOTO BHUIIE TBEPKCHHs: IUIONIA MHOTOKYTHHKA

AA,...A,, N 23,3 BepuIHAMH Al(Fm+k;Fm+2k)’ AZ(Fm+3k;Fm+4k)’ e A1(Fm+(2n—1)k;|:m+2nk)’ keN, ne

3aJIeKUTh B BUOOpPY urcen M >0 i nopiBHIOE

F, (sz<n_1) ~(n-1) FZk)
5 :
[Ile 3aranpHIMNN pe3yabTaT JOBEIECHUI aBTOPOM i€l CTATTI MPU po3B’A3yBaHHI 3a1adi B-1195 3
xypraiy The Fibonacci Quarterly (Mol. 55.3, August 2017. Elementary problems and solutions).
Hexait 3aaHa ocCi1iI0BHICTh, BA3HAYEHA PIBHOCTSIMHU:
G,=a,G =b,G. =G +G, ,,keN.
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Toni muoma MHOTOKYTHHKA 3 BEPIIMHAMU

Al (Gm+k . Gm+2k ) ' AZ (Gm+3k ; Gm+4k ) LA Ah (Gm+(2n_1)k ; Gm+2nk ) ' k € Nv

HE 3aJICKUTH BiJl BHOOpY uncen M >0 i JopiBHIOE

|,u| F (FZk(n—l) a (n _1) FZk)
2

ne u=a’+ab—b’.

«Hucaa Pidonayyi Ta Jloka»
Uncma Jhioka sagaroreest pismoctsmu L =1, L, =3 L ,,=L +L,, keN. UYncma ®ibonauui

nosHaueni F, .

1. Jlis koxHOTO N > 110BEAITH, 110

FZn—l + I:2n+l + 1 — I-2n—1 + L2n+l _ 5 .
I:2n+l l:Zn—l I:2n—l|:2n+1 I-2n+1 L2n—l L2n—1L2n+l

2. 3ampornoHyiTe 1 JOBEIITh aHANOTIYHy piBHICTH Juid yucen Dibonayui Ta Jlioka 3 mapHuMu
1HAEKCaMHU.
’ L 2 _ 2 _
Po3ze’azanna. a). Buxopucrosyroun ¢popmynu Kaccini F,, +1=F, |F, ., ta Lj, -5=L, L, .,
OTPUMAEMO
2 2 _ 2
FZn—l + F2n+l +1= (F2n+1 - F2n—l) +1+ 2F2n71F2

=(F} +1)+2F,,,F,,, =3F,,,F

Nl

2n-1" 2n+1

Ta
Lén—l + Lim—l —-5= (L2n+l B L2n—1)2 -5+ 2I‘Zn—1|-2n+1 =
= (Lgn - 5) + 2L2n—lL2n+l = 3I‘2n—1|‘2n+1 :

ToMy 17151 BCIX HaTypaJlbHUX N OOMJBI YaCTUHU 3aJaHOI PIBHOCTI JOPIBHIOIOTH 3.
0). AHanoriuHa piBHICTh st yrcen PidoHauyi Ta JIroka 3 mapHUMH 1HAEKCAMU Ma€ BUTIIS
I:2n + I:2n+2 _ 1 — L2n + I-2n+2 + 5 )
I:2n+2 I:2n I:2n F2n+2 L2n+2 L2n LZn L2n+2
Jns Bcix HarypanbHUX N oOWABI i1 YacTUHU TakoX MOOpPiBHIOWOTH 3. i JOBeAeHHA

BUKOPMCTOBYEMO aHAJIOTidHi TepeTBopenHs i dopmymu Kaccini y sumisai F7 ., —1=F, F Ta

2n+1 n' 2n+2
2
L2n+1 + 5 = L2n L2n+2 .

«Cucrema 3 unciaamu Pidonaqui»
Po3B’s1k1Th cucTeMy PIBHSHbB:

X, +X +X, =FX +F,
5 _ 4
X; +X, + X, =FX; + F,

4033 _ 4032
Xoo16 T Xo016 T Xo017 = F2016X2016 + F2018’
4035 F2019 -1 _ 4034
Xom7 + o7 T % = F2017X2017 + F2019-

I:2017

_4_



keN, 3anumemo

Posé’azanna. CxopucraBmmch piBHoctamu K =F, =1L F,,=F +F

+2 +17
3aJIaHy CUCTEMY PIBHSIHB y BUIJISIII:

(X —F) (X +1)=F,—x,,

4032 _
(XZOIG - F2016)(X2016 +l) - I:2017 — Xa017
F.,—1
4034 2019 _
(X2017 - F2017)(X2017 + = - Fl =X
2017
3Bijcu oTpuMyeMO eanHuMi po3B’sa3ok: X, = F, k=1,2,...,2017.
CopaBai, fKmo, Hampukinaa, X >F, To 3 piBHSAHB CHCTEMH MOCIIIOBHO OTPUMYEMO
CYIIEPEYHICTh
X>F=2X<E=2X>KE ==Xy, >F, =X <F.

AHaNoriyHO NPUXOAUMO JI0 CYIEPEYHOCTI, IpUIycKaoun X, < F .

«PiBHSIHHA 3 OiHOMiabHUMH KoediieHTAMM

s : : : k+1 k-1
3HaiiaiTh Bei HartypanbHi uucna N, K Taki, mo C;; =C .

Pozé’azanna.
Po3misiHemo criouarky Bumaaok, ko N—1> K +1, To0to pizHuns p=n—-k>2.

Axmo p=2, 10 N—1=k+1 i C'!=1. Tomy takox C* =1 i, ocximeku n+1>k-1, me
MOKJIMBO JIMIIE 32 yMOBH, o K =1. [Tpu ipomy N =3.

Hexait tenep p > 3. CxopucraBumch popmynaMu i GiHOMiaJIbHUX KOEQIIIEHTIB, 3aUILIEMO
3aJlaHe PIBHSHHS Y BUIIIAI1

(n—-1)! _ (n+1)!

(k+1)I(n-k-2)! (k-1){(n—k+2)"'

CxopoTuBIIM OOM/ABI YaCTUHU OCTaHHbOI PIBHOCTI HA CHUIbHI TUIBHUKUA 1 BHUKOPHUCTOBYIOUU

no3HaueHHss P =N—K, oTpuMaeMo piBHSIHHS

(p+2)(p+1)p(p-1)=(n+1)n(k+1)k.

3rpynyBaBIId B 000X HOro yaCTHMHAX MEPIIMH MHOXHUK 3 YETBEPTUM, a OPYTUH 3 TPETIM, 1
BUKOPUCTOBYIOUH PiBHICTH N =K + P, Oyaemo mMatu

(p*+p=2)(p*+p)=(k*+kp+k)(k* +kp+k+p).
[osnaunBmm p°+ p—2=5 Ta k>+Kkp+K = (, 3anumemo ocTaHHIO PiBHICTH Y BUIIAI

s(s+2)=q(q+p).

Jns p >3 BoHa MOXJIMBA JuIe 3a yMoBH ( < S. Tomy moknagemo (= %S = %( p’+p— 2) , 11

a o . .
. HECKOpOTHHH Jpi0, mpuuomy a < b. Tomi

q+p:2(s+2)<:>%(p2+p—2)+ ng(p2+p).

_5_



. . a . . .
BHacniiok HeCKOpOTHOCTI Apo0y b 3Bijick BUIIMBAE, O P° + P—2:b , Tomy Takok p° + pia.

3anuieMo OCTaHHIO PIBHICTh y BUIIIAI
a’(p?+p—2)+abp=b*(p*+p). *)
3 piBHOCTI (*) BumMBae, mo 2a’:p. Ockimbku P >3, To a#1. Takox i3 B3a€MHOI IPOCTOTH
upcen P Ta P+1 i momimeHOCTI P’ + pia BumIMBaec, mo Pia. Km0 Opu IOMY P He JiTHTHCS HA
a’, To 3 piBHOCTI (*) OTpHMyEMO CyIepeuHicTb: ii JTiBa YacTHMHA MiMMThCS HA a°, a mpasa — Hi. ToMy
p:a’®, mo pasoM i3 mogibHicTIO 2a°: P mpu P >3 Ta a>2 MOXKIMBO JIMIIE Yy BOX BUIAAKax: P =a’
Ta p=2a’.
Hexait p=a’. Toxi micist ckopodenHs Ha a° piBHICTS (*) MOKHA 3aIMCATH Y BUIVIALI:
a*+a’—2+ab=b’(a’ +1).
Ockinekn b>a+1, To HepiBHOCTEH b?>>ab Ta b’a’*> (a +1)2 a®=a*+2a’+a*>a*+a*-2
OTPUMYEMO, IO TIONIEPEAHS PIBHICTD HE CIIPABIKYETHCSI.
Amnanoriuno a1 P = 2a° pisHicTs (*) micns ckopoueHHs Ha a° Habyae BUNIAIY:
4a‘ +2a° —2+2ab=b’(4a’ +2).
BpaxoByroun Tenep HepiBHocTi 2b° > 2ab Ta
4b%a’ > 4(a+1)" a’ =4a* +8a° +4a> > 4a’ +2a% -2,
OTPUMAEMO, 110 i B IbOMY BHUIAJKY PIBHICTb (*) HE CIIPaBIKYETHCS.
Takum unHOM, IpU P = 3 3a]laHe B YMOBI PIBHSHHSA 3 O1HOMIaJIbLHUMH KOe]illieHTaMH PO3B’A3KiB
HE MaEe.
MoxHa Oyrio MipKyBaTH 1€ i Tak.
3 yMOBH 3a/1a4l OTPUMY€EMO PIBHICTb
n(n+Dkk +1) =(n-k-D(n-k)(n—k+1)(n—k +2). (**)
BBenemo nosznauensns: p=n-—Kk.
Sxmo p=2, 1o (**) 3Benerbes 40 PIBHAHHS
kK(k+1)(k+2)(k +3)=4!,
sike Ma€e ofiH KopiHb K =1 (Tomi n=3).
SIkmo p > 2, TO BUKOHAEMO TaKi HEPETBOPEHHS PIBHOCTI (**):

4n’k? +4nk(n+Kk) +4nk =4(p-1) p(p+1)(p+2),
@2nk +n+k)>—(n+k)? +4nk = 4(p*+ p—2)(p>+ p),
(2nk +n+k)* —=(n—k)* =(2p*+2p—-2)* -4,
(2nk +n+K)* =(2p*+2p—2)° + p° —4.
A OCKIJIBKU IIpH P > 2
(2p° +2p—2)% <(2p*+2p—2)>+ p* —4 < (2p> +2p—1)?,
10 uncio (2p°+2p—2)°+ p° —4 He Moxke OyTH MOBHMM KBaaparoM. OTxKe, B TAKOMY pasi iHIINX

B’SI3KiB TTIOYATKOBOTO PIBHSHHS HE OTPUMAEMO.
03B’513 0YaTKOBOTO Pi €o aEMO
JIis MOBHOTH PO3B’SI3aHHS PO3MISIHEMO TakKoK Bumaaku, komd P=NnN—-K<1. Ilpu npomy
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Bpaxyemo, 1o s | >m npuitnaro seaxatu C! =0. Ile minkom joriuno, 60 BUOPaTH i3 MHOKHHH
OlJIbIIIE €JIEMEHTIB, HI’)K BOHA MICTUThL HE MOXKHA.
BignosigHo, st p=1, p=0, p=-1, Tta p=-2 aid BCiX HaTypaJbHUX 4yucen N, K y JiBii
_— .~k k-1
yactuHi piBHOCTI C.°) =C ., oTpuMaemo Hynb, a ii mpaBa 4acTuHa Oyne momarHoro. Tomy y mux

BHITQJIKaX PIBHSIHHS HE MaTUME PO3B’s3KIB.
SAxoo x p=n—-kK<-3, To B 000X YacTHHAX 3aJaHOr0 PIBHAHHSA OTPHUMAEMO HYII. 3BiJICH

3HAXOJUMO HECKIHYCHHY MHOXXHHY HOro po3B’si3KiB 3 JOBUIBHUMH HarypajdbHUMU N, K, sKi

3aJI0BOJIBHSIIOTH HEPIBHICTH K >N+ 3.

«Cyma ky6iB»
3HAWIITh XO04 OJHY 4YCTBIPKY HATypaJIbHHX 4YHcena a, b, ¢, d Takux, mo al+b*+c®=d>.

CKIHYEHHOI0 YM HECKIHYEHHOI0 € MHOXHMHA TaKhX YETBIPOK 3a YMOBH, IO OJIHA 4YETBIpKa IIi€i
MHOXHHHU HE YTBOPIOETHCS 3 1HIIOI MHOKEHHSIM YCiX ii 4ncen Ha OffHE 1 T 3K YHCII0?

Po3é’azanns.
Taxkoro €, HanpuKIa I, 4eTBipka uncen a =3, b=4, c=5, d =6. Crpasni,
3F+4°4+5°=27+64+125=216=6".
JloBeaeMo, 110 MHOKHHA TaKHUX YETBIPOK HATYPaJbHUX YHCEJI, 10 JKOJHA YCTBIpKa I[I€] MHOXKHHHU
HE YTBOPIOETBCS 3 IHIIOT MHOKEHHSM YyCiX 11 4YMCEeN Ha OJHE 1 T€ X YHCIO, € HECKIHUYCHHOI.

[IpeacraBnstoun i Yncna y BUNISAAL KBaApaTUUHUX (DYHKIIH Big N, TOBEIEMO, 11O 3alMCaHy PiBHICTh MPH
KO)KHOMY HaTypaJbHOMY N 3370BOJBHSIOTH HATypallbHI YHCIIA:

a=3n"+1In+3, b=4n*+4n+6, c=5n"+5n-3, d =6n*+8n+6.
Copapzi, skmo  f (X) = (3% +11x+3) +(4x® +4x+6) +(5x +5x—3) —(6x* +8x+6) , o,
SAK HCCKJIaJIHO IMEPECKOHATUCA,
£(x) =3(6x +11)(3x® +11x +3) +3(8x +4)(4x2 +4x+6) +

2 2

+3(10x + 5)(5x2 +5x — 3) 3(12x +8)(6x2 +8x+ 6)
=3(6X +11)(9x* +66x° +139x” + 66X + 9)+ 3(8x +4) (16x* + 32x° + 64" + 48X + 36 ) +
+3(10x +5)(25x* + 50x° —5x* — 30X +9) — 3(12x +8) (36x* + 96x° + 136X + 96X +36) = 0.
Tomy f(x)=const. A ockimekn f(0)=0,10 f(x)=0.

HaBenemo Takox iHIII TIpeICTaBIEHHS 3 BUKOPUCTAHHIM MHOTOUYJICHIB BUIIIUX CTETICHIB:
a=1 b=-1+72n% c=144n*-6n, d =144n%
a=9n°-1b=9n"-3n,c=1d=9n%
a=3n*-9,b=n*-9n,¢c=9,d=n* n>3.

[lepuie 3 HUX oTpumyemo 13 3HaiineHoro y 1740 porui po3B’si3ky Elinepa 3amaui mpo 4otupu
KyOu:
a=1+(m-3n)(m*+3n?),
b=-1+(m+3n)(m*+3n?),
c=-m-3n+(m*+3n%)?
d =—m+3n+(m? +3n%)?,
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B SIKOMY JIOCTaTHbHO MOKJIACTH M = 3N :
Hpyre maemo 13 po3B’sa3ky Mopaeiia, oTpuMaHoro HuM 1956 poky:

a=9n°’m-m* b=9n*-3nm? c=m*, d =9n*,

IMOKJIaJar04Yu B HBOMY M = 1.
«PaxyeMo MmePpeCTAaHOBKN»

Jlns MHOXKHHH {1, 2, ..., n} no3Ha4uMo uepe3 U, KUIBKICTb il MepecTaHOBOK, B SIKHX piBHO K

€JICMEHTIB 3aJIMIIAIOTHCS Ha CBOIX MiCI_UIX.

n! 2-n!
1. JoBeniTh, 1m0 ZkU =n! Jlnsg n > 310BeniTh HEPIBHICTh — < ZkU <— 3
k=1 k=2

2. JloBeniTs, 110 ZkZUk =2-n!
k=1

Posze’azanna. IlozHaunMo uyepe3 V,, KIUIBbKICTb NEPECTAHOBOK 13 M EIEMEHTIB, B SIKUX JKOIEH
eJIEMEHT HE 3aJIMIIAETHCS Ha cBoeMy Micii. OueBuaHo, mo V, =0. s 3pydHOCT] TaKoX HOKJIaaeMo,
mo V, =1.

Busenemo dopmyny s obuncnenns V., m > 2. Ilo3zHaunmo yepe3 A MHOXHHY N1€PECTaHOBOK,
B SIKUX | —THIA €JIEMEHT 3aJIMIIAEThCS Ha CBOEMY MicIli. BoHa ckiamaerhbes 3 (m —1)! €JIEMEHTIB.

[lepetun p i3 M MHOXHH A MICTUTh (m— p)! €JIEMEHTIB, a BChOTO Takux rnepertutiB € C!.

Tomy 3a (hopMyn0I0 BKIIIOUEHB-BUKIIOUEHb OoTpuMaeMo yuciao W , M>2, nepecTaHOBOK, B SKHX X0
OJIMH €JIEMEHT 3aJIUIIAETHCS HA CBOEMY MICIII:
1 2 3 m-1
W, =C! (m—1)-C2 (m—2)k+ C3 (m—3)1—...+ (-1)" " 1=

=m!(1—l+l—...+(—1)m_lij.
1 21 3! m!

OCKUIbKH BCIX TIEPECTAHOBOK 13 M eyieMeHTiB € M!, To

A —m'—ml(l—i+l—...+(—1)m1i):m'(i—l+ +(_1)”‘ij_
1 2t 3 m! 21 3!

m!
. . . . - K n!
OCKUIBKH TI k CJIIEMCHTIB, K1 3aJJUMIIal0OThCA Ha CBO1X MICHAX, MOXHA BI/I6paTI/I Cn =
k!(n—k)!
CHOCO6aMI/I, TO 3a IIPaBUJIOM MHOXXCHHS OTpUMAEMO
ntf1 1 « 1
U =CV _ =— ———+...+(—1)n —|,n-k>2.
ki 21 3! (n — k)!

Kpimtoro U, , =C!"*-V, =0 taU,=C-V, =1,

Hapani nns 3pydsocti nosnauumo U, , mpo siki e MoBa B yMOBI 3ajadi, 4epes Ulsn), a JuIs

KIJIbKOCTI NEepeCTaHOBOK MHOXHWHHA 3 n+1 CJIeMCHTiB, B AKUX K €JIeMEHTIB 3alUIIAlOTECS Ha CBOIX

l
MICIISIX, BAKOPUCTAEMO TTO3HAYCHHS U (n+

3 BpaxyBaHHSM 3alMCcaHuX BHUIIE piBHOCTEH OTPUMAEMO

U™ =(n+1)u + (-1 k<n, taUm =1,

n+1-| k
) n+1’
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[Tepeitnemo Terep A0 TOBEACHHS TBEPIKEHD 3a/1a4i:
1. Cnouarky noBeneMo piBHICTb

> kU =n! *)
k=1

1
Jnst n =1 mMaeMo piBHICTB ZKUS) =1-1=1!
k=1

[Tpunyctumo cripaBeuIMBICT piBHOCTI (*) mutst neskoro N >1. Toxi s N +1 oTpumaemo

n+l n+l

>ku™ = ( n+1ZkU +(n+1)U "+1+Zk 1" ek, (n+1n|+2k 1" ek
k=1

n+l *

n+1
Ockinbku C! | = "

n+l n+l

Sk(-1)" ck =(n+1) > (-1)"cit = (n +1)i( 1)"CP =(n+1)(1-1)" =0.

k=1 k=1 p=0

—=C*™*, 10 3 BpaxyBauusam dopmymnu Ginoma Heiotona

n+1
Tomy ZkUi”“) =(n +1)!, 3BIIKM BHACTIJIOK MPUHIMIY MaTeMaTU4YHOI 1HAYKIIi BUILIMBAE

CIpaBeUIUBICTh PIBHOCTI (*) A BCiX HAaTypanbHHUX N .
3 10BeCHOTO BUIIE A1l N > 3 BUIUIMBAE PIBHICTD

OCKUIBKY BHACIIJOK MOHOTOHHOI'O CIIa[aHHs ITOCIIJOBHOCTI F

DS SOUE U ST ST SN
2 2! 2! 3! (n—-1)! 2! 31 3
JUTst BCiX N> 3, TO 3a/1aHa B 14.1 HEPIBHICTH CHPABIKYETHCS.

2. 3anicaHa B YMOBI PIBHICTB /it N =1 He CHIpaBIKYETHCS (1¢ 2). Tomy Oynemo noBoauTH il

METOIOM MaTeMaTHYHOI IHI[YKI_III Juaime a1 N > 2, BUKOPUCTOBYIOUU BBCI[CHi BUIIC MO3HAYCHHA OJIA
U,.

2
Jis N =2 cnpaBIKyeThes piBHICTh ZkZU iz) =1%-0+2%-1=2-2! IIpumycTUMO CIpaBeIUBICTh
k=1
TaKoi piBHOCTI Jy1st Aesikoro N > 2. Tomi st N +1 orpumaemo
n+l

Zkzu " = (n+1) ZkZU +(n +1 umy +Zk2 "+1 “Ck =2. (n+1)-nk > K3 (-1 M “Ck

n+l n+l *
k=1

e N+l
Ockinbku C,,, = ‘ ——C, ™, To 3 BpaxyBaHHSM OTPUMAHOTO BUILE MAEMO

n+1 n+1

zkz n+1 k n+1 (n+1)2k( )n+1 k Ck_l

k=1



=(n+ 1)(§(k 1) () ei ni(_l)ml—k C:_lj =

k=1 k=1

~(n +1)(p§"=; p(-1) 7 CP+ D (1) C“pj _

n—

s=0 p=0

:(n+1)[n l(—l)“-“c;1+i(_1)"-pcnp]z(n+1)(n(1_1)“-1+(1_1)”):o.

n+l
Tomy ZkZUlEM) = 2~(n +1)!, 3BIIKM BHACHIJIOK MPUHIMITY MaTeMaTH4YHOI 1HIYKIIi BUIUIMBAE
k=1

n
CHPaBeUIUBICTh PIBHOCTI ZKZUk =2-n! nans BCiX HaTypaJbHUX N> 2.
k=1

. n-1 . . .
BpaxoByroun HasBHICTb MHOXHUKA (1—1) , CTa€ 3pO3yMUIMM, 4YOMY 3aJaHa pIBHICTb HE

crpaBKyBanaca i N=1.
VY 3aranbHOMY BHIIQJIKy CIpaBeUIMBE TaKe TBEPKEHHsS: IpU KOXKHOMY (PiKCOBaHOMY
HaTypaJbHOMY M Ui BCIX N>=M

—I-kau,ﬁ ) = const .
n: o
[Tpy nbOMy KOHCTAaHTH y TpaBiil yacTUHI Ii€l PIBHOCTI € Tak 3BaHUMH uuciamu benna, siki

m-1

BU3HA4YalOThCA piBHOCTAMH: Bjy=1 Tta B :Z:Cr'MBi st m>1. Yucna bemra yTBOprOIOTH
i=0

nocaigoBHicTh: 1, 1, 2, 5, 15, 52, 203, 887, ...

«Po30ouTTH Ha TOAAHKID)
JloBeniTh, 10 iICHY€E Take YUCIO N, 110 KOKHE HaTypaJlbHE YUCIIO, K€ MEepEeBUIIyE N, MOXKHA
pO30UTH Ha I1’SITh B3aEMHO IPOCTUX JOJAHKIB, K1 OL1bIII 32 1.

Po3é’azanna. byneMo po3B’s3yBaTh 3arajibHINIY 3ajady, BUMararwodu, 00 KOXHI /1Ba JIOJAaHKU
TaKoi CyMH OyJTH B3a€EMHO TTPOCTHMH.

JloBeeMo Take y3arajibHEHE TBEP/KCHHS: JJIS JOBUIBHOrO M>2 iCHye Take YuciIo N, II0
KOJKHE HaTypalbHE YHCIIO, SKE IMEepeBUIIye N, MOXKHAa Po30MTH Ha M TOMapHO B3a€EMHO MPOCTHX
JIOJIaHKIB, sIK1 OLbIi 32 1.

Jlnst fioro TOBEJEHHS CKOPUCTAEMOCS TIOCHIICHHM MocTynaroM beprpana: mik yuciamu N Ta
15N, ne N >2 3amkau icHye mpocTe YUCIIO.

Hexait n=2-16"", k>2-16™". Mix uncnamn Ek Ta Ek BHOepeMo mpocte uucio P, . Tomi

%kﬁk—pmS%k, 10610 2-16™ % <k—p_ <P,

AHAJIOTIYHO MIXK YHCIIaMHU %(k -p,) Ta %(k —p,) BHOEpEMO IpocTe YHUCIO P, ;, IPHIOMY

Py < Pr-
[Tpomopxyroun IO TPOLEAYPY, OTpUMAeMO mpocTi yuciaa P, <..<p,,<Pp,, OpHIOMY
2<k—-p,—.—Ppy— Py <P,, TOOTO nOmaHku  K—P,—...— Py — Pys Py oy Pygs P, B32EMHO
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MpoCTi, ¥ Oibi 3a 1.

Hanpuknan ams M=5 ta uncoa K =200000>2-16" mrykaemo mpocTe 4ucI0 Py MiXk YncIaMu
125000 Ta 187500 . Bizememo P, =150001. Toxi k — p; = 200000 —150001= 49999 .

Illykaemo mpocte uucno P, Mix umcnamu 31249 Tta 46874. Bizememo P, =40009. Toni
K—p;— p, =49999 —40009 = 9990.

Illykaemo mpocre 4mciao P, Mk uuciaamu 6243 Tta 9365. Bizememo P, =9349. Toni
K—ps—p,— P; =9990-9349 =641.

[Iykaemo mpocte umcno P, ™k umcmamu 400 Ta 600. Bizememo p,=401. Toni
K—ps—p,— p;— p, =641-401=240.

Otxe, orpumyemo take po3outrsa: 200000 = 240 + 401+ 9349 + 40009 +150001.

3po3yMijio, 110 OTpUMaHE MPHU [BOMY CIIOCO01 PO3B’sI3yBaHHS 3ajadi 3HAMJICHE YMCIO N HE €
HaWMEHIIIMM 3 MOKITUBUX. [[JIst IT’TH TOIaHKIB BKQYKEMO CITOCi0 TOMTyKY HAaWMEHIIIOTO 3 TaKuX N .

Hexait Tpu nepuri gomanku — 1ie 2, 3 ta 5. 3’scyeMo, siKi HaTypajbHI YMCIa MOXKHA TIOAATH Y
BUIVISII CYMH JIBOX OUTBITKX 3a 1 B3aEMHO TIPOCTUX MiXK COOOI0 HATypalbHUX YHCEN, He KpaTHUX 2, 3, 5.
3po3yMmiJio, IO IIi YKcia sIK CyMH ABOX HEMAapHUX JOJAHKIB TIOBUHHI OyTH MMapHUMHU.

1106 Taki momaHKu HEe Oy KpaTHUMHU Hi 2, Hi 3, Hi 5, X octadya npu auieHH] Ha 30 TakokK HE Mae
Oytu kparHoto 2, 3, 5. Cepen MoxxnuBUX octad Takumu € 1, 7, 11, 13 Ta ix gomoBHeHHs 10 30 — ocraui
29, 23, 19, 17 BignoBigHO.

J1J1s TOBUIBHOTO HATYPAJIBHOTO M PO3MISIHEMO NPEACTABICHHS BUNIISLY:

60m =+ p =(30m+a)+(30m+ 3),

ne p mpoOirae MHOXHHY BCIX mapHux uucen Bix —30 mo +28, a uncna « ta £ BUOpaHi 3 MHOXXHHU
{il, +7, £11, +13, +17, £19, +23, i29} TaKUM YUHOM, 100 B KOXXHOMY 3 BHUIMAJKIB iX PIZHUI HE

Maja JUThHUKIB, BIIMIHHMX Big 2, 3, 5. [loBHMIT HaOip TakuxX MpeNCTaBIICHb HABEACHHUM y Marepiaiax
XIII IBano-®PpaHKIBCHKOTO TYPHIPY IOHMX MAaTe€MAaTHKIB.

Bci Bunmcani B mpaBUX YyacTHHAX JIOJAHKM HE KpaTHi Hi 2, Hi 3, HI 5 1 B KOXKHIH 3anucaHiil mapi —
B3a€MHO IMpOCTi Mk coboro. CrpaBai, KO O siKach Mapa JIOJaHKIB MaJjla CIUIBHUM IUIBHUK, TO H iX
pi3HUILIA AiTuiIach OM HA HHOTO. AJie BHACTIIOK 3pO0JIeHOT0 BUOOPY Taki pi3HUIN BiAMIHHUX BifX 2, 3, 5
MIIBHUAKIB HE MAIOTh.

3BIJICH BHIUIUBAE, 10 KOXKHE TapHEe YUCII0, MounHaun 3 30 MOKXHA TTOJIaTH BKa3aHUM CIIOCOOOM
y BUIJIA1 TOTPIOHOT CyMH JIBOX JO/IaHKIB. A BpaxoBYIOUM Ilie ¥ JomaHku 2, 3, 5, oTpuMaeMo MOTPiOH1
MPeJCTaBICHHS I’ IThbMa JTOJaHKaMH TS BCiX mapHux uncen K > 40.

[[Io6 oTpumaru HemapHi YKcia, MOKJIAAEMO TIEePIIi JIBa JOJAHKHA PIBHUMH 3 Ta 5 1 3’siCyeMo, sKi
HenapHi HaTypajbHI YKcia MOXKHA TOJAaTH y BUIVISAL CYMU TPbOX OUTBIIMX 3a 1 B3a€MHO MPOCTHUX MIXK
co0010 HaTypaJbHUX YHCEeNl, HE KpaTHuX 3 Ta 5.

JU1s TOBUIBHOTO HATYpalIbHOTO M PO3MISIHEMO NMPEACTABICHHS BUNNISY:

90m =+ p =(30m+a)+(30m+ B)+(30m+y),
e P mpobirae MHOXKHHY BCiX HemapHuX uucen Bing -43 mo +45, a uncna «, f Ta y BuOpaHi 3
MHOXWHU {il, +7, £11, £13, £17, £19, £23, i29} TaKUM YUHOM, 100 B KOXXHOMY 3 BHIIJKIB iX

pI3HHUIIT HE Maja IUTbHUKIB, BiAMIHHMX Bifg 2, 3, 5. IloBHuii Habip Takux NpEACTaBICHb TaKOX
HaBeneHui y Marepianax XIII IBaHo-@paHKIBCEKOTO TYpHIPY IOHUX MaTeMaTHKIB.
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Bci Bumnucani B mpaBuX 4acTUHAX JOJAHKHM HE KpaTHi Hi 2, Hi 3, HI 5 1 B KOXKHIN 3amucaHii mapi

— B3aEMHO TPOCTI MixK coboro. CripaBi, sIKIO O sSKack mapa JOAAHKIB MaJia CIUIBHUN NITBHUK, TO U 1X
pi3HULA qiUiack O Ha HHOTO. AJie BHACTIIOK 3p00JIeHOr0 BUOOPY Taki pi3HUIl BiAMiHHUX Bix 2, 3 Ta 5
NUIBHUKIB HE MAOTh.

3Bijick BUIUIMBAE, IO KOXKHE HEMApHE 4YHCIO, MOoYMHaodn 3 47 MOXKHA TOAATH BKa3aHUM
croco0OM y BUITISIAI CYMH TPhOX JOAAHKIB. A BPaxoBYIOUH IE W JOJAHKH 3 Ta 5, OTpUMaEMO MOTPiOHI
NPECTaBJICHHS I’ IThMa JIOJJAHKAMU JIJISl BCiX HemapHux yucen K >55.

OOG’enHyI0UH 111 JBa BUIAAKH, MPUXOAMMO 0 BUCHOBKY, 11O MOTPIOHI MPEACTABICHHS Y BUIIISII
CYMH II'SITU TIONIAPHO B3a€EMHO MPOCTHX OUIbIIMX 3a | HATypambHHX JOAAHKIB ICHYIOTH ISl BCIX
k >n=>53.

3ayBaxxumo, 1m0 N =53 mie He € HaWMEHIIUM 3 MOXUIMBUX. [10TpiOHI mMpeacTaBiIeHHS iICHYIOTh
Takoxk g gucen: 53=3+7+11+13+19, 51=3+7+11+13+17, 49=3+5+11+13+17,
47 =3+5+7+13+19, 45=3+5+7+11+19, 43=3+5+7+11+17. Ilpu upoMy 3 OCTaHHBOI
PIBHOCTI 3p03yMiJI0, 110 [Tt yncia 41 Takoro mpeacTaBlIeHHs HE ICHYE.

Tomy, BpaxoByro4H CKa3zaHe BUIlE, HaiiMeHmM Oyne N =41, mo0 Bci uncia OUIBII 32 HHOTO
MO>KHa OyJ0o po30UTH Ha I’ SITh MOMAPHO B3a€EMHO MPOCTHUX JOAAHKIB, sIKi Oinbii 3a 1.

«IlikaBa mocJi10BHiCTb»

[Ipo 301xHy mocmiposHicts a,=0, a =1, a,, a,, ... BLIOMO, WO ii YIEHU 3 HEMAPHUMHU
HOMEpaMH CMaJlaloTh, a 3 MAPHUMHU HOMEpPaMH — 3pOCTAIOTh 1, KpiM TOTO, IUIg BCiX N >1 crnpaBmkyeTbes
HEPIBHICTh
a,—a,,
a, —a,,

3HaNIITh MEXI, B AKX MOXKE 3HAXOJUTHCh TPAHULIA 111€1 TOCI1OBHOCTI.

2< <3.

Po3¢’a3anns. OCKINBKU MOCTIAOBHICTE &,, € MOHOTOHHO 3pOCTa04O0l0, MOCTIOBHICTE 8y, 1 —

MOHOTOHHO CHaJHOI0, TO IS ICHYBaHHS TpaHMI HEOOXiAHO, 00 BCi €IeMEHTH 3 HEeMapHUMHU
HOMepamH Oyly OLTBIIUMU KOXKHOTO elIeMEHTa 3 TTApHUM 1HAEKCOM.

: . -4, 1-0 3 4
3 He 1BHOCT12SMSB<:>ZS <3 orpuMyemo, mo —<a, < —.
P PUMYEMO, 2
a —a, 1-a, 6 6
: o Ao — &y Appe1 — Ay
BpaxoByroun ckazaHe BHINE, 3 HeEpiBHOCTeW 2<=—=*=<3 Ta 2< =<3
Ay ~ k1 Aopi1 ~ Aokiz
. a, ,+2a a, ,+a a, +a a, +2a . .
OTPUMAEMO OL[iHKN —*2—2 <3, < ZHZ 2k g 2 5 2 <@, ., < —2——21 ginnosigHo.
. 4 5
3okpema, mpu K =1 3Haitnemo, 1110 6 <a, < 6 .
. 3X 4 2z t .
Jlaii, TPHUITyCKArOuH, IO 6—kk <a, < % Ta 6_kk <8y, < 6_kk , 3 OTPUM@HHX BHIIE OIIHOK

3(3xk+22k)<a <4(tk+2yk)T 2(3xk+4zk)<a _ 5t +4y,

6k+l = T2k+2 — 6k+l a 6k+l = %ok+3 = 6k+1

Oyaemo maru BIJIITOBITHO.

Takum 4yMHOM, AT 3HAXOMKEHHA uucend X, Y, Z,, I, OTpUMyeMO Taki JBI CUCTEMH

_12_



X =3Xk +22k' {ykﬂzzyk +1, .
Ta MPUYOMY, BPaXOBYKOUM OIIHKH

PEKYPEHTHHUX CITIBBIIHOIICHB:
Z,., = 3%, +4z,, t., =4y, +5t,
s a, Tta a;, Maemo X, =1y =127 =2t=5. A 3 3anMcaHMX CHCTEM OIEPKYEMO TaKOX
X, =7Y,=71,2,=111,=29.
Zk+1 — 4Zk TO,IIi X = Zk+2 — 4Zk+l
3 k+1 3

[lincraBmsaroun iX y nmepiie piBHAHHSA — Ii€1  CHCTEMH, OTPHUMAEMO pI3HUIIEBE PIBHSHHSA

3 pyroro piBHSHHS HEPLIOi CUCTEMH 3HAXOAUMO X, =

Ze,, = 72,,,+62, =0, s AKOrO KOPEHSMH XapaKTEPUCTHYHOTO piBHsHHA A°—7A1+6=0 € uucna

A, =11a 1,=6.Tomy z, =C, +C,-6". BpaxoBytoun 3Hauenns 2, =2 Tta 2z, =11, 3 cucTemMu piBHSHb

C,+6C,=2, 2 3 2+3-6 :
sHaiiemo C, =— ta C, =—. OTKe, OCTATOYHO OTPUMYEMO Z, = ———— Ta Jail
C, +36C, =11, 10 10 10
—2+2-6"
3HaXOJUMO X, = ————.
10

Tax camo, BMpaxalOuW 3 IEPIIOrO PIBHAHHA ApYyroi cucremMu t =Y, —2Y,, OpuigeMo 10

AHANIOTIYHOTO Pi3HUIEBOrO piBHAHHSA Y, — 7Y, +6Yy, =0. Tomy Yy, =C,+C,-6“. Bpaxosyroun

, C,+6C,=1, | 2 2 _
3HaueHHs Y, =1 Ta Y, =7, 3 CUCTEMU PIBHSAHb 3Haiinemo C, =—— ta C,=—. Toni
C,+36C, =7, 10 10
Y = _2+—26k 1 TakoX 3HaxoauMo t, = M
‘ 10 T
IToBeprarounce 10 HEepiBHOCTEH 36Xk <a, < 46{k Ta % <8y, < é_kk , OTPUMYEMO HACTYIIHI
OLIHKH IS €JIEMEHTIB 3a1aHO01 HOCIIIJOBHOCTI:
g, ~2+2:6" . —2+2:6" 5. 2+3:6° 2+8-6"
S0 e 0 o T 0 g o 10

[epeiimoBmin B 1UX TONBIHHUX HEPIBHOCTAX JO TpaHUIli mnpu K -—>o0, OTpUMYEMO
3 4 3 4 . .
—<|Ima2k Sg Ta §<|'mazk+1—g- B mux ke  Mexax Oylge 3HaXOOUTHUCA 1 TIpaHHMLs 337aHol
IIOCJIITOBHOCTI.

3.4 . . . .
I[J'IH KOXXHOIO a e |:€,— HECKJIaIHO HABCCTU MPHUKJIIAA TAKO1 IMOCI1A0BHOCTI, AKa 30ira€eThes 0

) ) a 1-a
a 13a/0BOJIBHAE YMOBH 3a/1a4l: a, =0, a, =1, &, =a—-— Ta a,,, =a+ F

3aYBa)KI/IMO, 1o it aHaJIOT1YHOT HOCJ'Ii,[[OBHOCTi, €JIEMEHTH SIKO1 npu Bcix N>1 3a10BOJIBHAIOTH

HepiBHICT, M < ——= % "% o M, 1<m<M, i rpanuus aG{Mm_M 1 Mm_m}'
a, — &, Mm-1 Mm-1
Ao & — HOBim’He YHCIIO 3 [[BOTO MPOMDKKY, TO TIPUKJIAOM TTOCIIJOBHOCTI, sIka 30iraeTbest 10
a 13a10BOJIbHSE BKa3aHy HEPIBHICTD, €: 8, =0, a, =1, a,, =a— a_ a,  —a+ l-a
(Mm)® (Mm)"
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«DapOyemMo KIITHHKH)

Kinituaku momku 8x8 posdapOoBaHi B IMIAXOBOMY MOPSAKY. 3a OMUH XiJl MOXKHA BUOparw
KJIITHHKY JIOIIKHA Ta OJIHOYACHO repedapOyBary B MPOTHIICKHUN KOMIP yCi KIITUHKH, IO MAOTh 13 HEIO
CHUIbHY CTOpPOHY, IPH LOMY cama KIITHHKa He mepedapOoByeTbes. U MokHA 3a JEKUTbKa XOIiB
nepedapOyBaTy B MPOTUIICKHUHN KOMIP yCi KIIITUHKH JOIITKA?

Po36’a3anna. YMOBa 3a7a4i 3BOAUTHCS 0 TAKOTO MUTAHHS: YM MOXKHA Ha Joui 8x8 BuaimTu
IesKy KUTBbKICTh KITHHOK TakK, II00 MOpydY 3 KOKHOIO KJIITHHKOIO JIOIIKM 3HAXOIWJIACS PIBHO OTHA
BUJIICHA KIITUHKA? BuOuparounm micisi HbOTO B JOBUIBHOMY MOPSAKY MO OJHOMY pa3oBi BUJLICHI
KIIITHHKH, MU 3MOKeMO TiepedapOyBaTi BCi KIIITUHKY IIaXOBOT IOIIKU y IPOTUJICKHUH KOJIIP.

PosrnsiHeMo 3pa3y 3araipHilly 3ajady Mpo BHAUICHHS TaKUX KJIITHHOK Ha JOMIII pO3MipaMu

2n x2n . HacTymHui JaHITIOXKOK TaOJWYOK MOKA3Ye, K, PyXarUuuCh MO CHipalli, IEPEXOAUTH BiJl TOIIKH

2N X 2N 10 JAOIIKH 2(n+1)><2(n+1):
25| 26

Tyt xmitunku 1, 2 BuineHi y 3eneHoMy kBaapari 2x2. [lami, mpomyckarouu JBI KITITHUHKH
JIOUIKH 1 TIOBEPTAIOUM MijJ MPSMUMU KyTaMHU 3a CTPIUIKOIO TOJIMHHHKA MepeiemMo a0 kBajpara 4x4 3
BUKOPUCTAHHAM KINTHHOK 1 — 6. Jl0oOaBisitoun 3a MM >K€ MPUHIUIOM KITHHKH 7 — 12, oTpuMaemMo
noTpiOHuUil pe3ynbTar s kBagpara 6x 6. Ille ogHa mosoBHHA BITKM CHipaii 3 BUALICHUMHU KIITUHKaMHU
13 — 20 mpuBomMTH Hac 10 KBajapara 8x8, mpo sKWH HIula MOBa B OCHOBHIW 3amadi. Ha pucyHky
300pakeHe TaKOX MPOIOBKEHHS cripaii s nepedapoyBanus kBaapatiB 10x10 ta 12 x12 . 3posymisno,
110 TaKui mpolec Moxke OyTH MPOJOBKEHUH 10 HECKIHYEHHOCTI, 1 B Liel crocid MoxHa nepedapOyBaTu
y MPOTHJICKHUIN KOJIp HABITh BC1 KIIITUHKYU «IIaXOBOi IIOIIUHI.

3ayBaXMMO TIIbKH, 110 JUIs nepedapOyBaHHS JOWIKU 2N x 2N HaM noTpiOHO Oyae BUOpartu
2(1+ 2+...+ n) = n(n +1) KJIITHHOK.

JlonatkoBo poO3DIsIHEMO MUTaHHA Tpo nepedapOyBaHHS KIITHHOK
kBajapara posmipamu (2n+1)x(2n+1) i moBememo, 110 3AINCHUTH HOTO HE
BracTecs. s mboro po3dapOyemMo Horo KIITHHKH, SIK HA PUCYHKY CIpaBa Ha
npuKiIaal N=2.

[TepedapOyBatu Bci KIITUHKM TAaKOTO KBajJpara y MPOTHIICKHHUI KOIip
HE MO)KHa, 00 MMOMIYE€HUX TEMHHM KOJIbOPOM KJIITMHOK HemapHa KiIbKICTh, a 3a
KOJKEH X171 a00 He Oyne nepedapOoBaHo x01HO1, a00 OynyTh nepedapOoBaHi JBi
3 HUX.
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