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Beryn

OcTaHHI POKH CTaJO 3pO3YyMiNIO, IO COIiaThHO-€KOHOMIUHI CHCTEMHU
BIJHOCSATBHCS [0 KJIacy TaK 3BaHUX CKJIAJHUX CHUCTEM, €(EeKTUBHE AOCIi-
JOKEHHSI SIKUX MOJKJIMBE 3ac00aMM BUHUKAIOUOI Yy HAC Ha 0Yax MIKIHUCIU-
TUTiHApHOT HayKH — Teopii ckimaguux cucteM [8.4]. Ockinbku noaiOHi cu-
CTEMHU MPAKTHYHO BUKIIOYAIOTh MOXKJIMBOCTI IX aHAJITUYHOIO AOCIiIKe-
HHsI, HalOUTBII TI€BUM IHCTPYMEHTAPIEM CTAIOTh METOAM KOMII FOTEPHOTO
MopaenmoBaHHA [8.4; 8.4]. di3ukamMu HAaKOMUYEHO MOTYKHUH apceHan pi-
3HOMAaHITHHX MOJICNIEH, aJleKBaTHE TIEPEHECCHHS IKUX Ha 00’ €KTH Hedi3u-
YHOI TPUPOIM IO3BOJSIE Kpalle 3pO3yMITH CTPYKTYPHI Ta TWHAMIYHI
acneKkTH (YyHKIIOHYBaHHS IOCTIIKYBaHMX CKIQJHUX CHCTeM. Tomy He
JUBHO, IO 3 KiHI MHUHYJIOTO CTOJNITTS (pi3UKH BCE YACTiIlle CTAaJU TPHU-
It yBary (h)iHaHCOBHM Ta €KOHOMIYHHM CHUCTEMaM, BUKOPHUCTOBYIOUH
IHCTPYMEHTH Ta METOAOJIOTII0, crnenu@iuny mans (isndHuX Hayk. Taxwii
BuOip OyB MOTHMBOBaHMH KigbkoMa mnpuunHamu. [lepmn 3a Bce, aeski
(hiHaHCOBI Ta EKOHOMIYHI CHCTEMH € «TapHUMI» eK3eMIUIpaMu
cknagaux cucreM. [lo-mpyre, mounHatoun i3 80-X pOKiB MHHYIIOTO CTOIIi-
TTS BEJIMKA KUIbKICTh (JIHAHCOBUX Ta €KOHOMIYHUX JIaHUX OyJia 3ammucaHa
y KOMIT'FOTepHiil (hopMi 1 € JIETKOIOCTYITHOIO JIJIsl aHATI3y Ta TeCTYyBaHHSI.
Taki mani BimoOpa)karoTh AETanbHy iH(OPMAIIIO PO MPOIECH, IO PO3-
TIAIYIOTECA, 1 Yy BHUMNAIKY JEAKHX OIipK, MICTATh iHGopMario mpo
eJIeMEHTapHi B3a€EMOJIi, 110 BinOyBatoThes Ha Oipxki (ICHYIOTh 0a3u JaHuX
TOPTIB Ta KBOT, [I¢ KOXHA TpaH3aKLisl, 10 BUKOHYEThCS Ha Oipxi, JOKY-
MeHTyeThcst). [lo-Tpere, aHalmi3 Ta MOJENIOBAHHS CKOHOMIYHHX 1
¢diHaHCOBHX cHCTeM Mae 0a30Bi TEOPETWYHI Ta TPUKIAJHI ACHEKTH.
Bba3oBi acmekTu CTOCYIOTbCS MOJENIOBAHHS CHCTEM, CKOMIIOHOBAHHUX 13
KUTBKOX CKJIQJIOBUX (TACHCTEM), B3a€EMOIIS SKUX 3a3BHYAll OMUCYETHCS
HENHITHIMY MozesIMU. [IpakTHYHI aclIeKTH CTOCYIOTHCS )KOPCTKOTO BH-
3HAYEHHS Ta KPalloTro BHUSBJICHHS IPUTAMAaHHOTO CUCTEMi €KOHOMIYHOTO
pusuky. HapemrTi, (iHaHCOBO-€KOHOMIYHI CHCTEMH MalOTh TOMIiTHE
nparMaTHyHe 3HadeHHdA. lle sckpaBo mpoaeMoHCTpyBajga IJ00abHA
¢inancosa kpu3za 2007-2009 pp., sika TOpkHyIaca Maibke KoxHoro. Crano
3pO3YyMiJIO, 110 MOHITOPHHT, IPOTHO3YBAaHHS Ta MOIMEPEIKEHHS MOAI0HUX
KPHU30BUX SIBUIIl CTA€ HAJ3BHUUYANHO aKTyalbHOO 33]1a4elO.

Ha norounuiit MOMEHT Omy0JIiIKOBaHO JIOCUTh BEJIHMKY KUTBKICTh POOIT,
II0 CTOCYIOTBCSI PO3IIIAYBAHOTO MaTepiay, y (pisuuHMX, MaTeMaTHYHUX
Ta EKOHOMIYHHUX >KypHanax. HalOinbpIn 4acTo y CTaTTAX PO3MIIAAA€ThCS
KiJIbKa MU TaHb:



— BUBUYCHHS CTATUCTUYHUX BIACTUBOCTEH 3MIHM L[IHM aKIiii;

— HOBITHI TAXOAM IO MPOOJIEMH I[iHU OIIIIiOHIB;

— JIOCJIIJKCHHS MoJieNiel (JiHaHCOBUX PUHKIB;

— MOPIBHSHHA MK TUHAMIKOIO LiH Ha (DiHAHCOBMX PHHKAX Ta IIBHUI-
KICTh 3MIHHM IWHAMIKH.

[Mpuknanyu, HaBe/eH] BUIIE, HE BUYEPITYIOTh BECh CIIEKTD JOCIIiTHH-
[BKUX MPOOJIEeM, 1 € iHIII MUTaHHS, SKI BUMararoTh TOCIIIKESHHS.

Tpamumiiiai  aHamiTHYHI METOAM  JOCHIDKEHHS EKOHOMIYHUX,
(hiHAHCOBUX, COLIIABHUX CHUCTEM BCE YACTIIllE HAIITOBXYIOTHCSA HA IPO-
OnemMH, 10 HEe MaroTh €()EKTUBHOTO PO3B’S3aHHS B paMKaX KIaCHYHUX
napagurM. KimacuuHi migxoau Oyiau po3poOiieHi IS OMUCY CTaJIOTO CBITY,
SIKUH TIOBOJTI €BOJTIOIIIOHYE. 3a CaMOI0 CBOEK CYTTIO Ii METOAHM 1 MiAXOIN
He Oyau TpU3HAYCHI JUIS OMKHCY Ta MOJICIIOBAHHS NIBHAKHX 3MiH,
Henepea0adyBaHUX CTPUOKIB i CKJIAHUX B3a€MOJI OKPEMHX CKJIAJJOBHX
Cy4acHOTO CBITOBOTO pUHKY [8.4].

Y mporieci po3poOKy HOBUX MAPAIHTM JIOCHTIDKEHb CKITaTHIX €KOHOMI-
YHUX CHCTEM BHHHUKAIM YHCIICHHI MPUHOMHM Ta MiJXOAH, IO MOCTYMNOBO Ha-
TPOMaJKYBaJIMCh, yIOCKOHAIIOBAJINCH, Yy3arajbHIOBAIMCh, 3aKJIAJIAI0UuH
OCHOBM TEXHOJIOTii Ta METOMOJOTI] IOMOJAaHHS 3a3HAuYeHHX YTPYIHEHb,
CHPHUSIOYM PO3BUTKY TaKMX MUKIMCIMIUTIHAPDHUX HAyKOBHX HAIPAMIB, SIK
Teopis CHCTEM, CUCTEMHMH aHaui3 1 KibepHeTHKa.

Exonomivyna kibepHeTHKa TiCHO OB’ sI3aHa, 3 OHOTO OOKY, 3 TEOPI€I0
YIpaBJIiHHS, CydaCHUMH 1H(QOPMALIHHUMHU CHCTEMaMH Ta TEXHOJIOTISIMHU,
a 3 JIpyroro — 3 0arathbMa KOHKPETHHMHU €KOHOMIYHUMU JTUCIMILTIHAMU
(EKOHOMIYHOIO TEOPiEr0, MAKPO- Ta MiKPOEKOHOMIKOI0, MEHEDKMEHTOM Ta
iH.). Crnmparodyrch Ha TOETHAHHS [UX HayK, €KOHOMiuHa KiOepHeTHKa
(dopMye 1iTicHE YSABIEHHS NPO €KOHOMIKY SK CKIAJHY AWHAMIYHY CH-
CTEMY, BHBYAE B3aEMOJIII0 BUPOOHHUYO-TEXHIYHOI, COIIAIbHO-CKOHOMIYHOT
Ta OpraHi3aIifHo-TOCIOIAPCHKOI CTPYKTYP €KOHOMIKH Y TIPOIIECi YIpaBIi-
HHS HEI0, a TAKOX y Tiporiecax (yHKI[IOHYBaHHS W PO3BHUTKY Ili€l CHCTEMH
gk enuHoro uinoro. Ilpu npoMy (yHIaMEHTaIbHOIO OCHOBOIO E€KOHOMi-
YHOT KiOEpHETHKH BUCTYIIA€ TEOPisl CUCTEM, a IPOBIAHUM METOJOM JIOCIIi-
JOKEHHSI — METOJ] MOJICITFOBaHHSL.

[IpoTsroM ocTaHHIX POKIB BiOYIUCS CYTTEBI 3MiHU B PO3yMiHHI (y-
HAaMEHTAIbHUX 3aKOHOMIPHOCTEH €KOHOMIUHMX cucTeM. byno BusBieHo,
IO TaKi CHCTEMH MaroTh YHiBepCalbHI eMepKeHTHI BIACTHBOCTI, SKi HE
3HAXOMSATh aJCKBATHOTO PO3YMIHHS B paMKax TPaJWLiiHUX MapaiurM.
ToMy mis JOCHIPKEHHS €KOHOMIYHMX CHUCTEM BCE AKTHBHIIIE BUKOPH-
CTOBYIOTBCSI METOAM Ta Mojedi (pyHIZaMEeHTAIbHUX HAyK y TO€IHAHHI 3



CyJacHHMH 1H(POPMAaIiHHUMHU TEXHOJIOTiAMU. Tak, 3aCTOCYBaHHS METOIO-
yorii i3UK¥ 10 BUBUCHHS €KOHOMIYHUX CHCTEM IIPUBEJIO IO TIOSBH HOBO-
r'0 PO3ALTY MaTeMaTHYHOI €KOHOMIKH — eKoHO(i3uKH [8.4].

[TosiBa HOBUX METOJIOJIOTIH OCIIPKEHB iABHUIIYE BUMOTH JI0 pode-
CIHHOT KOMITETEHTHOCTI Ta (paxoBOi MOOUTEHOCTI (haxiBIliB, IO B CBOIO
MPU3BOJIUTH JIO TIOSIBU HOBUX KYpPCIiB Ta CIEIKYPCIB, 30KpeMa CIICKYPCY
«MopenoBaHHs CKJIaJHIUX €KOHOMIYHHUX CUCTEM», 34aTHOTO TOTYBATH CY-
yacHUX (DaxiBIiB, sIKi BMIIOTh aHAJII3yBaTH MIiHJIMBI COI[iaTbHO-EKOHOMi-
YHI TEHAEHI1, MPUHMaTH 1 peayli3oByBaTH HECTAHIAPTHI PIlIEHHS B CH-
Tyanii puHKOBOI KOHKYPEHIIi.

Crienikypc nepeadadae OBOJIOAIHHSA TEOPETHUYHUMH Ta MPAKTHYHUMHU
OCHOBaMH MOJICTIIOBaHHS CKJIaJHUX EKOHOMIYHHUX CHUCTEM; Pi3HHMH Xa-
PaKTEepUCTUKAMU EKOHOMIKH (€Mep/KeHTHICTh, JMHAMiYHICTh, HEBH-
3HAYEHICTh), NPOOIEMH METOMOJIOTIi MaKpOEKOHOMIYHOTO —aHawi3y.
3HayHa yBara NpUAUSETHCS MOJACTIOBAHHIO KPUTHYHHUX, KPU3OBUX SBHIIL
Ta YHIBEpPCaIbHOCTI CKJIAJHUX CUCTEM, PO3TIISAAETHCS JTOCIIIKECHHS MPO-
IeciB  caMooprasizaiii B €KOHOMIYHHX cHCTeMaX. llepembadaerscs
03HAHOMJIEHHS 3 TEOPi€l0 BUNAAKOBUX MaTpPUIlb, 110 Oy/a pOo3BUHEHA VIS
MOSICHEHHSI CTATHCTUKU PIiBHIB €HEprii CKIaJAHUX KBAaHTOBUX CHCTEM.
HaBonsTbes pe3ynbTaTd MOAETIOBAaHHS KOJEKTUBHHUX €(EKTIB CKIaJHUX
CHCTEM 3a JIOTIOMOTOI0 METOJIOJIOTI Teopii BUMIAIKOBUX MAaTPHUIlh. 3HAYHA
yBara MpUAUIETHCS PO3TIIITY METOIB TOCIIKEHHS TUHAMIKH 1 TOIIOJIO-
rii (iHAHCOBO-€KOHOMIYHHMX CHCTEM 3a JONOMOIOI0 (pakTaJIbHOTO
aHaJi3y, MOLIYKY Ta KOHCTPYIOBAHHS 1HAMKATOPIB MEPEAKPU30BUX CTaHIB
3a JIONMOMOTOI0 aHali3zy (PaKTaIbHUX Ta PEKYPEeHTHHUX BJIACTUBOCTEH
CKJIaJHUX JMHAMIYHUX CHCTEM. 3aBEpIIye CIEHKYpPC O3HAWOMIICHHSM i3
BUKOPHUCTAHHSIM PEKYyPEHTHOI'O aHaJIi3y IJIs1 MOJEIIIOBAHHS 1 POTHO3YBa-
HHS HENiHIMHMX AMHaMIYHUX BJIACTUBOCTEH CKJIQAHUX CHCTEM Ta 3
IHCTpyYMEHTapieM HeiHIHHOI JUHAMIKH, IO BiJHOCHTHCS 10 PEKYPEHT-
HHUX BJIACTHBOCTEH HECTALlIOHAPHUX JMHAMIUYHUX PAIIB.

CroromHi 3MIHCHEHHS PO3paxyHKIiB, TPOBEIEHHS MOCTIKCHHS Ta
MOJICITIOBAHHS SIBUII[ PI3HOI TPUPOIU Y PI3HUX MPEIMETHUX TaIy3sIX
3acobamu cucteM Komin totepHoi MmaTtematuku (CKM) e Bxke TpaaumiiHu-
MH 1 He moTpeOye OOIPYHTYBaHHs. AJie IpU MOJACTIOBAHHI CKJIAAHUX
E€KOHOMIYHHX CHUCTeM OakaHO BUKOPHCTOBYBATH TaKe CEPEOBHUIIIE, IO €
3HaTHUM iHTerpyBatd B cobi iHmi CKM, Oymyu BijbHOIOIINPIOBAHUM
Ta ocHauleHUM Web-iatepdeiicom. IlopiBHsUIBHMI aHammi3 iCHYrOUMX
Web-CKM  moka3yroTh OMITBHICT BHOOPY B SKOCTI CepeIOBHINA
monentoBanas Web-CKM Sage.



1. TIouartok posotu v SAGE

Sage (http://sagemath.org) sBisS€ThCS NPUKIAIOM OE3KOIITOBHOTO
BiJIbHOMOIIMPIOBAHOTO CEPEAOBUILA MaTeMaTHUYHUX OOYHCICHb IJisi BU-
KOHAHHS CHMBOJIbHUX, aIreOpaidHUX Ta 4YHCEIbHUX PO3PaxyHKIB,
iHTepdeic Ta SaApo SKOr0 HAMMCaHI MOTY)KHOI 1 JOCHTH IOIYJISIPHOIO
MOBOIO TiporpamyBaHHs Python. Sage 00’€Hye MOXKIMBOCTI MOMYASPHUX
MaTeMaTHYHUX Tporpam Ta Oi0Omiorek, Takux sik PARI, GAP, GSL,
Singular, MWRANK, NetworkX, Maxima, Sympy, GMP, Numpy,
matplotlib Ta GaraThox iHImKX 3aco0iB: Python, Lisp, Fortran 95, C/C++
TOLLIO.

Sage € cepBepHUM MPOrpaMHUM 3aCO00M, IO 0a3yeThCsl HA BiJIOMO-
My 00’€KTHO-OpieHTOBaHOMY cepBepi noaarkis Python-CMS Zope. InTep-
aKkTHBHICTE Web-KilieHTa 3a0e3MevyeThCsl MIMPOKUM  3aCTOCYBaHHSIM
texHonorii AJAX, mo € ocHOBOIO OinmbiocTi npoaykTiB Web 2.0, a Big-
MOBIIHICTh BiZOOpaXeHHI MaTeMaTW4yHoi iHpopMmamii — Opay3epHUMH
MaTeMaTHYHUMU mpudTamu (jsMath).

Sage mae BnacHe CHMBOJIBHE SApO, MPOTE BUCTYMAE MEPEBAXHO SIK
IHTErpaTop pi3HUX CHCTEM, Hamawoud iM enuanid Web-iatepdetic. Mox-
JMUBICTh BUKOHAHHSI Ha Web-CcTOpiHKaxX, Te€HEpOBaHWX Sage, IMporpam
moBamu Fortran, Python, Lisp, Java Ta iH., Hamae iM HaJBUCOKOTO PiBHS
IHTepaKTUBHOCTI, MOpiBHsAHOTO 3 KoMmepuiiiHumMu CKM (Mathematica,
Matlab, MathCAD, Maple), 6e3 cyTTEBHX BUMOT JI0 allapaTHHX PECypCiB
KOMIT'I0Tepa KopHcTyBada (HeoOXiIHi Jiuie Opay3ep Ta MepexHe 3’€THa-
HHS).

OCHOBHUMHU CKJIaJIOBUMHU Sage €:

—inrepdeiicu mo CKM Magma, Maple, Mathematica, Matlab,
MuPAD Tta iH.;

— SIKICHI TTaKkeTH I anreopu Ta odunciaeHs (Maxima), IMBUIKAX BHU-
cokoTouHux obumciieHb (GMP), anreOpaiunoi reomertpii (Singular), -
HiltHo1 anredpu (Linbox), rpagiku (Gnuplot), Teopii rpyn (GAP), Teopii
gucen (PARI), ontumizanii (GSL) ta in.

— moBu niporpamyBanHs (Python, Lisp, Fortran 95, C/C++ Ta in.).

Sage mae Web-iatepdeiic (puc. 1.1).

Web-inTepdeiic Sage orpuMaB Ha3By OJIOKHOTHOTO (notebook), Tomy
IO BiH SIBJISE COOOK KOMIT IOTEPHY MOJENb 3aUCHUKA, SKHH MaTeMaTH-
KA TPaJULidHO BUKOPHCTOBYIOTH [UIi BUKOHAaHHS MaTeMaTHYHUX pPO3-
paxynkiB. [ToniOnuii inTepdeiic € TpaauuiiinuM amst posuHeHnx CKM.

HasBaicte Web-inTepdeiicy, O€3KOMTOBHICT, Ta BIIKPHUTICTH



CepeIoBHINA MATEMATUIHUX O0YUCIICHb Sage — 116 OCHOBHI, alie He €UHi
nepeBary nporpamMu y MOpiBHSIHHI 3 TOMYJIIPHUMHU CHCTEMaMH KOMIT F0Te-
pHoi Matematuku. Ciifi T0JIaTH TaKi XapaKTEPUCTUKU Sage:

o Simi
2 il = I
<) Thet152.160.22 14 7 - [BTame L= <
o]
BrokHoT SDOE. nata_laby | Cnscrss | OmyOmsconasmioe | Sypran | Crpasics | Hacrposssn | Bemon
[R—
HOBBINI pAGONIIT MIICT  3rpySiTE 110MCK paboux MeToB
Apwerposare | Yaanate | OctaHosuTe TeKylIad MANKA: AKTHUBHble Apsrple YOaemie
O AxTHBILIC paSotie MICTLT ClosmaTemn / B cOTpyMETIcCTDE THocrepran peaakinis
I |oain -] Be sbIMAHHBI nata_laby Pasorars cosuecrin 23 awell Hasaa nonka0saTenem nata_laty
™ [@ain -+ Na62_MFDFA_function nata_laby Pafotare cosmectio 53 AWeit Haza A NonbaoeaTenem nata_laby
I [eain = nad_1_conoeser nata_laby Faco 53
™ [oain 7| naé_1_2 nata_lahy Pafin 53 g

Puc. 1.1 Web-iaTepdeiic Sage

— HEBUMOIJIMBICTH A0 amapaTHOI CKJIaJoBOi OOYMCIIOBAJIbHOI CH-
CTEMU;

— IHIU(EPEHTHICTD 10 BUKOPHUCTOBYBAHOIO Opay3epa;

— 11 OpraHi3aiii poooTH Yy MEpexki JOCTaTHhO BCTAHOBUTH Sage Ha
cepsepi;

— MiaTpUMKa iHTep(denciB 10 KOMEPIIHHUX CHCTEM KOMI FIOTEPHOI
MaTeMaTuKH, Takux sk Maple, Magma, Mathematica i Matlab;

— JUIsl TOJJaHHSA MaTEeMaTUYHUX BHPAa3iB y 3BHYHIM MaTeMaTH4HIH HO-
Tamii HeMae MOTPeON BCTAHOBIIIOBATH CIICIiajbHE TIporpaMHe 3a0e3rede-
HHsI — IOCTaTHBO J03aBaHTAXUTU MAaTeMaTU4HI WPUPTH;

— HasIBHICTh MOTY>KHOTO iHCTpYMEHTapito Ajs moOyJoBH CTaTHYHHUX
Ta TMHAMIYHUX rpadiuHuX 300paxkeHp (Ha IIOMIMHI Ta y IpOCTOopi);

— MaKCHUMaJIbHE CTIPOIIEHHS MPOIEeyPH IMyOJIiKalii poOodux apKyIliB
3anmucHUKa Sage y Mepexi [aTepHer;

— MATPUMKA 3ac00iB CHIBHOT poOOTH.

Juis opranizanii poOoTH y JOKaIbHI Mepexi JOCTaTHhO BCTAHOBHUTHU
Sage Ha OyIb-sIKOMY KOMII IOTEPI.

3 MeTor0 QOopMyBaHHS MEPBHHHUX HABUYOK TPOBEJCHHS MOJCITIOBA-
HHS Yy HOBOMY IPOTPaMHOMY CEPEIOBHINI A0 3alpPOIIOHOBAHUX TEM 3
MOJIEIIIOBAaHHS CKJIAaJHUX EKOHOMIYHHMX CHCTEM, OyJO BKJIIOYEHO TEMY
«[louaTok poboTH y Sage», 0 BXOAUTH 10 mociOHuKa [8.4]. JJanuii noci-
OHMK MOKHa BHKOPMCTOBYBATH SIK JUISI CAMOCTIHHOTO OmaHyBaHHs Sage,
TaK 1 B SIKOCTI JIOBITHWKA. Y JOJaTKax M0 MOCiOHWKa HaBeIeHI pPO3BUHEHI



NPUKJIaIU 3aCTOCYBaHHs Sage /i moOyJOBU IHTEPAKTHBHHUX MOJEINeH Ta
PO3B’s13aHHsI 33j1a4 Teopil KOAyBaHHSA. B ocTaHHBOMY JTOJATKY TOKA3aHOo,
K MOYKHa PO3IIMPUTH MOXIIMBOCTI Sage Ta iHTErpyBaTH y HBOI'O HOBE
nporpaMHe 3a0e3neueHHs.

[Ticns BUKOHAHHSA BCiX OMepalii 3 MATOTOBKH Sage 10 poOOTH Ta
fioro 3amycky 3a BuauteHoro IP-agpecoro y Bikai Web-6pay3epa Oymie Bin-
KpHTa JIOMAaIIHs CTOpiHKa KoprcTyBada Sage (puc. 1.2).

SEIE]
- [ coooe = £ 5

BrokHoT SDEL nata_laby | Cnsmas | Onybmcosamioe | Kypnan | Crpasica | Hactpoinar | Beron

Beponn st

‘Hopbii padoumt micr  3arpvrms Movck patodx nneTos

Apwenposars | Vpanute | | OctanosuTe Tekylas NANKA: AKTUBHble ApOEBHble YIaleHHbie

r AKTHBHEIE pafotiie MICTBI Co3/ATeNE / B COTPYHIMECTEE TIocre HAs pe ki

I [@ain | BesbIMAHHbIA nata_laby Paborars cosmectss 23 Aelt Ha3aA NONL30BaTeNeM Nata_laby

I [@ain = a62_MFDFA_function nata_laby Pasorare cosuecs

I [oain | na6_1_conosbes nata_laby Pan.

I [@ain naé_12 nata_laby P

Puc. 1.2. lomamns ctopinka kopuctyBaya Sage (Worksheet List)

Ha pomaimHiii CTOpiHII TNPEACTaBICHUI TMEPCOHANBHUN CITMCOK
pobouux nuctiB. Poboui nmucrtu (Worksheets) — 11e OCHOBHI €JIEMEHTHU
Sage, OCKUTbKM MaTeMaTH4HI pPO3PaxXyHKH BHUKOHYIOThCS caMe Ha
poOOYHX JTHCTAX.

Bci poboui nmuctu 670KHOTY PO3MOJiNEH] 1O ManKax 3a KaTeropisMu:

— aKTUBHI JUCTU (IMCTH, HEOOXiHI KOpUCTyBady IJisi pOOOTH Haii-
OIDKYINM 9acoMm);

— apXiBHI JINCTH;

— JINCTH, MiATOTOBJICHI /IO BUIYYCHHS.

Ha nouatky ceancy po6otu 3 OJIOKHOTOM Sage MOTOYHOIO MAaIrKomo
(Texywas nanka) € manka 3 akTHBHUMH JIUCTaMH — Axmugusle. Jlogatu 1o
CIHCKY Meperiisily apxiBHI JIMCTH MOXHA, OOpaBIIM TOCHIIAHHA Apxu-
6Hble, A IEPEUTH JI0 PEKUMY TIePEryisiy JIUCTIB, MiATOTOBICHHUX 0 BUITY-
YeHHs — TIOCHIIaHHS Yoanennoie.

AKTHBHI JJUCTH MOKHA TIEPEMICTUTH JI0 NANKU-apXiBy (KHOTKA Apxu-
suposamy) ab0 N0 MANKHU-KOIIWKAa (KHOMKA Yoarumy). Jluctu 3 apxiBy
MOXYTb OyTH TIEpEHECEHi NI0 Manku AxmuseHvle (KHOTIKA Apxusuposamsy)
abo BuiIydeHi. Y KOmUKy Sage 3 poOOYHMH JINCTAMH MOXYTb OyTH BH-
KOHaHi Jii, aHaJOT1uHi 10 THX, sKi nependayeni y Komuky onepamiiHoi
cucteMu Windows — OCTaTOYHOTO 3HUIICHHS 200 BiHOBJICHHS BITyYE-
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HUX JTUCTIB (Boccmarnosums). llepur Hix gaTh KOMaHAy TIEpeHECEHHs JIn-
cTa (Y1 JUCTIB) MiXK IMarkamu, iX Tpeda BiIMITUTH NTAIIKOO.

Han poGounmu nucramu, sk Hax (aiinamu, MOKHA BUKOHATH OTIepa-
uii neperimenyBanus (/lepeumenosams), penaryBanns (Peoaxmuposamy),
KomifoBauHsA (Konuposame pabouuti aucm), TyOmikamii B Mepexi
Iarepuer (Onybrukoseams), Tnepernasagy Xomy poboTH 3 JHCTOM
(M3menenus). OKpiM TOTO, MOKHA BU3HAYHUTH TMEPENiK KOPUCTYBAUiB, sIKi
MOXYTb CHIJIBHO NPALIOBATH 3 IEBHUM PoOOUUM JUCTOM (B compyonuue-
cmee). CIIUCOK 3a3HAYCHUX i MPEACTABICHWA HA JOMAIIHIA CTOPIHII
KOpHUCTYBaua y BUTJISII BUIAJAI0UOTO CIIUCKY Paiin iBOPYY BiJl 3arojo-
BKY KOXXHOT'O pOo0O0YOro JHCTa.

Bubpatu poOounii nuCT A7 MOJAIBIIOT POOOTH KOPUCTYBAad MOXKE
OJHHUM 13 3a3Ha4YE€HUX CIIOCOOIB:

1) ctBopuTH HOBUI poOOuMi JMCT, BHOpaBIIM MOCWIAHHA Hogwill
pabouutl iucm;

2) 3aBaHTAXUTH podounmii yucT (Qain 3 pPO3MUPEHHIM SWs) 3
JIOBibHOTO Hocis abo 3 Iurepnery 3a Bkazanoro URL-agpecoro, Bu-
OpaBIUM MOCUIIAHHS 3acpy3ums;

3) BIOKpHUTH iCHYIOUHI poOOYHMil TUCT, BUOpABIIHM HOTO 31 CITUCKY. Y
pasi 3aBENUKOi KUTHKOCTI JIUCTIB TiependadeHa MOKIUBICTh 3MIHCHEHHS
ABTOMATHYHOTO MOIIYKY HeoOXiqHoro pobdoyoro jucta ([louck Pabouezo
Jucma), aHaJOTiYyHO A0 TOLIYKY 3BHYaiiHOi Web-CTOpiHKM B Mexax
cairy;

4) 3aBaHTaXUTH BCi aKTUBHI JIUCTH MOXKHA 32 JIOTIOMOTOI0 3a2py3uimb
6ce akmuegHuvle.

Web-cTopiaka 3 poO0YMM JINCTOM Ta HOTO OCHOBHUMHM €JIEMECHTaMU
npezcTaBieHi Ha puc. 1.3.

3 naHuMHM poOOYOTo JHMCTa MOXKHA MPALIOBATH y peKUMax Pabouuii
aucm, Peoakmuposams 1a Texcm.

Pexxum Paboyuii iucm — OCHOBHHM PEXKHM POOOTH — PEXHM Iepe-
Ty Ta BAKOHAHHS MaTEeMaTHYHHUX PO3PaxyHKIiB.

Pexxum Pedaxkmuposams — pexxuM peAaryBaHHA. Y TaHOMY peXuMi
KOPHUCTYBad Ma€ MOXJIMBICTH JOJATH JO 3MICTy poO0OYOro JMCTa TEKCTH
3aBJlaHb Ta BUKOHATH Pi3HI MaHIMyJsmii 3 OJIOKAMH MaTeMaTHYHUX PO3-
paxyHKiB (BHITy4aTH, IEPEMIII[yBaTH Ta iH.).

3aysaoicenns: 3aBeplIyIOud poOOTY B IIbOMY DPEXHMi, 000B’S3KOBO
30epexiTh 3MiHM (KHOTKa Coxpanums usmeHeHus), 1HaKIe BOHH OyIyTb
BIJIKUHYTI 0€3 NONEPE/HKCHHSL.

Pexum Texcm cimyxuTh UIA BimOOpaXXeHHsSI JaHUX POOOYOTO JIMCTA
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(3aBmaHb, KOMaHJ Ta pe3ylbTaTiB) y TEKCTOBOMY (HEpO3Mi4€eHOMY)
dhopmari.

N A I T

13
]
1] o rnynmprno @) Hepuoreias,

== (R S A (R O S

nata_taty | Toxasary/expers | Cnsesan | OnyEmacosmmoe | Hypran | Hacrpomar | Coofmms o npofineme | Crpaska | Booon

Conparintis | Coxparmtn uawimy | Buiir 6ea coxpanerim |

Daiin. =] | Dewcteve 7] | Oanwsie . 3] sage = | T Srteusm

Marenarmeckie mpud e

BesbiMAHHBIN

a=-3.1

a

1 — OaHep-NOCHIIaHHSA Ha CAlT www . sagemath.org;
2 — cucok Paiin NOMYCTUMHX OIepallii Hall TMCTaMH OJIOKHOTY;
3 — cucok /leticmeue NOMMyCTUMHUX il HaJl TaHUMU JINCTA;
4 — cniucok Jannwle 11t poOoTH 3 daiiiaMu TaHuX;
5 — CHHCOK MaKeTiB, iHTepdeiicu KX mATpumMye Sage;
6 — Ilokazamy ckpvimbie — IPUXOBATH/TIOKA3aTH TIAHETh YIIPaBIiHHS;
7 — I'nasnas — nepeiTy 10 IEPCOHATBLHOTO CITUCKY JIMCTIB;
8 — OnybauxoganHvle — IOKa3aTH CIHUCOK OMYOIIKOBaHUX JIUCTIB;
9 — JKypHan — moka3aTy iCTOPi0 OCTaHHIX Jil;
10 — Hacmpotixu — mapamMeTpu 00JIiKOBOTO 3aIiCy;
11 — Coobwums 0 npobreme — NOBIIOMUTHU TPO TPOOIEMY 200 OIu-
caTy IOMUJIKY UIsl TIOKpalIeHHs! poOoTu Sage;
12 — Cnpaska — BUKIIUKATH TOBIIKOBY CHCTEMY;
11 — Bsixoo — 3aBepmnTi ceanc poboTH 3 OJIOKHOTOM.
Puc. 1.3. Bikao po6odoro nucra

Bubip HUcmopuss pabomul 103BOJIAE TEPETISHYTH ICTOPiI0 poOOTH
HAaJl JINCTOM.

3a nomnomoroto Cosmecmmuasi paboma BU3HAYAETHCS TEPETIK KOPH-
CTyBadiB, sIKi MOXKYTh CITUTBHO TPAIFOBATH 3 TIEBHUM POOOYHM JIHCTOM.

Onybnuxoéams BIIKPUE BIKHO JUIS MiATOTOBKH POOOYOro JIMCTA JI0
nyosikamii y Mmepexi.

B ocHOBHOMY pexxnMi poOOTH KOPHUCTYBad Ma€ MOXKIIMBICTh BBECTH Y
NPSIMOKYTHY KOMIPKY KOMAaHIy YM NPOTPaMHHH KOJX JUIi BHKOHAHHS
MaTeMaTHYHHUX PO3PaxXyHKiB Ta MEPErITHYTH PE3YJIbTaT OOUYHCICHb.

ABTOJIOTIOBHEHHSI BBOZLY B Sage CyTTEBO CIIPOIIYE MPOLEC BBEICHHS
KOMaH/I: YBIBIIHW TEPIII JiTepH KOMaHIU 1 HATUCHYBIIHN KJIaBimry TaOyis-
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1ii, KOPUCTYBAa4 OTPUMYE CIIMCOK KOMAaH[, IO MMOYMHAIOTHCS 3 BBEACHOI
HOCJTIJIOBHOCTI CUMBOJIiB.

Jatu KoMaHAy «pO3MOYaTH OOYMCIICHHS» 32 BBEACHOIO KOMAaHIOIO
YM MIPOrPaMHUM KOJIOM Y KOMipIli MOKHA, HATUCHYBILY KOMOiHALi0 KJia-
Bim <Shift> + <Enter> abo oOpaBmu ToOCHWIaHHA evaluate mig
KOMaHIHUM psiikoM. [1iJ] KOMipKOIO 3’SBHTBCS 3€jeHa BEpTHUKAJbHA pPH-
CKa, fIKa BKa3ye Ha Te, L0 Ha cepBepi Sage BUKOHYIOThcs o0uncienHs. [1o
3aBEPIICHHIO OOYHCIICHh PHCKA 3HUKAE 1 M7 KOMIPKOIO 3 SBIISETHCSA pe-
3yAbTaT 00UUCIICHHS 200 MOBIIOMIICHHS PO JOMYIIEHY MOMUIIKY.

Pesynbpratu 0o04nciIeHs MOXKYTh OyTH MOJaHi Y TEKCTOBOMY (opmarti
(3a 3amMoBUYyBaHHSAM) a00 y TIPUPOAHIN MaTemMaTHdHiK ¢opmi. g Bix-
oOpakeHHSI MaTEeMAaTUYHHUX BHPa3iB y MPHUPOIHiN (opMmi cITifi BCTAHOBUTH
MateMaTH4Hi WpudTH BUKIHKOM jsMath Control Panel y BiamoBimHOMY
BikHI moBigomienHs (puc. 1.4).

Mo jsMath TeX fonts found -- using image fonts instead.
These may be slow and might not print well
Use the jshlath control panel to get additional information.

JjeMlath Corarol Parnel I Hide this Message I

Puc. 1.4. Bikao nonepemkenas jsMath

Haifuacrile mOMHUIKM BHHUKAIOTh Yepe3 HENpaBHIBHUNA CHHTaKCHC
KoMaHau. J{sl BUNIpaBICHHS TaKMX HOMWIOK JIOPEYHUM € 3BEPHEHHS [0
noBiKoBOI cuctemu Sage. KOHTEKCTHY JOBiJIKY MOXKHAa OTPHMATH, BBi-
BIITM CUMBOJI ? TICIIS iMeHI KoMaHu Ta <Shift> + <Enter>.

BBenenns cumBOy ?? micis Ha3BU (YHKIII TO3BOJISAE TEPETITHYTH
ii mporpamMHuii Kof,.

[licns BuUBeneHOro pe3yibTaTy Ha PoOOYOMY JIMCTI aBTOMATHYHO
3’SIBJISIETHCS HOBA KOMipKa JUIS BBEACHHS KOMaHIU. JlogaTH HOBY KOMIpKY
y JIOBUIBHOMY MICIIi POOOYOro JINCTAa MOXHAa BHOOPOM TOPHU3OHTAIBHOT
CHHBOI JiHIii, fIKa 3’SBJSIETHCSI Y MOMEHT HaBHCAaHHS KypcOpy MHUILI Haj
Oyab-sIKOI0 KOMipKOI. BuimydeHHS 3aiiBOi TOPOXKHBOI KOMIPKH BUKOHYE-
ThCs KIIaBiliero <Backspace>.

3a 3aMOBUyBaHHSAM pPOOOUYMI JIMCT HAJAITOBAaHMH Ha poOOTYy 3
komaHaamu Sage. BuOparu inmy CKM wMoxna y crucky (5) abo
KOMaHJI0l0 BUAY $HasBa CKM. Hampuknan: $maxima, $maple i T.1.

OcHoBHI [Oii Haxm poOOYMM IJIUCTOM TMPEACTABICHI y CIIHMCKY
eticmeue... (3):

Ilpepsams — iepepBaTu NpoLec 00YUCICHb.
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Iepezanycmums pabouuil nucm — TEPE3aNyCTUTH CEaHC POOOTH 3
pOOOYHM JTUCTOM.

Coxpanums pabouuil tucm u 6vitimu — 3aBEPIIUTH CEaHC POOOTH 3
pOOOYUM JTUCTOM.

Buruucaumo 6ce — BUKOHATH TPOTPaMHI KOIH Y BCIX KOMipKax.

Ckpbimb  6ecb 661600 — TIPUXOBAaTH BCl PE3yIbTaTH BUKOHAHHS
KOMaH]I.

Iloxazamb 6ecb 6b1600 — TIOKa3aTH BCi PE3yNbTaTH BUKOHAHHS
KOMaHJI.

Yoanumye 6ecv 6b1600 — BUIaNUTH PE3yNIbTaTH BUKOHAHHS BCIX KOMi-
POK.

Oonosueeunvlll pexcum — 3aTUMUTH TOCTYITHOK U1 poOOTH JHIIe
OJTHY TIepIIly KOMIpKY JIUCTA.

Mnoeosiueeuniti pesicum — 3pOOMTH AOCTYMHUMH A poOOTH Bci
KOMIpKH JIUCTA.

Jlist 3aBaHTaXEHHS YW CTBOPEHHs (aiy maHuX mepemdadeHa Bin-
TIOBI/IHA KOMaHJa 3aepy3ums uiu co30ams gaiin cnucky Jannvie... (4).

3aBepmUTH ceaHc POOOTH 3 TUCTOM MOXKHA OJHHM i3 mepeadadeHux
croco0iB, a came:

— 30epertu 3MiHN — KHOTIKa Coxpanums;

—30eperTu 3MiHM Ta 3aKpUTH BIKHO 3 POOOYMM JIUCTOM — KHOIIKA
Coxpanumy u eviiimu;

— MPOITHOPYBATH 3MIHM Ta 3aKPUTH BIKHO 3 POOOYMM JIMCTOM — KHOTI-
Ka Buiiimu b6e3 coxpanenus.

[Ipu BuKoHaHHI Tab0opaTOPHUX POOIT HEOOXITHO 3aBaHTAXKUTH MiATO-
TOBJICHI MOJIENi 13 TAamKW, SKy BKa)ke BUKIamad. llicist 3aBaHTaKCHHS
(aiiny 3 MoAeTI0 HEOOXiZHO BHKOHATH BCi KOMIPKH, OOpaBIIM ITYHKT
Buinoanumu ece. 1licns BUKOHaHHS BCiX KOMIPOK 3’SIBUTHCSI BIKHO MOJEINI
Jle BUKOHYEMO HEOOXiTHi i, o omucaHi B KOXHiH J1abopaTopHiid poOoTi.
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2. AHAJIB ®IVKTYALIA YACOBOTO PALY

2.1. Amnaniz nuHamiku npudyTKiB, MOAYJIiB NPpUOYTKIB Ta
BOJIATHJIBHOCTEM

OcTaHHIM 4acOM BYEHI BCE OLIbIIE MIKABIATHCA €KOHOMIYHMMH 4a-
COBHUMH PsIJIaMU, 1 BiIOYBA€ThCS 11€ 32 KUILKOX MTPUYUH, 30KpeMa;

1) exoHOMIYHI YacoBi psay, Taki SK 1HAEKCH akKIlii, KypCiB BallioT,
3aJIeKaTh BiJl PO3BUTKY BEIIMKOi KUTBKOCTI B3a€EMOMIIOYMX YHHHHKIB, 1 €
MIPUKIIAJIAMH CKIIQJIHUX CUCTEM, IO IIIMPOKO BUBYAKOTHCS Y HAYIII,

2) 3’sBUNAch BEIHMKAa KIUIBKICTh AOCTYMHHX 0a3 3 JaHUMH TIPO
e€KOHOMIYHI CHCTEMH, IO MICTATH iHOpPMAIi0 3 PI3SHUMH YaCOBHUMH
IKajgamMu (MoYrHaYH 3 1 XBUIMHY 1 3aKiHIYIOUH 1 pOKOM).

Bracninok 1mporo Bke Ha JaHWM 4Yac iCHYe BENMKAa KUIBKICTh PO3-
poOIIeHnX METOAIB (30KpeMa, y CTATHCTUYHINM (i3uIli), CIPSIMOBAHHUX Ha
OTpPHMaHHSI XapaKTePUCTHK LiH aKIiil 41 KypCiB BaIIOT, 110 €BOJIOLIOHY-
I0Th Yy Yaci.

JociimkeHas, TpoBeAeHI HaJ YacOBUMH PsJaMH, MOKa3ylTb, IO
CTOXaCTUIHHH MPOIIEC, SIKAN JCKUTh Y OCHOBI 3MiHH IiHH, XapaKTepU3ye-
TbCA KIUJIBKOMA O3HAaKaMy. Po3moaiil 3MIHM I[IHH Ma€ BUIUICHHN XBICT
NOPIBHSIHO 13 HOpPMaNbHUM po3noniioM. DyHKIisS aBTOKOpENALii 3MiHH
IIHA CHaJa€ eKCIIOHEHIIHHO 3 TEeBHUM XapakTepHHM dacoMm. OIHak,
BUSIBJSIETBCSI, 110 aMIUIITy/la 3MIHHM I[iHH, BUMIpsSiHA 3a a0COIOTHHMH
3HAYCHHSIMM YM KBaJpaTaMH I[iH, MOKa3ye€ CTEICHEBI KOPEJNAlii 3 JOB-
ro4acoBOIO MIEPCUCTEHTHICTIO aX JIO KiJIbKOX MICSAIIB, a00 HaBiTh POKIB.
Taki TOBro 4acoBi 3aJIe)KHOCTI Kpalle MOJENIOIOThCA 3 BUKOPHUCTAHHIM
«JIOJIATKOBOTO TIPOIIECY», 10 B €KOHOMIYHIH JIITEpaTypi 4acTO Ha3UBa€-
THCS BOJATWIBHICTIO. BONaTHiIbHICTS 3MiH LIHU aKIii € MIpO TOTO, SIK
CHWJIBHO PHWHOK CXHJBHHHA 10 (IIyKTyalliid, TOOTO BIAXWIIEHH I[iHU Bif
MIOTIEPEIHIX 3HAYCHb.

[epmmM KpokoM NpW NPOBEACHHI aHami3y € MmoOyaoBa OLiHIOBauda
BOJIATWIIBHOCTI. MU OymeMo OTpUMYBaTH BOJATHIBHICTH SIK JIOKaJbHE
CepeTHE MOIYIISI 3MIHU ITIHU.

Po3yMiHHS CTaTHCTUYHHUX BIIACTUBOCTEH BOJATUIBHOCTI Ma€ TaKOK
BAXUIMBE TIPAKTUYHE 3aCTOCYBaHHA. BONATHIBHICTE € 1HTEpecoM
TOPTOBIIIB, OCKUIEKH BU3HAYA€ PU3HK 1 € KIIFOUOBUM BXOJOM MPAKTHIHO
JTO BCIiX MOJEJICH IiH OMIIiOHIB (BTOPUHHOTO IIHHOTO Iarepy), BKIOYaro-
4y i kacnyHy mozens breka-1lloymn3a. be3 3a0BUTbHUX METO/IB OIIHIO-
BaHHS BOJATWJIBHOCTI Tpehaepam Oyio O HaI3BHYAiHO Ba)KKO BH3HAYATH
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CHUTYaIlil, B SIKUX OIIIIOHY ITOMAIAl0Th B HEJIOOIIHKY YU ITEPEOIIiHKY.
2.1.1. Bu3zHavyeHHS BOJATHJILHOCTI

TepMiH BONATUIIBHICTD MPEACTABISE y3aralbHEHY Mipy BEJIHYHHU
puHKOBHX (uyKTyanii (BimxwieHs). B mitepatypi icHye mocuTs Oarato
BHM3HAYEHb BOJATWIHHOCTI, MPOTE MU OyIeMO BHKOPHUCTOBYBATH HACTYII-
HE: GOAAMUILHICMb € JIOKATbHUM CepeOHIM MOOYIs 3MIHU YIHU HA 610-
nosionomy uacosomy immepgaini T, wo € pyxomum napamempom Hauwioi
OYIHKU.

Jns iagekcy X (z) BusHaunMoO 3MiHY I[iHH G(2) sx 3MiHY JIOTapH-
(MiB iHIEKCIB,
G(t)=InX(t+At)—In X (¢)= X+ A1) X(0) @.1)

X))
ne Af¢ € 4acoBUM IHTEpBajOM 3aTpuMKH. Bennuwmny (2.1) Ha3uBaroTh
MpUOYTKOBICTIO («returny). SIKIIO BUKOPUCTOBYBATH TPAHUIN, TO Maii
3MIHH X (t ) MPUOJINU3HO BiANOBIAAIOTH 3MiHAM, BH3HAYCHUM JIPYTOIO Pi-
BHICTIO. MM JIHIIIE MiIpaxoBYEMO Yac POOOTH PUHKY, BHKHIAEMO HOWI,
BUXIJIHI Ta CBITA 13 HA0OPY JaHUX, TOOTO, BBAKAETHCS, IO PUHOK MPAITIOE
0e3 mepeps.

Monyns G(z) omucye aMInITyny GiIykTyariid. Y TOpiBHSAHHI i3

snavennsmu G(2) ix MOJYNb HE TOKa3ye TIO0AaNbHUX TPEHIIB, aie
BEJIMKI 3HAUECHHS \G(t)\ BIJIITOBIAIOTh KpaxaM Ta BEITUKUM MUTTEBUM
3MiHaM Ha puHKax [8.4].

BuzHaummo BOJATHIIBHICTH SK CEPETHE Bif \G(I )\ JUISL YaCOBHX BI-
koH 1T =n-At, T00TO:

7, (0)=~"3|6()

t'=t

: 2.2)

ne M e uinuM yuciaoM. Take BU3HAYEHHS MOKe OYTH 1€ y3arajabHEHe
saminoo |G(z) mHa |G(2)”, ne ¥ >1 nae Ginbln BUpaxeHi BeJHKi

suavennst |G(z), B Toit wac sk O<y <1 Buminge mami 3HaYeHHS
G().

Y 1pOoMy BU3HAYEHHI BOJIATWIBHOCTI BUKOPUCTOBYETHCS JBA
napametpu, A7 T1a n. [lapamerp A7 € mabja0HHUM (YU MOJCIBHUM) Ya-
COBHM IHTEpBaJIOM JUIsl JaHWX, a mapamerp /7 € KpokoM mepemimieHHs
YacOBOTO BiKHA. 3ayBaKUMO, [0 BKA3aHE BU3HAYCHHS BOJNATHILHOCTI Ma€e
BHYTPILIHIO MIOMMJIKY, @ caMme: BUOip Oinbmioro yacosoro iHrepsany 77
BeJie 10 30UIBIIEHHST TOYHOCTI BU3HAYEHHS BoJIaTHiIbHOCTI. OHAK, BEIH-
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Ke 3HaueHHA 7 TaKoX BKIIOYAE Take po3OMTTA 4acy Ha IHTEpBaH, IO
BeJle 10 BpaXyBaHHS HE BCi€i MpUXOBaHOI y psai iHpopmalii.

[Ipu mopiBHSIHHAI MiXK COOOIO KiJTBKOX aKIid YacTO BUKOPHUCTOBYIOTH
HOPMaJTi30BaHy BOJIATHJIBHICTH, IO BU3HAYAETHCS IS KOXKHOI akIlii Ha-
CTYITHUM YHUHOM:

v =i ()=

o) @

ne {---) o3Hayae cepejHiil yac, OTpUMaHMii /1 BIKOH, 10 HE HEPEKPH-
BalOTHCS, IS PI3HUX YAaCOBHUX MacmTabiB 7' .

2.1.2. Bu3HaveHHs KoOpesuii

JJis BU3HAYCHHS KOPEJISIiH 4aCOBOTO Psi/Ty BUKOPHCTOBYETHCS (PYHK-
i aBToKoperii [8.4]. CaMe MOHATTSA agmokopensayii o3Ha4ae Kopes-
IIIF0 YaCOBOTO PSIY camMoro 3 co6oro (MiX MOMEepeaHIMU Ta HACTYITHUMHU
3HAYCHHSIMHM). ABTOKOPEIIALII0 1HOJI HA3UBAIOTh NOCAIO06HOK KOpelayi-
€10, O 03HAYAE KOPEIAIII0 MK YJICHAMH PSIy YUCEN, PO3TAIIOBAHUX Y
MIEBHOMY MOPSIKY. Takok CHHOHIMAMH IIOT'O TEPMIHY € J1a208a KOpesi-
yis Ta nepcucmenmuicms. Hanprkiaza, 9acTo 3yCTpida€eTbCcs aBTOKOPEIsi-
1ist reoi3UIHUX TIPOIIECIB, IO 03HAYAE IMEPSHECEHHS 3aUIIKOBOTO MPO-
1[eCy Ha HACTYITHI YaCcOBi POMIXKKH.

ITo3UTUBHO aBTOKOPEIHOBAHUWA YAaCOBHM PsiJ YacTO Ha3UBaIOTh
MIEPCUCTCHTHUM, 110 3HAYUTh ICHYBaHHS TCHJICHIIT CJIiTyBaHHS BEIIMKUX
3HaYeHbh 32 BEIUKAMH Ta MaIWX 332 MajiMH, IHAKIIe TO3UTHBHO
KOPEJIbOBAHUIA YaCOBHH PsT MO’KHA HA3BATH 1HEPTHUM.

BizbMeMo /N map cnocTepexeHb JBOX 3MiHHHX x Ta y. Kopes-
MIHHAN KOe(DIIMEHT MIXK X Ta  BU3HAYAETHCA SIK:

D Y SR R e
TR N ey

Jie CyMa 3HaXOJIUTHCSA 110 BCIM [V  CIIOCTEPEIKCHHSIM.

TakuM >e YHHOM MOXKHA BH3HAYaTH W aBTOKOpENAlito, abo K
KOPEJALII0 BCEpEINHI OIHOTO YacoBOTO psiay. st aBTOKOpeNsIii mepiio-
TO MOPSJIKY OepeThCs Jiar (YacoBa 3aTPUMKa), PiIBHUN OJIHINM YacOBiM OfM-
HUIl. TakuM YUHOM, aBTOKOPEIAIis MEPIIOro MOPSAAKY BHKOPHCTOBYE

nepwi N —1 crnocrepexens X, , £ =1,..., N —1 tanacrymui N —1
crocTepeskerb X, , £ =2,..., N . Kopemsmis Mixk X, Ta X,,; BH3HaA4Ya-
€TbCS HACTYIIHUM YHHOM:
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> (o =5 o =3

t=1

S S

t=

Ie X@) € CepemHiM Ul TMEPIIOTO MPOMIXKKY CIIOCTEpEeXeHb (Iepii

N —1 3HaveHb), a X(>) € CepemHiM sl APYroro MPOMiKKY (mpyri
N —1 3nauens). Koedimienr, mo BusHauaeThes v (2.4), i Ha3MBaeThCS
KOe(iI[IEHTOM aBTOKOPEJISAIIiL.

JIst CYyTTEBO BEIHMKOI KiJIBKOCTI CIIOCTEepexeHb (Bemukoro /V ) pi-

3HMALS MDK CEpeJHIM Ha MEepUuIoMy iHTepBalli X() Ta CEepeaHiM Ha

JpyroMy iHTEpBalli X(2) € HECYTTEBOIO i MOXKe OyTH NMPOIrHOpPOBaHa, Ta-

KUM YHHOM 77 Oyze mpuOIN3HO PIBHUM:

N-1 _ _

> s ) )

=1
N —
>l —xf
t=1

- 1

e X =-— ) X, €CepeaHiM I JOCIiI)KYBaHOTO MEPioy.

N5
PiBusiHHS (2.7) MOke OyTH y3arajibHEHE JIsi OTPHMAaHHS KOPEJsii
MiX CIIOCTEPEKEHHAMH, PO3IIICHUMA A YaCOBHMH iHTEpPBAJIAMHU:

IS Oy
r=— — . (2.7)
;(x, ~xf

3HaueHHS 7 HA3UBAETBCA KOeDIiYicHMOM a8MOKOpenyii 3 1acom

r= 2:6)

k . Tpadik ¢yHKIii aBTOKOpensIii sK 3aneKHOCTI 7, Bigx Ak Ha3u-
BAIOTh KOPEI02PAMOIO.

2.2. Xix BUKOHAHHS PodOTH
[Ticns 3aBanTa)keHHs (aiuly 3 MOJEIUTIO Ta BUKOHAHHIM BCiX KOMi-
POK OTPUMAEMO BIKHO JUIs BBEJCHHS MMOYATKOBUX AaHuX (puc. 2.1).
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AHani3 donykTyauin yacoBoro pany

—  3aBAHTEKWTY O8HI | PospaxyBaTh NprByTKOBICTE | B3ati momyns pana Hopuanizysati |
OQbepite 0 BonaTuibHicTe | ABTOROpENAUA | aycoBcaKni poanedin | Poznedin iMoBipHocTeR

Tigwia xsict Mpaswuii xeicT

Do [ibm

Kimbkicth I
HaueHb

Tiprma I
BIKHA

Kimpkicth I
HTepBAILB
TobyxyBaTi
Tpadik

Puc. 2.1. Iarepdeiic Moaeni 11 MPOBEACHHS aHATi3y (BIyKTyallii Ja-
COBOTO ANy

Ockinbky ~ 3aBaHTaXEHHs  JaHWX  BigOyBaeTbcs 3 calTy
www.finance.com.ua, TO JUId MOYaTKy POOOTH HEOOXITHO y TOJE
«Douny yBectn iHAeKkc GoHAy abo akxilii, 00patn «KiTbKiCTh 3HAYCHB) Ta
HATUCHYTH «3aBaHTXUTH JaHi». Y BiKHI 3 IBUTHCS iH(pOpMAaLIisl ITPO Ya-
COBHUH psiA: KUIBKICTh 3HaYCHb, MiHIMAJIbHE T4 MAKCUMAJIbHE 3HAYCHHS, Ta
IHIII OCHOBHI CTaTHUCTUKH. Y MAaHid poOOTI BHKOPHCTOBYBAaTUMEMO B
skocTi 3pa3ka inaekc Jloy Jxonca ¢onmosoro punky CIIIA 3a mepion,
o mMictuTh kpu3y 1929 poky (tak 3Bana «Benmka nenpecis» (dj_29). Ya-
coBuit psag Mae nowxuHy 2000 MHIB, MPUIOMY MOYATOK KPWU3U MPHUXOIU-
TBCS TOYHO Ha cepenuny psaay (touky 1000). Takwii BuOip mae MOXIH-
BICTh CIIOCTEPIraTH XapakTepHi OCOOJMBOCTI TMOBEAIHKU MOXiTHHX Xa-
PaKTEPHCTHK YacOBOTO PsAAY Y MEPEIKPH30Bi Ta MiCISIKPU3O0BI MEpioau.
SIKIIO BOHHU HOCSITh YHIBEpCAJIbHHUH XapakTep, TO MU MOXEMO CIIOAiBaTH-
¢s1 Ha TOOYIOBY TIEPEIBICHHUKIB 200 MiCIISABICHUKIB (DIHAHCOBHUX KPH3.

BukopucraBum nyHkT «IloOyayBatu rpadik», orpumaemo puc. 2.2.

3 pUCYHKY BHIHO, IIO DPsJ HECTALIOHAPHUII Ta BUKIMKAE IEBHI
YCKIIQJIHEHHS U ToJaibInoro aHamizy. ToMmy mepeigemo 1m0 mpuOy-
TKOBOCTeH («Po3paxyBaTtu mpuOYTKOBICTEY), SIKi BXKE € CTalllOHAPHUMH,
iX HopMaizamis craHmapTHUM BigxwieHHsM («HopwmamizyBaTu») [mo-
3BOJISIE JIETKO MOPIBHIOBATH iX SIK 3 iHIIMMM YaCOBHUMH ITOCTIIOBHOCTSAMH,
Tak i 3 posnoxinom ["ayca.

Ha puc. 2.3 BimoOpaxxeHO NOBEAIHKY HOpPMali30BaHUX NpPHOY-
TKOBOCTEH.
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3BepHITH yBary, mo (IyKTyarmii HOpMaTi30BaHUX NPHUOYTKOBOCTEH
JIOCHTh YacTO MEPEBHIIYIOTh BelMunHy * 3 (BuaiieHa CyIUIbHUMH Jii-
HiIMH Ha puc. 2.3), 0, K BiZIOMO, HAI3BHYAWHO PiIKO CIIOCTEPIraeThCs
JUISL He3anekHuX moAii. 1leit ¢hakT MoxkHa BimoOpa3suTH MIJIIXOM ITOPiBHS-
HHS QYHKLIT po3NOAiTy HOpMalizoBaHUX (QIyKTyalid 3 posmoninom [ a-
yca (puc. 2.4). OueBUIHO, 1110 XBOCTH PO3MOALTY BUXIHOTO PSAY MICTAThH
3Ha4yHi (IyKTyamii, BOHW JOCHTH MOMITHI (4acTO KaXXyTh «BaXKi» y MOPi-
BHSIHHI 3 CAMOIO «T'OJIOBOIO» PO3IMOJILITY).

index

400

300

200

100

time, days

0 1500 2000

Puc. 2.2. ®inancosuii yacoBwuii pan inaexcy Joy Jxonca 1927-1931 pp,
SIKMI XapaKTepu3yeThes Kpu3oro (crash) y Toumi 1000.

Binemr Toro, Mu crocrepiraeMo BiIXWIeHHS (IIYKTyallild BifJ rayci-
BCBKOTO PO3MOJILTY caMy y Tiepiof kpusu. Take siBUILle HOCUTH Ha3By Kila-
cTepu3alii BOJIaTHIBHOCTI, 0 Oyae BUSBIEHE Mi3HILIE i MPHU JOCHTIIKEH-
Hi BOJIATHJIBHOCTI.

OTxe, MOXHA CTBEP/KYBATH, 110 TPHOYTKOBOCTI HE € HE3AIC)KHUMH.
[ligTBepmxeHHsT uboMy (akTy OyZeMO MIYKAaTH LUIIXOM TOCHiJKEHHS
KOpEJILIHUX BIACTUBOCTEH 00PaHOTO 4acOBOTO PsILy.

[ToOymyemo QyHKIIIO aBTOKOpEsALi. s 1[bOro HATUCHEMO KHOTIKY
«ABTOKOpPpEISLis», BBEIEMO MOYATKOBHIA JIar (TOYaTKOBY YacOBY 3aTpH-
MKy, «llodaTtkoBuit mar»), kpok nary («Kpok mary») Ta KiHIEBHW Jiar
(«KinmeBuii nar»). Bubepemo modaTkoBUi, KiHIIEBUH JIar Ta KPOK JIary
BignosigHo 0, 250, 1 (Taki 3HaYCHHS! BCTAHOBJICHO 33 3aMOBUYYBaHHSIM) i
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HaTrcHeMO KHOTIKY «[loOymyBatn rpadik». 3’ sBUThCS Tpadivyae 300paxke-
HHS KOPEJIOTpaMH.

-3

0 500 1000 1500 2000

time, days

Puc. 2.3. HopmanizoBaHi mpruOyTKOBOCTI 0OPaHOTO YacOBOTO PSIy
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Puc. 2.4. TlopiBHSIHHS QYHKIIIH pO3MONLTY HOpMaIli30BaHUX MPUOY-
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TKOBOCTEH & 3 HOPMAaJIbHHM PO3MOILIOM (IIITPUXOBA JIiHisT)

0.75+ T T

0.25

2
i o caith o 4 i |
Mt g

0 50 100 150 200 250
time, days
Puc. 2.5. 3MiHa 3 yacoM MapHUX aBTOKOPEISIIHHNX QYHKIIIN IS BUXi-
JHOTO psiny (IITPUXOBA JIiHis), HOpMali30BaHUX MPUOYTKOBOCTEH (Cy1i-
JbHA) Ta MOAYIIB HOPMaJTi30BaHUX MPUOYTKOBOCTEH («+»)

Binpm cyrreBy iHpOpMAaIiI0 NAlOTh MO NMPHOYTKIB, OCKIIBKH B
JAaHOMY BHIIAJIKy BUMIPIOEThCS JIMILE HAsBHICTH BiIXWJIEHb, a HE iX Xa-
paktep (y skuii OiK BiIXWICHHS — B JOJaTHIii 4 Bin emHUil). Ha moOy-
JIoBaHOMY Tpadiky KopejaorpaMu MOXHa J00pe 0auuTH HasBHICTh
iHTepBally 3 AOAATHUMHU 3HAYEHHs aBTOKOPEJSLii. 3ayBakuMmo, M0 NpH-
pona MOBrOTPUBAJIOI mMaM’sITi Ha CHOTOAHI A0 KIiHIT HE IOCIHIiDKEHA, aie
OYEBHJIHO, ITIO JIJIS Pi3HMUX IIHOBHUX aKTHBIB 1 iX MOXiTHUX BOHA pi3HA. Lle
Tpeba BpaxoBYBaTH B 3a/1a4ax MIPOTHO3YBaHHS L[IHOBUX KOJUBAHb.

3 puc. 2.5 6aunmMo, 10 HaHOUIBII KOPEIbOBAaHUMH € PSII BUXIIHUX
3HAYeHb 4acoBOro psny. HaBnaku, HopMalizoBaHi MpHOYTKOBOCTI MarOTh
HaliMeHIy mam’aTh. [IpOMiXKHa CHUTYyalis CIOCTEPIraeTbcd y BHUITAIKY
MonyniB mpuOyTkoBocTed. lle cBimuuTh Tpo Ppi3HY CTYIiHB CTa-
[[IOHAPHOCTI BiATIOBITHIX YaCOBUX PAIiB.

HactymHuM KpoKOM y JTOCTIIKEHH] pSAAY € aHaJli3 BOJTaTHILHOCTI.

3rigHo 3 (2.2) BONATHIBHICTH PO3PAXOBYETHCS AJSI MOAYIIB MpHOY-
TKOBOCTEH, TOMY BUOEpPEMO ITOCIIJOBHO Y OCHOBHOMY BiKHI «3aBaHTaKH-
TH maHi», «Po3paxyBatu mpuOyTKOBICTEY», «B3sITH MOAYIH PAIYy» 1 po3-
paxyemMo BOJATWUIBHICTh, HAaTUCHYBIIM «BomatuibHicTh». OOupaeMo
napamerpu «lllupuna BikHa» (IIMprHA BiKHA Uil PO3PaxyHKY CepeiHiX
3HaYeHb BONATWIBHOCTI) Ta «Kpok BikHa». [l BcTaHOBIEHHX 3a
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3aMOBYYBaHHSIM TIapaMeTpiB OTPHUMAEMO pPe3ylIbTaT BiMOOpaKEHUH Ha
puc. 2.6.

crash
2+ 1/ '

15

0.5

1 L 1
50 100 150 200
time,days

Puc. 2.6. Po3paxoBana BoJIaTUIBHICTG AJ1s1 MOAYJiB IPUOYTKOBOCTEH

Amnanizyroun rpagik, MOXKHa 3pOOMUTH BHUCHOBOK, IO Y IEBHI MO-
MEHTH CIIOCTEPIrajiucsi CTpUOKHM BOJIATHIIBHOCTI 13 IOCTYIIOBUM 3MEHIIICH-
HsM 11 10 ONIepeAHBOTO PiBHS, IO MOXe OyTH HaCIiIKOM 30ypeHb y po-
1ieci po0oTH PUHKY. AHalli3 TaKUX 30ypeHb, IX YaCTOTH Ta CHJIH, I03BOJISE
BUSIBUTH MIPUXOBaHI 3aKOHOMIPHOCTI POOOTH PHHKY. Y ITaHOMY BHIAIKY
MaKCHMaJbHa BOJATUIIBHICTD CIIOCTEpiraeTscsi y kpu3osuil nepioa. Came
TOMY IOBOPSTH IIPO MiJBUILEHY BOJIATWIBHICTD PUHKY B YMOBAX KpHU3H.

Takum uymHOM, aHami3 (QUIYKTyalid 4acoBOTO psAy, CTal[ilOHAPHOTO
psany TOpuOYTKOBOCTEH, aBTOKOPEJSLiA Ta BOJATHIBHOCTEH HO3BOJISIE
OTPUMATH TI€BHI BUCHOBKH, ITI0 MOXXYTh JOTIOMOI'TH B pOOOTI 13 YaCOBUMU
psAmamu, Mo JOCTIKYIOTECS 1 PUHKOM, 3 SKOTO B3ATO 3a3HA4YEHI YacoOBi
psanu. 30Kpema, y IaHOMY BHIIQJIKY, MOXKHA JaBaTH pPEKOMEHAAL] 11010
NOBEIIHKH (PiIHAHCOBOT'O PUHKY Y KPU30BHI MEPioll.

2.3. 3aBaaHHsA 1Sl CAMOCTIHOI po00oTH
1. OGepiTh 3a TOTIOMOTO0 BHKIIaada 0a3y JaHUX.
2. [IpoBeniTh mocmimkeHHS 4YacoBHX (UIYKTyallild, BOJATHILHOCTEH
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Ta aBTOKOPETIAIiH 3TiTHO IHCTPYKIIii.

3. [IpoBexiTh OOCHTIKEHHS aBTOKOPEIALi MPUOYTKOBOCTEH IS BU-
XiIHUX 1 IepeMilllaHuX PSAIB.

4. 3po0iTh BUCHOBKH.

5. Pe3ynapTaTu-3BIiT MpencTaBTe y BUTIAAI OGOpMIICHOI 1HAWMBIAYa-
JTBHOI poOOTH.

2.4. KoHTpOJbHI NUTAHHSA

1. [TopiBHsiiTe BUA 3a1€KHOCTEH (IIyKTyamii mMiH 1 MpuOyTKOBOCTEH.
YoMy nipu po3paxyHKax KOPUCTYIOTCS HE IIHAMH, & TPUOYTKOBOCTIMU?

2. SIky XapaKTepUCTUKY Psily BU3HAYAE BOJIATHIBHICTE?

3. 3HaiiniTe QYHKIIO PO3MOALTY 3HAYEeHb BOJNATHIIBHOCTEW Ta TMOpi-
BHsIITE HOTO 13 HOPMAJILHUM PO3MOiIOM. 3p00iTh BUCHOBKH.

4.V YoMy NpUYHMHA PI3HUX 3aJeKHOCTeH (DYHKIIH aBTOKOPEIIii
JUTSE TPHOYTKOBOCTEH Ta X MOTYyTiB?
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3. MyIbTHOPAKTAIBHUN AHAJI3 ®IYKTYAILl YACOBOI'O PSITY

IcHye kinbka aJbTEPHATUBHUX MIiAXOMIB JIO0 OI[HKH (ppaKTaIbHOI
CTPYKTYpH IJIsl 4acoBoro psimy: R /.S — anaimis; MeTon, 3aCHOBaHHMN Ha
BU3HAYEHHI KIITHHHOI PO3MIPHOCTI; CTaHJApTHHH aHami3 (IyKTyamiii;
aHami3 gerpeHmoBaHux Quykryanid (AA®D) mpyroro mopsaky; MyIbTH-
dpakranpauil AJI®. Po3rissaeMo O1TBII ASTATBHO I METOIH.

3.1. R/S-anauni3

Meron R/S-ananizy, pozpobnenuii b. MangensO6porom ta A. Yose-
coM [8.4], 6a3yeThCs HA TIOTIEPEAHRO CTBOPEHOMY METO/II TiAPOIOTIIHOTO
aHamzy XepcTa, 1 HaJja€ MOXJIMBICTh OOYHCITIOBATH MapaMeTp CaMOIOIi-
OHoCTi H, 10 BUMIPIOE IHTEHCUBHICTD JOBrOTPHBAJIMX 3aJIE)KHOCTEH y ya-
cooMy psgi. Koedinienr H, skuii Ha3uBaioTh KoedimieHTOM Xepcra,
MICTUTh MiHIMAJIBHI MPOTHO3U CTOCOBHO MPHUPOAHM CHUCTEMH, IIO BUBYAE-
ThCS, 1 MOXKE KITaCU(IKyBaTH 4acoBI Psiid. 3a JIOIIOMOTOO IIbOTO TIOKAa3HH-
Ka PO3PI3HAIOTH BHITAJKOBI Ta HEBUIAAKOBI PSAIH; OKpPIiM TOTO, BiH TIO-
B’si3aHWH 13 (PaKTaIBHOIO PO3MipHICTIO [8.4], M0, y CBOIO Hepry, Xa-
pakTepu3ye CTYIiHb 3TIaJKEHOCTI rpadika, modyI0BaHOIO Ha OCHOBI Ya-
coBoro psny. Merogom R/S-anamizy Takok MOXHa BHSIBUTH MaKCH-
MajgbHy JOBXHHY iHTepBaidy (IMKI), Ha SKOMY 3HAYEHHS 30epiraroTh
iH(opMaIIifo PO MOYATKOBI JaHI CHCTEMH (JIOBTOTPHBAJa 1aM’SITh).

AmHasiz MoYnHAETHCA 13 MOOYIOBU PsIy JOTapUPMiIYHUX NPHOYTKIB,

G(t)= lnM
S,(0)

y mMomeHT £, Af — uacoBuii kpok. Orpumana nociinosaicte G, (t)

,ae S, (t ) — 3HAUEHHS BHXIJIHOTO YacOBOTO PSIIy

po30uBaEThCS Ha < THAOCIIIOBHOCTEN NOBKUHK 1 . JIjist KOYKHOT i I
nociigoBHocti M =1,....d :
1) mrykaeTbest cepefHe 3HadeHHs £, Ta cTaHAapTHE BiIXWIICHHS
S
2) maHi HOPMaI3YIOThbCS LUISIXOM BiJHIMaHHS CEPEeJHBOTO 3HAYCHHS
nocnigosnocti X, =G, ,, —E, i=1,...,n;

i
3) CTBOPIOETBCS ~ HOCIIZIOBHICTh HAKONMHYEHb  ¥;,, = z X,
Jj=1

i=1,....n:

B

4) 3HAXOAUTHCS po3max
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R, = max{Y]’m N }— min{YLm U G }, AKUH HOPMYETBCS
cepeHiM KBaJpaTHIHUM BigxmienHaM R, /S, ;

5) 0OYUCITIOETHCSL CEPEHE (R/ S )n HOPMOBaHUX 3HAYCHL PO3Maxy
JUIA BCIX IMIAIOCIIIOBHOCTEN noBXuHHA 71 .

R/S-craTuctrka, po3paxoBaHa y Takuil crociO, 1110 BiAMOBIa€ CIIiB-
Bimromenno (R/S), =cn® | ne 3nauenns H Moxe GYTH OTpHMAaHe

[IJISIXOM OOYHCIIEHHS (R/ S )n JUISL TIOCTTITOBHOCTI 1HTEPBAJIiB 31 301bIIIe-
HHSIM 4aCOBOTO TOPU30HTY:
log(R/S), =logc+ Hlogn (3.1)
3naiiTh  KoedimieHT XepcTa MOXKHA, MOOYAYBaBIIM 3aJEXKHICTh
(R/S), (n) y MOABIMHOMY JOorapuMiYHOMY MacIiTadi i B3SBIIHA Koedi-
[IEHT HAXWIy MPsAMOi, IO IHTEPIIONIOE TOYKH OTPHUMAHOTO Tpadika.
Sxmo 3uadenns £ =0,5, roBopATe NMPO MOCITITOBHICTH, IO IIPe.-
craBisie coboro Oinmmii mym; 0,5 < H <1 cBiguuth Mpo NEPCUCTCHTHHIA
psiI, KOJIM iCHYE TEHJCHILS CIiyBaHHS BEJIMKHUX 3HAUCHb PSAIY 3a BENH-
KuMH i HaBraky;, /7 < 0.5 Bka3sye Ha aHTUNICPCHUCTCHTHHHN PSII.

[lpu 30impIIeHHI YacOBOTO TOPHW3OHTY Koe(imieHT HaxXuiIy
IHTEPIOIOKYO0T MPsAMOT OBHHEH MpsiMyBaTH 10 3HaueHHs 7 = 0,5 ; cam
HpoLeC NTEPEXOy CBIIUNUTH NP0 BTPATy BIUIMBY ITOYAaTKOBHX YMOB Ha II0-
TOYHI 3HAYEHHS, 1, TAKHM YHHOM, MOKHA TOBOPHUTH PO TOPU3OHT JIOBrOi
nam’sTi — 1e To4Ka, A0 AKOi KOoe(ilieHT HaXWIy iHTepHOIIOIY0i IpsAMOi
BigMminanii Bix 0,5 | a micia — 6nussko 0,5 .

3.2. CranpaptHuii aHadi3 Quaykryanin
VY crarnaptHOMY aHami3i (uaykryaniii (AD) posrasgaeTses «podinb
HakonnueHb» (runoff profile)

V=D X, n=1..N (3.2)
i=1

1 BUBYAETHCS IUBUAKICTH 3MiHM (QUIyKTyauiil mpodisis B 3aleKHOCTI Bix
3MiHU IIUPUHM BikHA S. MOXHa po3risaaTd npodine V, K MO3UIIO
TOYKH Yy JIAHITIOTY BUIAJKOBUX OJIyKaHb MicTs # KpOKiB. Bumaakosi Oiy-
KaHHS TIOYNHAIOTHCS B ICSKIH TOYIlI; HA i-MY KpPOIll TOUKAa ITEPEMITTY€ETHCS
BIIPABO, SKIIO X; € IOJaTHIM, a0 XK BIiBO, AKIIO X,; — BiJ €MHE.

Ji1st 3HAXOKEHHS 3MIHN CKEHJIIHTOBOIO ITOKA3HUKA B 3aJI€XKHOCTI BiJ
S CIOYATKy YacCOBUMU PsJi TOBKHUHOKO 7 C€JIEMCHTIB PO30MBAETHCSA HA Mij-
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HOCTIJOBHOCTI, 110 HE IEPEKPUBAIOTHCH, N = int(N / s) JIOBXKUHOIO S,
MOYMHAIOYM 3 TEPIIOTo ejJeMeHTa, Ta [V TMiAMOCiIOBHOCTEH, 0 HeE
MEPEKPUBAIOTHCS, JOBXKHHOIW S , TOYMHAIOYH 3 OCTAHHHOTO CJICMEHTA.
[Totim Bu3HAUYarOTHCS PIYKTYyaIlil y KOXKHOMY CErMeHTi V .

VY cranmaptHomy AD QurykTyamii 00UHCIIIOTE O6e3mocepeHbO Bill
3HaYeHb Mpo(dimo Ha 000X KIHIAX KOXHOI MiAMOCTHiZOBHOCTI V |

F 2(V,s) = ( . — y(v—l)s)z 1 3HAXOAMTHCSA CEPEAHE 3HAUYCHHSA F 2(v,s)
st 2N | mianoctigoBHOCTEH, 1100 JOCAITH PeabHOrO 3HaAYEHHS (IIy-
kryarii £ (s) ,

Fy(s)

3a osnauyenHsm, £, (S ) MOJKE€ PO3IJIAAATUCH SIK CepeAHbOKBAIPATH-

| oo %
WZFZ(V,S) : (3.3)

s v=1

YHUH 3CyB (MIEPEMIIICHHS) TOUYKA BUTIAIKOBUX OJYKaHb B JAHITIOTY ITICIIS
S KpokiB. JIJis HEKOpENbOBaHUX 3HAYCHb X,; OTPUMAEMO 3aKOH TUQy3ii

. ] . . -
A. ®ika F2 (S) ~ SA . g 1ICTOTHMX BUNIAAKIB JOBrOYaCOBHUX KOPEIALIMN,

e IIOBEIIHKa C (S) BIJIIOBia€  cTenmeHeBOMY  3akoHy  (
C(s)= (X x;,5)=s7,0<y<l), F, (S) 301IBIIYETHCS TEX 3TiHO 3
CTEIIEHEBUM 3aKOHOM:

F, (s) = s,
ne GurykTyariiiauiit koedirieHT /  1OB’s3aHU 13 KOpEIAIinHuM Koedi-
wientom ¥ i koedilieHTOM CheKkTpa MOTY)HOCTI A  HACTylHUM
3aKOHOM!

o v _(+p)

2 2

. 1
s cTeneHeBux KOPEISIIii, 10 CIaJatoTh MBUIIE 38 — , OTPUMYE-
K

1 .
Mo H = 5 JUT BEJIUKUX 3HAYEHB §, TAK CaMO SIK 1 i1 HEKOPEIbOBAHUX

JAHUX.
BapTto 3ayBakuTH, M0 CTaHIAPTHUUN aHAI3 (UIYKTyalliid JACmo Mmoji-
onmit 1o R/S-anamizy, pozpoOneHoro Xepctom, 3a BHKIIOUEHHSIM TOTO,
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10 BiH 6a3yeThCs Ha Apyromy MomeHti £, (S), B TOM 4ac Kk XepcT po3-

JISJIaB BUMAJ0K TEPIIOr0 MOMEHTY Fl(S) Jns MOHO(pPaKTaTLHUX
naHux H imenTuyHuil 10 koedimienTa Xepcra.

3.3. AmnHaxai3 nerpeHaoBaHux QUyKTyamii

Amnamiz gerpennoBanux ¢aykryamii (A/ld) Ga3yerscs Ha TimoTe3i
npo Te, U0 KOPEeTbOBaHMH YacCOBHU psAJ Moke OyTH BimoOpakeHHH Ha
caMonoAiOHMIA mpolec NUIAXOM iHTerpyBaHHs. TakuM 4MHOM, BUMIipIOBa-
HHS BJIACTUBOCTEH CaMOIOIIOHOCTI MOYKE HEIIPSIMO CBIYUTH PO KOPEIIsi-
uiiiai BnactuBocti pany. [lepeBarn AJI® mopiBHSHO 3 IHIIEMU METOAAMH
(cnextpanpHuil aHami3, R/S-anamni3) monsrarmTs B TOMY, IO BiH BHSBIIE
JTOBrOYacoBi KOpEJAIil HECTAaliOHAPHUX YaCOBHX PSAIB, a TaKOX [0-
3BOJISIE ITHOPYBATH OYEBHJIHI BUMAJKOBI KOPEJAIil, IO € HACHIJIKOM
HECTaI[iOHAPHOCTI.

Icaytote AJI® pi3HHX MOPSAIKIB, MO BiAPI3HAIOTHECSA TPEHAAMH, SIKi
BUJTYYarOTHCS 3 TAaHUX.

Posrisaemo AJI® HaltHMKUOTO TOPSIKY.

k

Yacoswit pan nosxuan /N iHTerpyerscs, Y (k)= Z(X =X ), e

i=1

i
X, — i-Te 3HAYEHHS YacOBOrO DsAAy, X — HOro CepejHE 3HAYEHHS,
k=1,..., N . lla 1is MOBTOPIOE TPOLEC 3HAXOPKECHHS HAKOMUYEHb Y
R/S-anamizi. Orpumanuii psna Y (k) po30uBaeThcss Ha M mignoci-
JIOBHOCTEH (BIKOH) OJHAKOBOI MMPUHH /2 1 JUIs KOXHOI MiIOCITi-
JIOBHOCTI (Y KO)KHOMY BiKHi) BHKOHYETHCSI HACTYITHE:

1) 32 1OMOMOTOI0 METONY HAWMEHIIHMX KBaJpaTiB 3HAXOAUTHCS JIO-
KaJIbHUI JiHIAHUA Tpena Y, (k) ;

2) MiAMOCHIIOBHICTh JIETPEHAYETCS MUISXOM BiJIHIMAHHS 3HAYCHHS
JIOKaJIBHOTO TpeHay Y, (k ) Bix 3Hauens pagy Y (& ), 1wo HanexaTh mia-
MOCTIAOBHOCTI 7

3) 3HAXOJUTHCSA CepeiHe ¥, JETPEHI0BAHUX 3HAUCHD.

st oTpuMaHUX TaKUM YMHOM 3HAYE€Hb Ha BCIX ITiITOCIIIOBHOCTSIX
3HAXOAUTHC:

1_
Fn= _Yt’
m

ne 7 — kinpKiCTh TOYOK Y MiANOCHiJOBHOCTI (MpuHa BikHa), M — Ki-
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JTBKICTh MIANOCTIOBHOCTEH, Y, — CEepPeIHE METPCHIOBAHUX 3HAUCHB IS

MiIOCTIIOBHOCTI £ .
Bkazanma mporiegypa MOBTOPIOETHCA IS BIKOH PI3HOI IITHUPHUHU,

BHACJTIJIOK YO0 OTPUMAEMO HAO0Ip map TOYOK (Fn ; n) . [ToOymora 3anex-

nocri log F(n) Bin logn ta IHTepIOJALIS OTPUMAHUX 3HAYEHb M-
MOIO JIa€ 3MOTY OOUYMCIUTH MOKAa3HHK CKeiiiiHra & , mo € KoedimieHToM
KyTa HaxXwjily IHTEPIOJAMIHHOI MPSIMOI 1 XapakTepu3ye 3MIHY KOPESIii
norapu@MiyHUX TPHOYTKIB YacOBOTO PsLy MpH 301LIBLICHHI 4acOBOTO
iHTEpBay.

[opiBHsHO 13 R/S-anamizom merox AJI® mae OUIBLII MOXKIHMBOCTI
IHTepHpeTarii CKeWJIIHrOBOTO IOKa3HWKa X : I BUIAIKOBOTO PSITY
(nepemimranoro 4m «cyporatHoro») o =0.5; npu HasIBHOCTI JIHIIe
KOPOTKOYacOBUX Kopeysiliii & Moxe BifpisHATHCH Bix 0.5, mporte Mmae
TeHACHIIII0 TpsiMyBaTH 110 0.5 mpu 30imbIIeHH] pO3Mipy BikHA. 3HAYEHHS
0.5<a <1.0 nokasye mepcHCTEHTHI JOBroYacoBi KOpesiii, 110 Bia-
MOBIIAIOTh cTerneHeBoMy 3akoHy; 0 < a < 0.5 o3Hauae aHTHUMEPCUCTEHT-
Huil psa. CrienianbHUN BUNAMOK, KoM o = 1, 03Ha4ae HasBHICTh MIyMYy
1/ . Jlns Bunajakis, xonmu o =1, Kopensuii iCHyOTh, TPOTE mEpe-
CTalOTh BiZJOOPaKyBaTH CTETEHEBY 3aJCKHICTh;, BUMAJOK & = 1.5 cBin-
9uTh TpOo BpoyHIBCHKMU IIyM, KWW MOXXHAa OTPUMATH IHTETPYBAaHHSIM
oinoro mrymy.

Y AP ppyroro nopsaaky (AL®D2) oOGUMCIIOIOTHCS BiAXHUICHHS
F?(v,s) npodimo Bix rpadika iHTepHONAIHHOTO MOTIHOMY IPYTOro
nopsiaky. TakuM YWHOM, BHITYYAlOThCS BIUIMBH MOXKJIMBHX JIHIHHUX Ta
napaboliYHUX TPEHIIB AjIsl MaciuTabiB, OUTBIINX 3a po3riisiayBaHi. B3ara-
m, y AI® mopsaky n OOYMCIIOIOTHCS BIOXWJICHHS TPOQUIIO Bif
IHTEPHOJAIIHHOTO TOJIIHOMY #-TO TOPSIIKY, IO BHIYYAa€E BIUIUB BCiX MO-
JKIJIMBUX TPEHIB MOPSAKIB 110 (n-1) ams MacmTadiB, OUTBIINX B po3Mipy
BiKHa.

[ToTiM 0OYUCTIOETHCS HAHOMMDKYIHMKA MOJTIHOM ), (S) JUTsE TIpOiITIO

Ha KOKHOMY i3 2V cerMeHTiB V 1 BU3HAYAETHCS BiIXUICHHS:
2
S

F2(v.5)= -2 (e = 20 0)) - (3.4)

Hani 3actocoByetbesa (3.3) s BH3HAa4YEHHS cepenHboi (pykTyarmii
F, (S) .
Tak sk AD Ta pizHi Bugu AJI® MaroTh pi3Hi JeTpEeHIOBaHI BIACTH-
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BOCTI, X KOMITO3HMIlisSI MOXE BUKOPUCTOBYBATHCH 5K JJISl BUSBICHHS JOB-
ro4acoOBHUX KOPEJSIid, Tak 1 I 3HAXO/KEHHsS THIIB HAasBHUX y DSl
TPEHIIB, 10 HE BU3HAYAETHCS 3a JOIMOMOTOI TPAIUIIHHUX METOJIB, Ta-
KHX SIK CIICKTPAJIbHUHN aHaIi3.

3.3.1. JlokaabHuii AlD

Merton nokansHoro AJI® BUHMK 3 IPUITYLLIEHHS PO ICHYBaHHS B Ya-
COBIi TIOCHIZJOBHOCTI SIK TEPCUCTEHTHHX, TaK 1 AHTUIEPCUCTEHTHUX
MIPOMIXKKiB.

st oTpuMaHHS JaHWX Ha OCHOBI JIOKanbHOTO AJID BHKOPHCTOBYE-
TBCSl BIKHO TIOCTIHHOTO pPO3Mipy, LIO 3aJeKUTh Bil MaKCHMAaJbHOTO
3HadeHHs S y crangapTHomy AJl®, xonu me Oyno OTpuMaHo cTadiibHE
3HayeHHs1 & . Po3Mmip BikHA MOBMHEH OYTH TOCTaTHIM JJisi BUKOPUCTAHHS
crangapTHoro Metony AJI®, 3a IOMOMOTOI0 SKOTO 1 BU3HAYAETHCS JIO-
KanbHUH KoedimieHT & . Ilicns mpOro BIKHO MEpPEeCcyBAa€ThCS MO IMOCIi-
JOBHOCTI Ha TICBHUH (HEBETUKHIT) KpOK (Hanpukiaz, 20 1HiB) i o0OUUCIeH-
HSI IOBTOPIOIOTHCSL.

AHaji3 THHAMIKH JIOKAJTEHOTO KoedimieHTa XepcTa MOXKe JOTTOMOTTH
NpU iHTEpIpeTanii CyTTEBUX 3MiH y JHUHAMIL CUCTEMH.

3.3.2. Myabstudpakraabauii AP

Crapmaptanii A/I® BHKOPUCTOBYETHCS U BH3HAUEHHS (MOHO-)
(pakTanbHUX CKEHTIHTOBUX BJIACTUBOCTEH 1 JOBrOYacOBUX KOpEISLid B
3allIyMJICHUX HECTAI[iOHAPHUX 4YacoBUX psnax. [Ipore GaraTto exoHOMi-
yHHX (O1OJIOTIYHHMX, MEIUYHUX TOMIO) OO’€KTIB HE JIEMOHCTPYIOThH
MPOCTOI MOHO(PAKTAILHOI CKEHIIHIOBOT MOBEIHKH, 10 MOXKE OyTH BHU-
3HaueHa OAHHMM KoedillieHToM. B nmeskux BUMankax iCHye KpocoBep
(«crossover») Ha 4acOBUX IIKaJlax S, , IO BIIAUISIE MOJETI 3 Pi3HOIO
MOBEIIHKOIO, HAIPUKIIaJ, JOBrOYacOBI KOPEJAIil Ha MaauxX Maciiradax
yacy § <<, Ta KOpeJALii iHIIOr0 BHIY YA HEKOPEIbOBaHY MOBEIIHKY
Ha OUThIIMX MacmiTabax § >> s, . B gesdkux BUIaIKax MOBEAIHKA CKEMIi-
Hra I1e ORI CKJIaJHa, 1 ICHYIOTh Pi3Hi 3HAa4YCHHS KOoe]illieHTiB CKeTiHra
JUISL PI3HUX YaCTUH TOCTIIOBHOCTI (HampuKiam, A Mepmioi Ta apyroi
MOJIOBUHU TIOCIiOBHOCTI). TparumsiroThesl Ime OUTBI CKJIaJHI BHITAIIKH,
KOJIM PO3MJIAJIAIOTHCS HAKIAACHI OJHA HAa OJHY MHOXXHHH 13 PI3HOIO
(hpaxTanpHicTIO. J[715 TaKMX BUIIAIKIB HEOOXiTHO OOYHCIIOBATH MHOXHHY
KoediIieHTIB CKelTiHTa /JIs1 TOBHOTO OMHCY MOBeMiHKN 00 ekTa. Toxi 3a-
CTOCOBYETHCSI MyAbTU(PAKTATBHUI aHANI3 JCTPEHAOBAHUX (PIyKTyaIiil.

VY 3aranpHOMY BHUNAAKy TNpoueaypa MmyisTudpakTambHoro AP
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(M®-AJI®) cxmamaerbes i3 m'atu KpokiB. Ileprmi Tpu kpokw, mo cyTi,
IIEHTHUYHI porieaypi cranmapTHoro AJ[D.

Hexait € mocmigoBHICT X; AOBXKHHU N, IO HE Ma€ BEIUKOI Ki-
JTBKOCTI HYTbOBUX 3HAYCHB («compact Supporty).

Kpox 1. Buznavaetbest ipodinb (HAaKOMTUYEHHS):

Y(@))=>(x, -3), i 7. (3.5)

k=1
BinniMaHHs cepeqHLOro x € HEOOOB’I3KOBUM, OCKIIIBKH MOKE OyTH
BUKOHaHE ITi3HiIle IETPEeHyBaHHSIM Ha TPETbOMY KPOIIi.

Kpox 2. Tlpodine Y (z) pO30MBAETHCS HA NS =1nt ]% ) ce-

IMEHTIB (MiIMOCHTIJOBHOCTEH) OIHAKOBOI JOBXKHMHHU §, IIO HE MEPEKpHU-
BaroThCd. OCKIIBKY 3arajibHa JOB)KHHA ITOCIIZOBHOCTI N 4acTo He HiIu-
ThCS HAIUIO HA §, 3AIMIIOK B KiHIII ITOCJITOBHOCTI, 1[0 € MEHILMM 3a K-
pUHY BiKHA, BigKUOaeTbcs. Jlns BpaxyBaHHS BiIKMHYTOI YaCTUHH 1 BH-
KOPUCTaHH, TAKUM YMHOM, YCiX €JIEeMEHTIB MOC/IiJOBHOCTI, BUIIIEBKa3aHa
MpoIeypa TMOBTOPIOETHCS TAKOXK, MOYMHAKOUYW 3 KIiHISL MOCIIIOBHOCTI.
Takum urHOM, pa3om Oyae orpumano 2/V, MiAMOCITiIOBHOCTEH.

Kpok 3. Jlns kKoxkHOi i3 2V mianociigoBHOCTEH 00UYUCIIOETHCS JI0-

KaJTbHUM TPEHJ METOJOM HaWMEHIHX KBajapaTiB. [loTiM BuU3HA4aeThCs
BIIXWJICHHS

F(vs) = (v =1+ 1)=3, () ()
i=1

JUI KOKHOro cerMedra V , v =1..N 1

F(r5)=1 S (V== N s+ )=, (O 6
i=1

Ut KoskHOro v = N, +1.2N, . Tyt », (l' ) € IHTEePIOJIOIYHIA TIOJIIHOM

Ha cermMeHti V . J[lna iHTepmonsuii BUKOPUCTOBYIOTHCS JIiHIiHHI,
KBaJIpaTU4Hi, KyOi4Hi IMOJIHOMH Y{ TMOJIIHOMH BHIIOTO TOPSAIKY (Tpaau-
nitHo HasuBaroThesa AJID1, AJID2, A1D3 i T.x4.). Ockinbku neTpeHIyBa-
HHSl 4aCOBOTO DSy BilOYBa€ThCs BiHIMAHHSIM 3HAYCHb TOJIHOMA BiJ
peanpHuX 3HaueHb psany, AJID pizHUX MOPsAKIB BiAMOBITHO Bigpi3HSIO-
TCA y CBOIX MOXJIMBOCTSX II0 BHIYYCHHIO TpPEHAY B DAIi.

Y (MO-)ALDPm (MD-)AJI® m-ro TOPSAAKY) BHIYYAIOTHCS TPEHIH
npodinto mopsaaxy m (abo BiAMOBIIHO MOPSAAKY (m-1) M BUXiAHOTO 4a-
coBoro psay). TakuM unHOM, MOPIBHSAHHS pe3ynbTaTiB podotn AJlD pi-
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3HUX TOPSAAKIB BUKOPHCTOBYETHCS ISl OTPHUMAHHS TUIY TPEHIY Y BHXi-
JTHOMY 9aCOBOMY PSIIi.
Kpoxk 4. 3HaxomuThCs CEpeIHE MO BCIX MIAMOCIITOBHOCTSIX )il OTPH-
MaHHs QYHKIIT QIyKTyalill g-ro mopsaKy:
]
2N,
1 s

: o/ Ve
F (s)= Wz(ﬂ(s,v))% , (3.8)

s v=l
Ile, B3arajli KaKy4d, 3Ha4eHHS 3MIHHOI ¢ MOXKe OyTH JOBUIRHUM, 3a BHU-
KJIIOYEHHSIM HYJIBOBOTO. JImst ¢ =2 OTpUMaEeMO CTaHIAPTHHHA METOJ
AJ1®. Tpu po3risi mUTaHHSI, SIK BIUTMBAE YacoBa InKaia S TpH Pi3HHX

3HAYEHHSM ¢ Ha y3aralbHeHy 3anexHicte 17 (s) Bin 9. Jnst uporo
HEOOXiZHO MOBTOPUTH KPOKH 2-4 1S pi3HUX YacoBUX MacmTabiB S . Lli-
JIKOM 3po3ymino, mo 47, (s) Oyze 30inblryBaTHCh i3 30iTbIICHHAM ¢ .
3Buuaiino, £, (S ) 3aJIe)KHUTh TAKOXK BiJi HOpsaky Metony AJID m. 3rigHo
3 moOynosor, £, (S) BU3HAYEHE JIUIIIE JIJIA 3HAYEHDb S > m + 2 .

Kpox 5. BusHavaeTbes cKeiniHTOBa ToBemiHKA (QYHKITT QIryKTyarmiit
HUISIXOM aHallizy y HOABIHHOMY JiorapupMiuHOMY MaciuTali 3aleXHOCTI

F, (S ) Bim 4 . SIKIIO MOCHIZOBHICTH X; MAa€ JOBroYacoBi KOPEJSAILI,
F, (s) 301IBLIYETHCS 13 30UTBIIEHHSAM S 3T1THO CTENIEHEBOT0 3aKOHY:
F,(s)=s"7) (3.9)

B3arami, koedimieaT h(q) nosunen samexaru Bix 9 . Jns cra-
[IOHAPHUX YaCOBUX PAIIB, h(2) inentnunmii koedinienty Xepcra. Ta-
KM YUHOM, (YHKIIIfO h(q) MOJKHA Ha3BaTH y3araJlbHEeHUM Koedilrie-
HTOM XepcTa.

s MoHO(DpaKTaIbHOT YacOBOI MOCIIIOBHOCTI h(q ) 3QJICKUTH BIJT
¢, TAKUM YUHOM CKEHIIIHTOBa MOBE/iHKA BiIXWIEHb F 2(v,s) OJIHAKOBA
Ha BCix cermeHTax V 1 mpouenypa ycepeaneHHs (3.8) macTb 0JHaKOBi
3HAYEHHS CKEHMIIIHTOBOTO Koe(ilieHTa s BCiX CErMEHTIB MOCIiT0BHOCTI.
Jlume y BUmManky, KOJM MacmITadM MaluX 1 BeNMWKHX (IYKTyamiid Bij-
PI3HSIOTECS, OyZe TOMITHOIO 3aJICKHICTDH h(q) Bin 9 : sxkumo pos-
[NIA7aTH OJATHI 3HAYCHHS ¢, CErMEHTH V 3 BEJIMKUMHU 3HAYCHHSIMH

Ff (v) (HampuKiIam, BENWKI BIAXWICHHS BiJ{ BiJIOBITHUX IHTEPITOJIS-
WiHKMX MOJiHOMIB) OY/yTh JOMIiHYBaTH y CEpPeIHbOMY 3HaueHHi £, (s).

Takum umpoM, uisi gojatanx sHauens 9 /4(q) ommcye ckeiininroby
MOBEIIHKY CETMEHTIB i3 BEMKUMH (PIyKTyaIrlissMu. 3a3BU4Uail BemwKi (iy-
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KTyamii XapakTepu3yIOThCS MEHIIMMH CKEWJIIHTOBUMH KoedillieHTaMu
h(q) s mynsTadpakTanbHuX psais. HaBnaku, ams Bix’eMHUX 3HAYCHD

9 cermentn V 3 MalUMU BiIXWIeHHAME F (v) OynyTh TOMiHYBaTH Y

cepelHbOMY 3HaueHHI 47 (s). Takum YHHOM, JJIS BiJl'€MHUX 3HAY€Hb

q h(q) OTHCY€ CKEHIIIHTOBY MOBEIIHKY CETMEHTIB 3 MaJUMH (IyKTya-
IISIMH, TIT0 3a3BHYall XapaKTepU3YIOThCS OLTBIITNM CKEHIIHTOBUM Koediri-
€HTOM.

Opnak, meron M®-AJI® moke BH3HAUATH JIMIIE JOAATHI y3ara-
npHeHi koedimienTn Xepcra h(q ) , 1 CTa€ HETOYHHUM JIJI1 CUJIBHO aHTH-
KOPEIThOBAHUX CUTHAIIB, KOJHU h(q) maGmmkaetbes 10 Hyns. B takmx
BUTIAJKaX BHKOPHCTOBYeThCS MomudikoBannii M®D-AJI®. binem
MPOCTUM TIUIAXOM JUIS aHaJi3y MOMIOHMX JaHUX MOXKE CIYKHUTH iHTE-
TpyBaHHS 4YacoBOrOo pALy MepeA BUKOHAHHAM mpoueaypu MO-AJ[D
(3Hax0KEHHsI HAKONMYEHb). 3BiIcH, IpoCTe 3HAXOMKeHHs cyMHu Y (3.5),
MO ONHUCye TPOdih IMOYATKOBUX MaHUX, 3aMIHIOETHCS TOABIHHAM
3HAXO/KEHHSIM CYMH,

Y(i):ki;(y(k)—?), (3.10)

[Ticnsa mporo BuKOHYeThCs Tpoueaypa M®P-AJID, onmcaHa Bulie,
BHACIIIJTIOK YOTO OTPHUMYETHCS y3aranbHeHa (GyHKIis QryKTyariif
= ~ a) — g+
F(s)=s"" =5 . (3.11)
TakuM YMHOM, CKEUIIHrOBa MOBEIIHKA MOXE OYTH TOYHO BHU3HAYCHA
HaBiTh y BHUIIAIKY, KOJIH h(q) Gausbke 10 Hynsa (pote Oinbire 3a —1)

~

IUTS ISSIKUX 3HaYeHb 9 . 3ayBaXKuMo, 1110 r, q (Sy Biamosinae £, (S ) y
Ky

hopmyii (3.9). Sxmio Ha koxkHOMY Kpotti (3.10) He BiTHIMAETbCS cepeIHE
3HAuYeHHS, Taka CyMa, CKOpillle 3a BCE, JacTh KBAaJIpPaTWUYHHHA TPEHI Y
npodini ¥'(z). B mpoMy BumaaKy HeoOXiZHO BUKOPHCTOBYBAaTH, IIO-
HaliMeHIe, M®-AJ[® npyroro NOpsaKy A BHIYy4EHHS TAKOTO MITYy4HO-
rO TPEHLY.

3.4. Xig BUKOHAHHS po0OTH
VY cepenoBuili Sage 3aBaHTaXXUMO pOOOYHN apKYII IS TOCIiHKEHHS
4acoBoro psay. [licis 3aBaHTa)keHHST HEOOXiJTHO BUKOHATH BCi KOMIpPKH.
[Ticnsa 3amycky po0o4oro apkymly Ta 3aBaHTaKeHHI JaHUX (HeoOXi-
JTHO HATUCHYTH «3aBaHTAKUTHU NaHi») y BiKHI 3’ IBUThCA iH(OpMAIIiS PO
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BimkpuTHii psix (puc. 3.1).

Haiinpocrime nociiukeHHs, sIKeé MO)KHA MIPOBECTH JUIS JAHOTO Py
— R/S-anani3. R/S-anani3 mpoBoguThCs HE AJISl caMOro Ay, a AJs mpuody-
TKOBOCTEH («refurn»), TOMy po3paxyeMo ix, HATUCHYBIIM KHOMKY «Po3-
paxyBaTy NMPUOYTKOBICTHY, a TOTIM BuOepemMo «IlokazHuk XepcTay, micis
yoro HeoOximHo ob6patu nose «KoedimienT» Ta BuOpaTn 3HaYeHHS Koedi-
Ii€EHTa 3a JOMOMOTOI0 NOB3YHKa a00 BBecTH 3HaueHHs B moie «llupuna
BikHa» (puc. 3.2).

0.0
155534.872171
527771772238
105743061656.0

LUeHTpanEHMHA MOMEHT
LUeHTPANBHMHA MOMEHT
UeHTpalbHMHA MOMEHT
LeHTpanbHMHA MOMEHT

Cepenni:

LpudmeTndHe = 1417.81341575
EpampaTudHe BI1OXHIeHHA = 442 .27602104
KpanpaTuyHe = 1485.16594118

Monynb = 347.186345938

MarcHmMalbHe SHadeHHA = Z538.916
MiHiManeHe sSHadeHHEA = 582.971

PozsMax= 1955.945

BigHoCHME posmax= 1.373550354z24
BiOHOCHE BlAOXuiIeHHA= (.244874495049
BimHoCcHME kosdinieHT Baplauil =
0.311942330432

KoedbinienT acumerpii = 0.610050766319
Ercuec = 2.76361%86483

Puc. 3.1. IlouaTkoBi CTaTUCTHYHI AaHi TSI 3aBAHTAXXEHOTO PSTY

Pesynbrar ananmizy BinoOpa)xaeTbCsi y HOABIHHOMY JIOrapru(pMidHOMY
MacmTabi. Po3paxyHOK TOYOK AJsi OTpUMaHHS 3HaueHb KoedimieHTa Xe-
pCTa IPOBEAEMO 3 BUKOPHUCTAHHSIM MOCTIIOBHOCTI IIMPHUHHU BiKOH, /Ie Ha-
CTYIIHE 3Ha4YeHHsS OiNbllie Y KiJibKa pa3iB 3a momepenaHe (Takui crocid
Halkpamuii Ui BimoOpakeHHs y BHOpaHOMy HaMM Maciitabi); Ha
puc. 3.2 xoedinieHT oOpanmii 1.1, ToOTO mTepmia mMUpHWHA BIKOH MOXeE
oytu, Hampukiian, 100, mactynHa 110, mami: 121, 133, 146, 160 1 1.1,
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Obepite aik0  __, 3aBaHTaxKMTH OaHi Pospaxysary npubyTKoBICTL | MokasHuk Xepota

symbol [iorm

KimskicTs

[e572
SHA'IEHb

IIiprHa BiKHA |ED
TlobymyBaTi
rpadix

Koedipenr

SHAMCHHA B 1.10000000000000
Ko¢diLteHTy —

Puc. 3.2. [ToyaTkoBMii BUA POrpaMu 3 HAIIIBABTOMATHYHUM PEKUMOM
KepyBaHHS JJIs BBEJCHHS TOYAaTKOBUX JAHUX

[Ticns mpoBeAeHHS PO3paxyHKIB OTpUMyeMO rpadik, MOMIOHWE 10
300paxxeHoro Ha puc. 3.3.

o*
.
. -
-~
-~
4 A
. ,-’o__
.
92 PR .
o - .’c- .

“

s Jast
‘I‘I.
e
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¥
-
»
.
.,O‘
11
2 1
1 2 3
n

Puc. 3.3. Psan, moOymoBaHuit Ha OCHOBI IIOYaTKOBOTO, /IS BU3HAYCHHS
koedinienta Xepcra. H=0.71

3navyeHHs koedimieHTa Xepcra BigoOpakaeTbesi Haa rpadikom i pi-
BHUH 11t Hamroro npukiaxy H=0.71>0.5, mo cBiquuTs Mpo MEepCUCTEHT-
HICTB TOCIIPKYBAaHOTO YaCOBOTO PSIY.

[Ticns mpoBeneHHS TOCTIKEHHS MOXEMO 3aKpUTH pOOOUMH apKymr i
3aBaHTaKUTH HACTYITHUH, KUK Aa€ OLIbII BaXKIMBY 1H(OpMALiO Mpo psg
3a JIOITOMOTO0 aHAJi3y METOJAO0M JACTPEHIOBAHUX (DITYKTYaIlii.
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Jus mporo BuOepeMo y OCHOBHOMY BikHiI mporpamu psija «Po3paxy-
BaTH MPHOYTKOBICTH» 1 3HAWAEMO WOTO MOIydb, BHUOpaBmHM «B3siTH
MOIYJb psaxy», uist orpumanoro psgy «DFA» (Detrended Fluctuation
Analysis). Jlani, siki He0OXiTHO BBECTH, JCIIO BiAPI3HAIOTHCS BiJl NaHUX,
HEOOXITHUX IJIs TOMIYKY KoedimienTta Xepcta MeTooM R/S-amamizy. Tyt
HEOOX1THO, OKpIM KPOKY 30UIBIIIEHHS BiKHA, BBOJAWTH MMOYATKOBHH Ta Ki-
HIEBUI Jar (4acoBy 3aTpuMKy). [louaTkoBuM 3HauYeHHSIM BHOEpeMo 5, a
kianeBuM 400 (MoxHa OyIo, 3BUYaliHO, i OLITBIIE, TIPOTE JUIsl 3MEHIIIEHHS
yacy 00YMCJICHb BCTAHOBUMO CaMe Take 3Ha4eHHs). [Jis1 JOCSATHEHHS BH-
COKO1 TOYHOCTI HEOOXiJIHO BUOMpATH SKOMOTa OiIbIIe 3HAYCHHS, MPOTE
OaxxaHO He OiJbIe, HiX TOOBUHA psAxy. [licis mpoBeneHHs BKa3aHUX i
HaTicHeMO KHOMKY «DFA». OtpumaemMo 300pakeHHs, MOJaHE Ha
puc. 3.4.

3BepHITH yBary Ha pO3XOPKEHHsI 3HaueHb KoedimieHta Xepcra,
olepKaHUX PI3HUMH MeToAamu. lle TOBOPUTH MPO Ppi3HI MOMIMBOCTI
METO/IB. BilbII TOYHUM SBIAE€THCA OPYTHA 3 HUX. TOoMy IpamroemMo aaii
came 3 IIUM METOJIOM.

0.5

1.5 At

0.5 1 15 2 2.5

n

Puc. 3.4. Pan, orpumanuii micist oOpoOKH Ta 3HalAeHUH KoedimieHT Xe-
pcra 3a meronom DFA (H=0,57)

VYBaXHO MOJUBHMBIIMCH Ha Tpadik puc. 3.5, MOXKHa 3pOOUTH BH-
CHOBOK IPO HAsIBHICTh TOYKH KPOCOBEPY (3MIHHM KyTa HAaxXHITy IPSIMOi),
HasBHICTh KpoOCOBepy CBITYMTH NPO 3MiHY aKLEHTIB Yy MeXaHi3Max
YTBOPEHHSI IOBroi MaM’ATi; 3HAI0YM TOUYKY MEPEX0ay, MOKHA BXKE POOUTH
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NPUITYIIEHHS. caMe CTOCOBHO poOOTH pUHKY. Lle Takox CBIAYHTH PO
HasSBHICTH Pi3HUX (ppaKTaNbHOCTEH Y 9aCOBOTO PAMY 3 Pi3HUMH Koedimie-
HTaMu XepcTa.

VY 3arajJpbHOMY BUIAIKy TOBOPATH, IO PAA XapaKTepU3ye MYJIbTH-
(GpakTadbHy CHCTEMY, SIKA XapaKTepH3YEThCS HE OKPEMHM 3HAYEHHSIM
koedimieara Xepcra. ['oBopsATs Mpo (YHKINO po3noaiTy koedimieHTiB H.
Ane mepeq THM SK TEPEHTH A0 NpPOUEAYPU MYIbTH(PAKTaIBHOTO
aHaJi3y, 3HalJeMO Tak 3BaHE JIOKaJlbHEe 3HaueHHsA KoedilieHta Xepcra.
JJis bOrO BBEAEMO IMOHATTS PyXOMOT'O BiKHA TMEBHOI JOBXHUHU (HATPH-
knan, 250 mHiB, MPUOIM3HO OJUH PIK), B SIKOMY po3paxyeMo KoedimieHT
Xepcra (Touka Ha rpadiky). Tenmep mepemMicTUMO BIKHO B3IOBXK PSAy 3
KpPOKOM, Hampukian, 1 AeHb i 3HOBY 3HaleMo KoedilieHT Xepcra i Tak
Jam g0 KiHg psagy. OCKUIbKM YacOBUE Psiji TOCTIHHO 3MIHIOEThCS, Xa-
paKkTepHy AuHaMiKy Oyne matu i sHadenns 47 (Z) . Jlns KpusoBoro psy
1929 p. MaeMo pe3ynbTaTH, BigoOpaskeHi Ha puc. 3.6.

0.5

crossover | » P
‘)‘ -
J ~ 7
Py

o

1.5 A
. -

0.5 1 15 2 2.5
n

Puc. 3.5. Psan, orpumanmii miciit 00poOku Ta 3HaineHmid koedimienT Xe-
pcra 3a metogom DFA nnst MonysiB mprOyTKOBOCTEH
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crash
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0.4

0.3
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Puc. 3.6. lunamika nokanbpHOro KoedinieHTta Xepcra Ajsi 4acoBOTO psfy,
KUY BKITIodae Kpu3y 1929 poky

VY 3arajpHOMY BUIAIKy TOBOPATH, IIO PAA XapaKTEpU3ye MYJIbTH-
(pakTanbHy CUCTEMY, SIKA XapaKTEpU3YEThCS HE OKPEMHMM 3HAUYCHHSIM
koedimienra Xepcra. [0BOpTH Mpo QYHKIIIO po3noAiny KoedimieHTiB H.
Ane mepeq THM SK TIEpEHTH A0 NPOUEAYPU MYyIbTH(PAKTaIBHOTO
aHamizy, 3Hai/IeMo Tak 3BaHe JIOKaJbHE 3HadeHHs KoedimieHTa Xepcra.
Jis 11bOro BBEAEMO MOHATTSI PyXOMOI'O BiKHA IEBHOI AOBXXHMHU (HaIpH-
kian, 250 nHiB, MpUOIM3HO OJUH PIK), B SIKOMY pO3paxyeMo KoedilieHT
Xepcra (Touka Ha rpadiky). Tenep mepeMicTUMO BIKHO B3IOBXK pSAY 3
KpOKOM, Hampukian, 1 neHs i 3HOBY 3HainemMo koedimienT Xepcra 1 Tak
nmaii 1o KiHI psaay. OCKiIMbKA 9acOBHM PSA MOCTIMHO 3MIHIOETHCS, Xa-
pakTepHy IuHamiKy Oyae matu i 3uauenus 47 (Z) . Jlnst Kpu3oBOro psiay
1929 p. MmaeMo pe3ynbTaTH, BigoOpaskeHi Ha puc. 3.6.

M®-AJI® no3Boise BU3HAYATH HAsIBHICTh MYJIBTHCKEWIIHTa y psi,
10 (y BUNAAKY iCHYBaHHS) CBiTYUTH PO BUKOPUCTAHHS U (DOPMYBaHHS
3HAYEHb PsIY KOMIO3HUIIIT pI3HUX MEXaHi3MiB YTBOPEHHS [TUX 3HAYCHb.

Bubepemo psia aiis aHamizy y 3aBaHTaXEHOMY poOodoMy apkymri. Y
[IOMY BHITAJIKy BIIKPUETHCS BIKHO, B SKOMY BHOMPAIOTHCS OIIIiT JJIs
NPOBEJICHHS aHAJi3y.
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KimbkicTs sHaMeHD IW 0ooo

IlowaTKOBA MOIPITHA CETMEHTA |WD

KiHITeBa IHpIHA cerMeHTA IWDDD

Crersp q ama pospaxyeky DFA |[—S,U 13
ITopazox DFA |2

KimpkicTs Bikow npi porr [100

KoediltieHT 301MBITCHHA BIKHA IW 1

BicoTOK 301TBIMEHHA BIKHA IEIEI

Trm s0UTbIIeHHA BIKHA —  NSTEP | nRATIO STEP | RATIO

BeeniTh BC1 NONA OaHMXH

Puc. 3.7. lurepdeiic HanamTyBaHHs mapaMeTpiB peaizarii Moaeni
M®-AlD

s BukonanHs M®-AJI® y BinkpuToMy BiKHI HEOOXiTHO MPOBECTU
BiIMOBiNHI HanmamTyBaHHA. Y mnoii «lloyarkoBa mmpwHa cerMeHTa»
BKa3y€ThCS HaiMEHINIa MIMPHHA CETMEHTIB §, HA KI PO30MBAETHCS BHXi-
JHUWA psii AJsl TPOBEJICHHS MMOJANBIIOTO JeTpeHAyBaHHA, a y moii «Ki-
HI[CBA [IMPUHA CErMEHTa» — HaKOiiblla IIUPUHA CErMEHTIB. Y MOl
«Creminp g st po3paxyHky DFA» BBoauThCs HaiiMeHIIE Ta HalO1IbIIE
3HA4YEHHS CTEIEHS ¢ Ta KPOK 3MiHHM 3HAUCHb 3 BUKOPHCTAHHAM CHHTAKCH-
cy Sage ans moOynoBu 3HaudeHb psny. Hampuxnax, psmox [—10,1,10]
O3HaYaTUME MOCIiOBHICTh miux umcen Bix —10 mo 10 i3 xpokom 1.
PexomenmoBana MmOCHiAOBHICTh cTeneHiB g—3, —2.9, -2.8, ... , 3 ([-
3,0.1,3]). «[lopssmox DFA» BuOupaerbcss y  BIAMOBIAHOMY MOJI
(pexoMeHAy€eTHCS aHAJII3yBaTH 32 JOMOMOTOI0 2-T0 MopAaKy). HeobxinHo
oOparu «Tum 30UTbIIEHHS BikKHaY», iK€ OyZe 0OUpaTH MOKIIHBI 3HAYCHHS
[IMPUHH CETMEHTY S :

— sikio oopano «nRATIO», To y momi «KinbKicTh BIKOH TPH KPOITi»
BCTAHOBJIIOETHCS KUIBKICTh PI3HUX MOXITUBUX 3HaYCHb CEIMEHTIB S , sKi
BUOMPATUMYThCS JUIS MPOBENEHHS aHallizy, IpUdoMy Oyzie po3paxoBaHO
koedinient A , takuii mo, S;,, = ks; ;

—skmo obpano «STEP», To y mom «Kpok 30iiblIcHHS BiKHA»
BCTaHOBIIIOETHCSI 3HAUEHHS, Ha sKe Oyzae 30UIbIIEHO MIMPHHY CerMeHTa
HACTYIHOI iTepaltii;

—skmo obpano «RATIO», To y mom «Koed. 30iapImeHHsT BikHaY»
BCTaHOBJIIOETHCS 3HAYCHHS, HA SIKE HEOOXiTHO TIOMHOXUTH S JUIS OTpPH-
MaHHS IIMPUHHM HACTYIIHUX CErMEHTIB U1 HOAAJIBIIOrO BHJIAJIECHHS Ha-
CTYIHOI iTepauii;

— knonka «nSTEP» anamoriuna mii kaonku «nRATIO» 3a Tiero Bin-
MIHHICTIO, IIT0 B TAHOMY BHIAAKy KPOK OOHMPAETHCS MPOTPaMOI0 TaKUM
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YUHOM, 00 MK IIUPHHOI HaWMEHIIIOTO CErMEHTa Ta HaWO1IBIIOro MO-
*Ha OyJI0 YTBOPHUTH Ie 7 — 2 pi3HUX 3HAYCHb MIUPHHH (SKIIO 1€ MOX-
n1Bo), npuaomy 1 Gepetbes i3 monst «KiIbKicTh BIKOH IPH KPOLI».

[lo 3akiH4eHHi po3paxyHKy OyayeTbcs Kijgbka (QyHKIIN:

—y BikHI «Po3nomin F,(s)» BimoOpaKyeThCs PO3MOILT 3aIIEKHOCTI F,
BiJ mvpuHU cerMenty S (puc. 3.8);

—vy BikHI «Po3monmin H(g)» BiIOOpakKyeThCS PO3MOILT 3aJICKHOCTI
h(q) (puc. 3.9);

—y BikHi «Po3nozin 1(g)» BigoOpaxkyeThCsl pO3MOALT 3aJIEKHOCTI 7(q)
(puc. 3.10);

—y BikHiI «Po3noxin F(a), a po3paxoBaHa uepe3 T» BiIOOpaKyeThCs
CHEKTp MYNbTU(PPAKTATLHOCTI, OTPUMAHHH 32 TIOTIOMOTOI0 TIEpETBOPEHHSI
Jlexxangapa (puc. 3.11).

OcTaHHI [Ba TYHKTH TmomnepeaHporo mepeniky (puc. 3.10 Ta
puc. 3.11) i cBim4aTe Npo MyJIbTUPPAKTAIBHICTD PAIY.

TakuM 4YMHOM, IJIsI OZHOTO YAacCOBOTO PSAAY MOXKHA OTPUMATH, BH-
KOPUCTOBYIOUH Pi3HI METOIH, CYKYIHICTh TMOKA3HWKIB, IO XapaKTEpH-
3YIOTh JIOCHIKYBaHUH 00’€KT 3 TOYKM 30py BIUIMBY 30BHIITHIX MOJii Ha
CHCTEMY, SIKa OTUCYETHCS LIUM PSIIOM.

1 1 ‘
2 3
ol ”||||\|||

24 I ‘ |

Fa(s)

S

Puc. 3.8. Po3nomin 3anexxuocti £, Big S
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Puc. 3.10. Posmonin 3ainexHocTi T (q )
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Puc. 3.11. Posnonin F(a)

3.5. 3aBaaHHs 151 CAMOCTIIHOI po6oTH

1. BubepiTh 13 3amporoHOBaHOl 0a3u TaHUX BapiaHT 3aBlIaHHS.

2. BukoHaiiTe AOCHiIKeHHS (QpaKTaIbHUX XapaKTEepUCTUK 3aJaHUX
YacOBHUX PSIIB.

3. 30epexiTh pe3yabTaTH B OKpeMoMY (haiiii.

4. IopiBHAlTe 3HaUCHHA KOEQilieHTIB XepcTa, OlepKaHUX METOJ0M
R/S-ananizy ta AID.

5. IIpoBexniTh MOBHMIA aHAIi3 PSAY 32 IOTOMOTOI0 METOIy MYIBTH-
¢dpakranpHoro AJ1®.

6. Jlaiite iHTEepHIpeTaLilo OTPUMAHUM PE3YyNIbTaTaM.

7. Pe3ynbTaTH-3BIT TpeAcTaBTE y BHUIIIANI OQOPMIIEHOI iHIUBiTya-
JHHOT pOOOTH.

3.6. KoHTpoOJbHI NUTAHHSA
1. Y 4oMy momnsraroTh nmepeBaru MeToy AeTpeHIOBaHUX (BIyKTyariit
nepena MetoaoM R/S-anamizy?
3. Ski curyanii AOCHIAKYBaHOTO PHHKY XapaKTepH3ye JOKaJIbHUHI
koedimienT Xepcra?
2. Ha mo BKasye MyabTH(GPaKTaTBHICTh 9aCOBOTO PSIIy?
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4. J_IOCJII/:DKEHHSI MPOLECIB CAMOOPTAHIBAIII B EKOHOMIYHHUX
CUCTEMAX

4.1. Moge0BaHHS KOJEKTUBHUX e(eKTiB CKIAJHUX CHCTEM
3aco0aMu Teopii BUNIAJIKOBUX MAaTPHIlb

BuBueHHS cTaTUCTHYHUX BIACTHBOCTEH MaTPHUIlh 3 HE3AICKHUMHU BH-
MaJKOBHMH €JIEMEHTaMH — 8UNAOKO8UX Mampuys — Mae Oarary icTopiro,
10 MOYMHAETBCA 3 sfepHOl (i3uku, ne mpobsiema 3’sBuiacs 60 pokiB
TOMY NIPH BUBYEHHI EHEPTETHYHHX PiBHIB CKIAJHUX sIIIEp, 110 iCHYIOYi Ha
TOH gac Moxeli Oyiii He B 3M03i MOSCHATH. Teopis BUTIATKOBUX MaTPHIlh
(TBM) [8.4] Oyma posBunHeHa B mnpomy KoHTekcTi 0. Biraepowm,
®. JlaiiconoM, M. MexTor0 Ta iHIITMMH IS TOSICHEHHS CTATUCTUKU PiBHIB
EHEepril CKIIaJHUX KBAaHTOBUX cUCTeM. JlOCiTHUKY TTOCTYIIOBaH, Mo (y-
HKIis ['aMibTOHA, IO OMHUCYE BAXKKIi sSapa, MOXKE OyTH 3aJaHa MAaTPHUIICIO
H 3 HezaneXXHHMMHU BHIIQJKOBUMH elleMEHTaMu H;, OTpUMaHHMHU 3 PO3-
MOJITy IMOBIPHOCTI. BiIITOBXYOUMCH Bif WBOTO TPHUITYIIEHHS, OYIIO
3po0JeHO0 HU3KY Bpakalouux mepeadadeHpb, Mo OyIo MiATBEpHKEHO eKC-
NepUMEHTaNbHO. J{JIs1 CKJIAHWX KBAaHTOBHX CHCTEM IepenOadeHHs Ha
ocHoBi TBM mnpeacTaBisiioTh CEpeAHE MO BCIM MOMKIMBUM B3a€MOIISIM.
Bigxunenns Bim yHiBepcaJbHHX TepenbadeHh TBM BimoOpaxyroTh CH-
cTeMHy creru(iky, HEeBUIAJAKOBI BJIACTUBOCTI CHCTEMH, 3a0€3MEUyIOUN
KITIOYOBI IMTiJIXO/IU J0 PO3yMiHHS 0a30BOi B3a€EMO/Iii CUCTEMHU.

HenaBni mocmimkeHHs, 1O BUKOpHUCTOBYBanmm Metomu TBM no
aHaJTi3y BIACTUBOCTEH MaTpUIl B3aeMHUX Kopelsiin C , TOKa3yloTh, 1110
6mm3bko 98% BitacHuX 3HaueHb Marpuili C  ChoiBHagaroTh 31 3HAYEHHS-
MU, 110 OTPUMYIOThCS 3 BUKOpUCTaHHSIM TBM, TakuM YMHOM ITPOTIOHYIO-
YW 33JI0BUIBHHN PiBEHh XAOTHYHOCTI y BHMIPIOBAHUX KPOC-KOPETIisX.
Takoxx Oyyio 3HaiifieHO, 110 ICHYIOTh BIAXWIJICHHS BiJ mependaueHb 3a
noromororo TBM y 6muzbko 2% HaiOinpmmx BracHUX 3HaudeHb. Lli pe-
3yJbTAaTH BUKIMKAIOTh HACTYITHI TUTAHHS:

1. SIxa MO>XJTMBa iHTEpHpeTaIlis s BiAxuiaeHs Big TBM?

2. o moxHa ckazatu po CTpykTypy C 3 IMX pe3ynbTaTiB?

3. SIke mpakTUYHE 3HAYCHHS OTPUMAHHUX PE3yIbTaTiB?

VY npaniii poOoTi mi muTaHHA OyAyTh BHBUYEHI AokiagHo. Lmsxom
KOMIT IOTEPHOT'O MOZEJIOBaHHS BUSBJICHO, 1110 HAHO1IbIIe BIAaCHE 3HAUYCH-
Hs Matpuni C TpeacTaBisie BIUIMB YChOTO PHHKY, IO € 3BUYANHUM IS
BCIX aKIiii. AHaii3 3MiCTy BIIACHHX 3HAYEHb, IO BIAXWISIOTHCS Big TBM,
MOKa3y€e ICHYBaHHS B3a€EMHHUX KOPENSLIA MK akLiIMHA TOTO XK CaMOTO
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TUITy TIPOMHUCIIOBOCTI, HAMOIIBII KaIliTaIi30BaHUMHU aKI[isIMH, 1 aKIisIMA
¢bipM, Mo MarTh 0i3HEC y MEBHOMY TeorpadidHoMy cekTopi (Jokaii-
30BaHi TepuTOpiaibHO). OOYHUCIIOYN CKAISPHUN JTOOYTOK BIIACHHX
BEKTOPIB Bijl OJJHOTO TEPioAy Yacy J0 HACTYITHOTO, MOKHA OOAYUTH, IO
BJIACHI BEKTOPH, IO BIAXWISIIOTHCS, MAIOTh Pi3HI CTYIEHI CTaOLIHHOCTI B
4yaci, BU3HAYEHOMY KUIBKICHO BEJIMYMHOIO CKaJSIPHOTO JTOOYTKY.
Haii0inpmii gBa-Tpy BIACHMX BEKTOPH CTIHKI HPOTATOM TPUBAIHX Mepi-
OJIiB Yacy, y TOM yac SK JUIs iHIIOi YaCTUHU BIACHUX BEKTOPIB, 110 BiAXU-
JSIFOTHCS, CTAOUTBHICTD Y Yaci 3MEHIIYEThCS SIK TUTHKH BiJITIOBIHI BJIACHI
3HAYCHHS HAOJIMXKAIThCS 0 BepxHboi Mexi TBM [8.4].

4.1.1. 3naxomxeHHs1 Koedili€eHTIB MaTpulli Kpoc-KopeJsiii

BusHaueHHs KopensLiidi MiX pI3HHMH aKIissMH — Tema, IiKaBa He
JIMIIIE 3 TOYKH 30PY HAYKOBUX MPUYHMH PO3YMIHHS €KOHOMIKHU SIK CKJIAJHOT
JUHAMIYHOT CHUCTEMH, alle TAaKOX 1 3 MPAKTHYHHUX IMODNISAIB, 30KpeMa, 3
TOYKH 30py PO3MIIICHHS aKTHBIB 1 OIIHKK MOPTQEITbHOTO pH3UKY [8.4].
Mu Oynemo aHami3yBaTy B3a€MHI KOpEISLil MiXK aKIisiMH, 3aCTOCOBYIOUYH
MOHSATTS 1 METOJIU TEOPii BUIMAJKOBUX MATpPHUIlh, III0 BUKOPHCTOBYIOTHCS B
KOHTEKCTI CKJIaTHMX KBAHTOBUX CHUCTEM, JIe TOUYHHH XapaKTep B3a€MOJiN
MK HITOIWHULISIMA HEBIIOMMIA.

Jyis BU3HAYCHHS KIIBKICHO KOPEISIii CIMOYaTKy OOYHUCIIIOETHCS
3MiHa IiH («returny, mpuOyrkoBocti) akiii £ = 1,..., /V 3ayac A?Z,
G.(1)=InS,(t+Ar)—1nS,(¢), 4.1)
e S (t ) nmo3Havae iy akmii 7. OCcKiNbKH Pi3Hi akiii MarOTh Pi3HI pi-
BHI NMPUOYTKOBOCTI (CTaHJApTHI BIAXHUICHHS), BU3HAYATHMEMO HOpMaJIi-
30BaHEe MOBEPHEHHS (HOpMalli30BaHy MPHOYTKOBICTh, «returny)

()= GG

i

, 4.2)

ne o, =,/(G?)—(G;)> — crannaprue Binxwienns G;, a {---) mo-
3HAYa€ CepeHe 3HAYCHHs 3a MepioJl yacy, Mo AoCcHiuKyeTbes. Toai o0un-
CIICHHS MaTpHIli B3aeMHUX Kopemsuid C 3BOAMTbCA IO OOYHMCICHHS
hopmyu:
C,; =(g.()g, (). (4.3)
3rinHo 3 moOynoBoro, enemeHTH C; OOMEXKeHI  00JacTio
—1=<C, <1, ne C; =1 Bignosimac noBuum Kopemsmiam, C;/=1 —
NOBHUM aHTUKOpessuisM, 1 C;=0 CBITUMTH MPO HEKOPEIHOBAHHICTH Map
aKIIiH.
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TpynHOmII B aHaNi3i BaXJIMBOCTI Ta 3HaUYEHHS KOeQilli€HTIB KpOC-
kopensnii C; BUHUKAIOTh BHACTIIOK KIJTBKOX NMPHUYMH, IO TOJSATAIOTH B
HACTYITHOMY:

— PMHKOBI YMOBHM 3 4acOM 3MIHIOIOTHCS 1 B3a€MHA KOPEJALis, IO
ICHye MiX OyIb-sSKOIO IMapol0 akIliii, Moke OyTH HemocTiiiHOIO (HecTa-
I[I0HAPHOIO);

— CKIHY€HA JIOBKWHA JOCIIKYBAHOTO PSTY, JOCTYITHOTO JJISl OIIHIO-
BaHHS B3a€EMHHX KOPEILiH, OJIA€ TaK 3BaHUU «IIIyM BHMIipPIOBAaHHS:
YUM KOPOTIIE IOCIPKYBAaHMH Psifi, THM MEHII TOYHUMH OYAyTh OTpPH-
MaHi 3Ha4YeHHS.

Sxmo Oynae BUKOPUCTAHO IOBTHH PsI A PO3B’S3aHHSA MPOOIEMHU
CKiHYEHOI [TOBXKMHHW, Ha OTPUMaHi 3HA4eHHs OyJe BIUTMBATH HecTa-
IOHAPHICTh KPOC-KOPEJSii. 3 UX MPUYNH, EMITIPHYHO BHUMIpsHI KpOC-
KOpeJsLii OyIyTh MICTHTH «BUIIAIKOBI» CKJIaJ0Bi, 1 HAHOLIBII BaXKIUBOIO
(i oIHOYACHO BAKKOIO MPOOIIEMOI0) € olliHKa B ckiafi Matpuili C Takux
B3a€EMHUX KOPEJIAIiH, 0 HE € Pe3yIbTATOM BHUITaIKOBOCTI.

SAxuMm Ke uMHOM MOXKHA BHAUIATH 3 C; Ti aKmii, IO 3aTUIIAINCS
KOPEJIbOBAaHUMH Ha PO3TIsiayBaHoMy mepiomi dacy? 1llo6 BiamoBicTu Ha
1Ie TUTaHHS, TiepeBipuMo cTaTUCTUKY C Y MOPIBHSHHI 13 TaK 3BAHOI0 «HY-
JBOBOIO TiMOTE30I0» BUMAJAKOBOI KOPENSIIMHOI MaTpHili — MAaTpHI
KOpeJAIii, moOymoBaHol i3 B3aEMHO HEKOPEIHOBAHUX YAaCOBUX DSITIB.
SIkmo BiactuBocTi C  BIANOBINAIOTH BIACTHUBOCTSAM JUIS BHUIIAJIKOBOL
MAaTpUIli KOPEJSIid, Tl MOYKHA TOBOPUTH TPO Te, IO 3HAUEHHS eMIIipHu-
YHO BHMIpIOBaHUX BlactuBocTed C Bumaakosi. HaBmakw, BigxwineHHS
BrIacTuBOCTe C BiJl TaKUX K€ BIACTUBOCTEH JJIS BHIIQJKOBOI KOPEIIsi-
uiiiHo1 MaTpuui nepenae iHGoOpMaio Mpo «CIpaBKHI» Kopessimii. Takum
YUHOM, HAIIOI0 METOI0 € TOPIBHSHHA BiacTuBocTed C 3 TakuMH K
BJIACTUBOCTSIMH BHITAIKOBOI MAaTPHITI KOPEIAIIiH 1 po3ais BmactuBocTet C
Ha JBi rpynu: a) yactuHa C, IO BIAMOBIJA€ BIACTUBOCTSM BUIAJKOBOT
KOpensmiitHoi marpumi («mrym»), 0) dactuHa C, 1O BiAXWISETHCS
(«irdopmartis»).

4.1.2. Po3noaija BJacHHUX 3HAYEHDb

Hns orpumanHs iHpopmauii npo B3aemHi kopessiuii C HeoOxinHO
nmopiBHATH BiacTuUBOCTI C 3 TaKUMH JK BJIACTUBOCTAMH BHIAJKOBOT
MaTpHIli KPOC-KOPEJSIid. Y MaTpuuHii HOTalii Taka MaTpuIs Moxke OyTH
BUPaXCHA SIK

C= %GGT , (4.4)
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ze G —  MaTtpuisd  po3Mipy NxL 3 eIeMEHTaMHU
{gim =g, (mAt),i =1,...Nym=0,...,L — 1} i G7 nosnayae TpaHc-
nonyBanHsi G . Po3risiHeMO BHIIAIKOBY KOPEILSILIIHY MaTPHIIIO

1

R=—44" (4.5)
L 9
ne A — marpuns posmipy N x L, mo mictute /N 49acoBHX PSiB i3
[ BUNAAKOBUMH EJIEMCHTIB &, 3 HYJIbOBUM CEPEAHIM 1 OJUHUIHUM
BIIXHMJICHHSIM, 1110 O3HAYaI0Th B3aEMHY HEKOPEIbOBAHICTb.
CraTUCTHYHI BIIACTHBOCTI BWITAJKOBUX MaTpHUIb TUIy /KR BiIoMi.

. L
3okpemMa, y HabmmkenHi N — oo, L — o0, Takomy, mo QO = W(> l)

¢ikcoBaHe, MOKa3aHO AHANITHYHO, IO (QYHKIIS PO3MOJUTY IIIIBHOCTI
imoBipuocti £, (),) BJIACHHX 3HAa4€Hb A BHITAJKOBOI MATPHII KOpEIs-
mii R BHU3HAYAETHCS SIK

A —AfA-A

B, (l)=2J( L) N (4.6)
27 A

s A B Mexax rpanuus A <A, <A, e A_ i A, — nailimenme i

HaiOIbIIE BIACHI 3HAYEHHS R, BIAIIOBIAHO,

1 1
Ay =1+—%2 [— | 4.
) ‘/Q (4.7)

3BepTaeMo Bally yBary, 110 Bupas (4.6) € TOYHUM U1 BUNAAKY PO3-
nofineHnx 3a ['aycom MaTpu4HUX €IEMEHTIB &, .

TopiBHsieMo po3noin Brackux suadens (1) ms C 3 P, (/l)
Jliist 1boro 004MCAUMO BiacHi 3HayeHHs A; marpuni C , npudomy A;

BIIOPSIAKYEMO 32 3POCTaHHAM (/11- > ll-). [Ipu mocmimKEeHHSX 3BEpHITH
yBary Ha MPUCYTHICTh YITKOI «BEIUKOi YaCTWHM» BIACHUX 3HAYEHB, IO
CHaJaloTh y MEXax TPaHUIlb [l,,lj s B, (l) Takox 3BepHITH
yBary Ha BiAXWIEHHA Ui JEIKMX HaWOUIbIINX 1 HAaWMEHIIMX BIACHUX
3HAYCHb BiJ OTPUMAaHMX 3a qormoMororo TBM.

OckinbkH piBHSIHHSA (4.6) € TaKuM, IIIO CTPOTO BiAITOBITAE JIUTIE IS
L—>ow i N —oo, HEOOXIZHO MEPEeBIPUTH TAKOX BIAXHICHHS Bij
1IeaTbHOTO BUMAJIKY, OCKUTEKH pOOOTa IPOBOIUTHCS 3aBXK/IHU 13 CKIHUCHU-
MU pspamu. [lpu OoCHiIKeHHAX BHUABISETHCS, MO S KiIBKOX
HaOnpKMX (HAiMEHIINX) BIACHUX 3HaueHb €(eKT BIUIMBY CKIHYCHHUX
BennuuH L 1 N BiACYTHIH.
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4.1.3. OOepHeHe BiTHOIICHHS y4acTi

BupuuBmm iHTEpmpeTallito HaHOUIBIIOrO BIACHOTO 3HAYEHHS, IO
3HAYHO BIAXWIAETHCS Bix pesynsTaTiB TBM, 30cepenuMocs Ha BIACHUX
3HAQUEHHSX, IO 3aJIUIIAIOThCH. BinXWieHHS po3MOoAidy KOMIIOHEHTIB
BiacHoro Bekropa u* Bim TBM TaycoBoro mnepen0aueHHsi GiibIn sBHE,
KOJIM BiJCTaHb BiJ BepxHbOi rpamuni TBM A, —A, 36inbmryerscs.

Ockinbku O6nm3bKicTs 10 A, 36iIbLIYIOTECS €(DEKTH XaOTHYHOCTI, BHU-
3HAa4a€MO KiJIbKICTh KOMIIOHEHTIB, 110 OepyTh 3HAYHY y4acTb B KOKHOMY
BJIACHOMY BEKTOpI, 110, Y CBOIO Yepry, BifoOpaXkae CTYMiHb BiIXWJICHHS
Bix TBM s po3noiny KOMIIOHEHTIB BIIACHOTO BekTopa. [[ist 11b0T0 BH-
KOPHUCTOBYETHCS MMOHATTS 00epHeHoro BigHomeHHs ydacTi (OBY), mo va-
CTO 3aCTOCOBYEThCA B Teopil sokanizanii. OBY BiacHoro Bekropa u* Bu-
3HAYAETHCSA SIK

1=yl 48)

e u,k , I =1,..., N — KOMIIOHEHTH BJIAaCHOTO BEKTOpa z,* . 3Ha4eHHs

1% Moske OyTH mPOLTIOCTPOBAHO BOMA PAHUYHUMHU BHUIIAIKAMH:

. k 1 k 1
— BCKTOP 3 1JCHTUYHNMHU KOMIIOHCHTaAMU u, = W mae 1" = ﬁ 5

— BEKTOp 3 OJTHAM KOMIIOHEHTOM | =1 i HyTbOBUMH iHIIMMH Mac
i*=1.

Takxum unnom, OBY Bu3HaYae KUIBKICTh JAHUX 3 YKCJIA KOMIIOHEHTIB
BIIACHOTO BEKTOpa, 1[0 3HAYHWI BIUIMBAIOTh HA PHHOK, 3aJlaHU CHU-
CTEMOIO YaCOBUX PSIJIiB.

HasiBHIiCTh BEKTOPIiB 3 BEJIMKMMHM 3HAYEHHSAMHU [° TakoK BHHHKAC B
Teopii nokamizamii AHaepcoHa. Y KOHTEKCTI Teopii Jokamizalmii yacto
3HAXOJIATh «BUMAJKOBY CMYTy MAaTPHIIb», IO MICTATh y3araibHEHI CTaHU
3 ManeHbKUM [* B GimbInili 4acTHMHI CIIEKTpa BIACHHUX 3HAYEHb, TOMI fK
OCHOBHI CTaHM JIOKaJi30BaHi i MaroTh Benuki /. BusBieHHS J0Kai-
30BaHUX CTaHIB JUISi MAJCHBKHUX 1 BEJIMKUX BJIACHUX 3HAYCHb MAaTPHIl
Kpoc-kopensariit C Haramye Tpo JOKami3aiiio AHAEpCcOHa 1 MPHUITYyCKaE,
110 C MOYKe MaTH BUIAIKOBY 30HY MaTPHYHOI CTPYKTYPH.

4.2. IuTepnperalisi BJaCHNUX 3HA4YeHb Ta BJACHUX BEKTOPIB,
o BigxuiagwTthbesa Bin TBM
KinbKicTh iCTOTHUX BHECKIB Y BIIACHHN BEKTOP BU3HAYAETHCS (SIK YKe
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Oyno ommcano) 3a momomororo OBY, mis oTpuMmaHHS X 3arallbHUX

1

BJIACTUBOCTEH ,Z[OCJ'IiI[)Ky}OTBCFI KOMIIOHCHTHU I_k BJIACHOT'O BCKTOpa uk .

[Ipsima excnepTH3a TakuX BIACHUX BEKTOPIB, OJHAK, HE MPHUBOAMUTH IO
iX 3Ha4YeHHs, 3BEPHEMO yBary, II0 HAHOLIbIIE BIacHE 3HAYCHHS 3HAYHO
OinpIue, HiX iHmi N—1 BiacHi 3Ha4eHHS TOAl SIK po3Mip Marpulli C piBHUI
N. Takum unHOM, 100 aHANI3yBaTH BIIACHI BEKTOPH, IO BiAXWISIOTHCS,
HEOOXiHO BUAAIUTH ePEKT HAUOLIBIIOro BIaCHOrO 3HaYeHHs A, .
11106 no36yTucs ehekry A , i, Bianosigno, G™(¢), nag npudy-
TKOBOCTSIMH KO3KHOT akiii G, (t ) BHUKOHYETBCS perpecist
G/(t)=a; + BiM (1)+4,(0), (4.9)
abo K, y HalIOMy BHIAJKy NMPOCTe BH3HAYEHHS TPEHJa YacoBOTO Py,
o Bimnosizmae A, Ta BWIy4eHHS HOro 3 KOXKHOI 4acoBOi IIOCIIi-
noBHOCTI. Toai obuncmroerbess Marpuns Kopemnsnii C, BUKOPUCTOBYIOUN
dopmymnu (4.1)-(4.3). Hdani obuucmiorothest BiaacHi Bekropu 2%, C i

IPOBOJUTHCS aHANI3 IX ICTOTHHX y4YacHHWKiB. Biacuuii Bektop 707V ~!

MICTHThH TIPUOJIN3HO ICTOTHHX YYaCHHUKIB, sIKi € BCiMa aKIlisIMH 3

IN—I

BEJIMKUMHU 3HAUYEHHIMI PUHKOBOI KalliTami3arii.

Jlam TpoOBOIUTHCSA aHaNi3 ICTOTHHX BKJIAJHHUKIB 1HIIOI YaCTHHH
BJIaCHUX BeKTOpiB. Pe3ynbTaramu ananizy y OUTBLIIOCTI BUIAAKIB € T€, IO
KOKHHU 3 BJIACHUX BEKTOPIB, IO BiAXWISIOTHCS, MiCTUTh aKIlii, sSKi HaJe-
JKaTh MOAIOHMM a0o0 TIOB’SI3aHUM TaIy3SIM IPOMHCIOBOCTI SK iCTOTHHM
BKJIagHUKaM. Lli BIacHI BeKTOpW MOAIAIOTH HaOlp BCIX akImiil y pi3Hi
IPYIIH, M0 MICTSTh aKiii 3 BEIMKOK PHHKOBOK Karitamizamiero (1" '), a
TaKOX ranysesi koamiuii (1" 2—u"").

4.3. Xix BUKOHAHHS po0oTH

VY cepenoBuii Sage 3aBaHTaKUMO pOOOYMIA apKyII ISl JOCIiIKEHHS
KOPEJILIHHUX BIACTHBOCTEH PHUHKY, 3aJaHOTO YAaCOBUMH DPSAAaMH HOTO
CKJIaIOBUX. Y SIKOCTI MPHUKJIay BUOEPEMO 4aCOBI MOCIIIOBHOCTI IHACKCIB
IHBECTUIIIHOT MPUBAOIMBOCTI KpaiH pO3BHMHEHHX Ta KpaiH 3 €KOHOMi-
KaMH, siKi po3BUBaIOThCs.(Tak 3BaHi iHAekcn MSCI — Morgan Stanley
Capital International). BuxoHaHHs BCix KOMipOK IPHU3BOIUTE 10 TOSBH Bi-
KHa niporpami (puc. 4.1).
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— _MobynysaTi MaTprLo Kpoc-Kopenauil | PoanonineHts koedpiienTie kopenadi |
HaknanadHa rpadikie | BriacHi 3HaueHHA | QOfepHeHe BigHOWeHHA yuacTi |

Obepits Oir0

KimkicTh f
IHTepRanis
Houep
BJIIACHOTO |1
SHATeHH

ITouatkopa
~

MarpHIT

Bunaakopa

MATPHIT

Puc. 4.1. Iarepdeiic Moneni amst IpoBeACHHS JOCTIPKEHHS PHUHKIB, 3a-
JAHUX YaCOBHMH PSJaMH iX CKIIQJTOBHX

[Ticns 3aBaHTakeHHs Qaiily y BikHI IporpamMu 3 BUTbCA iH(pOpMaLis
npo BiAKpUTY 0a3y, 30KpeMa, MH MOXEMO BH3HAYUTH, L0 BiJKPHUTO
MaTpuIrio 3 48 psakamu (KUTBKICTH KpaiH), Ta 2672 cTOBMYHKaMH (Ki-
JIBKICTh TOCIIDKYBaHUX JHIB), Ta JOCHUTh 0araTo CTaTUCTUYHOI iHpOpMa-
1ii mpo yci 3HaueHHs 6a3u 3arajoMm (puc. 4.2).

s mpoBeaeHHS JOCHIIKEHHS pO3paxyeMO MaTpPUII0 KPOC-KOpPEs-
uiit as yoro odbupaemo «lloOymyBatu MaTpuIio Kpoc-kopensiin. [licus
no0ys0BU 0a4MMO, 110 YTBOPEHO MAaTpuIlio po3mipHocTi N X N | ne N
— KUIBKICTh PSKIB, 110 3HAXOATHCS B MATpUIll. TakKuM YMHOM, 3HAWICHO
marpumio C 3 Bukopuctanusm dopmyi (4.1)-(4.3). Pesymnsrar po3paxy-
HKY 300paskeHo Ha puc. 4.3 y BUIIISA1 KOJILOPOBOT KapTH MOl KOPEISLIH.

KinexicTe cTpor 48

KinbricTe cToBMUiBE 2672

UeHTpanbHMi MoMeHT = 1 = 0.0

UeHTpanbHMil MOMEHT = 2 = 1710389.74492
UeHTpanbHulil MOMeHT = 3 = 5346764865.67
UeHTpanbHui MoMeHT = 4 = Z.90166513005e+13

Cepenni:

ApudmeTndHe = 1024 .26%93177
KBagpaTudHe BigxmneHHa = 1307.82379577
KBagpaTHuHe = 1661.17989334

Mogynp = 920.139624715

MarcuManbHe SHadeHHA = 1058%.512
Mixnimanese sHaueHER = 12.858
Posmax= 10576.654

BignocHui posmax= 10.3260416731
BinHocHe BinxuienHsa= 0.898337045%05
BigHocHu# koedpiuieHT papiauii =
1.2768350%513

¥oedinienT acumeTpii = 2.3502502%468
Ercuec = %.91855541184

Puc. 4.2. OCHOBHI CTaTHCTUYHI AaHi IS BITKPUTOTO PSITY
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currency

currency

Puc. 4.3. Kapra 3Hauenp Matpui Kpoc-kopensauii 48 ingekcis MSCI

JocniauMo CTaTUCTUYHI BIACTHBOCTI Marpuili C NUIIXOM MOPIBHSH-
H# 13 BJIACTUBOCTSIMH BUIIAKOBOI MaTPHII.

3HaiieMo po3noin WMOBIpHOCTI enemeHTiB MaTtpuii C. J{nst mporo
BBeneMo «KinpKicTh iHTepBaiiBy piBHUM 50 Ta Bubepemo «Po3momineHHs
koeimieHTiB Kopeswii». Y obnacti rpadika MOBUHEH 3°SIBUTUCH HaOIp
TOYOK, IIO BiJINOBIJa€ MITBHOCTI HMOBIPHOCTI pO3MOALTY 3HaY€Hb MaTpH-
1Tl Kpoc-Kopenstii (puc. 4.4).

MineHliCTE HMOBLPHOCTL pOSMIOLLlJy SHAUeHL MATpMUl Epoc-KopesAnlil
.
0.05 .
. es
0.04 | * ..
.o . .
0.03F =
" - ..
. .
.
0.02 |
[» . " .. -
.
001 e v o
.
- . .
. | | | i ...I.....
0.2 04 0.6 0.8

Puc. 4.4. Po3nosin IMOBIpPHOCTI 3HaY€Hb MMOYATKOBOI MaTpPHIIi KPOC-
KOpeTsIiit

Jn1st HOpiBHAHHS OTPUMAHOTO PO3MOiTy HMOBIPHOCTI 3 BUIIAIKOBOIO
MaTpHUICI0 YTBOPUMO BHIAJKOBY MATPHIO, TEPEMIMIABIIM EIEMEHTH
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MOYATKOBOI MATPHIIi, Y TAKWH CIOCIO MOPYIIUBIIH YCi 3B’ SI3KU (T1aM’SITh),
o icHyBanwu(a) Ha puHKY. [ mporo 3HiMeMo no3HaueHHs 3 «IlogaTkoBa
MaTpHILs», a IOCTaBUMO Ha moJjie «BunankoBa MaTpuis», Micis 40ro Jis
BUNIAJIKOBOI MaTpHIll 3HAMAEMO Tak, SIK OMHMCAHO BUIE, MAaTPHUILIO KPOC-
KOPEJIAIii Ta po3MOIiJ eJIeMeHTiB Miel Matpurtli (puc. 4.5-4.7).

0 10 20 30 9 4

Puc. 4.5. Kapta 3Ha4eHp BUNIJKOBOI MaTPHUIl KPOC-KOPEIIAIii

[opiBHsIEMO PO3MOIIN KMOBIPHOCTI Uil IOYATKOBOI MAaTpHLi Ta BH-
MaaKoBoi (puc. 4.6).

0.06

0.05

0.04

Pdf_cij

0.03

0.02

0.01

cij
Puc. 4.6 I'padix po3noainy HMOBIpHOCTI I MaTPHII KPOC-KOPeJIsi-
i (MyHKTHpHA) Ta BUMIAAKOBOI 0a3 (CylibHa)

Sk BugHO 13 prc. 4.6, po3moain HMOBIPHOCTI 3HAYCHH MATPHII KpOC-
KOpeJALii BUXIJHOTO PAAY 3MIIIEHUH AaneKko BOPaBO MOPIBHSHO 3 poO3-
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MOJTIJIOM IS BHITQJKOBOI MAaTpPHIli, IO CBIAYMTH MPO HASBHICTH KOPEIs-
i (a oTXe, 1 TICHUX 3B’S3KIB) MK IHACKCaMH OKpeMHX KpaiH. OTxe,
IUISXOM JIOCIIPKEHb BJIACTHBOCTEH MATPHIll KPOC-KOPEJAIIN Jis moya-
TKOBOi 0a31 MOXXHa OTPHUMATH CTaTUCTHYHO 3HAYYIly iH(OpMawlilo Ipo
el PUHOK Ta HOTO CKJIaJI0BI.

3HaliIeMO PO3MOIiN BIACHUX 3HAYEHb MATPHUIll KPOC-KOpENAIiid Ta
NpoBeIeMO poOOTY 3 HUMH.

Jl1s1 3HAXOJKEHHS BJIACHUX HAHOIIBIIMX 3HAYEHb Ta BIAMOBITHUX
BJIACHHUX BEKTOPIB BHOEPEMO MATPHIIO KPOC-KOPEJAIiil moYaTkoBoi 6a3u
Ta TyHKT «BiacHi 3Ha4YeHHs». Y BIKHI 3’SBUTHCS TaOJMIISI BJIACHUX
3HaueHb. s BUOOpY Oyab-sAKOro BiacHOTo 3HadeHHs B moxi «Homep
BJIACHOTO 3HAYEHHs» oOmpaere Homep. [Ipu BuOOpI meBHOrO 3HaUEHHS B
noii «Homep BiacHOro 3HaYeHHs» y MOJI CIpaBa BilOOPaKaTUMYThCS
KOMIIOHEHTH BIJIMTOBIIHOTO BJIACHOTO BEKTOPA.

2.5

15

pdf( 4i)

0.5

Puc. 4.7. Po3nonin BnacHUX 3Ha4€Hb MaTPUIIl B3aEMHHUX KOPEJISILin

Ha puc. 4.8-4.10 npencraBieHi Tpu HaWOUTBI BIAcHI 3HAYCHHS 1
BIJIMIOBI/IHI BJIaCHI BEKTOPH 3 TX KOMIIOHEHTaMH.

Sk MOoXHA TO0AYUTH, ICHYE HAHOLUIBIIE BIaCHE 3HAYEHHS, 1110 CYTTE-
BO Oinbmie 3a inmmi. KoMmoHeHTH BIacHOTO BeKTOpa BKa3yIOTh Ha KpaiHH,
IHJICKCH SIKUX HaiOijbllle BIUIMBAIOTh HA IHBECTULIIMHUN PUHOK 3arajioMm.
Kpim Toro BiH xapakTepusye rpyny Kpain €Bpomu (eBporeiicbkuii Kiia-
cTep).

3BepHITH yBary, 1o KOMIIOHSHTH BJIACHOTO BEKTOpa y BEpXHill Horo
yacthHi (puc. 4.9) XapakTepu3yloTh a3ificbkuii Kiactep, TOHi SK
KOMITOHEHTH BJIACHOTO BEKTOpPa TPETHOT'O 3a BEJIMYMHOIO BIACHOTO 3Haue-
HHS XapaKTepU3yIOTh aMepUKaHChKUi kimactep (puc. 4.10).
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Puc. 4.8. BikHo a5 poO0TH 13 MaKCUMaJIbHUM BJIACHUM 3HAYCHHSIM

BrnacHe =HadeHHA 17.1479758885

|Homep |BJ1:|('1|1|1"| BEeKTOP ‘I'\']m'l'lm

1 0.211577096569 | |France

2 0.20449778217 | [UnitedKmgdom
3 [0.203620052778 |[Netherlands
[4 [0.202452134861 [[Italy

5 [0.20161225734  |[Spain

G 0.195745178868 ||Germany

7 0.19288607003 ||Sweden

8 0.189108001804 | [Denmark

o [0.188707639799 |[Norway

[10 0.188334723043 [Switzerland
11 [0.179693523942 |[Belginm

12 [o.177064720015 |[Austria

13 [0.176268000211 |[Portugal

[14 [0.167789984907 |[Ireland

15 [0.164546535002 |[Hungary

|16 [0.161466583729 [[ChechRepublic
17 o.160472027647 [[Austrakia

18 o.158253049598 |[Finland

BlnacHe sSHadeHHA 3.74171521618

BracHe =HadeHHA 2.09842158593

Homep BIacHEE BeRTOD Kpaika Homep Buacumii Bexrop | [Kpaina
1 0.286665053225 HongEong 1 0.18486158121  ||Morocco
2 [0.283152710248 China 2 0.172506629098  [Portugal
3 [o.268817900228 [Korea 3 0.16LLI611287  |Grecce
[4 0236268908681 [Tapan 4 0151744209727 [Austria
. ciiioiasias - 5 0.143320729103  [Belgium
3 0.254550132587 Singapore =
| 5 ‘0 237065750930 S~ 6 [0.138616335481  [Switzerland
D O S OUTIC

. - 7 0.132079029905 ‘NewZ-ealaud
7 0.226910755213 Philippines | |

- - . 1)1)11.185 ‘8 ‘0.139388299164 ‘[)Cll.lllal‘ll
I3 0.224655018226 Indonesia 5 b 12132806592 et

< 1121328965925 reland
) 223755719857 Talaysi
- D 22773471982 Malrysia 10 0112872700899 [Australia
10 0.217109741108 Thailand m 110732250505 It
— — 110732, 3 aly
[11 [0.19806847911 [Australia i 0.0982979616584 [Spaim
2 TT635855 5 "
12 0177635855435 [din [13 [0.0024454002897 [Netherlands
22535 .
[E 013334922535 [NewZealnd 12 [0.0918446409045_[ChechRepublic
28702 317
[E] 0.128792434617 Egypt 15 [0-051452958606 _ |[France
5 207 76819 - - = - -

15 0.0807031768193 Tordan 16 0.0724894264886  [Japan
16 0.05740539972306 Russia 17 0.0561474497472  [Tordan
= 0 0337830132324 [Pakistan - P —————" T

Puc. 4.9. Ipyre 3 HailGinbmmx
BJIIACHHUX 3HAa4Y€Hb Ta BIAMOBIIHI

KOMIIOHCHTH BJIACHOI'O BEKTOpa

MOro KOMIIOHEHTaMU

Puc. 4.10. Tpete BnacHe 3HaYEHHS
Ta BIIMOBITHUHN BIACHHUH BEKTOD 3
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TakuM YMHOM, 3a [ONOMOTOI0 CTaTHCTHKHM BJIACHUX 3HAU€Hb Ta
BJIACHUX BEKTOPIB MOXXHa POOUTH BHCHOBOK IIPO B3a€MHY KJIACTEpHY
opraHizamiro (iHaHCOBOTO PWUHKY Ta BIUIMB 3arajlbHOi CYKYIHOCTiI Ha
OKpeMi cy0’€KTH PUHKY i HABIIAKH.

3HaiineMo oOepHEHE BiTHOMIECHHS YyYacTi Ui MATPHUINl BIACHUX
3HaYeHb Ta BEKTOPIB MATPHIll KPOC-KOPENSMii MOYaTKOBOI Ta MaTpHIl
KPOC-KOPEJISILii BUMAKOBOT MaTPHUIIb.

Hns obpaxynky OBY mouaTtkoBoi matpuni HatucHeMo «OOepHeHe
BiHOMICHHS y4acTi» (puc. 4.11).

e
%,
-0.5 I ] L °
o « °
o ‘et
P :.‘
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.....+++ o
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R L]
e
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-1 -0.5 -0 0.5 1 15

Puc. 4.11. I'pacdixu OBY s BuxinHoi (TOukn) T2
MepeMinIanoi («+») MaTpUIb

3 puc. 4.11 mobpe BugHO, 1m0 rpadix OBY mist mepemimanoi MaTpuiti
nmoOpe sokarizoBanuid, B Toi 4ac sk OBY st BUXimHOI MaTpuIli Jemio
JICIOKATI30BaHUN Ha TMOYATKy Ta HANMPUKIHIN oci abcruc. lle cBimuuth
PO HAsBHICTh iHQOpMaIi CTOCOBHO caMoopraHizamii (iHaHCOBUX
aKTHUBIB, iX B3aeMoii y copMOBaHUX KIlacTepax.

TakuMm YWHOM, TPWU HASBHOCTI CYKYITHOCTI YacCOBHX PSJIiB, IO €
JaHUMH JiSUTBHOCTI €KOHOMIYHUX CyO’€KTIB MEBHOTro perioHy (€Bpomw,
A3ii TOmO), MOXHa TPOBECTH JAOCHIKEHHS CTOCOBHO CTPYKTYPH
BKa3aHOTO PETIOHY Ta B3aeMOJii cy0’ekTiB Bcepeawni Hel. JlocmimkeHHs
MPOBOJISTHCS HA OCHOBI TE€OpPil BUIIAIKOBUX MATPHIIb, IO JO3BOJISIE OTPHU-
MyBaTH 1H(QOpMAaIil0 LUIIXOM aHalli3y MaTpULli KpOC-KOpeJsuii, mooy-
JIOBAHOI JIJIsl CYKYITHO1 0a3u ()iHAHCOBO-€KOHOMIYHHX CYO €KTIB.
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4.4. 3aBaaHH{ 1JIS1 CAMOCTIIHOI po6oTH
1. Bubepite MaTpuuny 0a3y JaHuX.
2 TIpoBeniTh JOCHIJKCHHS 3a JIOIIOMOTOK) TEOpil BHITaIKOBUX
MaTpHIIb.
3. Pe3ynapTaTH-3BIT MpeACTaBTE y BUTIAAI OGOpMIICHOI iHAWMBIAYa-
JBHOT pOOOTH.

4.5. KoHTpoJIbHI NMTAHHA

1. ITosicHITH OCHOBHY i7Ief0 T€Opii BUMAKOBUX MATPHUIIb.

2.1lpo mo CcBiTYMTH BIAMIHHICTH KOPEISIMIMHUX 1 CHEKTpaJbHUX
BJIACTUBOCTEH MaTpHLIi AaHUX 1 BUMIAAKOBOT ?

3. Jlocmimite, SIK 3MIHIOETHCS PO3MOJAUT KOMIIOHEHTIB BIIACHOTO
BekTOpa y BUmagkax: a) A <A <A, ; 6) A>A,; B) A <A_. Inrep-
MpeTylTe pe3ynbTaTH.

4. IlopiBHANTE KOTBOPOBY KapTy MO B3aEMHUX KOPEJALii BHUMAam-
KOBOi MaTpHii 1 3a1aHoi. 3po0iTh BUCHOBKH.
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5. KUACTEPHUIT AHAJI3

5.1. Kunacrepumuii aHai3 HA OCHOBI YacOBMX psiiiB
VY naniit mabopaTopHiit poOoTi Oyie pO3TIIHYTO, K CaMe BU3HAYUTH
HasBHICTh €KOHOMIYHOI iH(opMaIii CTOCOBHO B3aeMoOmii Pi3HUX PiBHO-
3HAYHUX EKOHOMIYHHX 00’€KTIB (PUHKIB, aKIliii TOILIO), IO MICTUTBCS Y
YaCOBUX PsJIax IliH aKIliid.

5.1.1. T'inote3a e)eKTHBHOIO PUHKY

Y OCHOBHIW CTOXaCTHYHIN MOJENi JWHAMIKK IIHW aKiii mpuiimae-
TBCS, IO HATYPAIbHUI JIorapu(M LIiHU € MPOLECOM, MOAIOHUM J0 Mpo-
necy audysii. EMmipudaHi MOCTiMKEHHS BH3HAYCHHS CTEICHIO 3MiHU
KOPEJIAIII i 9ac PO3BUTKY CHCTEMH ITOKA3yIOTh, IO YacOBa KOPEIAIIis
cimabka abo B3aralii BiJICYTHS Ha YaCOBHX iHTEpPBaax, IO BapilOIOTHCS Bif
OJTHOTO TOPTOBOTO JHS IO KITBKOX POKiB. BincyTHICTh AOBroTpHBaoi ma-
M’aTi y GYHKIIT TapHOi aBTOKOpeALii JorapudMiB 3MiHHU IiH BiAMIOBIIAE
rinotesi mpo e(eKTHBHICTH €KOHOMIYHOTO0 pUHKY. Ha edexTuBHUX pH-
HKax BCl BijoMocTi (MUHYII, TIOTOYHI Ta MepeadoadyeHHs Ha MaOyTHE) J0-
CTYIHI 1 HeTaifHO BiAOWBaIOTHCSA Y IIiHI TOBApiB.

MogentoBanHs (QayKTyaliil IHOBHX YaCOBHX PSAAIB Y TEPMiHAX BH-
MaJKOBHUX MPOIECIB MOXKe OYTH, Ha TEPIIUN MOTJISA MapajoKCaIbHUM,
OCKIJTbKM TaKUH BaKIMBUH IHIUKATOD, SIK IliHA TOBAPY, € HECYTTEBUM IS
BHUIIAKOBOTO TIPOIIECY.

Po3B’s13aHHs 3a3HAYEHOr0 MapajiOKCy IONISATaE B TOMY, IO YaCOBHUU
psia, Oaratuii BiIOMOCTSIMH, €, HACIPAB[li, HE3aJIEKHUM BiJ[ BUIAIKOBHUX
mporeciB. Take TBEpIKEHHS — OOWH 13 BHCHOBKIB TEOpii CKJIAITHOCTI.
Bracniok 11b0ro aJirOpuT™ J03BOJISIE HAM OYTH MOCIIIOBHUMH, OJHOYA-
CHO 3asBIIsIt04H, IO (1) 4acoBi MIHOBI PAAN € TUHAMIYHUMU PSIAMH, IO
MICTSITh IOCHTh BEJNHKi 00CITH AaHuX i (2) BOHH JO0Ope MOJIEIIOIOTHCS B
TEPMIiHAX BUITAIKOBUX MPOIIECIB.

5.1.2. OTpuMaHH$1 JaHMUX 3 YACOBOI MOCJTIiIOBHOCTI
SIkuM >ke YMHOM MOJKHA OTPHMATH TIEBHI BiJOMOCTI 3 4YaCOBOi MOCITi-
JIOBHOCTI I[iH TOBapiB?
OCHOBHOIO 1€€10 € NOCHIIKEHHS KIJIbKOX 4acOBHUX MOCIIJTOBHOCTEN

OJTHOYACHO; TOOTO, TOCTIKEHHS 3MiHH KOe(iIli€eHTa KOPEIAIIT 3 IIHHOM
yacy npuOyTKOBOCTEH map akiiii i 1a j:
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Pl
y =Bl

B(t—1)
Jie i Ta j € IOPSAKOBUMH HOMEpPaMH aKIIii, a P,(t ) € IIHOI0 3aKPUTTS
akii i B 1eHb ¢. O0unciIeHHs Koe(illieHTiB KOpesiii MPOBOAUTHCS 32 Ha-
CTYITHOKO (POPMYJIOIO:

py = EX)—)) .
LSy - o oy -(n)) |

KytoBi gyxku <---) — ILie cepelHE 3HAUEHHs, PO3PaxoBaHe Ul YCixX

JIHIB PO3IJISIYBAHOI'O YAaCOBOTO IMEpiofy. A, BU3HAYAE KOPEIALi0, IO
CIIOCTEPIraeTbc MiXK JorapuMoM I[iHH aKmii i Ta JorapuMoM I[iHU
akuii /. P Moxe 3miHroBatuch Bix -1 go 1. 2 =1 cBiguurs npo
icHyBaHHsA TNOBHOI Kopensuii MK 3MinEMMEH Y; Ta Y, p=-—1
03Havae MOBHY aHTHKOpENsALio Mk Y; Ta Y, a 0 cnocrepiraerbes
JUTSL HEKOPEJIhOBAHUX Iap aKIIii.

[Toptdens i3 n akii acoIitOeTHCS 13 KBaIPATHOIO MATPHUIICIO KOPEIIS-
it po3mipHOCTI XX F | 1110 € CAMETPUYHOIO, 3 | Ha TOJIOBHIH JiaroHali.
OO00B’s13k0B€ YNCII0 KOS(DIMiEATIB KOPEIALii, IO MOBHICTIO OIMUCYIOThH PH-

HOK, piBHE n(n B % .

5.2. IloGynoBa maTpuui BicTaHeii HA OCHOBI MaTpuLi Kpoc-
KOpeJsuii
JlJis OTpUMaHHS TMEBHUX BIJIOMOCTEH 3 YacOBHMX PSJIiB, SIKIi MOXKHA
IHTepIPETYBATH, HEOOXITHO CIIOYATKY BH3HAYMTH METPHKY, B MEXax SKOT
MIPOBOUTUMETRCS IHTepIpeTamis. B sxocTi QyHKINT Big KoedillieHTIB
KOpeJsIii MO)KHA BHKOPHUCTaTH Yy3araJlbHeHy BiJCTaHb, CKCIEPHU-
MEHTAJIBHUM BU3HAYCHHSM SKOT €
d(i.j)=1-p}. (52)
3aMicTh BKa3aHOI MOXHa BHKOPHCTOBYBATH TaKOX JEIIO BUJIO-
3MiHEeHy (popmyiy:
d(irj):\lz(l_pgj). (5.29)
Y takoMy Bunazky B pociimkennsx (7, j ) 4mcenbHO 3a0BOIBHSE
TPbOM aKkcioMaMm EBKITiIOBOI METPHKH:
d(i,j)=0 , SKIIO 1 JHIIE SKILO *
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d(i,7)=d(j.i); )

d(i, j)<d(i,k)+d(k, j), (***)

iTom d (i, J ) MOke OyTM BUKOpHCTaHa B sikocTi EBKIIIOBOI BijcTaHi
Ul BCIX MpakTHYHHUX 3afad. Ileprma akcioma BHKOHYETHCS BHACIHIJOK
TOrO, o (i > J ) = 0, ngue sKmo Kopensmis nmosua (2 =1, mo BuHu-
Ka€ y BHITQJKy, KO OOHMBa €KOHOMIYHUX O0’€KTH BHUKOHYIOTH OJHH i
TOH cammii croxacTWuHHi mporec). Jlpyra akciomMa BHKOHYETHCS,
OCKIUTBKM MaTpHIsl Koe(illieHTiB KPOC-KOPENSILil 1, BIAMOBIIHO, MATPHULI
BifcTaHei D € CUMETPUYHMMH 3a O3HAUYCHHAM. TpeTs akcioma BHKOHYE-
ThCS, OCKiNbKHM BHpa3 (5.27) exBiBameHTHHH EBKIiHOBIH BifcTaHi Mix

JIBOMa BEKTOpaMu Y, Ta Y, , OTPUMAaHUMH i3 YacOBHMX PsAgiB Y, Ta

i
Y, | SKIO0 BUKOPUCTOBYBATH KOXHHMM 3alMC 4YacoBOTO psay SK
KOMITOHEHT BekTopa. OTpHMaHMii BEKTOP MYCHTh MaTH OJJMHUYHY HOPMY,
a came, BiH Mae OyTH OTpUMaHUHU BIIHIMAHHSM BiJl KOXXHOTO 3aIlUCy
CepeHBOr0 3HAYCHHS [UI1 BCHOIO psAAy Ta HOpMaii3auielo Horo
CTaHIAPTHUM BiIXUJICHHSIM.

Temnep, 3Bakaroun Ha HaBEACHI MIPKYBaHHsI, MOKHA JaTH MPAaKTUYHE
BU3HAYCHHSI METPUYHOI BIJICTaHI MIXK JIBOMa aKIlisIMU MIEBHOTO TOPTQEJIs.
OpHak METpUYHA BiJICTaHb € HEAOCTATHHOIO /ISl OZHO3HAYHOTO BU3HAUe-
HHSI TaKCOHOMIii, TOMY pPO3TJITHEMO OIBITT 0OMEXYIOUHI TOIIOIOTITHHIA
pOCTip, SKUM OyJde OAHO3HAYHO AacoIlifioBaHO 3 TakCOHOMiew. Takum
OOMEXYyIOYMM  TONOJOTIYHMM  TNPOCTOPOM €  CyOJOMiHaHTHUH
yIABTPaMETPHYHUI MPOCTIP, acOWiHOBaHUH 3 MaTpuieo EBKIIIOBHX Bij-
cTaHell. YnbTpaMmeTpu4Ha BiJICTaHb BH3HAYAETHCS TPhOMa AKCIOMaMH.
Ilepmi aBi ciBnasarTh 3 ONMCAHUMU Y BU3HAYEHHI BUIIE, TOA1 SK Hepi-
BHICTh TPUKYTHHKA, (***), 3aMIHIOETbCS OLTBII CHITBHOIO HEPIBHICTIO, Ha-
3BaHOIO YJIbTPAMETPUYHOIO HEPIBHICTIO:

d(i, j) < Max{d(i,k),d(k, j)}. (5.3)

B mpocTopi enemMeHTiB, e BU3HAUCHA METPUKA, 3aBXKAN MOYXKHA OTPH-
MaTH cyOAOMiHaHTHY yiabTpameTpuky. [Ipuknan mporenypu oTpUMaHHS
MaTpHIli CyOAOMIHAHTHHUX YIbTPAMETPUIHHX BiJCTaHeH 3 MaTpuili EBKIIi-
JIOBHIX BiJicTaHEeW MOKHA 3HAWUTH y [8.4]. B ympTpamerpuaHOMYy MpoOCTOpi
€JIEMEHTH PO3MIIIYIOTBCS HE B3JOBXK OJIHIEI JiHII, a B iepapxiyHOMY
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nepeBi. Habip akmiil po3risgyBaHoro moptderns Moxke iHTepIpeTyBaTUCh
K aOCTpPaKTHHU TPOCTIp, # €JIEMEHTIB SKOTO MOXYTh OYyTH 3’€IHaHi
rpadoM. Y 3’emHaHoMY Tpadi i3 B3ITUMH BiICTAHIMHU MIXK yCiMa TOUKaMH
a0CTPaKTHOTO MPOCTOPY MiHiManbHe OcTiBHE nepeBo — MO/ (minimal
spanning tree — MST) Mae n-1 pebpo 1 HaltMEHITY MOBXWHY 13 JTOBXWH
BCIX OCTIBHUX JEpEB, BUXOISYM 3 CYMH BiJICTaHEH MK BOMa TOYKAMHU.
CrtpykTypa i€papXiyHOrO AepeBa OTPUMAEMO 3 MATpUIli YIbTpaMETpH-
yHUX Bigcradei Ta MO/, acoiiifoBaHOIO 3 HEIO.

MiHiManbHE OCTIBHE JEpEBO Ta acollifoBaHE 3 HHUM IepapXidHe
JIEpEBO MOKa3ylOTh iCHYBAaHHS KJIAacTepiB OyAb-sSKUX aKTHBIB PUHKIB, Bi-
JIOMOCT] PO SIKi MalOTh BENUKE 3HAYCHHS 3 €KOHOMIYHOI TOYKU 30pY.
OTprMaHa TaKCOHOMIiSl HaJa€ MOXIIMBICTh TPYIyBaTH €KOHOMIidHI 00’-
€KTH, 1[0 € TOMOTC€HHUMHU Y BiJTHOIICHHI JI0 EKOHOMIYHOT aKTUBHOCTI.

5.3. IloGynoBa MiHIMAJIBHOIO OCTIBHOIO Ta i€PapXi4YHOrO
aepes

Posrnsinemo cucremy innexciB MSCI sika Brirodae 49 kpaiH, 3 SKUX
23 € po3BuHEHUMH (Www.msci.com). [ng mobymoBu MiHIMaIbHOTO
OCTIBHOTO JiepeBa, acoliiioBaHoro 3 EBKIIIOBOIO BifICTaHHIO, HEOOX1THO
BUKOHATH HACTYITHI Mii.

CrodaTKy yci eJeMEeHTH MaTpHii BifcTaHeld D pO3TalIOBYIOTHCS Y
NOpSIAKY HecnalaHHi (KOKHHWM HAcTymHUM Oinbmmid abo  piBHUM
nomnepeanbomy). Hampuknan, maemo HacTynHi 8 BiacTaHeH:

ITapa xpain d
Icmanig-Iramis d=0,61177
Opannis-Itanis d=0,64137

lomnmannis-®Ppanris | d=0,6462
I"epmanis-Dpaniris d=0,65383

Qpanmis-Icnanis d=0,69175
Aprentuna-bpazumis | d=0,73039
Isemisg-Itamis d=0,77672
Benbris-Opaniis d=0,80568

Mekcuka-Aprentuna | d=0,8217

MiHiManbHE OCTIBHE A€PEBO MOCHIJOBHO OyOYEThCS LUIIXOM 3’ €HA-
HHS yCiX eNeMeHTIB y rpad, BUXOAS4M i3 MiHIMalnbHUX BiJCTaHEW MiX
KpaiHaMH Ha PUHKY.
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[lounemo i3 mapu eneMeHTiB 3 HaWMEHIIOIO BiJCTAaHHIO. Y NaHOMY
BUMAAKY Iie ABi kpainu: Icmamis Ta Iramis (d=0,61177). HactymHoro
HAWMCHILIOK 33 TIOPSJKOM BIiJICTAHHIO € BIJCTaHb MDK €JICMCHTaMU
Opannis ta Iranis (d=0,64137), tomy nomaemo ao MOJ enemeHT
Opanmis Ta 3’emHyEMO Horo 3 eneMeHTOM Itamis. TakuM 9WHOM, OTpH-
MaHe nepeBo Bke Oyme marum Burisin Ppanmis-ltamis-Icranis. Hacrym-
HOKO TIAPOI0 EJIEMEHTIB Y BiJICOPTOBAHOMY CHHCKY € Kpainu [ ommanmisi-
OpaH1ris, BKIOYaEMO eleMeHT [ oyutanis 10 gepeBa. AHAJIOTIYHO JT0Aa€-
Mo kpainy ['epmanis. HactymHoio mapoio kpaiH 3 HaiMEHIIIO0 BiJICTAHHIO
€ ®panuisg-Icnanis, mpore 00MABI KpalHU B)KE BKIIFOUEHO B MiHIMalibHE
OCTiBHE JIEpEBO, TOMY MJIS IIi€i mapu HIi4Ooro He POOMMO. AHAJOTIYHO
MPOAOBKYEMO TPOIIEYPY, TOKH BCi €NEMEHTH He OyayTh BKJIIOYEHI B
JIepeBo.

Takum 4rMHOM, y pe3ylbTaTi mepebopy ycix BifcTaHel, OTpUMAEMO
MiHIMaJNbHE OCTIBHE JEPEBO, IO OyJe XapaKTepU3yBaTH B3STHH PHHOK,
CTOCOBHO TOTO, SIKi ipMH B3aEMOIIFOTh Mi’K COOOIO TIiCHIIIE, HA CKUTHKH
TPYI SIKOTO XapaKTepy pO3AiICHUI PUHOK i T.JI.

5.4. Xin BUKOHAHHSA PoOOTH
VY cepenoBuii Sage 3aBaHTAXKUMO POOOUNI apKyII JJIS JOCHIKCHHS
CTPYKTYpH PHHKY, 33JaHOTO YAaCOBUMH pSAAaMH HOTO CKIaJOBUX, BU-
KOHABLIM BCi KOMIpKU. BHAaciioK mbOro BiIKPHETHCS BIKHO NPOTPaMH
(puc. 5.1).

TlouaTKOBHI OPOMIKOK Tacy |2

KiHNeRHI NpoMIKOK Tacy |200

Kpok |2

Dopma rpady — [Hepesa PagiansHa | dani

Puc. 5.1. [arepdeiic Mmomeni it MPOBEACHHS KIIACTEPHOTO aHAI3Y

Ha puc. 5.1 BunisieHo Tpu 9acTHHA 00JIaCTi KOPHUCTYBaJa:

— KHONKK BHOOpY (opMmH BimoOpa)keHHS MiHIMAIbHOTO OCTiBHOTO
JiepeBa CUCTEMU;

—o0macTp, /€ 3aa€ThCd YAaCOBHMH INPOMDKOK, 3a SIKHM Ha €KpaHi
POOIISIThCS BC1 OOYMCIICHHS.

[Ticnst 3aBaHTa)keHHs JaHUX HEOOXiJHO BKa3aTH MPOMDKOK Yacy, 3a
AKUM TOTpiOHO TOoOymyBatu nepeBo. llepmwmii neHr Moxe OyTH He
MeHIui 2-ro. Hanpukian, mikaBuTh mpoMixok Big 2 mo 204. J{ns usoro

60



BBEJIITh HAacTyIHE (puc. 5.2):

TIouaTkoOBHI HPOMIKOK Tacy |2

KiHueBHH npoMDKOK qacy |ZOO

Kpok |2

Popmarpady . [Hepesa | PagiansHa | Oani

Puc. 5.2. Iarepdetic Moaemni 111 MPOBEACHHS KIIACTEPHOTO aHAIIZY

Ilons «IlouaTkoBuii HpoMiXKOK dYacy» (mouarok) Ta «Kinnesuit
MPOMIXKOK Yacy» (KiHellb) BKa3yloTh BUOPaHUIT IPOMIKOK YaCOBOTO PSIILY.
Jns mepeminieHHsT HEOOXiAHO 301IBIIUTH MPOMOPLIHHO O0MIBA MOJIA.
Crocrepiraiite 3a 3MiHOIO BUAY JEPEB.

[Ticnst BBemeHHs naHUX, Ha eKpaHi 3’ sIBUThCA Tpad B oOpaHiid dopmi
(puc. 5.3-5.4). Tlpu upOMy pPI3HUMH KOJHOPaMHU 300pakeHi KpaiHW, sKi
BiJTHOCATBLCS JIO Pi3HUX perioHiB. lle 103BOJIsE€ BUMIIUTH BiIOBIIHI KJa-
CTEpH 1 MOPIBHATH iX 13 3HAHACHUMH paHIIIe METOIOM TEOpii BHITaIKOBHX
MaTpHLb.

Puc. 5.3. I'pad (miniManbHe OCTiBHE iepeBo) mo4aTkoBoi Marpuili MSCI
B nmaniit po0oTi Tak0X € MOXKJIMBICTD TOCIIPKYBAaTH TUHAMIKY JIE€PEB,

KJIacTepiB Ta iX XapaKTEpUCTUK y paMKax alropUTMy PYXOMOTO BiKHA.
IIpu mocmimkeHHI KPU30BHX SBUII 3a JOMOMOTO0 Teopii rpadis, Mu Oy-
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JIEMO TIepeMilyBaTH BHOpaHMiA BIIpPi30K Ta CIIOCTepiratd 3MiHU 300pa-
JKeHb rpadiB. Y BHITaIKy, KONH KiHEI[b BHOPAHOTO MPOMDKKY IHifife 10
IHSI KpU3U HA PUHKY, SIKMH JOCHIIKYEThCA, OMITHO 3MiHH Y 3B’SI3Kax
MK €IeMEHTaMH CUCTEMHU.

@Pakistan

Puc. 5.4. I'pad (MiHiManbHE OCTiBHE IepeBO) AJIS IEPEMilIaHOi MaTPHIIL
MSCI

Y Takuwii cmoci® MOXKHA OCHIIKYBATH CTPYKTYPY 1 JWHAMIKY
CKJIQJIHUX CHUCTEM, BIJICIIIKOBYBATH X 3MiHU 3 4YaCOM, aHAJIi3yBaTH BIUIUB
KPUTHYHUX SBUIII.

5.5. 3aBaanHs st caMOCTiiHOT po0oTH

1. Bubepith BianoBinHy 6a3y JaHHUX, TPOBEIITH JOCHTIIHKEHHS

— KJIACTEPHOI CTPYKTYpPH, ii TUHAMIKHU, NOSACHITH 1 iHTepHpeTyiiTe pe-
3yIbTATH;

— MOpIBHSNTE OAEpKaHI PE3yAbTaTH 3 KIACTEPHOIO CTPYKTYPOIO,
OTPUMAaHOI0 METOJAaMH TeOpil BUIIaJKOBUX MATPHUIIb

2. Pe3ynpraTu-3BiT TpeAcTaBTe y BUTIAAI O(OPMIICHOI iHAWBIiTya-
JILHOI PoOOTH.

5.6. KoHTpo/abHI NMTAHHA
1. ITosicHITH OCHOBHY iICFO KJIACTEPHOTO aHANTi3Yy.
2. I1po mo cBigunTh PopMyBaHHS BiIAMOBITHUX KIacTepiB ?
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3. SIk poSBISIFOTHCS MPOIIecH TII00aizallii Ha KIIacTepHid CTPYKTypi
BIIMOBIIHUX 0a3 aKTHUBIB?
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6. JOCIIKEHHS JUHAMIKH CKJIATHUX CHCTEM 3A
XAPAKTEPUCTUKAMH KJACTEPHOI'O JEPEBA

6.1. Koedinient kaacrepusanii rpagda

AHani3 CTpYKTypH CKJIaaHOi chcTeMH Io ii rpadaM mae cyO’eKTH-
BHUI XapaKTep, OCKUIBKH Ba)KKO BH3HAYMTH 3MIiHM B yCili CHCTeMi, po3-
rsgnaod ii rpad. HeoOxigHO onepyBaTH NEBHUME YHCIOBHMH XapaKTe-
PUCTUKAMH CHCTEMH, IO 3MiHI SKMX MOXXHA POOHTH BHCHOBOK IIPO CTaH
cucteMH. TakuMH XapaKTepUCTHKaMH MOXXYThb BHCTYMNaTH Koe]ilieHT
KJacTepu3anii, fiamerp rpada, cepeqHs JOBXKHHA NUIIXy Ha rpadi. Pos-
TJISTHEMO JTOKJIQTHIIIE 11 KOedIIi€EHTH Ta CIIOCi0 X 00UnCIeHHS.

B cycninbcTBi iCHYIOTh Taki pyHy 3HaHOMHX, KOJIM KOXKEH 3HA€ BCIiX
iHmux B rpymi. Taki rpynu B Teopii rpadiB Ha3uMBarOTh KiacTepamH.
KoedimienT knacrepusartii 4ucenbHO XapaKTepU3ye Iie sSBUIle B Tpadi.

IcHyrOTh pi3Hi crocOOM Bu3HaUEHHS KoedimieHTy kiactepu3ariii. Po3-
TIISHEMO JEAKI 3 HUX.

1. BisemeMo gesxy BepmuHy 3 rpady Ta OyaeMo OOYHCIIOBATH
koedimieHT Kiactepm3ariii miei BepmmHH. Jlo 1€l BepmuHU 0e3-
MOCEPEIHLO NPUEIHAHI k; BepinH. Mixk 1iuMu By3namu icHye F; pebep.
MaxkcuManbHO MOXIIMBA KUTBKICTh pedep, IpH SKil i BEPIIMHU YTBOPIO-
I0Th KJIacTep, NOPiBHIOE k{(k+1)/2.

KoedinienT kaacTtepusanii BepIIMHM € BiIHOMIEHHS MK YHCIOM
E; peGep, 110 GakTU4YHO iCHYIOTH MiX JaHUMH BEPLIMHAMH, 0 KiJIBKOCTI
pebep, npu sikoMy © Li BEpLIMHM YTBOPWIM KJacTep, AA€ BEINYHHY
Koe(irmienTa KacTepu3alii BepIImHY:

E. 2Ei

_ l _
Ci= Emax Kkl +1)° .1

Posrasiaemo npukian rpady (puc. 6.1).

Bynemo oGuucmioBaTH KoediumieHT kiactepuzanii enemeHTa France.
besnocepenuro 3 HUM 3’€AHAHO 5 KpaiH. Mixk 6 KpaiHaMu MaKCHMalIbHO
MOJMJIMBA KIJIBKICTh 3B’SI3KIB Oyae En,=6%5/2=15. PeanbHo icHye 8
3B s3kiB. Koediuient xmactepuszauii Byzna France oOumcmioemo 3a
thopmyoro:

c- LB _ 2B, _28 sy
E,. k(k+1) 65

max
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Icmanis

AHrms

Dpaniis

Tramis Tepmanis

Puc. 6.1. llpuknanx 300paxenHs rpady

Koeoimient knmactepusaiiii rpady OOUHCIIOETBCS SK CEPEIHE apH-
¢meTruHe KoeimieHTIB KiIacTepu3allii BCiX BEPIIHH.

2. KoegiieHT TpaH3UTHBHOCTI. ATbTepHATUBHUN 10 KoedirieHTa
KJIacTepu3anii 1 00UHCITIOEThCS K BiIHOIIEHHS KUTBKOCTI TPUKYTHHKIB (3
BEPILIMHY, 3’ €JIHAHI OJIHA 3 OJTHOI0) JIO KIJIBKOCTI 3’ €IHAHUX map pedep.

6.2. Cepennsi 10B}KMHA NLJIAXY HA rpadi
Mix KOXHOIO MMapoko €JIEMEHTIB CUCTEMH Ha JIOBIIbHOMY rpadi MOX-
JUBI pi3HI HUIAXH. Hampukman, po3risiHEMO TMPHKIA] 3 IMONEPEIHBOT
poboTu. Hexaif maHo migpaxyHKH BiflcTaHEH MK TPhOMa €JIEMEHTAMH CH-
CTeMH y BHUIJISII MaTpUIl BiAgcTaHei (Tabm. 6.1.)

Tabm. 6.1
Bincrani Mick TpbOMa ejieMeHTAMH CMCTEMH Yy BULJISIAL MATpULi
Bigcraneii
Icnanis ITanis DpaHuis
Icnanis 0 0.31 0.69
ITanis 0.31 0 0.34
DpaHis 0.69 0.34 0

Ham HeoOxiHO 3HaWTH MATPUI0 MiHIMAIBHUX BiJICTAHEH MIXK KOX-
HUMH JIBOMa €JIEMEHTaMHW. 3BEpHITh yBary Ha Te, IO BiJICTaHb Bij
enemenTa @panmis g0 enementa Icmanis mopiaioe 0.69, a skmo pos-
risHyTH nuisix Opannis-Iranis-Icnanis, To BigcTaHb 1LOTO ILISAXY Oyze
JIOpiBHIOBAaTH cyMi Biactaneit @panmis-Itamis ta Itanis-Icmanisa. B mamo-
my Bunaaky me 0,31+0,34=0,65, mo € MeHIIe, HiXK Oe3MOcCepeHbO Bifl-
cranp Dpannig-Icmanis. 3 UX JaHUX MM MOXXEMO YTBOPHUTH MAaTPHIIIO
HAUKOpOTIIUX (ONTUMAIILHUX) BificTaHel B rpadi.
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Tabim. 6.2
Marpuis onTUMAJbHUX BicTaHeil B rpadi

Icnanis ITaxaia Dpanuin
Icmanis 0 0.31 0.69
Irams 0.31 0 0.34
Opanmis 0.69 0.34 0

Cepen nux HOUIAXIiB 3HAXOAMTHLCS cepeqHe apudmeTHyne, sike i Oyne
HACTYITHUM ITOKa3HUKOM, 3a SKUM MU OYIE€MO CIIiJIKyBaTH.

6.3. Jliametp rpaga
Jiamerp rpada — ue Haiimosma Bimctams y rpadi. [i Gymzemo
3HAXOJUTH 3 MATPHIII ONTUMAJILHUX IIIISXIB, TPUKJIA] 3HAXOKEHHS K0T
OyB BHILE PO3TIISTHYTHH.
B Hamomy Bumazaxy miamerpom rpada Oyne Bincrass 0,65.

6.4. MakcumaabHa CTelliHb BeplIuH rpadga
CreneHneM BepmuHHN rpada Ha3UBA€TLCSA KUTBKICTL pebep, siki 0e3-

MOCEPEIHBO BUXOSATH i3 JaHOI BepinHHU. PO3rIssHEMO TPHUKIAL epeBa
(puc. 6.2)

Puc. 6.2. 300paxxenns rpady y BUIIIAII 1epeBa
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Hatisumnmit Ha rpadi enement — XOM mae creninb 34, Tomy mo 0e3-
nmocepenHso 3’ eqHanmi 3 34-ma dipmamu. Enement France mae cremias 5
i rT.a1. HaliBumuii cremiap y enementa France. Tomy moka3HUKOM
napametpy «HaiiBuia cremnins y rpadi» Oyzae uncio 5.

6.5. Xin BUKoHaHHS podOTH
AHaJOTri4HO 10 monepeaHiX podiT, y cepeoBHUILI Sage 3aBaHTAKUMO
pobouMii apKymr i AOCTIIKEHHS CTPYKTYPHU PHUHKY, BUKOHABIIM BCi
KOMipKH, OTPUMAaEeMO BIKHO Tmporpamu (puc. 6.3). 3aBaHTaXyeMO IOTpi-
OHy 6a3y iH/IeKCiB Ta OyIyeMo JiepeBa Ha JIOBUTLHOMY IPOMIXKKY.

Obepite e __, | [PospaxysaTii

TleuatkeBHA IpoMIEOK a0y |2

Kinnesnf npomMiEox gacy |2EID

HeexuHa BIKHA |2EID

Tlepinefi ness |2

QOcTannpiii genn ITDD
Kpox 1
TTopir |U 5

Puc. 6.3. Iarepdeiic Momeni i BBEIEHHS MMOYaTKOBUX JTAHUX

Jns migpaxyHKy HEoOXiHO BBECTH JAOBXKHUHY BiKHA, HOMEp IEPILIOTo
Ta OCTAaHHBOTO JHS MPOMIKKY pPO3paxyHKiB, a TAKOX MOPIT JIs BiJKUIaH-
HSI CITA0KUX 3B’SI3KIB.

Hexait, manpukiang, Mmu mMaemo 6a3zy 3 2600 mmiB. Ham moTpibHO
NpopaxyBaTH MPOMIXKOK 4acy Bia 2-ro m0 200-ro aHS BiKHAMHU HMIMPHHOIO
200 nuiB

JlorxuHa BikHa moBrHHA OyTH 200, IepIuii 1eHb — 2, OCTaHHI# TCHb
—200.

Hns obuucneHHs KoediwieHTIB KiacTepu3alii HEOOXiZHO CTBOPHUTH
TaK 3BaHe JIepeBO HaWCHIBHIIIMX 3B’s3KiB. [lpu mpomy pebpamu OymayTh
BBKATHUCS Ti 3B 3KH, SIKI CHJIBHIII (3HAXOASATHCS OJIMXKYE OJIUH JI0 OIHO-
ro), HK BcTaHOBIeHHU mopir. llel mopir moBemeThcs AiOpaTH, SKIIO
BcraHoBneHwui (0,5) He macTh HEOOXiAHOTO pe3ynbTaTy.

I[Ticns BBemeHHs MapaMeTpiB Ta HATHCKAaHHS KHOMNKH «Po3paxyBaTm»
MOYHEThCS MiApaXyHOK KoedimientiB. [licnsg migpaxyHKy Ha eKpaH
3’SBJISITBCS BiKHA 3 TpadikaMu BignoBiaHuX KoedinieHTiB. o pedi, micns
nepepaxyHKy KoeillieHTiB, BM HE 3MOXETe BiJHOBUTH cTapi rpadiku.
OO00B’SI3K0BO 30€PEXKiTh PE3YIBTATH OOYHCIICHb.
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Juis mpukiamy po3riITHEMO AWHAMIKY 3MIiHH KOE(II[iEHTIB 3 4acoM.
Ha puc. 6.4-6.8 300paxkeH0 Tpadik KoedillieHTy KiIacTepu3arii, cepemHs
JOBXHHA WUIIXYy, Aiamerp rpady, HaWBUIIMKA CTEMiHb BEPIIUHH Ta
cTemniHb po3noniny s inaekcy MSCI.

Clustering
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Puc. 6.4. KoeditieHnt kinacrepusariii

Average short path
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Puc. 6.5. Cepennst noBx)uHa HLIIAXY
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Diametr
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1.58
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Puc. 6.6. liametp rpady

Max node degree

17.5

12.5 | | | | 1 !HL u'
|J|

10}

7.5

2.5

0 500 1000 1500 2000 2500
Puc. 6.7. HaiiBuiua crenidb BepIImHNA

Ha Bcix rpadikax cipuM HaBe[eHI BiAMOBIAHI JaHi ISl IEpeMilIaHoi
Matpuii. BuaHo, 110 GBI CKIIAJHOIO € CHCTEMA, KA XapaKTepU3yEThCs
BUXigHOIO MaTpuuero. Ilpu nepemimyBaHHi CKIagHICTh 3HUKAE. XapakTe-
pHa TIOBENiHKa Mip CKIIATHOCTI KIIACTEp HHUX CTPYKTYp MTO3BOIUTH Oy-
JyBaTH TIEPEIBICHUKH KPUTUYHHUX YU KPU30BUX SBUI Ha (JiHAHCOBHUX PH-
HKax.
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Power of degree distribution

154

0o 500 1000 1500 2000 2500

Puc. 6.8. Creninp po3noainy

6.6. 3aBaaHHA 1Sl CAMOCTIHHOI po0OTH

1. Orpumaiite Mozenb, 6a3y gaHux abo iHaekc GOHAY y BUKIagadya
Ta TPOBEMITh JOCIIKSHHS

— KoeilieHTa Kiactepu3aii;

— CEpElHbO1 JOBKUHY LIIAXY;

— miametpa rpady;

— HAHBHIIOI CTETICHI BEPIITHH.

2. [osicHITD 1 iHTEPIIPETYHTE PE3yNbTaTH.

3. Pe3ynbTaTu-3BIiT NpeACTaBTe y BUTISAAI OQOpMIIEHOI iHAMBIiTya-
JTHHOT pOOOTH.

6.7. KoHTpoJbHI NMTAHHS
1. 1o moka3yroTk 3MiHH BiANOBIIHUX XapakTepUCTUK rpady?
2. 5Ix 3MiHIOETBCS KOeQIieHT KiIacTepu3alii Mg Yac KPU30BHX
SIBUII?

3. SIxi xapakTepucTHKH rpady cBig4aTh Hpo riioOanmizaliiiHi mpo-
necu?
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7. BHUKOPHCTAHHS PEKYPEHTHOT'O AHAJII3Y JJIsI MOJEJIIOBAHHS 1
MPOrHO3YBAHHS HEJITHIMHUX JUHAMIYHUX BJIACTUBOCTEM CKJIATHUAX
CUCTEM

7.1. 3acTrocyBaHHSI PeKYPEHTHOI'0 AaHAJIi3y Ta peKyPeHTHUX
aiarpam 0 J0CJiIKeHHSI JTMHAMIKHM TA TOIOJIOTII CKJIATHUX
CUCTEM

JociKkeHHsT CKIaHIX CUCTEM, SK NMPUPOIAHHUX, TaK 1 IITyYHHUX,
MTOKa3aJid, 10 B iX OCHOBI JI)KATh HEIIHIMHI MIPOIECH, peTeIbHE BUBUCH-
HS SIKAUX HEOOXIiJIHE JUIsl PO3YMIiHHS 1 MOJICIIOBAHHS CKIAQJIHUX CUCTEM. Y
OCTaHHI JICCATUIITTS HaOip TpaauiiHUX (TIHIHHUX) METOJUK JOCIIKCH-
Hi OyB iCTOTHO PO3MHPCHUN HETHIMHUMH METOIaMH, OICPKaHUMH 3
Teopii HeMHIIHOI TMHAMIKY 1 Xaocy; 06araTo MOCHIKEHb OyJIU MPUCBIIC-
Hi OIIHII HENIHIMHUX XapaKTEPUCTUK 1 BIACTUBOCTEH MPOIIECIB, 110 MPO-
TiKalOTb B NpHponi (cKeimiHr, ¢pakranbHa po3MipHicTs). IIpote
OUTBIIICTh METO/IIB HENMHIMHOTO aHaIi3y BUMarae abo TOCTaTHRO JOBTHUX,
a00 CTaIliOHAPHUX PSAIB JaHMX, AKi JOCHUTh BAXKKO OJICPIKATH 3 MPHUPOJIH.
binmem toro, Oynmo mokazaHo, IO JaHi METOIW AAIOTh 3aJIOBUIBHI pe-
3YNbTATH JJIST MOJEJNe peallbHuX CHUCTEM, IO imeami3yoTbes. LI ynHAN-
KM BUMaraii po3poOKH HOBHX METOMK HEJIIHIHHOTO aHali3y aHHX.

CraH npupoaHuX a00 MITYYHUX CHCTEM, SIK MPABHIIO, 3MIHIOETHCS B
gaci. BUBUeHHS ITMX, YacTO CKIAIHUX, MPOIECIB — BaXUIMBA 3aJada B
0aratboX JUCITUILTIHAX, TO3BOJISE 3PO3YMITH 1 OMHCATH iX CYTh, HAIPH-
KJIa 1, ISl POTHO3YBAHHS CTaHy Ha JISSKWUH yac B MaliOyTHe. MeToro Ta-
KHX JOCIIIKEHb € 3aXO0IKEHHS MaTeEMaTUUHUX MOJEINEH, ki O JOCTaTHRO
BiJINOBIIaJIM peaTbHUM TIporiecaM i MOTIi 6 OyTH BUKOpPHCTaHI AJIsl BUpi-
IIEHHS TIOCTABJIEHUX 3a/1a4.

PosrasiHemMo ier0 1 KOPOTKO TEOpil0 PEKypeHTHOro —aHaji3y,
HaBeJEMO JesKi NPUKIaad, PO3TIISTHEMO HOro MOMXIIHBI o0jacti 3a-
CTOCYBaHHSI TP aHaNi31 1 IPOTHO3YBaHHS CKJIaTHUX (piHAHCOBO-EKOHOMI-
YHUX CHCTEM.

Daszosuil npocmip ma Uo2o peKoHCmpyKyis
CraH cUCTEMH ONMHUCYETHCSA ii 3MIHHUMU CTaHy
x'(2), X% (@), X (D), (7.1)
Jie BEpXHil iHIeKC — HOMep 3MiHHOi. Habip i3 d 3MiHHUX cTaHy min yac ¢
cknaznae Bektop crany X(Z) B d-BumipHoMy (hazoBomy npoctopi. Jlanmuii
BEKTOp MepeMilIaeThcs B Yaci B HANMpPsIMi, BU3HAUYBAHOMY HOTO BEKTOPOM
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MIBUIKOCTI:
X(t) =0,%(t) = F(x) (7.2)

[ocninosnicTs BekTOpis X (Z) yTBOpIOE TpaekTOpito y (asoBoMy
IPOCTOPi, MPUYOMY MOJIE HIBUIKOCTI / JOTHYHE JIO Ii€i TPaeKTopil.
EBomortisi TpaekTopii onucye TUHAMIKY CHCTEMH 1 ii aTpakTop. 3HAIOUH
[, MOXKHA OfiepKaTi iH(pOPMALIIO PO CTaH CUCTEMH B MOMEHT 7 IIUIs-
XoM iHTerpyBaHHs BUpa3y (7.1). Ockigpku (opma TpaekTopii T03BOISIE
CYIUTH TIPO XapakTep Iporiecy (MepioqudHi Ta Xa0THYHI MPOTIECH MalOTh
xapakTepHi ()a30Bi MOPTPETH), TO U BU3HAYCHHS CTaHy CHUCTEMH He
000B’513KOBO MPOBOJIUTH IHTETPYBaHHA, JOCTATHRO MOOYAyBaTH TpadiuHe
B1TIOOpaXEHHS TPAEKTOPII.

[Ipu mociimKeHHI CKIIaTHUX CHCTEM 9acTo HeMae iHdopmarrii mpo BCi
3MiHHI cTaHy, a00 He BCi 3 HUX MOKJIMBO BUMIPSTHU. SIK IpaBuiIo, € e1uHe
CIIOCTEPEIKCHHSI, IPOBEJICHE Yepe3 MUCKPETHHH 4acoBUi iHTepBan A .
TakuM YMHOM, BUMIPIOBAHHS 3alUCYIOThCS Y BUIsm pany u,;(Z) , ne

t =i-At.IatepBan At¢ Moxxe OyTH MOCTIHAM, POTE L€ HE 3aBXKAU MO-
KIIMBO 1 CTBOPIOE TMPOOIEMH JJisi 3aCTOCYBAaHHS CTaHIAPTHUX METOIIB
aHaJli3y JaHuX, 110 BUMAararoTh PIBHOMIPHOI IIKaJIH CIIOCTEPEKEHb.

B3aemonii Ta iX KiIBKICTh Y CKJIaJHUX CHCTEMaX TakKi, [0 HABITh 11O
ONIHI{ 3MIHHIN CTaHy MOKHA CYyJUTH TPO IWHAMIKY BCIl€l CHCTEMH B IiJI0-
My. TakuM 4YHMHOM, €KBiBaJIeHTHa (ha3oBa TPAEKTOPIsA, IO 30epirae
CTPYKTYpH opuriHaibHOI (pa30BOi TpaekTopii, Moke OyTH BigHOBIEHA 3
OJTHOTO CIIOCTepe)XeHHs abo dYacoBoro psimy 3a Teopemoro TakeHca
METO/IOM YaCOBHX 3aTPHUMOK:

X(O) =@t psens Uiy (m—1yc )

ne M — po3mipHicTh BKIIJCHHS, T — YacoBa 3aTpUMKa (peajibHa YyacoBa
3aTpUMKa BU3HAYAETHCS K T - At ). TOMONOTiUHI CTPYKTYpH BiTHOBICHOT
Tpaektopii 30epiratothcs, skmo m=2-d+1, ne d — po3mipHicTh
atpaktopa. Ha mpaktuiii y 61TbIIOCTI BUTIA/IKIB aTPaKTOp MOXKe OyTH Bij-
HoByteHu# i mpu m < 2d (puc. 7.1). 3aTprMKa, SIK IPABHIO0, BUOUPAIOTHCS
arpiopHo.

Icaye mexinpka maxoniB A0 BHOOPY MiHIMaIbHO JOCTAaTHHOI PO3Mi-
pHocTi M | xpim aHaniTHYHOTO. BHCOKY epeKTUBHICTH TIOKA3aIM METO/IH,
3aCHOBaHI Ha KOHIICMIIi TTOMUJIKOBHX HahOmmkuux Todok (false nearest
neighbours, FNN). Cyts ii monsirae y ToMmy, 10 IIpH 3MEHIIEHHI pO3Mi-
PHOCTI BKJaIEHHS BiIOyBaeThCS 30INBIIEHHS KITBKOCTI TMOMUIKOBHX
TOYOK, III0 TMOTPAIUISIOTE B OKOJUIKD OYAb-IKOi TOYKH (Pa30BOro
MPOCTOPY. 3BiJICK BUTIKA€ MPOCTHI METOJ — BU3HAUeHHS KiIbKocTi FNN

72



K ¢GyHKIii Big po3mipHOCTi. ICHYIOTH # iHII MeTOAW, 3aCHOBAHI Ha Il
KOHIICIIIi — HAaNpUKJIaj, BU3HAYCHHS BiTHOCWH BiCTaHEH MK OJHHUMH i
TUMH K CYCIJHIMU TOYKaMU IPpH pi3HUX m. PO3MIpHICTh aTpakTopa Takox
MoyKe OyTH BH3HAUeHa 3a JOMOMOTOI0 KPOC-KOPEJSIIIHHUX CYM.

— Il:l'/ R APV VYY)
2030
w12 4 i | 20 22 24
Tima

Puc. 7.1. PexorcTpyitoBanmii aTpakTop cucremu JIopeHIia y TpuBuMi-
pHOMY (hpa30BOMY MPOCTOPI 1 HOTO peKypeHTHa KapTa

7.2. PexkypeHTHHIi aHAJi3

IIponiecamM B mpupoJi BIAaCTHBAa SCKPAaBO BUpPaXKEHA PEKypEHTHA
MOBEIHKA, TaKa, K MEePIOMUIHICTL a00 ipperyaspHa MUKITIYHICTE. biabmr
TOTO, PEKYPEHTHICTh (IOBTOPIOBAHICTh) CTaHIB B 3HAUYEHHI MPOXOKEHHS
noJanbIioi TPaekTopii JOCTaTHBO OJIM3BKO OO0 TOMNepeaHboi € Qy-
H/IaMEHTABHOI0 BJIACTHBICTIO JIUCUITATHBHHUX JWHAMIYHUX cHcTeM. Lls
BJIacTHBiCTh Oyna BigmiueHa me B 80-x pokax XIX cromirtrs
¢panny3pkuM MatemaTukoM A. Ilyankape i 3rogom c¢opMylbOBaHO Y
BUTJISAII TEOPEMHU PEKYPEHTHOCTI, orry0rikoBanoi B 1890 p.

Slkmo cucrema 3BOAMTH CBOIO JHHAMIKY /10 OOMe:KeHOi min-
MHOXHUHHU (a30BOro NMpocTopy, TO CHCTEMA Maiizke HaleBHO, TOOTO 3
BIPOTigHICTIO, NPAKTUYHO PIBHOK OJMHMUI, CKiJIbKH 3aBrOJHO
0JIN3bKO MOBEPTAETHCS /IO MEBHOTO HaMepe/ 3a1aHOT0 PEsKUMY.

Cytb 11i€l (hyHIaMEHTAIBHOI BJIACTUBOCTI Y TOMY, 1110, HE JUBJISIYUCH
Ha Te, 110 HaBITh HaliMeHIle 30ypeHHsI B CKIIAHIM JNUHAMIYHIA CHCTeMI
MO>KE TIPUBECTH CUCTEMY IO CKCITOHCHITIAILHOTO BiIXMJICHHS BiJ ii cTaHy,
yepe3 JIesIKMH Yac CHCTeMa IparHe MOBepHYTHCS JIO CTaHy, JCSIKHM YH-
HOM OJIM3BKOTO J0 MONEPETHBOr0, 1 MPOXOIUTH MPHU IIbOMY HOAI0HI eTanu
€BOJTIONII.

[lepekoHATHCS B 1IbOMY MOJKHA 33 JIOTIOMOTO0 TpadhivHOro 300paske-
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HHS TpaekTopii cuctemu y (hazoBomy mpoctopi. [IpoTe MoxkIHuBOCTI Tako-
ro aHamizy cuibHO oOOMexeHi. SIK mpaBmIIO, PO3MIpHICTH (pa3oBoTO
MPOCTOPY CKJIAJMHOI JMHAMIYHOI CHUCTEMH OUIbIIa TPhOX, IO POOHUTH
NPaKTUYHO HE3PYYHHUM HOTO PO3IIIA HAmpsAMy; €IWHA MOXJIHMBICTh —
MPOEKIIil B IBO- i TPHBUMIPHI IIPOCTOPH, IO YACTO HE A€ BIPHOTO ySIBIIC-
HHS TIpo (pa3oBUi TOPTPET.

VY 1987 p. XK.-II. Ekman [8.4] 3anpononyBaB croci0 BinoOpaXeHHs
m-BUMIpHOi (a30Boi TpaekTopii craniB cucremu X(Z) 3apnosxku N
Ha JIBOBUMIPHY KBaJpaTHY JBIHKOBY MaTpHIi0 po3Mipom N X N | B skiid
1 (4opHa TouKa) BiANOBiAAa€ MOBTOPEHHIO CTaHy MpPH JCIKOMY 4Yaci i B
JIesTKAN THIMK Yac j, a 00MIB1 KOOPIUHATHI OCi € ocsimu yacy. Take moxaa-
HHS OyJI0 Ha3zBaHe PEKYPEHTHOIO JiarpaMoro, OCKIJIbKH BOHO (ikcye
iH(pOpMALIit0 PO PEKYPEHTHY MOBEIIHKY CHCTEMH.

MareMaTHYHO BUILECKa3aHE OMHCYETHCS SIK:

R =0(s; — % — X, ) x e R i j =1, N (7.3)

ne N — KiIbKICTh JaHuX CTaHiB, X;,E; — PO3Mip OKOJIMI TOYKH X Y MO-

ment i, ||| —nopmai @(-)— pyukuis Xesicaiina.

HemnpakTuyHo i, SIK IPaBHJIO, HEMOXIIMBO 3HAWTH TOBHY PEKYPEHT-
HICTh y 3HaueHHi X; =X, (CTaH AMHAMIYHOI, a OCOOJMBO — XAOTHYHOI
CHCTEMH HE TIOBTOPIOETHCS TIOBHICTIO €KBIBAJICHTHO MOYAaTKOBOMY CTaHY,
a MIXOJUTh 0 HHOTO CKUTBKH 3aBTOJHO ONM3bKO). TakuM 4MHOM, peKy-
PEHTHICTh BH3HAYAETHCS SK JOCTATHS ONM3BKICTH CTaHy X, J0 CTaHy
X,; . [HIIMMH CIOBaMH, PEKYPEHTHHMH € CTaHH X, , SIKi TIOTPAIVIAIOTH B
M -BuMipHYy OKOJIMIIO 3 pajiycoM &; i neHTpoMm B X, . Lli Toukn X,
Ha3MBAIOTHCS PeKYPEHTHHMH ToYKaMH (puc. 7.2).

Ockimekn R, =1 (1 =1,...,N) 3a BU3HAUYEHHAM, TO PEKypEHTHA
Jgiarpama 3aBXKAM MICTUTHh YOpHY HiaroHajbHY JiHIIO — JIHIIO 1IEHTH-

S T o .
YHOCT1 M1 KyTOM Z A0 O0C€u KOOpAUHAT. ,HOBIJ'ILHO y34aTa PCKypCHTHA

TOYKa HE Hece sIKOI-HeOyabh KOpUCHOI iH(OpMaIlii Ipo CTaHW B YacH i 1 /.
TinbKu BCSl CyKYIHICTh PEKYPEHTHUX TOYOK JIO3BOJISIE BITHOBUTH BIIACTH-
BOCTI CHCTEMH.

30BHINIHIN BHUIIIA peKYpEeHTHOI JiarpamMmu JO3BOJISIE CYIUTH MPO Xa-
paKTep MpoleciB, SKi MPOTIKAIOTh B CUCTEMi, HaSIBHOCTI 1 BIUIMBI IIyMY,
CTaHIB TIOBTOPEHHS 1 3aBMHUpaHHS (JIaMiHAPHOCTi), 3MIHCHEHHI B XOIi
€BOIIIOIII CHUCTEeMH pI3KHX 3MiH cTaHy (eKcTpeMaidbHHX Tofiif). Ha
puc. 7.3 HaBeieHi JesKi 3 THIIOBUX MPOLECIB 1 iX peKypeHTHI KapTH.
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Puc. 7.3. TunoBi quHaMivHI PAaH 1 IX peKypEHTHI KapTH:
a) OJIHOPIiIHA TOTOJIOTIs;
0) apeii;
B) OCITUTIOIOYA TIOBEIIHKA CHCTEMH;
I') KOHTPACTHA TOIOJIOT1s;
) TaMiHApHICTH MPOILIECY.

PexypenTHi miarpamu sl JesSIKMX MOJEIBHUX JaHUX 300pakeHi Ha
puc. 7.4.

[ToporoBa BifcTaHb £; MOXe BUOUpATHCS SK O€3MOCEPEIHBO IS
KOKHOI TOYKH, BUXOJSYU 3 OTPUMAHHS B ii OKOJI JesIKOi Harepej BU-
3HAYCHOI KUTHKOCTI PEKyPEHTHUX NaHIA TOYOK (TIPH ITEOMY MH OJIEPXKYeE-
MO HECHMMETpUYHY miarpamy X, ; # R; ;) Tak i 3anuMImaTucs BeCh 4ac
IOCTIHKM, IO 1a€ CUMETPUYHY iarpamy X, ; = R, i € Hali6inbm Bu-
KOPHUCTOBYBaHUM BapiaHTOM.

Tun HOpMHU TakOXXK BIUIMBAE HA BUIJILA JiarpaMu. SIK mpaBuiio, BU-
KopuctoBytoThesi Hopmu L, L, (eBkmimoBa Hopma), L., (Makcu-
MabHa HOpMa). Mexi IIMX HOPM MaroTh Pi3Hi (irypwu, 0 CTOCOBHO ITiJI-
XOJ/ly 3 MOCTIHHKM ¢ O3Hauae, mo Hopma L, 3abe3nedye 3HAXOKEHHS
Haibinbmoi, L, — cepenHpoi, a £, — MiHIMaNIbHOI KiIBKOCTI CYCIAHIX
TouoK (puc. 7.5). SIk mpaBuio, mMpu NMOOYIAOBI PEKYpPEHTHHUX JiarpaM BH-
KOPHUCTOBYEThCS HOpMa L., , OCKIJIBKH, TIO-TIEpIIE, BOHA HE3alekKHa BiJl

pO3MipHOCTI $a30BOTO MPOCTOPY, MO-APYTe, HAUTIPOCTIIIE OOUNUCITIOETHCS
1, MO-TpeTE, NO3BOJISIE BUBUATH JiarpaMH TEOPETHYHO, OCKIIbKH aHAITH-

4Hi Bupasu 1 L., po3B’sA3yIOThCs MpoOCTile, HiX st Oy/1b-sSKO1 iHIIOT
HOopMH. HesamexxHicTh Bil PO3MIPHOCTI HAXOAWTH 3aCTOCYBAHHS IIPH
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aHammi3i PEeKOHCTPYHOBAaHUX YACOBHX PSMIB 3 PI3HUMHU PO3MIPHOCTIMHU
BKJIQZICHHS, TOOTO PEKYpPEeHTHI JiarpamMH pi3HHX BKJIaIE€Hb MOXYTH IOpi-
BHIOBATHCh HaIpsiMy, TOJ1 SIK JUIS PELITH HOPM MOTpiOHEe MaciTaOyBaH-
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Puc. 7.4. Ilpuknany peKypeHTHHX Jiarpam Ajs:
2) Gymuii sin(x,) ;
0) aTpakropa JlopeHiis;
B) parMeHTy (hiHAHCOBOTO Psiy, BijoMoro sk iHnaekc Dow Jones;
I') YaCOBOTO Psy, KM BiINOBiJa€ BIaCTHBOCTAM OpPOYHIBCHKOTO PYXY.
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a) 6) B)

Puc. 7.5. OcHOBHI HOPMH 3 OJJHAKOBUM PaJliycOM HaBKOJIO TOYKHU (ha30BO-
r'o TIPOCTOPY (YOpHA TOUKa), 300paskeHi sl ABOBUMIPHOTO (Ha30BOTO
IpOCTOpY:

a) L,;0) L,;p) L,

7.3. Amnauni3 giarpam

OueBuaHO, IO NPOLECH PI3HOT MOBEIIHKU JaBaTUMYTh Pi3HI peKy-
peHTHi miarpaMu. TakuM 9WHOM, Bi3yajbHa OIliHKA JiarpaM MOXXE JaTh
VSBIICHHS TIPO EBOJIIOLIIO JIOCTIKYBaHOT TpaekTopii. Buminstors nBa
OCHOBHHUX KJIACH CTPYKTYpPH 300pa)k€HHs: TOIIOJIOTiS, IO HpEeACTaBIIseE-
ThCSl KPYIMHOMACIITAa0OHUMHU CTPYKTYypaMH, 1 TEKCTypa, IO (OPMYETHCS
JpiOHOMACINTAOHUMH CTPYKTypaMHu.

Tononorist 1ae 3aranpHe YSBJICHHS MPO XapakTep mpouecy. Bumins-
FOTh YOTHPH Pi3HUX KiacH (puc. 7.6):

1) omHOpigHI pEeKypeHTHI miarpamMu, THIIOBI JUISI CTaliOHAPHUX 1
ABTOHOMHHMX CHCTEM, B SKHX 4Yac peJakcalii Manuidi y TOpiBHSHHI 3
JOBXHHOIO PSAY;

2) mepiognyHi CTPYKTYpH, LI0 TOBTOPIOIOTHCA (JiaroHaNbHI JiHIi,
y30pH y HIaXOBOMY IOPSAJKY), BiANOBINAIOTH PI3HUM OCIMIIIOIOYUM CH-
cTeMawm;

3) npeiid BignoBimae cucreMam 3 mapamMeTpamH, 0 MOBOJI 3MIHIOIO-
TBCSI, IO POOUTH OITMMU JIIBUH BEpXHiH 1 MpaBUil HUKHIN KYTH PEKYpEHT-
HOI Aiarpamu;

4) pi3ki 3MiHM B TUHAMIIll CHCTEMH, TaK CaMoO 5K 1 eKCTpeMallbHi CH-
Tyatii, 00yMOBIIOIOTH TOSIBY OiMX oOnacTeit abo cMyT.

Pexypenmmui diacpamu cnpouyyioms BUSBICHHS eKCTPEMAIBHUX 1 Pif-
KICHUX MOMIN.

JloxknagHuii po3riisif, pPeKypeHTHUX [JiarpaM JO3BOJIE BUSIBUTH
IpiOHOMAacmITabHI CTPYKTypH — TEKCTYpPY, IO CKJIAJAETHCS 3 MPOCTHX
TOYOK, AiaroHaJIbHUX, TOPU30HTAJIBHUX 1 BEpTUKAIBbHUX JiHiH. Kombina-
il BEPTUKAIBHUX 1 TOPU30HTAIBHUX JIiHIHA (GOPMYIOTh HPSMOKYTHI KJla-
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CTEpH TOYOK.

B) r)

Puc. 7.6. XapakTepHi TOIoOrii peKypeHTHHX Jliarpam:
a) OIHOpiTHAa (HOPMAIIBHO PO3MOIUICHUH IIIyM);
0) nepiognuna (reneparop Ban nep [Tons);
B) npeti¢ (BimoOpaxkeHHs [kean 3 HaKIIaJAEHOO MOCIiIOBHICTIO,
IO JIIHIKHHO 3pOCTAE);
') KOHTPAcTHI 001acTi abo cMyru (y3araabHeHH OpOYHIBCHKHI PYX).

Camomui, okpemo po3mauio8ani peKypeHmHi moyxku 3’ SBISIOTbCS B
TOMY pa3i, KOJIM BiIITOBITHI CTaHW PiAKicHI, a00 HecTiiiki B 4aci, abo BU-
KITMKaH1 CUIIbHOIO (hiykTyamiero. [Ipu oMy BOHH HE € O3HaKaMH BUTIA/I-
KOBOCTi 200 IIymy.

Hiazonanoni ninii Rk jo =1 (mpuk =1...1, ne I — nosxuna
JliaroHaJILHOT JIiHIT) 3’SIBJISFOTBCS Y pa3i, KOJIM CErMEHT TpaekTopii y da-
30BOMY TIPOCTOpI MPOJISTAE MapajiebHO iHIIOMY CETMEHTY, TOOTO Tpae-
KTOPisl TOBTOPIOE caMy cebe, TOBEPTAIOYNCh B OJHY 1 Ty X 001acTh (a-
30BOTO MPOCTOPY Y pi3HMIA Yac. JlOBXKMHA TaKuX JiHIM BH3HAYAETHCS Ya-

80



COM, MPOTATOM SKOTO CETMEHTH TPAEKTOPIT 3aJIHIIAIOTHCS MapaeIbHUMU;
HanpsM (KyT Haxwily) JiHIA XapaKTepu3ye BHYTPIITHIN Yac MiAIpoIecis,
BIJIIOBIIHUX JIaHUM CErMEHTaM Tpaekropii. [Ipoxo/keHHs JiHiH

TapayIeJIbHO JIiHIT iIEHTHIHOCTI (T KyTOM 7 IO ocell KOOpIMHAT) CBif-

YHUTh NIPO OJHAKOBUI HANPSAM CETMEHTIB TPAEKTOPIii, MEPIEHAUKYIAPHO —
PO TPOTHUIICKHUHA («BITOOPaKEHI» CETMEHTH), IO MOXE TAaKOX OyTH
03HAKOI0 PEKOHCTPYKLii (a3oBOro mpocTtopy 3 HEBIAMOBITHOIO PO3Mi-
pHicTIO BKIaneHHA. HeperynspHa nosiBa JiaroHaJbHUX JIiHIA € O3HAKOIO
Xa0THYHOTO MPOIIECY.

Bepmuxanvni (copuzonmanvni) ninii £ ;o6 =1 (mpm k =1...0, ne
U — J0BXMHA BEpPTHKAIBGHOI a00 TOPWU30HTANBHOI JiHIT) BHUIUISIOTH
MPOMIKKHM 4acy, B KOTPi CTaH CHCTEMH HE 3MIHIOETHCS ab0 3MIHIOETHCS
TpPOXH (cHUCTeMa sIK OM «3aMOpO’KeHa» Ha IIeH Yac), 0 € 03HAKOIO «ia-
MiHapHHUX» CTaHiB.

7.4. Xia BUKOHAHHA Po0OTH
Bynemo mnpoBomuTH JOCHIIKEHHS Ha poOodoMy apKymn Sage,
CTBOPEHOI'O JIs1 HOOYJOBH PEKYPEHTHHUX Jliarpam.
BukoHaBmm Bci KOMIpKH, OTPUMAEMO ITOYATKOBE BiKHO, B sIK€ HEOO-
X17IHO BBECTH MOYATKOBI JJaH1 KiJIbKICTh 3HAUYEHb Ta MacITad 300paKeHHS
(puc. 7.7).

Obepite gt __ | (FDapaxyeaty

KinercTs sHaueHE IZDDD

MMacmrat [10

Puc. 7.7. Inrepdeiic Mmonemni amst moOyn0BH pEKYpEHTHOI JiarpamMu

Hochimxenas 6yneMo MPOBOAWTH U YACOBHUX PSINIB, SIKI OXOILTIO-
I0Th TIEPI0JT Yacy, 10 MIiCTUTH BiIoMi Kpu3u Ha (hiHAaHCOBHX pHHKaX. Ta-
KAMU KpU3aMH, 30KpeMa, SBISIOThCS Kpusu 1929 p. («Benuka genpecisny),
1987 p. («YHopuuit moneninok») ta 2001 p. («kpu3a IOT-KOMIB» — KpH3a
HOBOT eKOHOMIKH). [Ip¥ 11bOMY YacoBi psau MaroTh H0BXKUHY ¥ 2000 mHIB,
a TOYKa KpW3W 3HaXOIWThCs piBHO mocepeanHi (touka 1000). Otxe, mu
MOXKEMO TPOCITIIKYBaTH AWHAMIKY PEKYPEHTHHUX XapaKTepHUCTHUK y 10
KPHU30BUH, BIIACHE KPU30BHM 1 Micisl KPU30BUH NEPioau, BUSBUTH CIIJIbHI
1 BIAMIHHI PHCH, 3pOOUTH BHUCHOBKH IIIOZ0 MOXKJIHBOCTI INependaueHHs
KPH30BUX SIBUIIL.
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Ha puc. 7.8 npencraBnena nuHamika iHnekcy oy Jxonca (iHmexc
OmakutHUX Qimok Ha (ormoBomy puHKYy CIIA), skwifi MICTUTH KpU3Y
1929 p. Kpusa nposiBiseTbest CTPIMKUM MaAiHHAM iHAekcy y Touni 1000.
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Puc. 7.8. Benuka genpecis 1929 poky Ha hongoBomy puaky CLIA

3HaiiieMo Uil [BOTO BHUMNAAKY PEKYpPeHTHY Kapry. HarucHysim
«Po3paxyBatm», OTPHMAaEMO PHCYHOK, MOIIOHUH 300pakeHOMY Ha
puc. 7.9.

Puc. 7.9. PexypeHTHa miarpama Juis 94acOBOTO PSIAY, IO MiCTUTH KPU3Y
1929 poky
YacoBi psiay, 1110 MICTATh iHIII KPU3W Ta BIAOBIIHI PEKYpPEHTHI fia-
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rpaMu, IpecTaBieHi Ha puc. 7.10-7.13.
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Puc. 7.10. Kpusa xoBTHs1 1987 poky

Puc. 7.11. PexypenTtHa niarpama mis kpuszu 1987 poky
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Puc. 7.12. Kpuza 2001 poxy 3a 1aHUMH BUCOKOTEXHOJIOTIYHOTO 1HIEKCY
NASDAQ
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Puc. 7.13. PexypeHTHa miarpama JIjisi KpU3H HOBOi €KOHOMIKH (BeCcHa
2001 poky)

AHami3 0co0JIMBOCTEN pPEKypEeHTHHX JiarpaM JO3BOJISIE BUSBHUTH
CIIITBHI PUCH y PO3MOMIAX SK TOIOJIOTII, TaK i CTPYKTYpH miarpam. Tak,
TOYKA KPU3H € BUJIJIICHOI, a JIO- Ta IMICIs KPU30B1 MEPIOU YiTKO MPOsi-
BJSIFOTBCS Ha ycix miarpamax. Ha sxanp, Bi3yaJdbHOTO aHaii3y peKypeHT-
HUX JiarpaM 3aMaio I KUIBKICHOI OIIHKHM CTaHy CHCTeMH. Tomy Tepe-
HIEMO 10 TeXHIKH KIJIBKICHOTO aHasi3y.
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7.5. 3aBaaHHs AJ1s1 CAMOCTIiHHOI po0oTH
1. BubepiTh 3a peKOMEH/Ialli€0 BUKJIaiaya BapiaHTH YaCOBUX PSJIIB.
2. [IpoBeniTh AOCHIIKEHHS 1X PEKYPEHTHUX BIACTUBOCTEH 3TiJHO iH-
CTPYKIIii.
3. 3po0iTh BUCHOBKH.
4. Pe3ynbpTaTH-3BIT NpeAcTaBTe y BHIIAAI OpOpMIICHOI iHIUBimya-
JBHOT pOOOTH.

7.6. KoOHTpOJIbHI NMTAHHA
1. Ha3BiTb CyTHICTh ()a30BOT0 MPOCTOPY Ta HOTO PEKOHCTPYKIIIi.
2. 1o Take peKypeHTHi TOUKH.
3. Ilo momomaraioTh BUSBUTH PEKYPEHTHI Jiarpamu?
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8. KuILKICHUIT AHAI3 PEKYPEHTHHX JIAI'PAM

8.1. CrpykTypu B peKypeHTHUX rpadgikax

Y monepenHiii poOOTI MU AOCHTIINIHA PEKYPEHTHI BIACTHBOCTI HECTa-
[[IOHAPHUX YaCOBUX PSAIIB, BUSBIUIN 1 MIPOAHATI3YBAIH JpiOHOMACIITaOHI
CTPYKTYpPH PEKYPEHTHHX JiarpaM (TEKCTYpY, SKa CKIAJAE€ThCs 3 MPOCTUX
TOYOK, JiarOHaJTbHUX, TOPU3OHTAIBHUX 1 BEpTHKaIbHUX JiHiH). KombiHa-
1Tii BEPTHKAIHHUX 1 TOPU3OHTAIBHUX JIiHIH (OPMYIOTH TIPSIMOKYTHI Kja-
CTEpH TOYOK.

Came 1i KOMOiHaIi1 BUKOPUCTOBYIOTBCS U1 OOYMCIICHHS Mip KUIbKi-
CHOTO aHaji3y pekypeHTHux miarpam. [x. A. 36inyT 1 Y. JI. Be66ep [8.4]
PO3poOMIH IHCTPYMEHT OOYHCIICHHS PSILy Mip Ha OCHOBI MiAPaxyHKY Ty-
CTHHH PEKypPeHTHHX TOYOK 1 MOOYIOBH YACTOTHOTO PO3IMOJLTY TOBKHH
nmiaroHaneHuX JiHIA: RR (koedimient camomnoniouocti), DET (mepen-
OauyBanictp), DIV (3BopoTHa BenWuMHa MaKCUMAIBHOI JOBXWHHU
miaronaneHoi niHii), ENTR (entpomisi) i TREND (tpenn). OGuuncieHHs
OUX Mip B MiIMAaTPUISIX PEKYpPEHTHOI AiarpamMH Y3[O0BX JiHII iJeHTH-
YHOCTI TIOKa3ye MOBEAIHKY IIUX Mip B "aci. Jlesiki JOCTiIKeHHS JaHuX Mip
MOKa3alid, MO iX 3aCTOCYBAHHS MOXKE CIIPUATH BHUSABJICHHIO TOYOK Oidy-
pKaii, HepexoiB «Xxaoc—IOPSIIOK».

[lizHime Oynu 3amponoOHOBaHi MipH, IO BUKOPUCTOBYIOTH T'YCTHHY
BEPTHKAIBHUX (200 TOPHM3OHTAIBHUX) CTPYKTyp: LAM (amiHapHicTh),
TT (moxa3HHK, a00 Yac 3aTPUMKH), IO TO3BOJISIOTH BUSABIISATH MEPEXOIU
«xaoc—xaoc». CIig 3a3HaYUTH TAKOXK HEUYTJIMBICTH LUX Mip O BHUMOT
CTaIllOHAPHOCTI i JJOBKWHH JTOCIIIPKYBAaHUX YaCOBUX PSIIB.

YBeneMo KinbKiCHI XapaKTepPUCTHKH BBEACHUX Mip.

BuzHauumo BeMUYMHU:

L sk (1, ) pexypenm,
"\ ke

(o j)ma i+, j+1)ato i-1,j-1) pexypenmi

] .
P10, inarue
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Tenep xoedimienTn camomomiOHOCTI 1 TependadyBaHOCTI OYyIyTh,
BIJIITOBITHO, PiBHI:

1 N
RR = 7 ZIR[]., (8.1)
i,j=
z:;ﬂ Dé/‘
DET = =3 —— (8.2)
ij=1"Y

Sxmo /N, — uucno giaroHanbHuX JiHIN, a /; — noBxkuHa I -0i
JiaroHajabHOI JIiHIT, TO JOBXHWHA HAaMIOBIIOI JiarOHAJILHOI JIiHIT BU3HAYac-
ThCSI BUPA30M
L =max(/;;i =1,...,N,).

Entpomis Illennona s ¢yskuii S (X)  mae  Buran:

H(x)=—->_ f(x)log f(x),
a JUIs pO3MOiTy:

H(pysos ) =— 2 p; log(p;).

i=1
Jlist posnioginy 2 (/) N0BXUHM JiaroHa bHUX JIiHiM enTpomis [llen-
HOHA JTOPiBHIOE:

N,
ENTR ==Y p(l)In p(]), (8.3)

1=1

JliaroHanpHa JiiHisE DOBKHHM / O3HAyae, IO CETMEHT TPAEKTOPii
Ou3pKHid POTSIroM /  KPOKIB Yacy A0 iHIIOrO CErMEHTY TPaeKTopil B
IHIIKMH Yac; TOMy I JIiHIT MOB’S3aHi 3 IMBEPIreHIIEI0 CETMEHTIB Tpae-
ktopii. CepenHs MOBKHMHA JTiarOHALHOT JIHii:

ZI’L 1P()
— (8.4)

2P0

min

L=

€ CepeJIHIM 4acoM, IO JIBa CETMEHTH TPAEKTOPIl OJNIM3bKI OJMH OJHOMY, 1
MOXKe OYTH IHTEPIIPETOBAHMM K CEPEIHIN Yac MPOTHO3Y.

[lomepenni Mipu BiZHOCATHCS O JiarOHAIBHUX (TOPHU3OHTAIBHUX)
JiHINA HA peKypeHTHiH KapTi. B Toif jxe Jac iCHYIOTb 1 BEpTHKaJIbHI JiHii 3
BiJIMTOBIIHUMU MipaMu.

[ToBHE uKCI0 BEepTHKANBHUX JIiHIA goBxkuHH V B RP maerbcs ricro-
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rpamoro:

N v—1
POV =2 A=R DU=R, ;D[ TR ;i (8.5)
i,j=1 k=0

AHaNOTrIYHO BU3HAYEHHIO AETEPMiHI3MYy, BIIHOLIEHHS PEKYypPEHTHHX
TOYOK, 5IKi ((OPMYIOTh BEPTHKAIBHI CTPYKTYPH 10 TIOBHOTO HAOOPY peKy-
PEHTHUX TOYOK MOXe OyTH OOUHCIICHO,

Ziv:v vP(v)

LAM = T (8.6)
szl vP(v)

s mipa HazuBaeTbes JamiHapuicTio. O0uncnenuas LAM npoBoms-
ThCA JUIL TUX V , SKi NEPEBHIYIOTh MIHIMAIBHY NOBXUHY Vi . s
PEKYpPEHTHHX KapT dYacTO NPHUMAIOTh Vi, = 2. Bemmumna LAM
3MEHIYEThCH, KO RP ckinamaerbes 3 OLMbIT TOOAWHOKUX PEKYPEHTHHX
TOYOK, HIXK BEPTUKAIBHI CTPYKTYPH.

Cepenns T0BXHWHA BEPTUKATHHUX CTPYKTYP AAETHCS BUPA3OM:

ZN vP(v)
T = —"— (8.7)

Z\]/V:V P(V) ’

min
i Ha3MBaeThCA YACOM 3aTPUMKHM (3axBaTy). Moro oGumCieHHs BHUMarae
TaKOX PO3IIIALY MiHIMAJIbHOI JOBXKHHU Vi , K 1y Bumaaxky 3 LAM. TT
OIIIHIOE CepeHill yac, mo cucreMa nepedyBaTMe B MEBHOMY CTaHi, abo
SK JIOBIO 1Iel cTaH Oyze 3aXOTUICHHH.

VY KOHTpacTi 4O KiJIbKICHHX Mip, 3aCHOBaHMX Ha JiarOHaJbHUX Ji-
HiSX, BBEACHI IMOWHO MipH MOXYTh 3aCTOCOBYBATHCH O TIEPEXOIiB
«Xa0C-Xaocy.

OcraHHi JABa mapaMeTpu XapakTepU3yIOTh [Ba Pi3HI THIOBI
TIPOMI’KKH 4acy, IIPOTArOM SKUX TPAcKTopii nepebyBaroTh B okomi & . Ix
BIKOHHA JWHAaMiKa JO3BOJISIE BiJ CIIIJKyBaTH 4acOBY KOMIIOHEHTY PEKy-
PEHTHHX KapT.

8.2. Xinx BuKkoHaHHS po6oTH
Jiis mpoBeieHHs KUTbKICHOTO aHalli3y PeKypeHTHHX JiarpaMm HeoOXi-
JHO 3aBaHTAXHUTH pPOOOYMH apKyml 13 MIiATOTOBICHOI MOJIEILTIO

(puc. 8.1).

OOuHceHHS MPOMOHYETHCS TMPOBECTH Ui  4YacOBOTO DALY,
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MOTIePEeTHFO IMIIOPTOBAHOTO 10 PoO0Y0i 007acTi 3 MOYATKOBUM 3HAYEH-
HiM «Po3mip BikHa=250», «Kpok BikHa= 2», «Macmrtab=>5», HaTUCHY-
Bumm «PekypeHTHa niarpama» Ta «Po3paxyBaTu» OTpHUMaeMo puc. 8.2.
[lepmi aBa rpagika 300paxkyloTh BiINOBIAHO BUXITHUN psiX i oro Bapia-
1i10.

[IpoBenemo Termep AOCTIIKEHHS KiTbKICHHX Mip PEKYPEHTHOCTI AJIS
KPH30BUX YacOBUX psaiB. SIK i y monepeaHiii poboTi, po3paxyemMo THUIOBI
MipH PEeKypeHTHOCTI 1 Bi1oOpa3uMo pa3oM il NOpiBHAHHS. Pesynbratn
PO3paxyHKIB Ui JBOX TaKUX Mip (MipH NETEPMiHOBAHOCTI 1 E€HTPOIIil)
300pakeHi Ha puc. 8.3—8.4.

Obepith aik0 Doapaxyﬁaml PekypeHTHa diarpama

Kimbxicts sHaers 201

Posnip BikHa |5EI

Kpox Biksa |1

Macurraé |5

Puc. 8.1. Inrepdeiic Moneni amst MPOBEACHHS JOCTIHKEHHS KUTbKi-
CHHX OIIIHOK PEKYPEeHTHHX Jiarpam

° A [l n..m 1
W

LAY VLA T AR

200

25 50 75 100 125 150

a) Data — BuxigHuii 4acoBUH psij 0) Variance — Bapiauis pangy
0.5
0.1
0.4
03
WY
0.2
R 25 50 75 100 125 150 _ 25 50 75 100 125 150
B) RR — koedinient camomnoi- r) DET — xoediuient nependauy-
OHoCTI BaHOCTI
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0.8

0.6

0.4

0.2

25 50 75 100 125 150 E 25 50 75 100 125 150

n) L — cepemns noBxuHA ¢) ENTR — enTpormis

JiaroHanei
0.6
2.5
0.5
0.4
03
2
0.2
0 25 50 75 100 125 150 k- 25 50 75 100 125 150
x) LAM — namiHapHicTh 3) TT — gac 3axBaty

12.5]
10

6 il
TwW

25 50 75 100 125 150

K) Ti — pexypeHTHHU# yac 1-ro Tuiry 1) T, — pexypeHTHHH Yac 2-T0

TUILY

Puc. 8.2. Pe3ynpraTi BIKOHHHX pO3paxyHKiB Mip KUTBKICHOTO aHAII3Yy, sIKi
nae Mozieib RQA ist 00paHOro JUHAMIYHOTO PSTY

3 OCTaHHIX PUCYHKIB BHJHO, IO y TEPEeIKPU30BHUIl Iepio] BKa3aHi
MipU TIOYMHAIOTH CYTTE€BO 3MEHIIYBATHCh, BKa3ylOUd Ha MOJKIIMBICTH Ha-
CTaHHS KpU3HW. Y Ticisi KpU30BUH Mepioj CUTYallisl BiJHOBIIOETHCA.
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DET

crash

0.75

-0 250 500 750 1000 1250 1500 1750
time, days

Puc. 8.3. BikoHHa arHaMiKa MipH JeTepMIHOBAHOCTI JUIs YaCOBUX PSJIiB,
SIKi MICTATh Kpu3y. ToYKa MoyaTKy KpU3H BiJiMiueHa CTpLIKOIO (crash)

4

ENTR

-0 250 500 750 1000 1250 1500 1750
time, days

Puc. 8.4. EarpomniitHa Mipa peKypeHTHOCTI I KpU30BHX YaCOBHUX PSJIiB

Otxe, BKa3aHi MipH (2 TaKOX 1 €Ki iHIII) MOXYTb CIYI'YBaTH mepe-
JOBICHUKaMU KPHU30BHUX SIBUIL. 3pO3yMiJo, IO, JOCHIIDKYIOUH MiCISKpU-
30BY JMHAMIiKy, MOXKHa aHaIi3yBaTH MPOIIECH peliecii.

8.3. 3aBnanus 1is camMocTiitHOI podoTH
1. BubepiTh 32 peKOMEHJAIl€0 BUKIAjJada CBii BapiaHT 4acOBOTO

pany.
2. [IpoBeniTh HOCTiIKECHHS! AMHAMIKY KiTBKICHUX Mip PEKYpEHTHOCTI
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3TiHO THCTPYKIIII.

3. 3po0iTh BUCHOBKH.

4. Pe3ynbTaTH-3BIT MpeACTaBTe y BHUIIAAL O(QOpMIICHOI iHIUBimya-
JBHOT pOOOTH.

8.4. KoHTpoJ,bHI NMTAHHA
1. Ha3BiTbh OCHOBHI KiJIbKICHUX XapaKTEPUCTHK?
2. 3a JOMOMOTOI0 SKUX Mip BU3HAYarOThCsl TOYKW Oidpypkarii mepe-
XOJIB «Xaoc-Xaoc»?
3. Ha3BiTh BiIMIHHOCTI JiarOHaJbHUX (TOPU3OHTANBHUX) Mip Bif
BEPTUKAIbHUX.
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JlomaTku

A. Moayas finance

Monyne finance 6yno po3pobieno Binbsmom Llteiinom [8.4] mis
poboTH 3 (HiHAHCOBUMH YaCOBUMHU psnaMu. MOOyimh CKIIAMAETHCS 3 M-
MonyniB TimeSeriesi Stock.

Monyne TimeSeries npusHadeHo Al poOOTH 3 TUCKPETHUMH Ya-
COBHMH PSi/IaMU 3 IIaBaIOYOI0 KPAITKOIO.

Monyne Stock mpu3Ha4Y€HO AJIs OTPUMAaHHS JaHHUX 3 (OHAOBOI Oi-
PXi B peasibHOMY 4aci. B janomy kiaci peanizoBani (yHKIII 1715 3aBaHTa-
JKEHHSl 4acOBHX psfiB 3 Mepexi IHTepHer abo 3 neskoro ¢aiijaoBoro
pecypcy.

Po3risiHeMo OCHOBHI METOJH, SIKi BUKOPUCTOBYIOTBCS [Tl OTPUMAaH-
HS XapaKTePUCTHUK YaCOBHX PSJIiB:

Meronu kiacy TimeSeries

diffs(...) — ¢yHKIiS MOBEpTAaE HOBUI YaCOBHU A, OTPUMAHHI 3a
JOMOMOIOI0 3HAXO/DKEHHS PI3HULI MK IIOTOYHHM E€JIEMEHTOM Ta
monepenHiM. TakuM YHHOM, SKIIO ICHYE HACTYITHHM YacOBHH DS
X,,X,,X,, T0 3a 10MOMOTrOI0 MaHOi (PYHKIII OTPUMAEMO HOBHIi Ya-

cosuii psag X, — X, X, — X |,.... Buxiguuii yacoBHii psiji Ma€ Ha OJJMH
eJIEMEHT MEHIIIE, Hi’K TIOYaTKOBHI s,

ITpuxnan:

sage: v = finance.TimeSeries([5,4,1.3,2,8]); v

[5.0000, 4.0000, 1.3000, 2.0000, 8.0000]

sage: v.diffs()
[-1.0000, -2.7000, 0.7000, 6.0000]

histogram(...) — moBepTae 4YacToTHy TricTtorpamy. KoxHuit
MPOMIXKOK TICTOrpaMU MPEACTABISE€ KUIBKICTh IMOMNaJlaHb 3HAYCHb JaHOT
cepii B mpomikok. KimbKicTh NPOMIKKIB BHU3HAYAETHCS BXiJHUM

nmapaMeTpoM bins — moAgaTHE YUCIO (3a 3aMOBUyBaHHSIM 50).
sage: v= finance.TimeSeries([5,4,1.3,2,8,10,3,-5]1); v
[5.0000, 4.0000, 1.3000, 2.0000,
8.0000, 10.0000, 3.0000, -5.0000]

sage: v.histogram(3)
(rx, 4, 31, [(-5.0, 0.0), (0.0, 5.0), (5.0, 10.0)1)
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plot histogram() — moBeprae 306pa>1<eHH5{ riCTorpaMH IS
JIAHOTO YacOBOTO PsAy 13 3aJaHOI0 KUIBKICTIO MPOMiDKKIB. KilbKicTh
MPOMIXKKIB BH3HAYAETHCSA BXiTHUM IapaMeTpoM bins — M0IaTHE YUCIO

(3a 3amoBuyBaHHIM — 50).
sage: v = finance.TimeSeries([0..1])
sage: v.plot histogram(bins=100)

50 |-
a0t
ELY
20f

10F

L L
0.25 0.5 0.75 1

sums () — NOBEPTAa€E HOBUI YACOBUU Psifi OTPUMAHUN 3a JOIIOMOIOKO
JTOJTABaHHS BCiX MOTEPEIHIX eJIeMEHTIB.

ITpuknan:

sage: v = finance.TimeSeries([1,1,1,2,3]1); v

[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]

sage: v.sums ()
[1.0000, 2.0000, 3.0000, 5.0000, 8.0000]

add scalar () — moBepTac HOBUH YaCOBUH PAJ| IIAXOM JOAaBaH-
HS CKaJISIpy 710 KOKHOTO eJleMEeHTa JaHoi cepii.

Bxin ¢hyHKINT § — 9UCIT0 3 TUIABAIOYOI0 KOMOTO.

[Ipuknan:

sage: v = finance.TimeSeries([5,4,1.3,2,8,10,3,-5]); v

[5.0000, 4.0000, 1.3000, 2.0000,

8.0000, 10.0000, 3.0000, -5.0000]

sage: v.add scalar(0.5)
[5.5000, 4.5000, 1.8000, 2.5000,
8.5000, 10.5000, 3.5000, -4.5000]

simply moving average () OBEpPTAE CEPENHE KOB3ar04e
3HAYEHHS YacOBOTO psAAYy 3a OCTaHHI k iHTepBamiB. Ha t-omy kpori
BHUBOJMTHCS CyMa CBOIX TorepenHix k—1 KpoKiB Ta k-Hif KPOK MOJiIEHUH
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Ha k. TakiM YMHOM 3HAYCHHS K € CepeHIM JI0 KOXKHOT TOUKH.
Bxin pynkiii k — momaTHe 1ijie

ITpuxnan;
sage: v = finance.TimeSeries([1,1,1,2,3]); v
[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]

sage: v.simple moving average (0)
[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]

sage: v.simple moving average (1)
[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]

sage: v.simple moving average (2)
[1.0000, 1.0000, 1.0000, 1.5000, 2.5000]

sage: v.simple moving average (3)
[1.0000, 1.0000, 1.0000, 1.3333, 2.0000]

standart deviation() — noBepTac CTaHAapTHE BIIXWJIEHHS
BXI1IHOT IIOCJIiIOBHOCTI.

Bxin ¢yHkmii — noriyHniéi mapamerp bias (3a 3aMOBYYBaHHSIM:
False), skmo False BimOyBaeTbcs AUICHHA Ha length () - 1
3amicTh length(), mob Aatu OUTbIT 00’ €KTUBHY OILIIHKY JAMCIICPCIi.

Buxin — mifige uncio.

ITpuknan;
sage: v = finance.TimeSeries([1,1,1,2,3]1); v
[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]

5

sage: v.standard deviation()
0.8944271909...

sage: v.standard deviation (bias=True)
0.8000000000...

mean () — TMOBEPTAE CEPEAHE 3HAYCHHS 13 E€JIEMEHTIB IOCIIi-
JIOBHOCTI.

IIpuxnan:

sage: v = finance.TimeSeries([1,1,1,2,3]); Vv

[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]

sage: v.mean ()
1.6000000000000001

exponential moving average () — IOBEpTaE €KC-
MTOHEHI[IfHE KOB3HE CepeJHE YacoBOTo psmy. Ha t-My kpoii BUBOIUTHCS
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cyMma mornepeHix k-1 KpokiB Ta Ha k-My KpoIli BiIOYBa€eThCs AiIEHHS Ha

k.

Bxin pynxkuii — alpha — piticHe 3HadeHHs Bix 0 mo 1.

[Ipuknan:

sage: v = finance.TimeSeries([1,1,1,2,3]); v

[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]

sage: v.exponential moving average (0)

(0.0000, 1.0000, 1.0000, 1.0000, 1.0000]

sage: v.exponential moving average(1l)

[(0.0000, 1.0000, 1.0000, 1.0000, 2.0000]

sage: v.exponential moving average (0.5)

[0.0000, 1.0000, 1.0000, 1.0000, 1.5000]

randomize (distribution, loc="uniform',
scale='0"', **kwds='l') - reHepye BUIAJKOBUN YACOBUHU PsiJI

[Mapamerpu QyHKIII:

distribution —

uniform — piBHOMIpHO B iHTepBali Bij loc 10 loc+scale;

normal — cepelaHe 3HAaYeHHS locC 13 CTaHTAPTHUM BiIXWUJICHHS
scale

loc — piiicHe (3a 3aMoBuYyBaHHsM ();

scale — milicHe (3a 3aMOBYYBaHHSM 1).

[puxnan:

3reHepyeMo 5 piBHOMIpHO BUTIAAKOBUX yuceln B iHTepBani [0;1]

sage: set random seed(0)

sage: finance.TimeSeries (5).randomize ()

[0.8685, 0.2816, 0.0229, 0.1456, 0.7314]

3reHepyeMo 5 piBHOMIPHO BUTIQJIKOBHX YHUCeEN B iHTepBai [5;7]

Sage: set random seed(0)

sage: finance.TimeSeries (10) .\

randomize ('uniform', 5, 2)

[6.7369, 5.5632, 5.0459, 5.2911, 6.4628,

5.2412, 5.2010, 5.2761, 5.5813, 5.5439]

3reHepyeMo 5 HOpMAITBHO BHITAKOBUX YHCEN 13 CEpeHIM 5 Ta pi3HH-
e 2:
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randomize ('normal', 5, 2)
[6.3534, 4.1978, 5.7153, 3.8273, 3.1269,
2.9598, 3.7484, 6.7472, 3.8986, 4.6271]

variance () — TOBepTae MUCTEPCIIO0 E€IEMEHTIB MOTOYHOTO Ya-
COBOTI'O Psifly, 110 IIPEACTABIIAIOTh COO0I0 CepPeIHIN KBaApaT BIAXHICHBBI
CEpeHbOI0 3HAUEHHS.

[Mapamerp ¢yHkuii — bias — noriuyauii (3a 3amoBuyBaHHsAM False),
aKIo False ainuvo Ha length () -1 3amicTh length () s orpuma-
HHS MEHII YIepepKeHo1 aucnepcii

ITpuknan;

sage: v = finance.TimeSeries([1,1,1,2,3]); Vv

[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]

sage: v.variance ()
0.80000000000000004

sage: v.variance (bias=True)
0.64000000000000001

hurst exponent () — oOYHCIEHHS MOKAa3HUKA XepCTa 4aCcOBOIO

pany.

[Ipuknan:

sage: set random seed(0)

sage: bm = finance.TimeSeries (1075) .\
randomize ('normal') .sums (); bm

[0.6767, 0.2756, 0.6332, 0.0469, -0.8897

152.2437, 151.5327, 152.7629, 152.9169,

152.9084]

sage: bm.hurst exponent ()
0.527450972...

plot () — dyHKUisA MOBepTae 300paKEHHST YaCOBOTO Py Y BUTIISII
miHiT 9 Toyok (i, T (i) ), me 1 — HeBIX €MHHN Alalma3oH IIJIUX YHUCENT
BiJ 0 710 JIOBXKWHU YaCOBOTO PSITY.

[Mapamerpu dyHKuii

plot points — (3a 3amoBuyBanaM 1000) 0 aGo nonatHe wine; Oy-
JIYEThCS JIAIIEC 300paKEHHS 3aaHO0T KIJIbKOCTI PIBHOBIAJAIIEHUX TOUOK B
yacoBoMYy psiii, Ko 0, To 300pakyrOThCS BCl TOUKH

points — moriuauii (o 3amMoBUyBaHHIO False), skmo True,
MOBEPTAIOTHCS JIMIIE TOYKH YaCOBOTO PSIAY.

**kwds — JOIOAaTKOBI MapaMeTpH 300pakeHHs JiHii a00 TOYOK.
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[Ipuknan:

sage: v = finance.TimeSeries([5,4,1.3,2,\
8,10,3,-51); v

[5.0000, 4.0000, 1.3000, 2.0000,

8.0000, 10.0000, 3.0000, -5.0000]

sage: v.plot() + v.plot(points=True, \
rgbcolor="red',pointsize=50)

2.5

exp () — moBepTae HOBUU YaCOBUHU PsiJi OTPUMAHUM 3a JOMIOMOTOI0
3aCTOCYBaHHS €KCIIOHEHI[IaJIbHOTO BiIOOpaKeHHS IS BCiX WICHIB PSy.
B pe3ynbTarti oTpuMaeMo HOBHI 4acOBHI psijl.

ITpuxnanu:
sage: v = finance.TimeSeries([1..5]); v
[1.0000, 2.0000, 3.0000, 4.0000, 5.0000]

sage: v.exp ()
[2.7183, 7.3891, 20.0855, 54.5982, 148.4132]

sage: v.exp().log()
[1.0000, 2.0000, 3.0000, 4.0000, 5.0000]

correlation () — moBepTaE KOPEIALO MOJAHOTO YACOBOTO PAIY,
10 € KoBapiali€er, MoijeHy Ha JOOYTOK iX CTAaHIAPTHUX BiIXHUIICHHb.
[Mapamerpu ¢pyHKIIi:
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other — yacoBuil pan

[Ipuxnaau:
sage: v = finance.TimeSeries([1,-2,3]);
w = finance.TimeSeries([4,5,-10])

sage: v.correlation (w)
-0.5580416009...

sage: v.covariance (w)/ (v.standard deviation()

* w.standard deviation())
-0.5580416009...

autocorrelation () — mOBEpPTaE KOPEIHIIID YacoOBOIO PsILy

camMoro 3 co0or (MK TONepefHIMH Ta HACTYTHUMH 3HAUYEHHSMH).
ABTOKOPEJIAIIiIO 1HOAI HA3WBAIOTh TOCIITOBHOIO KOPEIIAII€I0, IO O3HAYAE
KOPEJAIII0 MK WICHAMH PsIy YUCEN, PO3TAIIOBAHUX Y IIEBHOMY HOPSII-
Ky. TakoX CHMHOHIMaMHM LBOTO TEPMiHY € JlaroBa KOPEJALis Ta Mepcu-
CTEHTHICTb.

[Mapamerp QyHKIIT — k — HEBiI €MHE 1I1JI€ YUCIIO.
ITpuxnanu:
sage: v = finance.TimeSeries([13,8,15,4,\

4,12,11,7,14,127)

sage: v.autocorrelation()
-0.1875

sage: v.autocorrelation (1)
-0.1875

sage: v.autocorrelation(0)
1.0

sage: v.autocorrelation(2)
-0.20138888888888887

sage: v.autocorrelation (3)
0.18055555555555555

sage: finance.TimeSeries ([1..10007]) .\
autocorrelation ()
0.997
central moment () — HOBEpTaE LEHTPaIbHUA MOMEHT k-ro

MMopAaKy BI/IHaI[KOBO.f BCIIMYHNHHU &, oo € MareMaTH4YHHUM CHOI[iBaHHHM
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BCIIMYHUHH.

[apamerp Pyrkmii — k — qogaTHe YnCIO.

IIpuxnan:
sage: v = finance.TimeSeries([1,2,3])

sage: v.central_moment(Z)
0.66666666666666663

moment () — moBepTae MOYATKOBUH MOMEHT k-ro mopsaxy BUIam-

KOBOI BEJIMUNHU &, SIKUH € MaTeMaTUYHUM CHO}_'[iBaHHSIM BCIIMYMHH.
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[Mapamerp ¢yHkuii — k — togaTHe YUCIO.

ITpuxknanu:
sage: v = finance.TimeSeries([1,1,1,2,3]1); Vv
[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]

sage: v.moment (1)
1.6000000000000001

sage: v.moment (2)
3.2000000000000002

max () — IIOBEpPTA€ MaKCUMalbHE 3HAYEHHS YaCOBOI'0 pAdy.

[Ipuxnaau:

sage: v = finance.TimeSeries([1,-4,3,-2.5,-4,3])
sage: v.max ()

3.0

sage: v.max (index=True)
(3.0, 2)

min () — HoBepTaE MiHIMAJIbHE 3HAYCHHS YaCOBOTO PSIY.

ITpuxnaau:

sage: v = finance.TimeSeries([1,-4,3,-2.5,-4])
sage: v.min ()

-4.0

sage: v.min (index=True)
(-4.0, 1)

mean ( ) — MOBCPTA€ CEPCAHE 3HAUYCHHA YaCOBOI'0O psAaY.
ITpuxnanu:

sage: v = finance.TimeSeries([1,1,1,2,3]); Vv
[1.0000, 1.0000, 1.0000, 2.0000, 3.0000]



sage: v.mean ()
1.6000000000000001

range statistic() — moBepTae iHTepBal, SKMH NpeJCTaBIAE
cO00F0 PI3HHII0 MK MaKCUMAJIBHAM Ta MiHIMQJILHUM 3HAYEHHSM I[HOTO
psaay, TNOMIJICHE Ha CTaHAApTHE BIOXWICHHS PI3HMII MDK [HMHU
eJIEeMEHTaMH.

[Ipuxnaau:

sage: set random seed(0);
finance.TimeSeries (1076) .\
randomize ('normal') .sums () .\
range statistic()

1897.8392602

sage: set random seed(0);
finance.TimeSeries (1076) .\
randomize ('normal',0,100) .sums () .\
range statistic()

1897.8392602...

OTrpuMaTH MOBHUI CHHCOK JOMYCTUMHX METOJIB JJIS ONPAIIOBAHHS
YacOBHX PsJIiB MOXHA 32 BKa3iBKolo finance.TimeSeries.<Tab>.

Moayabs Stock

Monynb npu3HaueHWH A1 OTpuMaHHA iHpopmanii 3 ¢goHmoBoi Oi-
pxi. Jlanuii mMomyns no3BoJsie oTpuMyBaTH JaHi 3 (oHOOBOI OipXki B
peasnibHOMY 4aci. B naHomy kiaci peastizoBaHi (hyHKIIIT 115 3aBaHTaKESHHS
YaCOBUX PAIIB 3 Mepexi [HTepHeT, a0 *k 3 IeIKOTo (hailyioBoro pecypcy.

close () — 3HAYCHHS IIHK HAa MOMEHT 3aKpHUTTS TOPTiB IS 1HIEKCY
a0 axuii.

[Tpuknaau:

/

16.8 \\}V\‘\/\ 50 100 150 200 250
sage: # ocranui 10 mHiB sage: #3a MUHYIMM pik
cc=finance.Stock ('dow') .\ cc=finance.Stock ('dow') .\
close () [:10] .plot () .show () close () .plot () .show ()
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100 deJﬂ 300 400 500

sage: # 3 1 Tpaeusa 2008 poky IO TemnepemwHil yac
cc=finance.Stock('dow') .close('May+1l,+2008") .plot () .show ()

open () — 3HauYCHHS I[IHU HA MOMEHT BIJIKPUTTS TOPTiB JJIs 1HIEKCY
abo axil.

ITpuknan;

sage: cc=finance.Stock ('dow') .open ()

google () — maHi TOpriB s akimii abo (GoHAY MPOTATOM IHSI, 3a-
3HaueHHX y Stock, orpumanux Big Google:

[Ipuxnan:

sage: finance.Stock('vmw') .google ('May+10,+2010") [:10]

[
10-May-10 59.66 61.19 59.66 60.64 2295165,

11-May-10 59.83 62.62 59.50 60.87 1968566,
12-May-10 61.40 62.92 61.19 62.84 1745673,
13-May-10 62.61 64.59 61.78 62.19 3097101,

14-May-10 61.16 61.38 58.93 60.20 2434423
]

yahoo () — notouHi aaHi GoHay abo akiiiii, orpumani 3 Yahoo Fin-
ance.

ITpuknan;

sage: finance.Stock('ibm') .yahoo ()
{'stock exchange': '"NYSE"', 'market cap': '168.2B',
'200day moving avg': '127.595', '52 week high': '134.25°',
'price earnings growth ratio': '1.07', 'price sales ratio':
'1.74",
'price': '131.19', 'earnings per share': '10.29',
'50day moving avg':
'129.014', 'avg daily volume': '6818940', 'volume':
'9920567",
'52 week low': '99.50', 'short ratio': '1.40',
'price earnings ratio':
'12.78', 'dividend yield': '1.75', 'dividend per share':
'2.30",
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'price book ratio': '7.65', 'ebitda': '24.033B', 'change':
'-0.29",

'book value': '17.182'}

market value () - HOTOYHA IiHAa aKIii ab0 MOTOYHE 3HAYEHHS
dhonmy.

ITpuknan;

sage: finance.Stock('aapl') .market value ()
253.81999999999999

sage: finance.Stock('dow') .market value()
27.34

historical () — moBeprae HE3MIHHY IOCIIJOBHICTh I[IHOBUX
JAHUX JJIs 1aHOTO (POHAOBOTO PHHKY, OTpUMaHuX Bix Google.

IMapamerp ¢yHkuii startdate — psamok (3a 3aMOBUYYBaHHSAM
'Jan+1,+1990")

ITpuknan;

OTpumMaemo icTOpito TOPriB 3a OCTAaHHI I’ATh AHIB KoMmaHii VMware

sage: finance.Stock('vmw') .historical() [:5]

[
15-Aug-07 52.11 59.87 51.50 57.71 10678500,

16-Aug-07 60.99 61.49 52.71 56.99 6919500,

17-Aug-07 59.00 59.00 54.45 55.55 3086100,

20-Aug-07 56.05 57.50 55.61 57.33 2140900,

21-Aug-07 57.25 66.59 56.50 65.99 7369700

]

Bb. Moayas Graph

CTBOpeHHS Ta OIpaIioBaHHs rpadiB y Sage MOXKHA 3IIHCHIOBATH 3a

JIOTIOMOTOIO: a) yOymoBaHHUX 3ac00iB (yOymoBaHUX MOJTyTIS

Sage.graphs.graph Ta kigacy graphs); 0)30BHIIIHIX MaKeTiB
(6ibmiorexkn Networkx; komanm Maxima, GAP, Magma, Maple,
Mathematica To1110).

Y MMC Sage yHiBepcalbHHUM MO>KHA BBa)KaTH CIOCIO CTBOpPEHHS
HEOPIEHTOBAHOTO rpady 3a JTIOTIOMOT'OFO byHKITIT
Graph ([arguments] ), mo sBIsIE COO0I0 KOHCTPYKTOP OTHONMEHHO-
ro Kilacy. 3BepHeHHS 10 (YHKIII MOXe OyTH BUKOHAHE B OJTHOMY 13 TPHOX
(hopMartiB: ckopoueHoMy, OCHOBHOMY Ta POSUIUPEHOMY .

I[pu crxopouenomy 3BepHeHHI (0Oe3 3a3HAYEHHS AapryMEHTIB) —
Gl=Graph () — Oyne cTBOpeHO MOpOXKHiit rpad G1. 3BepHeHHS 10 dy-
HKLIT B ochosnomy popmari — Graph (data) — € HEOOXITHUM i BU-
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3HaueHHS Tpady TEBHOI CTPYKTYypH, HAMpHKIAA: 3a BKa3iBKOIO
G2=Graph ({1:[]}) Oynme ctBopeHo rpad G2 3 OIHI€I0 HYMEPOBAHOIO
BepIIMHOW, G3=Graph ({0:[],1:[]1,2:[]1}) — rpad G3, mo Mae
TPU HYMEPOBaHi BepmuHu, G4=Graph ('A':[],'B':[],'C':[1})
— rpad G4, oo Mae TP iIMEHOBaHI BepIIMHU, G5=Graph ({0: [3],1:
[2,0]1,3:[1]1}) —rpad G5, mo Mae yoTupu HymMepoBaHi BepmmaHA (0,
1, 2, 3) Ta wotupu pedpa — (0,3), (1,2), (1,0) 1 (3,1) (puc. b. 1).

Puc. B.1. I'pad, cTBopeHnii 3a BKa3iBKOO
G5=Graph({0:[3],1:[2,01,3:[1]})

OxpiM 3a3HA4YEHOr0 y MpHKIaAax QopMaTy MNOJaHHS CTPYKTYpH
rpady — sIK cioBHHKA 0i0nioTekn NetworkX — NOMYCKa€eThCs 3aJaHHS
napaMmeTpy data y BUIJISAII CJIOBHHKA CJIOBHHUKIB, CIOBHHUKA CITHCKIB,
Matpuni y ¢opmari NumPy Ta ndarray, MaTpulll iHOUIEHTHOCTI abo
MaTpuui cymixkHocTi (tabmn. b.1).

Taonuus b.1.
Dopmaru 331aHHA napaMeTpy data
dDopmar IIpukaan 3acTOCyBaHHA
CJOBHHK CIIOBHHUKIB g=Graph({0:{1:'x',2:'7",3:'a'},2: {5:'out'} })
CJIOBHHK CITHCKIB g=Graph({0:[1,2,3], 2:[4]})

import numpy
g=Graph(numpy.array([[0,1,1,1,0],

Marpuus NumPy [1,0,0,0,01,[1,0,0,0,17,[1,0,0,0,0],
[0,0,1,0,01])

Marpursa g=Graph(matrix([(0,1,1,1,0),(1,0,0,0,0),

IHIUJEHTHOCTI (1,0,0,0,1),(1,0,0,0,0),(0,0,1,0,0)])

Matpuus g=Graph(Matrix([(-1,-1,-1,0),(0,0,1,0),

CYMIKHOCTI (0,1,0,-1),(1,0,0,0),(0,0,0,1)])

Ilix poswupenum popmaTom 3BepHEHHS M0 QyHKII Graph () po-
3YMIEThCS TaKe 3BEPHECHHS, NPU SKOMY KpPiM OCHOBHOTO apryMEHTY
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(data) 3a3Ha4yarOThCS  JIOAATKOBI ~ apTyMEHTH 33  MPaBWIOM:
Ha3Ba_apryMeHTy=3HaueHHS (Tabm. b.2). TTopsinok 3a3HAYCHHS
apryMEeHTIB HE € CTPOTHUM.

Taoauusa B.2
Jonatkosi aprymentn ¢pynkuii Graph()
Ha3ga aprymenry IIpu3HaYeHHs apryMeHTy

name iM’s rpady

loops 03HaKa HasiBHOCTI IeTeNb y rpadi

multiedges 03HaKa 300payKEeHHS BCiX pedbep MiK maporo
BEPIUH

weighted 03HaKa 3BaXKCHOCTI rpady

vertex labels O3HaKa HasIBHOCTI/BiJICYyTHOCTI Ha3BU
BEPIIUH

sparse 03HaKa po3piKeHocTi rpady

OxpiM yHIBepcaldbHOTO CIIOCO0Y CTBOpeHHs rpadiB, y Sage icHye
HaOlp (QyHKIIH KiIacy graphs ais KOHCTPYIOBaHHS OKPEMHX TIPYII
rpa¢iB, HAIPUKIAL;

—3a BUTJIAIOM: Grid2dGraph (), FlowerSnark (),
TetrahedralGraph () TaiH.;

—3a CIIocoooM (hopMyBaHHS: RandomGNP (),
RandomRegullar (), RandomShell ();

— «IMEHH1» rpacdu: PetersonGraph (),
HoffmanSingletonGraph (), MobiusKantorGraph () TaiH.;

—cimetictBa rpadiB: CirculantGraph(), CubeGraph (),

BalancedTree () TalH.

[ToOymoBa Ta 300pakeHHs rpadiB Ha IUIOUIMHI Ta Y MPOCTOPI BHU-
KOHYEThCS 32 JionoMororo (pyHkmiii plot () ta plot3d(), show () Ta
show3d () Bigmosimgao (puc. b.2).

a) plot() 0) plot3d()
Puc. B.2. Tlo6ynoBa rpady Ha miomuHi (¢) Ta 'y npoctopi (6)
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VY Ttabmumsix b.3 Ta b.4 mogano meperik Ta mpu3HAYEHHS OCHOBHHX
nmapameTpiB QyHKIIH plot () Ta show () .

Taéanna B.3

IMapamerpu ¢ynkuii plot()

HasBa nmapamerpy

Ilpu3HayeHHs mapaMeTpy

layout

crocid  po3TamryBaHHS BepmuH  rpady
(circular — 300paxeHHs BepiuH rpady y
BHTJISI KONMa, tree — 300pakeHHs rpady y BU-
IJSIIl JlepeBa; KOpiHb  JiepeBa  3a/1a€ThCs
mapaMeTpoM tree root, B TNPOTUICKHOMY
BUNAJIKy KOpiHb Oyzae oOpaHO y BHUIAIKOBHH
croci0)

vertex labels

O3HaKa BUBCJCHHS Ha3B BEPUINH

vertex size

po3mip BepmiuH (3a 3amoBuyBaHHsIM 200)

vertex shape

¢dopmat 300paxkenHss BepunH ('~ — y BUITIAAL
TPUKYTHUKA, '0' — y BUTIAAL Koja, 's' — y BH-
TNl KBajgpary, 'o' — y BUIVISIALI IM'SATHKYTHHUKA
TOIIO; 32 3aMOBYYBaHHSM '0")

vertex color

KOJIip BEPUINH

graph border

O3HaKa HasBHOCTI/BIICYTHOCTI paMKH HaBKOJIO
rpagy

edge labels

03HaKa BUBEACHHS Ha3B pedep

edge colors KoJIip pedep

edge_style crunp pebep (solid — cyuinbHa JIiHIA,
dashed — mWTpUX-MyHKTHPHA JiHis, dotted —
MYHKTUPHA JIiHis)

partition 03HaKa 300paykeHHs pedep Pi3HUMHU KOJIbOPAMHU

color by label KOJIip Ha3B
tree orientation | posmimieHHst KOpeHs gepeBa (JIOropu, JOHH3Y)
Taoannsa b.4
IMapamerpu pyHkuii show()
Ha3Ba napamerpy IIpu3HayeHHs MapaMeTpy
frame O3HaKa HAasBHOCTI/BIICYTHOCTI paMKH HaBKOJIO
300paxkeHHs (332 3aMOBYYBAHHSIM BiJICYTHS)
fontsize po3mip mpudTy, T0JATHE ITiJIe YHCIIO
figsize PO3Mip BEPLIMHH, TOJATHE LiJIe YHUCIO0
xmin MiHIMaJIbHa KOOpPJMHATA IO BiCi X
Xmax MaKCHMaJbHa KOOPAMHATA 1O BiCi X
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ymin

MiHiMaJIbHa KOOPIMHATA 110 BiCi Y

ymax

MaKCHUMaJIbHa KOOpAWHATA I10 BiCl Yy

gridlines

ciTka 3 KpokoMm figsize

aspect ratio

Koe(illiEHT MPOMOPIIHHOCTI 300paXKeHHs

BuxonanHs pizHOMaHITHUX oIepalliif Hal eleMeHTaMu Tpady mepen-
Oavae 3BepHEHHS A0 BiAmoBinHUX MeToAiB kinacy Graph. Ilepenik ta npu-
3HAa4YeHHS OCHOBHUX METOJIB mogaHo B Tabmuni b.5. OTpumaru noBHUi

CITUCOK JOITYCTUMHUX METOMIB IS
BKa3iBKOI Graph.<Tab>

OcHOBHI MeTOaH oI

ompamoBanHsa TpadiB MOXHa 3a

Taoaunsa B.5
anBanHs rpadis

Ha3zsa meToay

le/l?.Ha‘leHHfl METOAY

edges (labels, sort)

BU3HAYCHHS CIIUCKY pedep, KOKHE 3
SKHX TOJIAEThCS TPIMKOI YHUCeN
(u,v,l), me u Ta v — BepmuHU Tpady,
1 — Ha3Ba pebpa

vertices ()

BU3HAYCHHS CITMCKY BCPIINH

add_edge (u,v, label)

nmonaBaHHs pebpa label, mo 3’eanye
BEPILIUHYU U Ta V

add vertex (name)

JTOJIaBaHHS 130JIbOBAHOI BEPIIUHU 3
IMEHEM name

add vertices (vertices)

JIOJITAaBaHHS BEPILUH, IO 337aF0ThCs
CIIMCKOM vertices

delete vertex(vertex,in
order)

BUIAJICHHA BCEPIOIHMHU IMEHEM

vertex

3

set edge label(u,v,1)

HagaHHsa peopy (W,v) imeHi — |

add edges (edges)

JloJlaBaHHs pedep 3a cruckoM edges

num edges ()

BHU3HAYCHHsI KIJILKOCTI pedep rpady

num_verts () BU3HAYECHHS  KUIBKOCTI  BEpLIMH
rpady

degree (vertices, labels) |Bu3HAYeHHs CTENCHS  BEPIIMHH
vertices

name (new)

neperMeHyBaHHs rpady

shortest path(u,v,by wei
ght,bidirectional)

BU3HAYEHHS HAWKOPOTLIOrO HUISXY
BiJI BEPIIMHH U J0 BEPLIMHU V Y BU-
TJISTI CIIMCKY BEPIIUH

all paths(start,end)

BU3HAYEHHs CIIMCKY BCIX IUIIXIB
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Ha3zBa meToay

IIpu3HayeHHs MeTOAY

MDXK Iaporo BepmuH (start,end)

distance (u,v)

BH3HAYCHHS BIACTaHI (AOBXWUHU
HAHKOPOTIIOrO NUIAXY) MK TapOI0
BepIH (U,V)

min spanning tree ()

BU3HAYEHHS MIHIMAQJIBHOIO OCTI-
BHOTO JIepeBa

clustering coeff (nbunch,
with labels,weights)

BU3HAUEHHS CIHCKY KOEQili€HTIB
KJIacTepizallii Ui KOXKHOI BEPIINHU
31 cmucky nbunch y Burmami
BIIOPSIIKOBAHOTO CITMCKY

clustering average ()

BU3HAYEHHSI CEPEeHBOr0 Koedilie-
HTY KJIacTepisamii rpady

cluster triangles (nbunch
, with labels)

BU3HAYEHHS KiJTbKOCTI TPUKYTHHKIB
JUISL BEPLIMH YIMOPSAKOBAHOTO CIIH-
cky nbunch

cluster transitivity()

BU3HAYCHHS KOe(Illi€eHTY TpaH3U-
TUBHOCTI

OxpiM KOMaHJHOTO CIOCOOY 3BEpHEHHs 10 (YHKIIH NepeTBOpEeHHS
rpady, y Sage nmependadeHa MOXIUBICTD MOJaHHA rpady y peJakTopi 3

HAIiBAaBTOMATUYHAM PEKHUMOM  YIIPABIiHHS.

Binkputts pemakTopy

3I1MCHIOETBCA 3a BKa3iBKOIO graphs editor (graph), Hanpukiaz

(puc. B.3):
sage
graph editor (g)

g=graphs.CompleteGraph (3)

live: r

variahle name: lei
strength:

length:

_help |

Puc. B.3. Intepdetic penakropy rpadis MMC Sage
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VY penaxtopi Hax rpad)oM MOXKYTh OYTH BHKOHAHI Taki omepariii: Bu-
0ip, mepeMimeHHs Ta BUAAJIEHHS OyAb-IKOi BEpPIINHH; CTBOPEHHS HOBOI
BEPLINHHU; CTBOPEHHs a00 BUIaJeHHs pedep Towo.

B. Moayas dynamics

Po3pobnenuit H. A. XapamksH Mmogyns dynamics npu3HaueHo At
NOOYZOBU TPAEKTOPIH pyXy MUHAMIYHHUX CHCTEM (pakKTalbHUX 00’€KTiB
BKJIIOYA€ HACTYNHI QyHKIii: evolution, evolution 2d, chaosgame
staircase, ifs, orbits Ta rk.

Oynkuist evolution(fun,initial, n) po3paxoBye MHOXHHY
n+1 TOYOK, AKi 300pa3uMo Ha JBOBUMIpHOMY TpadiKy, e TOPH30HTAIbHI
KOOpAMHATH TOYOK € yucha 0, 1, 2, 3 1 T.1., a BepTHKaJIbHI KOOPIUHATH —
BiJIMIOBi/IHI 3HAYEHHSI TIOCIiIOBHOCTI, BU3HAYeHI PEKYPEHTHUM CITiBBiTHO-
menHsM fun(y,«1=F(y,)) 3 MOYaTKOBUM 3HaYeHHsIM initial.

Jliist 300paskeHHs MOCIiTOBHOCTI TOUOK 3, €0S(3),cos(cos(3)), ...

BUKOHAEMO HACTyIHI koMauau (puc. B.1):
sage: var('y")
evolution (cos(y),2,20);
show (point (a,pointsize=5))
cos(y)

2

15+

05

=

05

Puc. B.1. I'padivne nogaHHs MOCIiJOBHOCTI TOUYOK
3,cos(3),cos(cos(3)),...

@ynkuis evolution 2d(fun,state,initial, n) po3paxoBye
po3TalryBaHHs Ha IUIOIIKHI (72+1)-01 TOUKK TOCHIiJOBHOCTI, IO BU3HAYAE-
THCS AUCKPETHOIO JUHAMIYHOIO CHCTEMOIO 3 PEKYPEHTHUMHU CITiBBiHOIIIE-
HEIMHA  fun(u,«1=F(u,, Vi), Vur1=G(U,, v,)) 3 3MIHHUMH TIOJIOKCHHS
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state Ta NOYATKOBUMH 3HAUYCHHIMHU initial (uo, Vo) .

[Mpukian: AUCKPETHI JBOBUMIPHI CHUCTEMHM, IO MAIOTh XaOTHYHI
PO3B’SI3KH, HA3UBAIOTHCS KapTaMu XEHOHA Ta BU3HAYAIOTH 32 JIOIIOMOTOI0
PEKYPEHTHOTO CITiBBiAHOIICHHS 3 TapaMeTpaMu a i b:

. 2

yn+2 _1+ayn +byn+l

Jis mopaHHs KapT XEHOHA Yy BUIVISIII CHCTEMH PIBHSHBb MEPIIOTO
TIOPSAIKY BBEJIEMO MiJICTAHOBKY V41 =X,

_ )
%H_1+@%+b%

Vi =X,
Otpumyemo cucteMy QyHKIIN {X,+1, Vu+1} BITHOCHO 3MIHHHX X, ).

[Ipu pi3HKUX 3HAYEHHAX ¢ 1 b MOKHA OJIEPIKaTH Pi3HI TPAEKTOPil pyxy
JVHAMIYHOI CUCTEMU:

sage: a=evolution 2d([1+0.3*y-1.4*x"2,x], [x,v],
[0.2,0.2], 100000) #3amaHHa MOIeJsil Ta OOUMCIOBAJILHUNA E€KC-—
IepPUMEeHT

show (point (a,pointsize=5)) # rpabdiuHe nomaHHS pe3yJbLTATiB

OBUMCIIEHHSA EKCIIEPUMMEHTY

Puc. B.2. Kapra Xenona st piBasiHHEs v =1+0.3-y —1.4- x*

Hotpumanns apxitekrypu MVC no3Bosisie 301IBIINTH HEBEIHKY

00mactb 3 neHTpoM B (0.31, 0.68) 6e3 TOBTOPHOTO PO3paxyHKy MOJIEII:
sage: b=point (a,pointsize=5)
b.set axes range(0.12,0.44,0.54,0.95)
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show (b)

095

0.54
012

¥

Puc. B.3. CamononiOHicTs KapT XeHOHA

I'padixn Ha puc. B.2—3 € ¢pakramamu, mpo Lo CBiAYUTH HOro
camonoAiOHICTh (ICHyBaHHS YacTHH, SIKi TOBTOPIOIOTHCS, TIPH JIOBUTEHOMY
30UbIIeHH] Oynb-sikoi yacTWHHM 300paxkeHHs). Puc. B.3 orpumano 3a
JIOTIOMOTOFO 301IbIIIEHHS YaCTUHH 300pa)KeHHSI, SIKe BHIUICHE KBAaJpaTOM
Ha puc. B.2.

Oynkiiis chaosgame (point, p0,b, n) peamidye Tak 3BaHy Ipy
XaoCy: CIOYaTKy po3paxoByeThcsi Touka p0=[x0,y0], IO HaJeXHUTbH
cucky point=([x1,y1l], ..., [xm,ym]), ska oOUpAETHCI y BHU-
naakoBuii croci6. HactymHa ToYka po3paxoBYETbeS i3 BiAPi3Ky, IO
3’€IHy€E TIONEPEIHIO TOYKY 3 BHUIIAJIKOBO OOPaHOIO Ha BIiJCTaHi, PiBHIH
JIOBXKMHI IIOTO BiJpi3Ka, TOMHOXEHIH Ha b. [Iporienypa MOBTOPIOETHCS 1
pasiB.

BukonaBu komanny:
sage: cl=chaosgame ([ [0, 01, [1, 01, [0.5,0.866025]1,
[0.1, 0.11, 1/2,30000)

OTpUMaEMO (pakTalbHy NMOBEepxHIO — cepBeTky CepmiHckoro (puc. B.4).
Ha puc. B.5 300pakeHo nuBHHMI aTpakTop B 5 TOYKaxX 3 BEPIIMHOIO B
MIEHTP1 TUIOIIMHHM Ta MOJIOBUHHUM KOe(DIIliEHT CTHCHEHHS.
sage: c2=chaosgame([[0,0],[0,1],[1,0],[1,1]1,\
[0.5,0.511,[0.5,0.5], 1/3,30000)
show (point (cl))
show (point (c2))
Oyukris ifs (prob, mat, point, p0, n) peamizye METON
cuctemMn itepatuBHUX QyHKIiA. [lapamerpamu ¢yHKIIT € mepernik
HMOBIPHUX 3Ha4€Hb Prob i3 COMCKY m MAaTpULb mat, CIHUCKY 7 TOYOK
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point, ogHa 3 SIKUX € TTOYaTKOBOIO 0 Ta KUIBKICTIO iTepamii n, Ky Tpe-

0a BUKOHATH.

Puc. B.4. Ceperka CepniHCEKOTO

nE m

% :1*« =%
5 T
e o o

Puc. B.5. J[luBHuii arpakrop

3acToCyBaBIIM HACTYITHI KOMAaHIH, OTPUMAEMO (PpaKTaIbHE IEPEBO

(puc. B.6):

sage: ml=matrix([[-0.550,
[-0.179, 0.55011)
pl=matrix ([[-0.4387,
m2=matrix([[ 0.2406,
[0.275, .365]11)
p2=matr1x [[-0.379]7,

[l

(
m3=matrix (
[-0.147, -0.459]11)
p3=matrix ([[-0.283],

-0.1791, \

[0.382]1])
0.1937, \

[0.53811)
0.006, -0.01471, \

[0.490]11])

c=ifs([1,2,3], [ml,m2,m3], [pl,p2,p3],\

[-0.3,0.2]1,10000) ;
show (point (c))

Jyis moOy0OBH CIIOYATKY MU BHKOPHUCTOBYBAIIU B SIKOCTI TTOYaTKOBOI
TOYKH TMOYATOK KOOPJAMHAT Ta TMOYMHAIH 3 MAJOro 3HAYCHHS n, a s
301IBIICHHS PIBHS JeTaji3alii BUKOPUCTAIM B SKOCTI MIOYaTKOBOI TOYKH
(-0.3, 0.2), mo € gacTuHOIO (hpakTaiy, i Opamu OUTBITY KUTBKICTh iTepa-

3acobamu QyHkmOii ifs MoXHa OTpUMAaTH MAMBHY HamopoTh

L.
bapenci:
sage: al=matrix ([[0.85,0.0471, [-

aZ2=matrix ([[O.
a3=matrix ([[-0.
ad= matrix([[O,
pl=matrix ([[0],[1.6]11)
p2=matrix ([[0],[1.6]1])
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0.04,0.85]]
2,-0.261,1[0.23,0.2211)
15,0.281,[0.26,0.247]

)

)

0],00,0.1611)



p3=matrix ([[0],[0.44]])
p4=matrix ([[0], [0]])
sage: c=ifs([85,92,99,1001, [al,a2,a3,a4],\
[pl,pl,p3,p4]1,1[5,0],50000);
show (point (¢, rgbcolor=(0,1,0)))
Oynkiis  staircase (fun, initial, n) po3paxoBye
MHOXHHY TOYOK JJisl ToOyIOBHU iTepauiiHoi Aiarpamy MOCIiOBHOCTI 3 7
GJIIEMEHTIB, IO 33Ja€TbC PEKYPEHTHUM  CIIBBIJHOIIEHHSAM fun

(Vwr1=F(y,)) 3 mOYaTKOBUM 3HAUYCHHSIM initial.

Puc. B.6. ®pakransre nepeBo, Puc. B.7. ®pakransHuii 00’ €KT «u-

110 YTBOPIOETHCSA CUCTEMOIO 3 BHUII Marnopoth bapeHcniy, 1o
TPHOX iTepamiiHIX QYHKIIIH YTBOPIOIOTBCS] CUCTEMOIO 3 UOTH-
PBOX QYHKIIIN

Jlyist moOYy/I0BH iTepaliiHOl Aiarpamu JUist OCHi JOBHOCTI Yyt 1=,"—0.2

3 MOYaTKOBUM 3Ha4eHHsM 1.1 (puc. 8) cimig BUKOHATH KOMaHY:
sage: var('y")
p=staircase(y"2-0.2,1.1,10)
show (point (p))

Oynkuis orbits (f, y0, nl, n2, domain) po3paxoBye
TPAEKTOPIFO CiIMEHCTBA OJHOBUMIPHHUX AUCKPETHUX TWHAMIYHUX cUCTeM f
3 OIHUM TapaMeTpoM X, y0 — MOYaTKOBE 3HAUEHHSI, N1 — KUIBKICTH iTepa-
[iff, mo OyayTh iTHOpYBaTHICS, N2 — KUIBKICTH iTepariid, AKi OymyTh
300paxkeHi Ha PUCYHKY, domain — CIHCOK, KWW MOYMHAETHCS 3 X 1 BH-
3HaYa€e IMOYATKOBE 3HAYCHHS JUIsl TEepelliYeHuX B HHOMY MapaMeTpiB,
OCTaHHE 3HAYEHHS IaHOT'O CIIMCKY — MIPUPICT IapaMeTpa.
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Januii TUO nmiarpaM BUKOPHUCTOBYETHhCS TPH BUBYEHHI Oidyprarrii
OTHOBUMIPHUX JUCKPETHUX CHUCTEM.
[MoOymyeMo  TpaekTopiro Juisi  KBaJIpaTUYHOTO  BiJOOpakeHHs
V1=V X, 1€ x — mapamertp (puc. B.9-10):
sage: var('y")
a=orbits (x+y”2,0,100,400,\
[x,v,0,-1.53,-0.0011);
show (b)

Hotpumanus apxitekrypy MVC 103Bojsi€ 30UIBITUTH HEBEIHUKY
o0mactp 3 mieHTpoM (—1.25, —1.25) 6e3 MOBTOPHOTO PO3PaxXyHKY MOZETI.
Jlg iboro HeoOXi/THO BUKOHATH HACTYITHI KOMaH IH:

sage: b.set axes range(-1.5,-1,0.8,1.6)

b=point (a,pointsize=3)
show (b)

B pesynbrari orpumaemo pwuc. B. 10, 1mo aeMOHCTpye camoromi-

OHiCTB, a OTXKE i hpaKTanbHy MPUPOAY NOCTIKYBAHOTO 00 EKTY.

y(n+1)

0 05 1 15
y()

Puc. B.8. I'padiune momganHs iTepariiitHoi giarpamu
JUTS TOCIT IOBHOCTI V41 =),—0.2

-2 -1.75 =15 -125 -1.0 -075 -0.5 -025 00 025

¢
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Puc. B.9. Tpaexropis pyxy nuaami-  Puc. B.10. 36inbmena obiacte au-
YHOI CHCTEMH Y41 =), TX HaMI4HOT CUCTEMH Y,+1=, X,
B obuacTi 3 nentpom (-1.25, -1,25)
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