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BCTYII

HapuanbHe Bupanus “30ipHuk 3amay. JliHiiiHa anreOpa Ta aHadiTH4YHA
reoMeTpisi’’ HamMcaHe Yy BIANOBIAHOCTI JO0 mporpamu Kypcy “‘Buia
MaTeMaTuka” IS TIATOTOBKHM OakajaBpiB YCIX 1HXKEHEPHO — TEXHIYHHX
cnemansaHocTeit HTYY “KIII”.

3aJlayHUK CKJIAJIGHO Ha OCHOBI 0araTOpiyHOro JOCBIAY BHKJIAQJIaHHS
aBTOpaMH KypCy BHIIOI MAaTeMaTHKU 1 € CKJIQJOBOIO METOAUYHOTO
3a0€3MeUYeHHs] KPEAUTHO — MOJYJIbHOI CHUCTEMHM HAaBYaHHS 1 PEUTHHIOBOL
CHUCTEMH OI[IHIOBAaHHS 3HAHb CTY/ICHTIB.

Y HBOMY MICTUTBCS MEpeNiK TEOPEeTUYHMX MUTaHb 3 MOAYJS, SKHUM
BUKOPHUCTOBYETHCS TPH TECTOBOMY KOHTPOJII 3HAHb, HAa ICIHTI 1 TiJ Yac
MPOBEICHHSI MOYJIbHOI KOHTPOJIbHOT POOOTH.

Posrnsanyto HactynmHi Temu KpeautHoro moxayns JliniiiHa anreOpa Ta
aHAJTITUYHA TEOMETPIs”:

— i1 HaJl MAaTPULIIMH, BU3HAYHUKH;

— CUCTEMHU JIIHIHHUX PIBHSHB;

— BEKTOpHa anreodpa;

— JIHIMHI TEOMETPUYHI 00’ €KTH: TpsiMa 1 TIJIOIINHA;

— KOMIIJIEKCHI YHCJIa;

— anreOpa MHOTOWJICHIB;

— KpHBI 1 IOBEPXHI1 APYTOro MOPSIIKY;

— JIHIAHI TPOCTOPH 1 JIHINMHI ONIepaToOpH;

— KBaJpaTu4Hi Gopmu;

— 3BEJICHHSI 3araJIbHUX PIBHSIHb KPUBHX 1 MMOBEPXOHb JIPYTOTO MOPSJIKY 10

KaHOHIYHOTO BUTJISY.

Koxxuuit maparpad MiCTUTh: OCHOBHI TEOPETHYHI BIJJOMOCTI, SIKI CTYyACHTH
BUKOPUCTOBYIOTh TPU PO3B’sA3aHHI 3a/1ad; 3pa3Kd pPO3B’SI3aHHS HANOLIBII
TUTIOBUX HABYAIBHUX TPUKIAJIB, SKI CHPUSIOTH PO3BUTKOBI MPAKTUYHUX
HaBUYOK Yy 3aCTOCyBaHHI TEOPETUYHUX TOJIOKEHb 1 CIyXaTh 3pa3KoM
o(opMJIEHHSI 3aBJlaHb IPY BUKOHAHHI PO3pPaxyHKOBOi 1 CaMOCTIHHOI poOOTH
CTYJIEHTIB; JOCTATHIO KUIbKICTh 3aBAaHb ISl ayIMTOPHOI 1 CAMOCTIMHOI poO0oTH
Ta BIAIMOBIAI 10 HUX.



VY mnociOHUMKY HyMmepalis pPHUCYHKIB HacKkpi3Ha, a Hymepaiis Qopmy,
OpUKJIaAiB 1 3aBJlaHb aBTOHOMHA Yy Mexax KokHoro mnaparpada. ITouarok 1
KIHEIb PO3B’sI3aHHS MPUKJIAJIIB MO3HAYAIOTHCS BIAMOBITHO cCUMBOJlaMu 4 P>,

ABTOpPU BHCIIOBJIIOIOTh UIUPY BASYHICTH BIJNOBIIAJILHOMY PEIAKTOPY
nocionnka npod. Kinecory O. 1. 3a perenbHe npoynTaHHS PYKOMHCY 1 3p0o0JIeH1
HUM 3ayBa)KCHHS.

He3Baxkatoun Ha 3ycWUIsl aBTOPiB, Y MOCIOHUKY MOXXYTh OyTH BHUSIBICHI
JesiKi  ONeYaTK 1 TOMWJIKM. ABTOpHM Hamepes MPHHOCATh 3a HUX CBOI
BuOayeHHs1 1 OyAyTb BJASYHI 32 KOHCTPYKTHBHY KPUTHKY 1 BKa3iBKM Ha Il
HEJTOIIKH.

[TociOHMK peKOMEHJOBAaHMM CTyJEHTaM JJIs OpraHizaiii iX caMOCTIHHOI
po0OOTH, a TaKOX BUKJIAJladyaM BHWINOI MAaTeMAaTUKU y TEXHIYHUX BYy3aX IS
BUKOPHUCTAHHSA y JICKIIIWHIN Ta ayIUTOPHIN pOOOTI.

BI/IKOPI/ICTaHi IMNO3HAYECHHA

N — MHOXHHA HaTypaJIbHUX YHCEIT,

R — MHOXMHA JIMCHUX YHUCEIT,

7, — MHOXWHA IINX YHCEIT;

Q — MHOXHMHA paIrlioHAJIbHUX YHCEIT;

C — MHOXHHA KOMIUIEKCHHX YHCET;

RI, R? , RS , R” —BigmoBimHo omHO- , ABOX-, TPH- 1 7N-BUMIPHI BEKTOPHI
MIPOCTOPH;

V — IOBUIbHUH, JJIS BCIX, KBAHTOP 3araJIbHOCTI;

3 — iCHy€, KBaHTOp 1CHYBaHHS;

€ — HaJIC)KHUTh, X € M — eJIeMEHT X HAJIe)KUTh MHOXKUHI M ;
¢ — HC HAJIC)KUTh;

A, B, C,---—wmarpui, a,b,c,---— €IeMEHTH MaTPUIIb;

A,,y,, —MaTpuLd, Y SIKIi m PAIKIB 1 7 CTOBIILIB;

E, —onvHAYHA MaTpUL;



diag(ay1,ay,+,a,, ) — HiaroHaIbHa MaTPHLLS;

det 4, |4

, A —eTepMiHaHT, BA3HAYHUK MATPHIIL;

M ;; — miHOp eneMeHTa a;;;

A;; —anreOpaiuHe TOMOBHCHHS CICMEHTA d;;

Al - TPaHCIIOHOBAaHA MATPULLS,

A - oOepHEeHa MaTPUILS;

A" —npuennana  Matpuus  (ckiageHa i3 anreGpaiuHux
TPAHCIIOHOBAHOI MaTPUII1);

(A|B), A—po3mupeHa MaTPULLL CHCTEMH;

rangA — paHr MaTpHIIi;

all b— KOJIIHEapHi BEKTOPH;

d L b —opTOroHa bHI BEKTOPH;

z=x+1iy, x=Rez, y =Imz—KoMIlIEKCHE YUCIIO;

Z = X — [y — CIIpSDKEHE KOMIUIEKCHE YHUCIIO;

‘z‘ — MOJyJb, argz —apryMeHT KOMIUIEKCHOTO YHCIIa;

P, (z)—MHOTO4ICH 1 —TO CTCIICHS;

L, — n—BUMIpHUI1 T1HIHHUNA OPOCTIP;

E, —n— BUMIpHHI €BKIIIIB IIPOCTIp;
dim L — po3MipHICTb JIIHIHOTO TPOCTOPY;
X, Y, Z —CJIEMEHTH JIIHIHHOTO IIPOCTOPY;
A — NiHIIHUE oniepaTop;

SpecA —criexTp oneparopa;

trA — ciijl THIKHOTO OTIEPaTopa;

imA —o0pa3 JIHIHHOTO onepaTopa;

ker A — sigpo THIAHOTO ormepaTopa.

JOIIOBHCHb



Ex3aMeHalniHa nmporpama 3 JIiHIMHOI
aJireopv Ta aHaJIiTUYHOI reoMeTpii

1. Jliif Ha;g MaTpuIsaMu: MHOKEHHSI Ha YHCIIO, T0JJaBaHHS, TOOYTOK MaTPHIIb.
BiactuBocrti miid.

2. BuzHaunuKkwH, iX 0OYMCICHHS 1 BIACTUBOCTI.

3. Minop wmarpuui k-ro mnopsiaky, anreOpaiyHe JOMOBHEHHS €JIEMEHTA.
OOuucneHHs BU3HAYHUKA N-TO TOPSIKY.

4. OGepHeHa Matpuiis, ii o0uncieHHs. Po3B’s13aHHs MAaTPpUYHUX PIBHSHbD.

5. Panr matpuiii, oro obuncieHHs. Teopema npo 6a3uCHUN MIHOP.

6. Po3B’si3aHHS KBaJlpaTHOI CHCTEMH alireOpaiuHuX PIiBHSAHB 3a opMyIamMu
Kpamepa.

7. HocmipkeHHS Ha CYMICHICTb 1 PpO3B’S3aHHS 3arajJibHOi CHUCTEMU
anreOpaiyHuX piBHIHBb MeTo0M ['aycca. Teopema Kponekepa-Kanerni.

8. Po3B’si3aHHSA CHUCTeMH JIHIMHUX OJHOPITHUX PIBHSAHB, (PyHIAMEHTAJIbHA
CUCTEMA PO3B’SI3KiB.

9. JliniiiHi omepariii HaJ BEKTOpaMU: JOJaBaHHS, BITHIMAHHS, MHOKCHHS Ha
yucino. [Ipoekiis BeKkTopa Ha BICh.

10. [lekapToBa cuctema koopauHar. BusnauenHs 6asucy. Teopema 1mpo
€IMHICTH PO3KJIaTy BEKTOpa 3a 0a3ucom.

11. OcHOBHI 3a7a4l IEKapTOBOT CUCTEMH KOOPJMHAT: MO BiJIpi3Ka HABIILI
Ta y BigHomeHH1 A. KoopauHaTu BeKTOpa, BiICTaHb MK JIBOMa TOUKaMHU.

12. IlonsipHa cucteMa KOOpAUHAT. BakuBi KpUB1 Y MOJSIPHUX KOOPJIMHATAX.

13. [lepeTBOpeHHS MPSMOKYTHOI CUCTEMU KOOPJMHAT: TOBOPOT HAa KYT a Ta
napaJjiebHe IEpeHeCeHHs, (POPMYIIH MePETBOPEHHSI.

14. Cxansipauii 100yTOK BEKTOPIB, MOTO BIACTUBOCTI, KOOpAMHATHA (hopma.

15.BexTopHuii 100yTOK BEKTOpi, HOTO BIACTHBOCTI, KOOpJAMHATHa (opma,
0OYHCIICHHS TUIOLIL.

16. Mimanuii 100yTOK BEKTOpiB, T'€OMETPHUYHUN 3MICT, BIIACTUBOCTI,
koopauHaTHa popma. OOuucIeHHs 00’ eMIB.

17. Pi3H1 BUTIsIAM PIBHSHHS IPSIMOI HA TJIOIIMHI.

18. Kyr wmix paBoma mpsMuMH B R°, yMOBH TapalelbHOCTI 1
NEePHEHAUKYJISIPHOCTI.

19. HopmaiibHe piBHSHHS IpsaMoi B R°. BiIXuieHHS Ta BiACTaHb BiJl TOYKH
JIO IPSAMOI.

20. Pi3H1 BUrIs11 PIBHSHHS TIOIIMHHY.

21.Kyr MK  JgBOMa  IUIOIIMHAMH, YMOBM  HapajelbHOCTI 1
NEPIIECHIUKYISAPHOCTI.



22. HopmasibHe piBHSIHHS TJIOMIMHU. BiAXWUIeHHS Ta BiJICTaHb BiJl TOYKU 10
TUTOIIMHU.

23. Pi3ni Burnsam piBHAHHS mpsmoi B R°. KyT MiK TOpsMUMH, YMOBH
napajiebHOCTI 1 IEPIEHIUKYJIISIPHOCTI.

24. B3aemHe posTainyBaHHsS MpsAMOi 1 miommHu. Todka ix meperuy. Kyt
MDK MPSMOIO 1 TUIOIIMHOK, YMOBH NapasiesIbHOCTI 1 HEPIEHIUKYJIISIPHOCTI.

25. Eninc, fioro kaHOHIYHE PIBHSIHHS Ta OCHOBHI XapaKTEPUCTHKHU.

26. I'imep6omna, il kKaHOHIYHE PIBHSIHHS Ta OCHOBHI XapaKTEPUCTHUKHU.

27. ITapabona, 1i KaHOHIYHE PIBHSHHS T4 OCHOBHI XapaKTEPUCTUKH.

28. LluminapuyHi MOBEPXHi, MOBEPXHi 0OEpPTaHHS Ta KOHIYHI TMOBEpXHi. Ix
PIBHSIHHS, IPUKJIA/IH.

29. Enincoin, nocmimxkenus oro dpopmu. Chepa.

30. OxHO- Ta ABOTMIOPOXKHUHHHM TepOOoI0inu, JOCTIKEHHS X HOpMHU.

31. Enintuunuii Ta rinepOoaiyHuii napabosioinu, JoCHiKeHHs iX GopMHu.

32. KoMiuiekcHi yucia: anreOpaiyHa, TPUTOHOMETPUYHA Ta TMOKA3HMKOBA
dbopmu 3anucy, aii HaJ HUMU.

33. Jlii vax mHOTOWIeHaMH, cxema ['opHepa, Teopema be3y, HacigoK.

34. OcHoBHa Teopema anreOpu. Po3kiag MHOTOWIEHa Ha MHOXKHHKH,
KpaTHICTb KopeHs, GopMynu Biera mna P,(z).

35. Po3knan paioHaJIbHOTO Ipo0y HAa CyMY €JIEMEHTapHUX.

36. Jliniiinuii mpoctip, HWoro akciomu. Po3MipHicTh mpocTopy 1 0Oasucy.
Teopema mnpo €IMHICT, PO3KIAAy BekTopa 3a OasucoMm. I[lpuknanu
MIPOCTOPIB.

37. EBkiiaiB mpocTip, Horo akciomu. HepiBHicTh Komri-byHskoBCBEKOTO 1
MinkoBcrkoro. Hopma BekTopa, opToHOpMOBaHM Oa3ucC.

38. Jliniiinuii omeparop, MOro MaTpulld, 3MiHA MaTpPHIll oOlnepaTopa IpU
nepexoi 10 HOBOro 6a3ucy.

39. BracHi 3Ha4yeHHsI Ta BJIACHI BEKTOPH JIHIHHOTO omeparopa 1 MaTpHIl.
3BeCHHS MATPHIIi 10 T1arOHATHHOTO BUTIISTY.

40. KBagpatnuna Qopma, ii Matpuisd. 3BeeHHA KBaapaTuyHOi (opMu [0
KaHOHIYHOTO BWIJISAY. 3HAKOBU3HAYCHICTh KBAAPATUYHOI  (OPMH.
Kputepiii CunpBectpa.

41. 3BelleHHA 3arajlbHOTO PIBHSHHS KPHUBOi 1 MOBEPXHI JAPYroro NopsaKy A0
KaHOHIYHOTO BUTJISIY.



Po3gis 1. MaTpuni. BusHadyHMKHU. CUCTEMU JIIHIMHUX
ajreopaiyHux piBHaHb (C/IAP)

§1. dii nag maTpuussMu. BUsHAYHUKH

1. Cymow A+ B matpuub A 1 B 0AHAKOBUX PO3MIPIB 7 X m HA3UBAETHCS

matpuipt C TakOro K PO3MIpY, GIEMCHTH SIKOT ¢;; = a;; + by, i=1,n, j=Lm.

i ij>

2. Jlooymkom  matpuii A HAa YHUCIIO 0, HA3UBAETHCA MATPULA

nxm

Bym=0a-4,ydKoi by =a-a

l"j .
3. Pisnuyero A—B nasuBaerbcs Marpuus A+(—B), ne marpuus —B €

IIPOTHUIIEIKHOKO 110 B.

4. /lia mHodycenna BU3HAYEHA JTULIE I Y3TOJUKEHUX MAaTPHULIb.

Marpuns  A4,,,, Ha3UBAECTLCA Y32000iCeHOI0 3 MaTpuuer B SKIIO

mxp >

KUTBKICTh CTOBMIIIB 71 MAaTPUIll A TOPIBHIOE KUIBKOCTI PAJIKIB MaTpHIl B.

PosrisiHemo crovaTtky 10OYyTOK €1eMEHTIB i-TO psjika MaTpulli A Ha j-ui
CTOBIEIs MATPHIIi B. 3a 03Ha4YECHHSIM 1€ Oy YHCIIO:

b,

:ail‘b1j+ai2‘b2j+...+aim'bmj:Zair‘brj, (1)

r=1

(ail dip - aim)'

b

mj
SKE TOPIBHIOE CyMi JJOOYTKIB BIJMOBIAHUX €IEMEHTIB PSAKA 1 CTOBIIIIAL.

Jlobymkom 1BOX Y3TOJUKEHHX MaTpullb A,

C

n

m 1 By, Ha3UBAETBHCS MaTpHIA

«p =A+B, KOXHHH €IEMEHT SKOi IOPIBHIOE CyMi JOOYTKIB CICMCHTIB i-TO

panka wmaTtpuili A Ha BIANOBIAHI €JIEMEHTH j-TO CTOBILS MaTpuil B:

m I _
r=
Marpuis A,Y,;xn, Ky OTPUMA€EMO 3 MaTpull 4, ., 3aMIHOIO ii pSAAKIB CTOBIISIMU

3 TUM K€ HOMCPOM, HA3UBAECTLCS MPAHCROHROBAHOIO.
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KosHiil kBagpaTHiil MmaTpuul A,,, CTABUTbCS y BIANOBIIHICTb YKCIO, SIKE

n

Ha3UBAETHC 11 6UHAUHUKOM AOO0 OemePpMIHAHMOM.
iy 42 iy

a a .-.a
detd=A,=| > 7 | 3)

D®opmyJin 1151 00YUCIeHHSI BU3HAYHUKIB

1.7[:1:A1 :‘all‘:all. (4)
ayy 4y

2.7’1 = 2: AZ = = a11a22 _a12a21. (5)
azy Ay

CxemMaTu4yHO Oc BUIIAAA€ Tak:

Puc.1.

OTXe, BU3HAYHUK JPYroro MNOPSAKY JAOPIBHIOE  PI3HMIIL JTOOYTKIB
€JIEMEHTIB I'0JIOBHOI 1 HOOIYHOT J1arOHAJIEH.

ayp a1z 43

3. n=3. Ay=|ay; a, a3|= (6)
dsz) dzp dsz

=a11ap3d33 T a13d)1d3y +a1pd)3d3) — A13dypdsz) — dy1d)3dsy —djpd) ds;s.

CxeMaTuyHO OOYMCIIEHHS 3a MPABWJIOM TPUKYTHHKIB 31MCHIOETHCS TaK:




Minopom M enemeHTa a; BU3HAYHMKA 71-TO NOPSIKY Ha3HBAETHCA

BU3HAYHUK (7-1)-TO MOPSAKY, KU OAEPHKUMO 3 JAHOTO BHU3HAYHHMKA LIJISAXOM

BUKPECJIEHHA  i-TO pAAKA Ta j-IrO CTOBIIA, Ha IEPETHHI SKHX CTOITh LEH
. %12 413

eneMeHT. Hanpuknan, 1uid BUsHaYHUKa Ay MIHOp M,y = .
d3y 433

Ancebpaiunum 0onoenennam A; €ICMCHTA a; HA3UBACTHCS HOrO MIHOD,

B3t 3i smakom (=1)'"/, 10610 A4; =(-1)""/-M,. 3Haku wmiHopiB muA
+ - +
. + -
€JIEMEHTIB A, : I Ay = 4+ .
+
+ - +

Teopema Jlaniaca. BusHaunuk A, TOpIBHIOE cyMi TOOYTKIB €JI€MEHTIB
OyIIb-IKOTO psijiKa (CTOBMIL) Ha iX anreOpaiuHi JOMOBHEHHS.

Hampuxian,
n . -
A, = 2 aj - Ay — po3Kia] BU3HAYHUKA 3@ €JIEMEHTaMU i-ro psaaka, i =1,n, (7)
k=l

n
A, = kZl ay; - Ay — PO3KIIAZ 3 ENEMCHTAaMH j-I0 CTOBII, j =1,7.

OOGuncnenns A, 3a reopemoro Jlamnaca mpu BEIUKHUX 71 € JOCUTh TPOMI3AKHM,

a TOMY Ha MPAKTHUIll BU3HAYHUK JOIUIBHIIIE 3BECTU IO BEPXHBOTO (HUKHBOTO)
TPUKYTHOTO BUTJIAY 32 JOIIOMOTOI0 e1eMEeHMAPHUX NEPEenEopPeHbd:

1. BU3HAQUYHUK HE 3MIHUTHLCA, SKIIO JO €JIEMEHTIB MOro psiaka (CTOBIIIS)
JOIaTH BIAMOBIAHI €IEMEHTH 1HIIOTO psijJika (CTOBIILSI), TOMHOXEH1 Ha JIeSIKe
YHCIIO;

2. mepecTaHOBKA PAKIB (CTOBIIIIIB) 3MIHIOE 3HAK BU3HAYHUKA;

3. mpu MHOXXCHH1 €JIeMEHTIB psijka (CToBHII) Ha uucio «a #0 Tpebda
MOJIIJTUTH BU3HAYHUK HA 1€ YMCIIO.

Byaemo y Takux NEpeTBOPEHHSAX BUKOPHCTOBYBATH TaKi MO3HAYEHHS:
¢; <> e; —NePeCTaBIBIHHS [ —T0 Ta j— IO PSAAKIB, (re; —MHOKEHHS [—TO psijKa

12



Ha o, ¢ +Qe;—JONaBaHH. [0 [—TO0 psjKa BIANOBIJHHUX CIEMEHTIB j—T0O

psiiKa, MTOMHOKEHUX Ha .
Ilpuknaou po3e’a3anna munoeux 3a60aHb

[lepeMHOXUMO MaTPHILL:

Hpuxaan 1.
2 -1 2
(1 0 —2].1 0 1 :[2+0—6 -1+0-2 2+0+2j:(—4 -3 4}
3 45 3 1 -1 6+4+15 -3+0+5 6+4-5 25 25
41 0
Mpukaax2. (2 -3 1)|2 3 -1|=(3 -7 3).
1 0 5

0
Mpuxnan3. (3 -2 4)1|=(2).
1

1 3 1 -1
Mpuxaan4. |23 1 -1)=-6 -2 2
2 6 2 -2

I 5.4 A Lo 2 AT
HKJIAQ . KIITO = , TO =
prIIa B 3 4 5

N O =

3
4.
5

Jis kBajgpaTHOI MaTpuul A, ., MOXHa 00YMCIIOBATH CTEIIHb A= 4.4...-4.
%r—/

k pasie
AHaNOriYHO MHOTOYIEHY BIJ 4YHCIOBOi 3MIHHOI P(X)=ay+ax+...+a kxk
BBOJIUTHCS TTOHATTS MHOTOYJICHA BiJ MaTpHIIi:

P(A)=ay-E, +aA+...+a, A" ..

1 2
Mpukaax 6. O6uncaIUMO f(A), SKmo  f(x)=3—4x+2x i A=[3 3] :

13



5 1 0 1 2 1 2)1 2
f(A)=3E,—44+24% =3 _4 +2 -
< 0 1 3 4 3 4)\3 4
(30 48+2710_1312 >
1o 3) l12 16 15 22 |18 31/

OOYHUCIIMMO BUSHAYHUKM:

cosa sina i .
Ipuxaan 7. ' =C0S’ ¢ —sIn” a = cos2a.
sina  cosa
Ipuxaan 8.
2 3 -1

4 0 1{=2-0(-2)+3-1-3+4-5-(-1)=3-0-(-1)—4-3-(-2)-2-5-1=3.
3 5 =2

-1 2 0 3

1 1 2 4
Ipukaan 9. O6uucnumMo BUBHAYHUK Ay = L3 6 dl

-1 2 0 O

<« 1-uii cnocid (po3kinanemMo 3a eIeMeHTaMu 4-10 psiaKa):

2 0 3 -1 0 3
Ayj=—1-(-D* 1 2 —4[+2--D*% |1 2 —4]=
3 6 —4 1 6 —4

=—16+18+0—-18+48+0+2(8+18+0-6—-24+0)=24.

2-mii cnocid (3BeeMO 10 TPUKYTHOTO BUTIISITY):

12 0 3 12 0 3 12 0 3
€2+el

At 2 4 032—1(53)1032—1

= ey te |= e, —3e;)=—— =

701 36 <4 "o s 6 <12 T3 310 0 -8 2

120 of\*T o 0 0 -3 0 0 0 -3

14



— _é (=1)-3-(-8)(-3)=24.»

3aeoannsa ona ayoumopHnoi i camocmiiinoi pooomu

[lepemMHOXTE MaTpHILi:

2 1 2
1.(2345)° L2.02-10) 1 L sfo|@snal |1 4 2)
5

2 3 1 3 -2 0 2 2 -3 1}Y\)2 3 5
9.(341) 3 4 -2 10. -4 3 ; 1104 2 30 4 -1
0 1 3 501 5 1 2 -2 1 3

OGumcniTh f(4), AKIIO:

2 3 2 2 B (=2 10 )
12. f(x)=x +8x+7,A—(4 s ; 13, f(x)=x"+16x-2, 4= s _1af

1 2 -1 01 2
14. f(x)=3x*+2x-5,4=|3 1 1 [} 15 f(x)=x"+5 4=[3 1 1
01 0 2 0 1
OOuncITiTh BU3BHAYHUKH:
. —1
4 -1 sina  cosa a+b a
16. ; 17|, ; ;19. 12 3 34
3 2 sinff cosf a’>  a’—ab+b?

15



OOuuCHITh BU3HAYHUKHM a) METOJOM pO3KJIaay 3a €JeMEHTaMH psjaka ado
CTOBIIIS; 0) 3BEICHHSM JI0 TPUKYTHOTO BUTJISILY:

sin

cosa 1

sinff cosf 1.

sin ¥

cos ¥

1 -1 1 1 2 -1 0 3 1 2 3 4
0O -1 1 2 2 3 26 2 31 2
22. ; 23. ; 24. .
0 1 -11 1 4 4 4 1 11 -1
1 -1 1 1 2 -1 0 O 1 0 0 -6
P03B’sIKITh pIBHSIHHS:
5 ) 3 x -4
x°—4 -1 cos8x —sinSx
25. =0; 26.| . g 5 =0, 27.| 2 -1 3|=0.
x—2 x+2 SInosx COSJXx 410 1 1
2 x+2 -1
28. Po3B’skiTh HEpIBHICTD: |1 1 -2(=0.
5 3 x
-3 12 6
2 3 1
. . -2 8 4 20 30
Bionoegioi. 1. (1 2); 2.(-3 7);3.10 0 O; ; O, ;
0 0 O 6 12
6 9 3
-5 20 10
-6 5 6
15 4 1 n 5 2
6. ;7. ; 8. ; 9.(18 8 -2); 10.1 1 10 S5 ;
-2 43 0 1 5 14
-3 22 18
2 -5 16 18 13 1 12 1
0 0 0 0
11.] 2 23 27 |; 12. ; 13. ;14,024 21 -4, 15.|5 9 8|
0 0 0 0
14 17 18 9 11 8 2 210

16



16.5; 17. sin(a - B); 18. b 19.-12; 20.-10;

21. sin(a—B)+sin(y—a)+sin(f-y); 22.0; 23.42; 24.1: 25. x=2;

26. x=i%+§k7r,k eZ. 27. xe{-10,2}; 28. xe[-6,—4].

§2. O0epuena maTpuus. MaTpu4Hi piBHAHHSA

Marpuis A7! nasuBaerses obepHenor 10 KBaApaTHOI MaTpull A,.,, SKIIO

BOHA 3a/10BOJIbHSE YMOBY:
Al A4=4-47"=E, (1)

Jlnst icHyBaHHS OO€pHEHOi MaTpuill HEeOOXITHO 1 J0cTaTHbO, 00 det A #0,

TOOTO MaTpuIlsi A Mae OyTU HeGUPOOIHCEHOIO.

O6epHeHa MaTpUIlsd 0OUUCITIOETHCA 32 POPMYIIOIO:

Ay Ay e Ay
detA4] ... det 4
Aln A2n Ann

* . o
Tyr A" —tak 3BaHa mpueOHana mampuysa, BOHA CKIaJieHa 13 anreOpaidyHuX
JIOTIOBHEHb €JIEMEHTIB TPAHCIIOHOBAHOT MATPHIII.

AJroput™ 00UYHCIEHHS 00epHEHOT MaTPHIIi:

1. obuncmoemo det A4, sxuio det 4 =0, 10 matpuus A Heoﬁopomna,/l_1 HE
ICHy€, 1HaAKIIIE 710 11.2;

2. TPaHCIIOHYEMO MaTpHIO A4

3. obuucmroeMo anreOpaiuHi  JOTMOBHEHHS MAaTpHIIL AT, 3aIUCyEMO
PUETHAHY MATPHITIO;

4. 3anmucyemo Al za dbopmyiioro (2).

17



OOepHEHy MaTpUII0 BUKOPUCTOBYIOTH MpPU PO3B’S3aHHI MATPUUYHUX
piBHsiHb. Hexait A4 1 B —HeBUpoO KeH1 MaTpulli, X —HeBigoMa MaTtpuils. Toxi:

1. AX=B=>X=A'B;
2. XA=B=X=BA™";
3. AXB=C=>X=4"'CB7".

Ilpuxnadu po3e’a3aHna Munogux 3a60aHb

O6uurcIMMO 0OepHEH1 MaTPHIILL:

2 1
Hpuxaanl. 4 = s :

3
ddetA=1-20,4" = LA =4 = .
1 3 -5 2
- , e 2 1\ 3 -1 1 0 »
epeBipKa: : = = =E,.
PeBip 5 3/ -5 2) o 1) 2
1 1 -4
Hpuxknang 2. A=|2 -3 2
3 -1 -1
1 2 3
4 detA=-15#0, AT=11 =3 -1 , OOYHCIIFOEMO Al-j s AT
-4 2 -1

A31 = 7, A32 = —(—4), A33 = —5

| 5 5 -10
3a popmyoro (2) maemo: Al=——8 11 -10].
7 4 -5

18



[TepeBipka:

I 1T —4)5 5 -10 -15 0

AA ' =——]2 3 2|8 11 =10 = 0 -15 0
3 -1 -1)\7 4 -5 0 0 -15

3aeoannsa ona ayoumopHoi i camocmiiinoi pooomu

3HalIITh OOEPHEHI MATPHIIL:

2 3 1 -1 4 2 -
1. A= 2. A= 3. A= 4. 4=
[1 1] (3 2) (—3 —J

5 2 2 1 2 0 1
504=14 -5 3 |;6.4A=|2 5 2|, 7. 4A=|-2
-3 3 2 0 -2 5 2

P03B’sbKITh MATPUYHI PIBHSHHSA:

1 3 4 11
8. AX=B, ne A= , B= ;
2 -1 1 1

2 -1 =2|,B=|2 4 4
-2 1 1 3 1 -1

b

{1 -2 -1 -2 -4 -1

19
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4 2 I 1 0 2
12. AXB=C, ne A= , B= ,C= 5

-3 -1 23 -1 -2
I 3 2 3 -4 -1
13. AXB=C, ne A= , B= ,C= .
-1 2 2 4 -6 -9
0 -3 -2
-1 3 12 1 1{-1 2
Bionoeioi. 1. ;2.— ;3. — ;40-1 =9 =5 1;
I -2 503 1 23 4 | 4 2

1 2 4 21 -10 4 -
;6.0-10 5 2 |; 7.HeobopoTHa; 8. (1 3};

5.1-1 -4 —7

3 9 _17 4 2 1

1 0 3 1

9211110_121- P
’ 112’11.—2—2—2,

2 2 3 2 11 0

§3. Cucremu qgiHilinux aaredpaiyaux piBHsaHb (CJIAP). ®opmyiau

Kpamepa. Panr matpuui. Metoa I'aycca

Cucrema m JiHIMHUX anreOpaidyHUX pPIBHSAHb 3 /7 HEBIJOMHMH Ma€ TaKWN

3araJIbHUM BUTIIS;

allxl +a12X2 +...+a1n N :bl’
a21 xl +a22 XZ +...+azn xn :bz,

(D




e x; — HeBigoMi, i=1,n, a; — KoediuieHTH cucremu, i=1,m, j=Ln,

y

b; (i =1, m) — BUIbHI YICHHU.

Cuctemy (1) Mo’kHa 3amycaTH CKOPOUEHO Y MATPUIHOMY BUTJIISIAIL

AX =B, (2)
ne A,,, —MaTpuls Koe(iLi€HTIB CUCTEMH, 5 —CTOBIELb BUIbHUX YWIEHIB.

Cuctema piBHSHB (1) Ha3UBAETHCS 0OHOPIOHOIO, SKIIIO BC1 i1 BIJIbHI YWICHH
IOPIBHIOIOTH HyJIEBL, TOOTO b; =0, i =1,m, 1 HeOOHOPIOHOI0, SIKILO X04a O OAUH

3 HUX BIIMIHHHUH BiJl HYJIS.

Cucrema piBHsSHB (1) Ha3WBAETbCA CYMICHOIO, SIKIO BOHA Ma€ €IUHUM
PO3B’A30K, 1 HecyMiCHO0, KO HE MA€ KOJTHOTO PO3B S3KY.

CyMicHa cucTeMa Ha3HBAEThCS GU3HAYEHOI0, SKUIO0 BOHA Ma€ €IUHUMN
PO3B 30K, 1 HE6U3HAYEHOI0, K10 BOHA Ma€ OUIbIIE OJTHOTO PO3B’S3KY.

JIBi cuctemMu 3 OJHAaKOBUM TEPETIKOM 3MIHHUX  Ha3HMBAIOTh
eKgiganeHmHuMu, SIKII0O MHOXXHHU iX PO3B’S3KIB CHIBIAJalOTh (30KpeMa,
00UJIB1 HECYMICHI).

SKI110 KUIBKICTh PIBHSAHB 1 KUIBKICTh HEBIJJOMUX Yy cUCTeMi (2) OJTHAKOBa,
T00TO Marpuus 4,,, — KBajaparHa 1 HeBupomxkeHa (det 4 # 0), To Taka cucrema

Ma€ €IMHUN PO3B’A30K, IKU MOXKHA 3HAUTH MATPUYHUM METOIOM.
X=A4'B 3)

Sxmo y CJIAP (2) AX=B watpunus 4,,,—KBajapaTHa 1 HEBUPOKEHA, TO
CUCTeMa Ma€ €IUHUN PO3B'A30K, SKUM MOXKHA BUZHAUUTH 3a ¢hopmynamu
Kpamepa:

T 4)

ne A =detA — ronoBHHI BU3HAYHUK CUCTEMHM, & BUSHAYHUKH A, JICTaeMo 3 A

3aMIHOIO k-T'O CTOBIIIS HA CTOBIIEIh BIJIBHUX WICHIB:
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S R s | b, A1 0 Ay

Ay 0 Apg- bn Api+1 0 Apy

BubGepemo y mnpsMokyTHii MaTtpuui A,., BU3HAYHHK k-TO MOPSAKY,
1<k <min(n,m), CKIaAeHUN 13 €JIEMEHTIB MAaTpHIll, 110 CTOSATh HA IMEPETUHI

JMOBUTbHUX k psAnkiB 1 k croBmiiB. Takuil BU3HAYHUK HA3UBAIOTh MIHOPOM
mampuuyi k-20 nopaoky.

Osnavenns. Panzom martpuni A, , Ha3MBAa€TbCd HAMBHUINUI MOPSAIOK

n

BIJIMIHHMX B1J1 HYJI MiHOp1B Matpulll. [lo3Havatots » =rang A.

SAxmo rang A=r, T0 y matpuili A € TPUHANMHI OJUH MIHOpP 7-TO

nopsiaky Ar # 0, a BC1 MOXKJIMBI MIHOPH MOPSJIKY 7 + 1 piBHI HYJICBI.

BiaminHU# BiA HYJISI MIHOP MOPSIAKY 7 HA3UBAETHCS OA3UCHUM, A PSJIKY 1
CTOBIILI, 3 SKHX BIH yTBOPEHUHN — Oazuchumu. Panr Hynsosoi marpuni 0,

JopiBHIOE HyzeBl. JlJis HEBUPOMKEHOI KBaApPAaTHOI MaTpUIll #-TO MOPAIKY
rang A =n.

Posrnsaemo 1Ba MeToau OOUYMCIICHHSI paHTy.

1. MeTtox o0BigHuX MiHOpiB. SIKII0 B MaTtpulli 4 € HEHYJbOBUW €IIEMEHT, TO
r>1. O0UKCII0EMO Al MIHOPU APYroro MOpsAKY, Kl MICTATh LEH €IeMEHT.
Hexail 3HaiineHo MIHOp k—To0 nopsaaky A, #0. Posrnsmaemo nuie Ti MiHOpH

Ay, K1 MICTATH y €001 A , SKIIO BCl BOHM piBHI HYyJeEBl, TO rang A=k,

1Hakmie r >k +1,1T.1.

2. MeToa eleMeHTapHUX NePeTBOPEHb

Enemenmapnumu  nepemeopenmnamu  matpuili A

o~ Ha3nuBarOTHCs

HACTYIIHI:

— TepeCcTaBJISIHHSA PSIIKIB (CTOBIIIB);

— MHOKEHHS €JIEMEHTIB psijika (CTOBIILIS) HA BIIMIHHE BI1J HYJISI YHCIIO;

— JOJaBaHHS M0 psAAKa (CTOBMIl) €JIEMEHTIB IHIIOTO psaAKa (CTOBIII),
IIOMHOKEHOT0 Ha JIeIKE YHUCJIO.
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TakuMu nepeTBOPEHHIMH MATPULIO A 3BOAUMO 10 CXi04acCmo20 BUTIANY: Y
KOKHOMY pPSAJIKY JiBOPYY BIJl BIIMIHHOTO BiJ HYJS €JIeMEHTa CTOSTh HYII,
KpaiHii 3J1iBa HEHYJbOBUN €IEMEHT KOXKHOTO HACTYIHOTO psAJIKa 3HAXOJUTHCS
npaBile KpailHbOr0 HEHYJbOBOTO €JIEMEHTa IOINEpPEeAHbOr0 psAJKA, HYJbOBI
PANIKU CTOSITh HUYKYE HEHYJIbOBHUX.

Martpunsi, sIKy OIEPKYEMO 3 A BHACIIJIOK €JIEMEHTApHUX IEePETBOPEHb,
Ha3MBAETHCS €KBI8AICHMHON), 3aTUCYIOTh A ~ B.

Panr cximyacToi MaTpulll TOPIBHIOE KUJIBKOCTI HEHYJILOBUX PSAIKIB.

Hocaigxenns i po3s'azanns 3aranabHoi CJIAP.

Teopema Kponekepa-Kanesii

SAxmo no Matpuii A y cuctemi (2) momuicaTd MpaBOpydY CTOBIELb BUIBHUX

YIJIEHIB, TO JICTAHEMO TAK 3BAHY PO3UIUPEHY MAMPUUIO:

ay oay, | b
- a ea b
aml amn bm

Teopema Kponekepa-Kanesni. /[ns toro, mo6 cucrema (2) Oyjia CyMiCHOIO,
HEOOXITHO 1 JOCTaTHbO, MO0 paHr MaTpulll CUCTEMH A JOpIBHIOBAB PAHTY
PO3IIMPEHOT MAaTPHIIL:

rang A= rang 4

Meton I'aycca € OCHOBHUM METOJIOM pO3B'SI3aHHS CUCTEM JIIHIMHUX
PIBHSIHb, HA HBOMY TPYHTYIOTHCS Maif>kKe BC1 alTOPUTMHU JIHINHOT anreOpHu.
1. Po3B s3annsa CJIAP metogom I'aycca.
PosrnsineMo cxemy €MHOTO AiNeHHs MeToy ['aycca A BUKITIOUSHHS
HeBinoMux npu po3s'ssanni CJIAP AX =B, 4, ., .

3anuuieMo po3MMUPEHY MaTPUIIO CUCTEMU:
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ay coay, | b
- a a b
aml amn bm

3BeACMO  MATPHUIN0 CHUCTEMH JIO  CXiJ4acTOr0 BWIJISAAY, IOCIITOBHO
BUKJIFOYAIOYN HEBIIOMI:

!

L oep 0 ¢ Cly+l " Cln by

!

0 1 ey Copy o Gy | D)

!

0 0 1 cr,r+l Crn br

!/

0 0 0 |b.,

0O 0 - 0 0 - 0|05,
— . P g
Sxmo rangA =rangd=vr, T0 b, ,=...=b, =0.

Cucrema mae Oe3nmid po3B’s3KiB: Xq, Xz, ..., X, — Oa3MCHI HEBIOMI,

Xp+1»--+» X, — BUIBHI.

B ob6epuenomy xomi metony ['aycca, Bupaxxaemo 0a3ucHi HEBIJOMI yepe3
BUIbHI (MIHOP A, 3BOJAMMO /10 OJUHUYHOI MaTpUIll) .

ko rangA<rangg[, T00TO icHYIOTE b #0, k=7r+1,..,m, TO

CHUCTEMa HECyMiCHa.

2. O04yHCIeHHS BUSHAYHUKA A,

3aiiicHIoOeMo TpsMuUi XiJ MeTony ['aycca [uis eneMeHTIB BUBHAYHMKA A,

Sxmo He OyJio MEepecTaHOBOK PSJAKIB UM CTOBIIIIB, TO BU3HAYHUK JOPIBHIOE
N00yTKY BEIy4UX €IEMEHTIB:

n
An =a11a'22a,(m)

S0 TpW  BHKIIOYCHHSX MM TIEPECTABISLIA  PSAJIKH, TO KOXHOTO pasy
BU3HAYHUK JOMHOkaeMo Ha (—1}.

24



3. O0unciIeHHs paHTy MaTpuli A.

[Tpyu 3HaXOJKEHHI paHTy MaTpHIll A 3BEIeMO 11 A0 CX1A4acTOro BUMISAY. PaHr

MaTpUlll JOPIBHIOE KITBKOCTI HEHYJIbOBUX PAIKIB Y Hiil.
4. O0unceHHs1 00epHEHOI MATPHILi.

JIns 3HaxXoJKeHHsST oOepHEeHOoi MmaTtpuill st A 3a ymoBu det4 = 0,

nxn >
3aCTOCOBYeMO MeToj ['aycca 0 po3MIMpeHoi MaTpuili, y MpaBiid YaCTUHI SKOI
CTOITh OIMHUYHA MaTpuld E,,

all 6112 M aln 1 O ct 0 1 O . O

a, a eoa o 1 - 0

2l a2 2 ~micns nkpokiB ~[0 1 -+ 047"
00 - 1

L B R 0 0 - 1

[IpaBopy4 nicraneMo 00epHEHY MaTPULIIO.

Ilpuknaou po3e’azanna munogux 3ae0ans

2x1 + 3X2 = 1,

Ipukaax 1. MaTpuyHUM METOAOM PO3B’SIKEMO CUCTEMY:
3x1 + 4X2 =1.

2 3
« J[nna matpurii cucteMu A = E?’ 4) 3HalIeMO 0OCpHEHY:

r_(2 4 =3
detA=8-9=—-120, 4 :
3 3 2

1 1 3
ToMy A = q tA = Py
e

Orne, X471 [j;j:[‘;‘ S0

Bignosigbe: x; =-1, x, =1. >
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Mpukaan 2. 3a popmynamu Kpamepa po3B'sskeMO CUCTEMY PIBHSIHB:
3x1 +.X2 +3X3 = 4,

<« 3HaiIeMo roJIOBHUM BU3HAYHUK CUCTEMMU:

2 1 1 2 1 1

v 2
2 3 -1 -4 0 -4

—4-8=—4,
4 -4

A #0, oTxke, cucTeMa Ma€e €TMHUHN po3B'a30K. OOUNCITIOEMO BUBHAYHUKU

[a—
[E—
—
—

3 2
A=14 1 3|=|3 =— =12-8=4,
-1 3 -1 |4 —4
2 1 1 2 1
A,=|3 4 3|=-3 0|=-4,
-1 -1 (4 0 O
2 1 1 2 1
1 3
Ay=13 1 4|=|1 0 3:—‘ ‘——8,
-4 -4
2 3 -1 |-4 -4
A A A
Tomy x, =—Lt=—-1, x,=—2=1, x,=—>=2.»
Yy X A 2774 3774
0O 2 -4
-1 4 5
Ipuxknan 3. 3naiinemo panr matpumi | 3 1 7 METOAOM OOBITHUX
0O 5 -10
2 3 0
MIHOPIB.
0
< A#O,TOMYI/'ZI;A2=‘ ‘=2¢0:>r22;
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A3:—1

0

3

2

—4

1

4 0
50=0, Ay=|-1
7 0

Orxe, rang A=2.

Ipuxnan 4. 3uaiinemo rang A 3 np.3 METOAOM €JIEeMEHTAPHUX HEPETBOPEHD.

2
—4
5

4

5 |=

-10

<« [liciis 04eBUHUX TEPETBOPEHH MAEMO:

0

0, Ay=|-1

2

4
5
0

=0.

€
0 2 —4 1 4 -5)75 1 4 -5
-1 -4 5 e+ 362 0 2 -4 e3 € 0O 1 =2
A=|3 1 7 |es+2e |~|0 —-11 22 {11 2 0 0 0
0 5 —10\-ey<>e) |0 5 -10| e @ 00 0
2 0 0 -5 10 ) 5 2 0 0 0
€5+€4

Ormxe, rang A=2.),

Ipuxaan 5. Metonom I"aycca obunciumo
223

1-10 |.
-121

A7, rangA, det A, axmo A=

<« JlonuieMo mpaBopyd 10 MaTpulll A OAMHUYHY MaTPHIIO 1 BUKOHAEMO
HACTYIHI IepeTBOpeHHs 3a MeTooM ["aycca:

2 2 3|1 0 0)gee) (1 -1 0[0 1 0
€2<—)€3
1—10010e1—2e2~0431—2o[ j~
€ — %€
1 2 1[0 0 1)leg+e, J O 1T 1[0 1 1
1 -1 0]01 0 1 -1 0|0 1 0
—€
o1 1 ]0 1 1(3]~01 0|1 =5 3|(e+e)~
€2+€3
00 -1|1 -6 —4 00 1|-16 4
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1 0 0|1 -4 -3 1-4-3
~l01 01 -5 3|=4'=[1-5-3]|, rangd =3, detA=-1.,
0 01|-1 6 4 -16 4

IMpuxkaan 6. Meronom ["aycca qocmianumMo Ha CyMICHICTb 1, B pa3i CyMICHOCTI,
po3B skeMo CJIAP 13 po3miupeHoro MaTpHIICIO:

1 3 -1 1]2
I 1 =2 2|-1}.

1 -1 =3 3|1
13 -11]2 13 -1 1|2 13 211 |2
i1l 224127900 2 a1l J-lo21 -l3l>
&s—q e3—2e,
1 -1 3 3|1 0 4 2 2|-1 000 015

rangA =2, rang(A|B)=3, cucrema HecymicHa. P>

Ipuxnag 7. Meronom 'aycca mocmiguMo Ha CyMICHICTB 1, B pa3l CyMICHOCTI,
po3B skeMo CJIAP 13 po3mupeHo0 MaTpHIIEIO:

-2 1 0 -3 1/|-3
1 1 3 3 4|3
0O 3 6 3 913
1 01 2 1|2
<4
2€2+€1 e
-2 1 0 -3 1|3 1 3 4 3 2
1 1 3 4 163 0 3 6 9 e,
3 ~ 63—_ ~
0 3 6 9 0 2 1 3
€4 — 6
1 0 1 1 o -1 -2 -1 -3]|-1 3
el<—)ez e4+ 3
I 1T 3 3 413 1 01 2 1|2
- (q-e)~ =
01 21 3|1 01 21 3|1
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(xl =2-x,—2x, —x,,

HeBimoml X, i x, —0a3ucHI, a X,,X,,X, —BUIbHI,
x,=1-2x,-x, - 3x,,
rangA = rang(A) =2. Cucrema cymicHa 1 Mae 0314  PO3B s3KIB

T
(2—x3-2x4 —x5,1-2x3 —x4 —3X5,X3,X4,X5) , X3,X4,X5 €R. P

3aeoannsa ona ayoumopHoi i camocmiiinoi pooomu
Po3B’sxiTh cuctemu a) 3a popmynamu Kpamepa; 6) MaTpUuHUM METOJIOM;

B) MeToJoM ["aycca:

2x, =3x, +x;, =7, X, +x,+2x, =3,
X, +3x,=5, X, +2x, =5,
1. 2. 3. 9% +4x, +2x,=—1, 4. {2x,+x,—x,=-2,
-x, +4x, =9; 3x,+5x, =13;
x, —4x, =-5; X, — X, +2x, =-3;
2x, +3x, +x, =1, X, +x,+2x, =—1,

S5.8x-x,+2x,=-2, 6.x-2x,—x,=-1,

2x, +2x, +3x, =0; 2x, —x, +2x, =—1;

3HalAITh paHT MaTPHUIIb:

1 3 -2 7 -1 4 1 0 2 1
3 1 1 -1 -2 3 5 -3 3 3 0
7 ;8 ;9. ;
-1 -2 2 2 -3 -3 0 2 =2 -1 =2
-2 1 2 -3 -1 1 2 3 3 -2 -1
1 1 2 2
{ 5 { ) 1 -1 -2 3
10. ;11,03 -1 2 -5
2 1 3 3
-2 1 3 -5
0 1 1 1

JlociaiTh Ha CyMICHICTh CHCTEMH, 3ajlaHi pO3LIMPEHOI0 MaTpullelo, 1, B pasi
CYMICHOCTI, 3HAUAITh PO3B’SI30K:
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21 -1 1 |-3 210 -3 1]-=3 3 1 1 4o
21 2= gs [t 133 432 0 2 -2
3 .12 2 |3 0 1 21 3 -1 1 1|2
13 2 1 |4 1 01 2 112 1 =2 =2 -1]0
3 25 2 4 |2 1 -1 =2 3 |1 21 1 -1
1507 41 3 |5 16.]-3 -1 2 -5|=3] 17.|3 2 3 2|2 |
5 7 -4 —6|3 21 3 -5/ > 12 -1)-l

2 -1 31 |4

1 -2 -5 -7 -1]o 1 2 1 -2]-1 31

1813 2 3 9 3| AL (21 L1 SBlog 11 22 2]

1 2 7 5 -1|-4 3 212 2 |3 L33y
21 1 5 213 13 2 1 |4

Bionosioi. 1. (-1,2)"; 2. (1,2)"; 3.(-1,1,-2)"; 4. (-2,3,1)"; 5. (-1,1,0)";
6. (-2, -1,1);7.3; 8.2; 9.4; 10.2; 11.2; 12. (-1,0,2,1)";

13. (2—x3=2x4 — x5, 1=2x3 —x4 —3x5, X3, X4, xS)T,x3, X4, X5 €R;
14.(2=2x,, x5, —2-3x,, 242x,) . x, €R; 15.2;

T
16.(1+x3 —2Xx4, — X3+ X4, X3, x4) ,X3,%4 €R;

17.0;18.(=2 — x3 + x4 + x5, —1 =3x3 —3x,4, X3, X4, xS)T,x3,x4,x5 eR;
19.(-1,0,2,1)"; 20. @.

§4. Cucremu JiHIHHUX OJHOPIAHUX AJreOpaAiYHUX PiBHAHD.

3aranbHuil po3B’a30Kk HeogHopiaHoi CJIAP

Posrisitnemo ogHOpiIHY CUCTEMY m JHIAHUX PIBHSIHB 3 7 HEB1JIOMUMU:
AX =0, A,.. (1)

30



OpHopiHa cUcTeMa 3aBXIUW CyMICHAa, BOHA Ma€ HYJbOBHM (Tak 3BaHUUN
mpueianbHuil) po3B’sA30K: x| =X, =---=X, =0. Ko paHr marpuul cucteMu
JOPIBHIOE KUIBKOCTI HEBIIOMHX, TOOTO 7, =n, TO CHCTEMA Ma€ €IUHUI

HyJbOBUH pO3B 130k X =0.

Teopema. Opnopigna CJIAP (1) mae HeTpuBiaibHI PO3B’SI3KM TO/1 1 TUIBKA
TOJ1, KOJIM paHT MATPUIll MEHIITUN KITBKOCTI HEBIJJOMUX:

r,<n. (2)

Hacainok 1. Sxkmo y cuctemi (1) KIIbKICTh PIBHSHb MEHINIA KUTBKOCTI

HEBIIOMUX (m < n), TO CUCTEMa Ma€ HETPHBIAbHI PO3B’ A3KHU.

Hacainok 2.  OnHopinna cuctema (1) 3 kBagpatHoro martpunero 4., Mae

HETPUBIAIbHI PO3B’SI3KM TOJI 1 TUIBKK TOJll, KOJIM BU3HAYHUK CUCTEMU PIBHUM
HYJIEBI:

A=det4=0.

O3navenHs. [loBiuibHA cucTeMa 7 —r JIHIHHO HE3aJEKHUX PO3B’SA3KIB
€,6,...,e onnopigoi CJIAP (1), y saxoi rangA =r, Ha3UBAETHCS

ot p—r
dynoamenmanvnoro cucmemor po3e’aA3Kie (®CP), sdAxmo TOBUIbHHI
po3B’sa30K cucTemH (1) JHINHO BUPAXKAETHCS Yepe3 HUX.

Otxe, DCP € 6a3ucoM y npocTopi PO3B’sI3KIB OTAHOPIIHOI CHCTEMH.
5

3okpema, PCP, y sxiit ¢ =(1,0....,0), e, =(0,1,...,0),..., ¢,_. =(0,0,...,1),

HA3UBAETLCA HOPMAIbHOIO

3azanvuuil pozeé’azox onnopigHoi CJIAP mae Burmsim:

X = Clel + C262 +...+ Cn_ren_r, (3)

OCP.

e C; (i =1,n —r)— JOBLIBHI CTall, €, €;,..., €,_,. —

3aranbHuil po3B’a30K HeogHopiaHoi CJIAP.

BcranoBumMo 3B’s30Kk Mik po3B’si3kamu HeojHopigHoi CJIAP AX =B 3

Matpuuero A, 1BIANOBIIHOIL il ogHOpinHOI cuctemu AX = 0.
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~ b . .. . .
Teopema. 3aranbHuil po3B’A30K HEOJHOPINHOI CUCTEMH ), , JOPIBHIOE CyMI
JOBUIBHOTO YaCTKOBOTO PO3B’SI3Ky HEOJHOPIIHOI CHCTEMH ,, 1 3araJbHOrO

PO3B’sI3Ky B1INOBIAHOI OAHOp1AHOI cuctemu (1) y, , :

Ysu=YunT Vso. 4)

Ilpuknaou po3e’a3anna munogux 3a60amb

HMpuxkaax 1. [{ng ogHopigHoi cuctemu AX =0 13 3amaHor0 maTpuiero A
3HaiiieMo @CP 1 3aranbHuii po3B’sA30K:

-1 1-3 1
A=| 3-2 8 =5/|.
1-35 3
<« 3actocyemo metop ["aycca:
1 1-3 1\(ey+3¢) (1 -1 3 -1 10 2-3
el+€2
A=| 3-2 8 -5 e;+e |~| 0 1-1-2 ( j~ 01-1-2|=
e3+2€2
1 -35 3)\—¢ 0-22 4 00 0 O
) ) , , ) x, =-2x, +3x,,
X)Xy — 0a3ucHi HEB1JI0MI, X3,X, —BUIBHI,

X, =x,+2x,,

DCP:¢=(21,10)", ,=(3201)". Tosnaummo x; = Cy, x4 = C,, Cy,C, —const.

TO,Z[i 3arajbHUM pOBB’}IBOK CHUCTCMHU MAaTUMC BUI'JIA .

X1 -2 3
X2 1 2
= Cl + C2 . >
X3 0
X4 0 1

Mpuxkaax 2. Ins ogHopigHoi cuctemu AX =0 13 3agaHOo0 MaTpuie A
3Haigemo OCP 1 3aranbHUM pO3B’A30K:
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1 -2 -3-2 1-2-3 -2
—4€1+€2
<4 4 -3 -3 0 3o+ 05 9 8(9 +5)
= e +e ~ -
3.3 1 3|77 0-9-8_3| 2773
84—63
-3-3-3 4 0 0 -4 1
-2-3-2 1-2-3-2
05 9 8§ 05 9 8
~ (4e; +41e,) ~ = rangA =4,
0 0 41 57 0 0 41 57
0 0-4 1 0 0 0 269

CHCTEMa Ma€ TUIbKH HYJIbOBUN PO3B’SI30K. P>

Hpukaax 3. Jlnga HeogHoOpiaHOI cWcTeMH 13 mpukiaxy 7 §3 3amuiiemo
3arajgbHUN pO3B’A30K Y BUITIIL Y, , =V, + Vs,

< [Toxnagemo BUIbHI HEB1OMI piBHI HYJICBI, TOJI

Yan =(2,1,0,0,0)", @CP:e; =(~1,-2,1,0,0)", e, = (-2,-1,0,1,0)" , 5 =(~1,-3,0,0,1)" .

3arajgbHUM pO3B’SI30K CUCTEMH MA€ BUIJIS!

X, 2 -1 -2 -1

Xy 1 -2 -1 -3

x; |=|0|+C|1 [+C5|0 |+C5|10 |, e C,,C,,C, —noBuibHI cTani. P>
X4 0 0 1

X5 0 0 0 1

3aeoannsa ona ayoumopHnoi i camocmiiinoi pooomu

st ogHOpimHOT cucTeMH AX =0 3 MaTpUIEl0 A 3HAWIITh 3araJbHUM

pPO3B’SI30K:
3 21 1 2 3 -1 1 31
l.A=12 5 3|; 2. A=|2 3 4|;3.4=|3 -2 8 -5|;
3 4 2 I 1 1 1 -3 5 3



3 1 3 41
4.4=|1 3 B s 4|2 23 1,6A:(2 =2 4),
323 4 s 340 4 2 4 -8
1 00 -2
1 2 -3 =2 123 1
4 2 4 6 1
7.4=|% 3 30 gy :
3 31 3 36 9 -1
3 -3 -3 4 1 2 3 5

Jlns HEeomHOPIAHOI CUCTEMH AX =B, 3aJaHOi PO3IIUPEHOI MAaTPHIICHO,

3aIMIIITh 3arajJbHUN PO3B’ 30K Y BUINIAAL V., = Yy, + Vs, -

—4 1 -1 =2 3 |1
- 10.|-3 -1 2 -5|-3| 11.|2 :

1 2 3
9.12 3 4|1
3 4 516 21 3 -5|=2

1 2 -5 -7 -1]0
12. 3 2 -3 -9 3|4 .

1 2 7 5 -1|-4

21 1 5 213

Bionosioi.1. x =0;2. X = C(1,-2,1)" ,C - const;
3.X=G(3,2,0,1) +C(-2,1,1,0)", €, C, - const;

4.X=C(2,1,01)", C—const;  5.x=C(0,1,1,-1)", C—const;
6.X = C;(0,2,1,0) +C5(0,-4,0,1) +C;(1,-2.0.0)", C;,C,,C; — const;

7.X=0; 8 X =G (-2,1,0,0) +C5(-3,0,1,1)", C},C, —const;

9. X =(14,-9,0)" +C(1,-2,1)", C—const;
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10. X =(1,0,0,0) +C;(1,-1,1,0)" +C,(=2,1,0,1)", C;,C, — const;
1. X =(-2,0,-2,2)" +C(-2,1,-3,2)", C = const;

12.X =(-2,-1,0,0,0)" +C (-1,-3,1,0,0)" +C,(1,-3,0,1,0)" +C5(1,0,0,0,1)",

C,,C,,C5 —const .

Po3giu II. BekTopHa aareopa

§1. Jliniiini onepanii Hax BekTopamu. MeTox KOOpAUHAT

Hampsimnenuii Bipi3ok AB Ha3UBAEThCS GEKMOPOM, A —TOYATOK,
B —kinenp BekTopa. [lo3Ha9ar0Th TaKOX d.

Puc. 3.

Biacranp Mk ToukamMu A 1 B Ha3UBAIOTHh Moo0yaem ad0 008MHCUHOI)

5‘. Opm BexkTOpa d II03HAYalOThb dy —LeE

5

BEKTOpa, I03HAYAIOTh ‘AB

OJIMHUYHUI BEKTOp, HANpsIM sIKoro 30iraeThes 3 a (Puc.4).

Puc. 4.

SIKuio mo4aToKk BekTopa 30iraeThcs 3 KiHmeM (A4=B), TO BEKTOp

HA3UBAaIOTh HYAbOoeUM 0, WOTO MOIYJb JIOPIBHIOE HYJIO, a HamlpsM He

BU3HAYEHUU.
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Hanani Oyaemo po3risuatu @inbHi éekmopu, TOOTO Taki, MOYATOK SIKUX
BUOUPAETHCS y MPOCTOPI IOBUILHO. B MexaHilli,Harpukiiaj, BUKOPUCTOBYIOTh
1€ K063Hi (II0YATOK MOYKHA MEPEMIILyBaTH B3JOBXK JIEAKOI MPSIMOi) 1 368 'a3ani
BEKTOpH ( MOYATKOM € (PIKCOBAHA TOYKA).

Bexrop, n1oBXuHa SIKOTO JOPIBHIOE OJIUHUIIL, HA3UBAIOTH OOUHUYHUM.

Bektopu @ 1 b Ha3uBaIOTLCS KoiHeapHUMuU, KO0 BOHU JieXkKaTh HA OJIHIN a0o

napajieibHUX NpsIMUX, TO3HAYAIOTh d || b (Puc. 5).

—

BekTopu a 1b Ha3uBawTh pieHumu d =b, SKIIO BOHU KOJIIHEApHI,
OJIHAKOBO HAIPSMIICHI 1 MalOTh P1BHI IOBKUHH.

Tpu abo OuIbIIe BEKTOPIB HA3UBAIOTHCS KOMMIAHAPHUM, SKIIO BOHHU
JiexKaTh Ha OAHIN a00 mapayienbHUX mionuHax (Puc.6).

a //W—D-\Zi/
b a
<

Puc. 5. Puc.6.

JlonaBaHHs BeKTOPiB. CyMoro BEKTOPIB d 1 b HA3WBAIOTh BEKTOP C, IKUU
MO>KHA MO0y TyBaTH:

—3a HpAsUIOM Rnapanenozpama, y SKOro CTOPOHaMU € BeKTopu dib, a

¢ =a+ b —iioro aiaronans (Puc.7);

Puc.7.
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—3a npasunom mpuxymuuxa (Puc.8), Ko moyatok BeKTOpa b BiIKIACTH 3
KiHII BEKTOpa d, TO ¢ 3’ €IHY€E MOYATOK BEKTOpa d 3 KiHIEM BeKTopa b.
b

0

Y

Puc.8.
[IpaBuno TpPUKYTHHKA 3pYYHO BHUKOPHCTOBYBATH I TOOYJAOBH CYMH
CKIHYEHHO1 K1JIbKOCT1 BEKTOPIB: 3 KiHIISI MEPIIOro BeKTopa OyayemMo Apyrui, 3
KIHIIS IpYyTroro — TpeTi 1 T.1. Bektop, 110 3’€/IHy€ MOYaTOK NEPIIOro BEKTopa 3

KIHIIEM OCTaHHbOTO0, OyJe ix cymoto (Puc.9).

. b
a -
C
G
e s
74

Puc.9.

—

MHoKeHHSI BeKTOpa Ha 4ucI0. /[oOymkom eekmop (A Ha UYUCI0
o € R Ha3uMBarOTh BEKTOP « -d, JAOBKHUHA SIKOTO JOPIBHIOE ‘ a H d |, a Hampsm

301raeTbCsi 3 HANPSIMOM d, SIKIO « > 0, 1 MPOTUIIEKHUN oMYy, KO0 « < 0.

Sxkmo =0 abo a=0,10 a-a=0.
3okpema, 1-d =d, (—1)-d=—d —BeKTOp, IPOTUIICIKHHIT BEKTOPY G .

Pi3nuyero BexTopiB d —b Ha3UBaIOTh CyMy BEKTOpa d 1 MPOTUIIEKHOTO

no b BekTopa (Puc.10).




BaacTuBocTi JiHiliHMX onepaniif Hal BeKTOpaMu

—

JI1st TOBIILHUX BEKTOPIB d, b, ¢ 1 milicHUX 4ucel «, f € R cnpaBmKyOThCS
BJIACTUBOCTI:
.a+b=b+a
(@+b)+e=a+(b+c);
icHy€e HyJp0BUM BekTop 0 Takwmii, mo d +0=a;

icHye nporunexHuit Bektop (—d) Taxuit, mo d +(—a)=0;

® ANk w D=
p—
Q)
I
!

a
a-(&'+b):a5i+ab;
3 o3HaYeHHs JOOYTKYy BEKTOpa Ha YHWCJIO BHIUIMBAE, IO BEKTOPH d 1
b KOJIIHEapHi TO1 1 TUTbKY TOJI, KOJIU d = & - b, aeR.
MHOXWHY T€OMETPUIHUX BEKTOPIB 13 BU3HAYCHUMU OIEPAIlISIMH J[0/IaBaHHS

€JIEMEHTIB 1 MHOXEHHS Ha YHUCIO, JUISl IKUX BUKOHYIOTHCS BIacCTUBOCTI 1 — 8,
HA3MBAIOTh JIHIMHUM BEKTOPHUM NpocTopoM L. OAHOBUMIPHUIA, IBOBUMIPHHUIA

i TPUBHMIpHHII IpoCTOPH MO3HAYa0Th Bixmosimmo R!, R?, R,

bazucom 'y mpocropi R®  HasuaoTh YHOOPAJIKOBaHY  TPIHKY
HEKOMILJITAaHAPHUX BEKTOPIB (61,62,63), y IpocTopi R? — YIOPSAIKOBaHYy Iapy
HEKOJIIHEAPHUX BEKTOPIB (él éz), B R! —HeHynboBUl Bektop €, (Puc. 11, 12,

13).

Puc. 11. Puc. 12. Puc. 13.
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Posknad eexmopa 3a 6Gasucom y R’: G=x +x,8, +Xx3€3, 4HUcIa

X1,Xy,X3— KoOpOunamu eekmopa y 1boMy Oasuci. BUKOpuCTOBYIOTH 3amuc

—

a:(xl,X2,X3).
SIxmo 5:(X1,X2,x3)7 b :(y19y29y3)’ TO
a=b < x| =y,%X =Vy,X3 =3,
a-a=(ax,axy,axy), d+b=(x+y,x+ X3+ 3).

H_X_ 8

YMoBa KoIiHEaApHOCTI: a || b <> .
B T B '

Skmo Binomi koopauHatH To90K A(Xy, 1,21 )1 B(x5,¥5,2,), TO:

— KOOpAWHATH E = (.XZ — X1, V2 = V152 —Zl);

— KOOpJMHATH TOYKU M, ska AiMUTh BiJpizok AB y BigHomeHnHi A (Puc. 14),

10610 AM = AMB, OGUHCIIOIOTH 3a dhopmynamu:

:xl+/1X2’y:y1+/1y2,Z:ZI+/122,/1¢_1;
1+4 1+ 4 1+4
A>0 A <0

A M B M 4 B
AM = \MB AM = \MB
Puc. 14a). Puc. 140).

— 30KkpemMa, ipu A =1 MaeMo GpopMynu MOAUTY Bipi3Ka HABIILI:

X+ X N+t Z1t2)
X = 9y: ’Z: :

2 2 2

VYV nekaptoBiii mnpamokyTHid cuctemi koopauHat (HAIICK) wmaemo:

d = Xxi + yj + zk —po3KJiaJl BEKTOpa 3a OPTOHOPMOBAHUM 0a3HCOM (i ,J ,k);
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MOJyJIb BEKTOpa ‘Zi‘ = \/xz + y2 +2%; HANPAMHI KOCUHYCU 6eKMOpA:

X z
2 2 2’008'82 2 yz 2’ 2 2 2’
X+ Yy 4z X+ Y 4z X+ y 4z

- 2 2 2
JUTSL SIKAX CHPABIKYETHCS TOTOXKHICTh coS” @+ cos” f+cos”y =1;

Cosax = COSy =

KOOPAHMHATH OpTa d( = (cosa,cos 3,c08¥ );

: i R 2 2 2
B1JCTaHb MDK TOYKaMU ‘AB‘ = (x2 — X ) +(y2 —yl) + (22 —zl) .

Ilpuknaou po3e’a3anna munogux 3a60amb

E\:zs,

Hpuxaan 1. {axo: ‘5‘ =11, a+ l;‘ =30. O0uncaumMo ‘Ei —5‘

—

d+b1a—b e maroHamsaMu mnapajenorpama, mooyJoBaHOTO Ha BEKTOpax

A

Cyma kBajpaTiB JiaroHajiel MapajieiiorpaMa JIOpPIBHIOE CyMmi KBaJpaTiB BCiX

2
\ ~20.»

o . L 7 L2 112 L=
MO0 CTOpIH, TOMY ‘a—b‘:\/z(‘a‘ +‘b‘ j_‘aer

Mpuxiaax 2. Bigomi koopaunatn Bepmmn AABC: A(4,1), B(7,5), C(—4,7).

O6uncnumo noBxkuny 6icexktpucu AD (Puc. 15).

B

Puc. 15.

<« 3HaiifieMo JOBXUHU CTOPIH
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AB = \(7-4) +(5-1) =5, AC = \|(-4—4)* +(7-1)* =10.

3a BIaCTHUBICTIO O1CEKTPUCH TOYKA D(x, y) IinuTh Bipi3ok CB y BIAHOIICHHI:

CD AC =2, 3a ¢dopMynamMu TOALTY Bijapi3Ka BIJHOIIEHH] A
T pMy y p y
1 1 1
00YHUCITIOEMO 11 KOOPJUHATH X :?0, y :?7 Tomy nosxuna AD —0—\/— >

3aeoanna ona ayoumopHoi i camocmiiiHoi pob6omu

1. Jlano: AB = a+2b BC = -4d b CD = —5G —3b. JloBeniTh, IO
ABCD — Tpanertis.

2. M — Touka mepetuny menian y AABC, O — noBiIbHA TOYKa MPOCTOPY.

JloBemiTh, 1110 oM =%(O—A+@+(77)

3. 3anani pajlycu-BeKTOpH BEPIITUH
AABC: 7, =(1,2,3), i3 =(3,2,1), ir =(L4,1). JloBeiTh, 110

AABC — piBHOCTOPOHHI.

4. B tpukytHuky ABC Bigomi BepmmwmHu: A(3,-1,5), B(4,2,-5), C(-4,0,3).
3HaUIITh JOBXKUHY Meaianu AM.

5. 3HaiaITh KOOpAWHATH BEKTOpa a, SKILO ‘Zz‘=2\/§ 1 BIH yTBOpPIOE 3
KOOPAMHATHUMHU OCSMH PiBHI TOCTP1 KyTH.
6. Paniyc-Bektop Touku M yTBOproe 3 Biccto Oy KyT 60°, 3 Oz KyT 45°,

‘W‘ =8.  3HalAITh KOOPAMHATH TOUYKU M, AKIo X,, < 0.

7. 3HaiiaiTh KoopAUHATH 1eHTpa Mac M y TpukyTHuky ABC, sxmio A(13,5),
B(4,-3), C(-2,4).

41



—_ _— —

8. Bekropu a, b, Z':Zz+b, d=c+b Takl, 110 ‘I;‘:‘E‘:‘E‘ 3HaUIITh KYT

(ZZ,A 13).

9.

3HalIITh  pO3Kiad ~— BEKTOpa E=(—1,7) 3a  BEKTOpaMu

i=(4,-2)ib=(3,5).

10. Ilpu saxkux 3HAYEHHSIX « 1 [ BEKTOpHU Zz:(a,—2,5) i Bz(l,ﬂ,—3)

KOJIiHeapHi?

11. Bigowmi Tpu Bepmmau napanenorpama ABCD: A(3,-4,7),

B(-5,3,-2),((1,2,-3). 3HaiiiiTh KOOPAUHATHU BEepIIUHU D.

12.

13.

14.

15.

16.

17.

18.

VY napanenorpami ABCD BijoMi BEpIIMHU A(1,3,5), B(—1,2,1) 1 TOYKa
neperuty Horo piaronaneii O(1,0,1). 3HaiiniTh KOOPAMHATH BEpPLIMH

CiD.

Binpizok AB, ne A(3,-2), B(6,4), Toukamu C 1 D moiieHo Ha TpU PiBHI
YaCTUHU. 3HAUITh KoopauHaTu To4ok C1 D.

3HaITh BEKTOP ¢ HANPSIMIICHHM MO OICEKTpUCI KyTa Mk BEKTOpaMu
a=(7,-4,-4)ib=(-2,-1,2), axmo [¢|=56.

Bigomi koopmunatn BepmmH AABC: A(3,-5), B(3,-3), C(-1,-2).
OO6uucnitTh JOBXHUHY OicekTpucu AD.

3HANAITh TIEHTP KOJIA, 10 TPOXOIUTH Yepe3 TpH 3aaani Touku: A(-3, 6),
B(9, -10), C(-5,4).

3HaiAITh IEHTp KoOJia, WI0 MPOXOAUTh dYepe3d Touky A(2,-1) 1
JOTUKAETHCS 000X KOOPJAMHATHUX OCEH.

3HaAITh EHTP KOJIa, 0 MPOXOAUTh Yepe3 TOUKY (-4,2) 1 JOTUKAETHCS
oci Ox y Touri (2,0).

Bionosioi. 4.7; 5.(2,2,2); 6. M(-4,4,8V2); 7. M(5,2); 8.150°;

9. ¢=—a+b: 10. a:—g,,b’=g; 11. D(9,-5,6);
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12. C(1,-3,-3), D(3,-2,1); 13. C(4,0), D(5,2);14. %(1,—7,2);

15. %; 16.(3,-2); 17.(1,-1)i (5, -5); 18.(2, 10).

§ 2. llonisipHa cucrema koopauHat. Kpusi y nosasipuiii cucremi

Ilonapua cucmema koopounam 1€ CyKynHicTb Touku O (noaroca) 1
npomenst Op —noaapnoi oci. Koopaunatu touku M (p,go) y TOJISIpHIN

CUCTEMI: HOAAPHUILL padiyc p = ‘W‘ 1 nonapuuii Kym @ :(Op, O—Mj— KYT

MDXK TOJISIPHOIO BICCIO 1 pajilycoM-BekTopoM Touku (Puc. 16).

Puc. 16.

JlekapToB1 KOOpJAMHATH TOYKU M (x, y) , 1e O — moyaTok KOOpAMHAT, a BiCh

Ox criBnajae 3 NOJSIPHOI0, BUPAKAIOTHCS Yepe3 MOJISIpHi 3a hopmyiaMu:
X=pcos@, y=psing,

a MOJISIPHI KOOPJIMHATH Yepe3 JIeKapTOBi:

_ 2 2 _ X . _ Y
P =X+, COsp=———x, sinp=————.

X +y X +y

Ilpuknaou po3é’azanna munoeux 3a60aHs

[ToOyayemMo KpuBi, 3a/1aH1 PIBHIHHAMMU:
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Mpukaag 1. p = a(1+cosgp), a>0.

< O/I3: peR, T =27 —nepioxn, QyHkuis mapHa, Ha intepsani [0,7] cnamae

Bl 2a no 0, rpadik cCMUMETpUYHUNA BIAHOCHO NOJIAPHOI oci. Lle npaea kapoioioa
(Puc. 17). »

Puc. 17.

2
Ipuxaan 2. (X2 + yz) =a’ <x2 — yz).
<« Tlepeiinemo BiJ JEKapTOBHX [0 MOJSPHUX KOOPIHHAT: L = d4/COS2¢.
O3: cos2p>20=¢pe {—% + kﬂ',% + k7Z':|, k € Z. ®ynkuis napha, nepiog T =7,

V4 : : . .
npu @ €|:O,Z:| cnagae Big a 10 0. rpadik CUMETPUYHUNA BIIHOCHO TMOJSPHOI OCI 1
37 Srx
4° 4
nemuickamoro bepuynni (Puc. 18).»

HAa TMPOMIKKY { } NEeploIMYHO  TOBTOPIOEThCSA. KpuBYy  Ha3uMBarOTh

~ ’

~ s

~ s
~ ’
~ ’ _“
~ s

~ .

~ -
~ s
o 2
—
=
’ w

s “~

- ~

’ ~
. ~
- ~
# “
. ~
- ~
’ “

Puc. 18.
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Hpuxnan 3. p = \/fsin((p +%)

4 p= V2 (sm @ cosz + cos@sin Zj =sing+cos@. JIOMHOXUMO OOH/BI YaCTUHU

Ha P 1 nepeiaemMo 710 JIEKapTOBUX KOOpJIMHAT:
C+yt=x+y= x—12+ —12—1— ne Kojo 3 ueHrpom O 11 1
y y > y > 7 p 155

paaiycom R:%.(PHC. 19)»

Puc. 19.

3aeoannsn ona ayoumopHnoi i camocmiiinoi pooomu

3anuimiTh 1eKapTOBI KOOPAUHATUA TOYOK, 3aIaHUX TOJIAPHUMU KOOPIUHATAMH:

1. A(3,—£j; 2. B(2,7); 3. C(l,—ﬁj.
2 4
3anumuriTe HOJ'IHpHi KOOpANHATH TOYOK, 3aJaHUX ACKAPTOBUMH KOOPAWHATAMMU:
4. A(\B1); 5. B(-2-2); 6. C(-1.43).
3anuIiTh PIBHIHHS KPUBUX Y TOJIIPHUX KOOPJWHATAX:
7.y=x; 8. y==2; 9. x=3 10. x+y=2; 11. x>+ % =9; 12. x>+ y% =2x;

13. x* +y2 =4y.
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3anuITh pIBHSIHHSA KPUBHX Y IEKAPTOBUX KOOPJAMHATAX :

14. p=2; 15. tgp=—1; 16. pcosp=2; 17. psinp=-1; 18. p=2acos;
19. p=2bsing.

[ToOyny¥iTe KpHB1 y HOJISIPHUX KOOPAUHATAX:

20. p:2(1—005(p); 21. p:2(1+singp); 22. p=asin3@; 23. p=2—-cosdp;

24. pzacosﬂ.
3
Bionoeioi. 1. A(O,—3); 2. B(—Z,O) 3.C £ —£ 2,— ;
2 2 3
RY/4 27 T
5. B[ 2v2, -2 .6. C| 2.5 .7 p="ZtknkeZ; 8. p=——, pe(-7,0);
4 3 4 s @
9. p:—3 ,(pe(—z,zj; 10. p:—\/z ; 11, p=3; 12. p=2cosg;
cos g 2°2 . ( ﬂj
sin| @ +—

13. p=4sing; 14. x*+y*=4; 15. y=-x; 16. x=2; 17. y=-1

18.x2 + y? =2ax; 19. x> +y? =2by; 20. Puc. 20;
21. Puc. 21; 22. Puc. 22; 23. Puc. 23; 24. Puc. 24.

- 4
0 o
WZ >p

Puc. 20. Puc. 21.
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Puc. 22. Puc. 23.

[1E)

Puc. 24.

§ 3. Ckansipuuii 100yTOK BEKTOPIB

Ckanapnum 000ymKom HEHYTHOBUX BEKTOPIB ¢ 1 b HAa3WBAETHCS YUCIIO
ﬁ-b:(&',b)z‘&"‘b"cosa, 1€ & —KyT MDDK HUMH. (1)

Braacmueocmi ckanapnozo 000ymky:
l. d-b=>b-d (KOMyTaTHUBHICTb);

2. (Aa)-b=2 (Ei : b) (acomiaTUBHICTh CTOCOBHO CKaJISIPHOTO MHOKHUKA);
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Sy

ol

3. 5.(5 + +3d-¢ (QMCTpUOYTHBHICTB);

-

4. 2

QY

-a=ld|”, a-a=0, a-ai=0<a=0.
5. alb<d-b=0 (ym0oBa OPTOrOHAJIBLHOCTI BEKTOPIB).

Skmo y HICK a=(x,y,7), l;:(xz, ¥2,Z3), TO CIpPaBIKYHOTHCS

bopmynu:

a-b=x1x)+y1yy + 212y, ()
cos g = a-b _ X1 Xy T V1Yo Y212 3)
il 2, .2, 2 ([2, 2, 27
‘aHb‘ \/xl +01 +z \/xz +y)+1)
E_Ei-b il =i d- [2 2 2 4
Hpa—‘a,a‘— a-d=+x"+y +z°. 4)

V Mexanini pobora 1o nepeMilieHHI0 MaTePiaabHOl TOYKH y310BXK BEKTOpa S
i Ji€ro cTajioi cuaM F, HampsamieHoi mig kytom & (Puc. 25), nopiBHioe

—

A=F-.S (5)

F
o

S

Puc. 25.

Ilpuknaou po3e’a3anna Mmunogux 3a60amb

- - A
Mpukaax 1. O6uuciumo mp.. » (251’—1)), AKILIO ‘5‘ = ‘b‘ =1, (Ei , b] =120°.
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<« b =cos120° = —l,
2
- . 1
- 5(25—5):(25_]))(?%): 2laf’ +ab -|5[ BN
" @+ \/\a\2+255+\5\2 V2=l 2

Ipuknan 2. 3HalizeMo KyT MDX JlarOHaJsIMHM Tapajesiorpama, mo0y10BaHOTO
Ha BekTopax @ =(2,1,0), b =(0,-2,1).

« 3HaiieMo KOOpAMHATH miaroHaneil: a+b = (2,-11), a —b= (2,3,-1),

TOMY
i+b)(i-b) 4-3-1 7
cosa = K — = =0=>a=—»
a+blla-b V614 2
3aeoanns ona ayoumopHoi i camocmiiiHoi poo6omu
1.[lano: ‘Ez" =2, l;‘ =1, KyT MDK HUMH & = % OOUmCHITE:

—

a)a-Z;; 0) (3& —2b,a +B).

2.Bigomi BeKTOpH a= 2}5 + 5&, b= ; — é, I[e‘;)‘ =3, &‘ =2, KyTMKHIMAQ, = %
3HAWITh a - b.

3.0064uCiTh TOBXKUHY JlaroHajiel mapajneaorpaMa 31 CTOpOHaMHU

n

- = = == — : T
a=5m-—"Tn,b=3m—4n, SIKHIO‘m‘ =1|n|=2, KyT MUK HUMU « = ?

. S ~ : V4

4. 3HaiaiTh |a|, sxkmo a=5p—7Tq, p‘:?), q‘:\/a, KyT MDK HUMU a:Z.
5. 3HaiaiTh KyT MIXK BEKTOpaMHU ;i 5,

AKIo p =3a+2b,q=a+5b, BekTOpU a,b—OAMHUYHI 1 B3a€EMHO
NEePHEeHANKYJISPHI.
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6. 3HaNIITH KYT MK BEKTOpaMu p i q, KOO

B=1, [a}]:ﬂ
6

b=2. (Zz féj — 60"

—_

p=a+b,g=a-b, |i|=13,

7. 3HalIITH npg(;z —2[3), SKIIIO ‘Zz‘ =4,

8. O0uucIiTh

- . T
I’l‘ =\/§, KYT MUK HUMHU & Zg.

mp - = (m—4n), AKmo ‘m‘ =2,

9. Jlano: a= (1,— 1,1), b= (—2,2,— 2). OGUUCHITh @ lZ KYT MK HUMH.
10.3Hai 1T anZz, SIKIIIO a= (5,2,5),13 = (2,— 1,2).
11.Binomi Bepmmau TpukyTHuka: A(-1,-2,4), B(-4,-2,0), C(3,-2,1). 3Haiinite
BHYTPIIIHINA KyT MPU BEPIIUHI B.
12.3naliaiTh KOcuHyC KyTa MiXk aiaroHansiMu AC 1 BD napanenorpama, siKIo
BijioMi oro BepmmwmHHU A(2, 1, 3), B(5, 2, -1), C(-3, 3, -3).
13.Bizomi BekTopH @ = (3,-1), b= (-L1). 3naiimite Bektop X, SKIIO

x-a=13, x-b=-3.

14. YV piBHOOEIpPEHOMY TPUKYTHUKY MENI1aHH, MPOBEJEHI 10 OIYHUX CTOPIH,

B3a€EMHO MEPIEHANKYIISIPHI. 3HAUAITH KyT MPU BEPITHHI.

15.01uHUYHI  BEKTOPH Zz,Z;,E Takl, IO a+b+c=0. OOYHCIITEL
ab+ac+be.

16. Tpu  cumn  F =2i—4j+2k, F2=2i+3j-5k, Fy=-3i—2j+4k,
npuKiIaZeHi B oAHIM Toumi. OOuMchiTh poOOTy iX pPIBHOAIOUOI TpH

psIMOJTiIHIHHOMY TiepemitieHHi Touku Bix A(S5, 3, -7) no B(4, -1, -4).

17.3naligiTh BEKTOp X, SKIIO BIH OPTOrOHAJbHUUA /IO BEKTOPIB

a=(2,3,-1) i b=(1,-2,3),a taxox x-(2i—j+k)=—6.
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2
Bionogioi.1. a).\3; 6).10++/3; 2. 7; 3. 2493, 247; 4. J113; 5.%; 6. cosa:ﬁ;
43 -
7.-2; 8.-421; 9. -6, 180°; 10. 6: 11.45% 12. —2_; 13. ¥ =(5,2);
2513 %=(52)

14. cosazé; 15. —%; 16.14; 17.(-3,3,3).

§ 4. BexkTopHmuii i MilnaHuii 100yTKH BEKTOPiB

1. BekTopHmuii 100yTOK BEeKTOPiB

—

Bexmopnum 000ymrkom BeKTOpIB d 1 b Ha3uBaeTbCsd BEKTOp, LIO

[IO3HAYAETECA d xXb = [Ez’ ,b} = C, SIKUH 32JI0BOJIbHSIE YMOBH :

1. BEKTOp ¢ MEPNEHAUKYJSIPHUHN A0 KOKHOTO 3 BEKTOPIB d 1 b;

2. NOBXWHA BEKTOpa JOPIBHIOE TUIOIIl Mapajenorpama, moOyJaoBaHOTO Ha
IIUX BEKTOPAX:

‘E‘ = ‘Zz xb‘ = ‘Zl”b‘sin(p, @ — KyT MIXK HUMH;

3. BekTOpu d,b,C YTBOPIOIOTH MpaBy TPIMKy, TOOTO 3 KiHIISI BEKTOpa ¢

HAKOPOTIIMK TOBOPOT BiA @ [0 b 3IIACHIOETBCA TMPOTU PYXY
roAMHHUKOBOI cTpuiku (Puc.26).

Vo= raby

—

b TTe-- L
04) —

a

Puc. 26.
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Baacmueocmi éekmopnozo 000ymky:

l. axb= —(b xd ) (aHTUKOMYTAaTUBHICTB);

—
—

2. Z-(szg):(ﬂd)xb:ax

MHOHUKA);

(ib) (acomiaTUBHICT CTOCOBHO CKaJSIPHOTO

3 (ﬁ + l;) ¢ = (Ez X E) + (b X 5) (mUCTpUOYTHUBHICTBD);

4. Gllb<=daxb=0 (YMOBa KOJIiIHEapHOCTi BEKTOPIB).

3aJaHl KOOpAMHATaMHU

Axiio y JIICK BEKTOPH
i=(x;,9,2), b=(x2,2,2,), TO BeKkTOpHHIl N0GYTOK OGUHCTIOETBCA 3a

bopmyIioro:
ik
(1)

3acmocy8anHsa 6eKmMoOpPHO20 000YMKY y 2eomempii:
1 b JOpiBHIOE MOAYJIIO

[Inoma mnapanensorpama 31 CTOpPOHAMHU d

BEKTOPHOTO JTO0YTKY
S= \zi x|, )
IJI0LIA TPUKYTHHUKA 31 CTOPOHAMHU d 1 b JTOPIBHIOE
1. -
S, = —‘a xb|, 3)
2
30KpeMa, AKIIO Ha MJIOUMHI TPUKYTHHUK 3aJJaHIi KOOpINHATAMH BEPIITHH
o on 1

4)

A(x1, ), B(x2,2), C(x3,¥3), TO SAABCZEmOd Xy Yo 1
x3 vy 1
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3acmocyeanusn 6eKmopHo20 000ymKy y MexXaHiyi:

Skmio TBepAe TMO 3akpimieHe y Touti O, a B AesKii TOYIl A TpUKIageHa CUila
F, 1o MmoMmenT cuii (Puc. 27) nopisaioe

—

M =O0AxF (3).

Puc. 27.

2. Mimanuii 100yTOK BEKTOPiB

Miwmanum 000ymKom 6eKmopie Ha3UBAECTHCS 1X BEKTOPHO-CKAISIPHUN
T00YTOK

(axE)-a 260 Ghe. (6)

Mimanuii 700yTOK BEKTOPIB OOUYHCIIIOETHCS Yepe3 KOOPAUHATH BEKTOPIB
3a popMyJI0IO:

X1 N g
C_ibE = XZ yz Zz . (7)
X3 V3 Z3

3acmocysanua Milanoz2o 000ymkKy:

1. o0’em mapaneneminena 3 pedpamu  d,b,c JOPIBHIOE MOYJIIO

Mianoro 100yTky (Puc. 28)
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V= \5135

; ()

Q4

a
Puc. 28.

L Lol : 1 .
2. 00’em mipamimu 3 pebpamu d@,b,¢ nopisaioe V,,, :g‘abc

)
3. yMOBa KOMIUIaHAPHOCT1 BeKTOpiB: a bc =0);

4. axmo abc >0, To Tpilika BEKTOPIB Mpasa, IKio a b¢ <0, To JiBa.

Ilpuknaou po3e’azanna munogux 3ae0ans

i [5a)-%.

3HaiiieMo IUTOINTY MapajieiorpaMa, ooy I0BaHOTO Ha BEKTOpax a i b.
<

S=\(3ﬁ—4q)x(p+3q)\=\3(px,3)+9(,3xq*)—4(qx,3)—12(qxq)\:

:13|pxq|:13-2-3-sin%:78.»

Hpuxknany 1. [aHo: a= 3; — 4&, b= ; + 3&, oe ‘;‘ =2,

IMpukaax 2. Y tpukytHuky Bimomi Bepmuuu: A(1,-1,2), B(5,-6,2), C(1,3,-1).

3uaiinemo Bucoty |BD|.

<

AB=(4,-50), AC=(0.4,-3), Sy =3 [4Bx 4C|=
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1 Pk 1 1 25
= modid -5 0 =5‘152’+12j+16/€‘:5\/225+144+256=7,

0 4 -3
‘E‘zS:?z%‘E‘-h:h:S.b

Mpuxiaax 3. JloBeAeMO, IO BEKTOPH p = (4,0,1), q= (3,1,-1), r= (0,-2.,1)

YTBOPIOIOTH 0a3uC 1 3HaWIEMO KOOPJAMHATH BEKTOpa Zz:(O,—8,9) y LIbOMY

0azuci.
4 0 1

4 pgr=|3 1 -1|=-10= BekTOpH HE KOMIUIAHAPHI, TOOTO yTBOPIOIOTH
0 -2 1

0asuc.

Hexait a =xp+ yq + zr, IpUpIBHIOIOYN KOOPJAUHATH B 000X YaCTHHAX INIET

PIBHOCTI, IJIs HEBIIOMUX X, V,Z MAEMO CUCTEMY:

4x+3y =0,
y—2z=-8,
xX—y+z=09.

3a popmynamu Kpamepa oaepxumo:
A=-10,A;=-30, Ay =40, A; =-20=>x=3, y=-4,z=2.

Otrxe, a=3p—4qg+2r. »

3ae0anHna 0na ayoumopHoi i camocmiiiHoi pob6omu
1. CapocTiTh Bupas: [a +b,a— b].

2. CupocTiTs Bupas [3; + 22],; = 4&]
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3. O04HCHITH

B-3 ().
3

4. OOuyucniTh TIUIONLY TMapajeaorpamMa, MOOYJIOBAaHOTO Ha BEKTOpax

i1 () =2
6

5. 3HalAITH TUTOLLY TPUKYTHUKA, 31 CTOpOHAMU

B=+2. (ajz;jzﬁ.
4

(Zz —213) x(z& + 313)

[a.2]

, SIKIIIO

b

o|=2

m‘:2,

aib, axmo a=3m—-2n, b=m+4n,

a+2bi3a- 25, }IKHIO‘ZI‘ =2,

6. O0YHCTITH szZ;, SIKIIIO a= (3,—1,2), b= (2,—3,—5).
7. lamo: a=(2,-1,0),b=(1,3,-2). O6uucnirs: |a-b,2a+b|.

c|=1, ¢ opToroHanbHUN JO BEKTOPIB

8. 3HaiiliTh BEKTOp ¢, SIKILO
p i ¢, YTBOPIO€E Tymuit KyT 3 Biccto Oz, ne p=(1,0,1), ¢ =(1,-2,0).

9. OGuHUCIITh (ﬁ-z@)x@, axmo A(2, -1, 2), B(1, 2, -1), C(3, 2, 1).

10. 3HaiiaiTh IOy TPUKYTHHKA 31 CTOpOHaMH  a =(3,-2,6), b=(1,—4,1).

11. Cuna 17=(2,—4,5) npukiagaeHa y todri A(4, -2,3). 3HalAiTh MOMEHT
cumu M BigHOCcHO Touku B(3, 2,-1).

12. Bimomi Bepmmam napaneneminena A(2, -1, 1), B(S, 5, 4), C(3,2, -1),

D(4, 1, 3). 3naiaiTe ioro o0’em.

13. Bexrop ¢ NEPIEHINKYJISIPHUI 10 BEKTOPIB

—

aib, a‘:6,

13\:3,

— - N T . — — —
c‘ =3, (a , bj = g 3HalIITh (a X b) -C.
14. Tlpu AKUX 3HAYEHHAX @ BEKTOPH a=(2,1,-1),b=(4,-2,1),c=(a,~3,-2)

OynyTh: 1) KOMILJITaHApHUMH; 2) YTBOPIOBATH MIpaBy TPiHKYy; 3) By TpiiKy?
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15. dosenits, mo touku A(1, 2, -1), B(0, 1, 5), C(-1, 2, 3), D(2, 1, 1) nexatb
B OJHI TITOIIHHI.

16. O6uncnith 00’€M MipaMiau 3 BeplUIMHaMH y Toukax A(2, -3, 5), B(0, 2, 1),
C(-2,-2,3),D(3,2,4) Ta 1l BUCOTY |DO|.

17.  JloBemiTh, 1O BEKTOpH  p = (0,1,5), q= (3,-12), r= (-10,1)
YTBOPIOIOTh 0a3uc 1 3HAWAITE KOOPAMHATH BEKTOpPa a= (8,— 7,— 13) y

oMY 0a3uci.

Bionosioi. 1. 0; 2.-14[p,q]; 3. 3v3,21V/3; 4.14; 5.8; 6. (11,19,-7);

7. (6, 12, 21); 8. %(2,1,—2); 9. (-12, 8, 12); 10. —V5293; 11. (-4, 3, 4); 12. 18; 13.

27;14. 1) =34, 2) <34, 3)ar > 34; 16. V =6,

-

N
17.a=-4p+3g+r.

Po3ain I1I. IIpama jiHid 1 Iu1omuHA

§ 1. Ilpsima dinHisg Ha NUIOIIUHI

PosrasitueMo pi3Hi BUMIISIAM PIBHSIHB MPSIMOi [ Ha TUTOIIHMHI:
1. 3acanvne pienanua npamoi

Ax+By+C=0, 4>+ B> >0,
Bekrop 7i = (A4, B) L [ — nHasuaetbcst Hopmansuum (Puc. 29);

n

Puc. 29.
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4.

2. KaQHOHIYHe PIGHAHHA NPAMOT

X=X _ V=)o
m n ’

M, (xo,yo) el, S = (m,n) ||/ —Ha3uBaeTbcsi HanpsaMHuM (Puc.30).

g; (lﬂrn)

3. napamempuune pi6HAHHA RPAMOT
X=xy+mt, y=yy+nt, teR;

PIBGHAHHA NPAMOT, WO NPOXOOUMD Yepe3 061 MOUKU
A(xl ,yl), B(xz,yz)(PHcBl)

X=X _ V=N

Xp =X V2= N

A(xu%) B(_x-”y-’)
) o

Puc. 31.

. . cy X
5. pienanna npamoi y 6iopi3kax Ha ocax —+%=1, a, b— BenuuuHU
a

BIJIPI3KiB, 110 iX MpsiMa BiATHHAE HA KoopAuHATHUX ocsxX (Puc. 32);

y/z
b
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6. pieHAHHA npamoi 3 Kymoeum Koegiyiecnmom
y=kx+b, k=tgp, p—xyt Haxuny [ gm0 oci Ox (Puc. 33);

yﬁ. 1

b

S
/o X

Puc. 33.

7. pienanna 6’asku mpamux y—y,=k(x—Xx;), 1O HPOXOIATH yepes
3ajaHy TOuKy M, (xo, yo). B’s13ky MOkHa 3a1aTH IEPETUHOM NPSAMUX /] 1

[, (Puc. 34), Toxi ii piBHSHHS Ma€ BUIJIA]

Puc. 34.
8. HOpMabHE PIBHAHHA NPAMOT
xcosa+ysina—p=0, p>0-
JIOBJKMHA TIEPIICHIUKYIIAPA, MPOBEACHOTO 3 MOYaTKy KOOpAuHaT Ha [ , o —
KyT oro Haxumy 70 oci Ox (puc. 35).

y}
AN
A
Y
a S
0 Nt
Puc. 35.

[Ilo6 3BecTu 3aranbHE PIBHSAHHSA OpsiMOi /[ O HOPMaJIBHOIO BUIJISAY,
—signC

N

HNOTPIOHO TOMHOXXHUTH MOTO Ha HOPMYGATNbHUN MHOMCHUK LI =
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Biocmans Big TOuKM M (xo, )’0) no npsmoi Ax+ By +C =0 (Puc. 36)

BU3HAYAETHCS (DOpMYIIOIO

\/A2 +B? ’

AKIIO PIBHSAHHS [ HOpPMalbHE, TO O =X,COSQ + y,sSina — p— Ha3UBAIOTh

gioxunenuam Big My no l, d = ‘5‘
y \
AN

Puc. 36.

Sxmo o >0, To Touka M 1 IOYaTOK KOOPAUHAT JIEXKATh IO Pi3HI OOKH Bif
[, sxmio o <0, To 1o OaUH.
Kym 0 MIXK IIPSIMUMU, 3aJaHUMU PIBHAHHIMU

y=kix+b 1 y=kyx+b,(Puc.37), BusHauaerbcs (HopMyJIO0

= L, ©k=k, [ L, Sk :_ki_

1

k2 _kl

gy =

1+ kk,
BIJIMOBITHO YMOBH MapasebHOCTI 1 NEPIEHAUKYIIPHOCTI NPSIMHUX.

y A ]?
/,
P
~ R
0 X
Puc. 37.
SIk1mo psiMi 3aJaHl 3arajJJbHUMH PIBHSHHSIMU
A1x+Bly+C1:O 1 A2X+B2y+C2:O, TO COSQ =
At + B2 42 + B3
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A B
Zl ||l2 = _1:_1:
4, B,

L L, < 44, + BB, +0.
Ilpuknaou po3e’a3anna munogux 3a60amb

Ipuxnan 1. Ha npsawmiit Sx-y-4=0 3HaiiiemMo TOYKY, pIBHOBIAIAJICHY BiJl TOUOK
A(1,0)1 B(-2, 1).

d /-uti cnoci6: MHOXUHOIO TOYOK, PIBHOBIIJTAJICHHUX Big 4 1 B € CepeIMHHUN

11 . ..
nepneHaukyaap [, touka C >3 —cepeanHa AB, KYTOBUU Koe(]iIlieHT

k 45 =M:—l, [ 1 AB = k; =3, ToMy pIBHSHHS
Xp—Xy 3

1 1
[: y——=3|x+— | py=3x+2.
y- ( 2) y

3HaiiIeMo TOUKY MEePETUHY MPSAMOi / 13 33JIaHOIO:

y=3x+2,
=>M (3,1 1) — IIIyKaHa TOYKa.

y=>5x-4,

2-uii cnoci6: M HanexuTh 3anaHiil npsiviit, Tomy M (x, 5x—4) i Bigcrani

AM = BM = (x 1) +(5x—-4)" = (x+2)* +(5x=5) = x=3, y=11.»

Mpukaax 2. CknagemMo pIiBHAHHS KaTeTiB PIBHOOEAPEHOro MPSIMOKYTHOTO
TPUKYTHHUKA, SKIIO BepimuHa mpsimMoro kyta (C(4,-1), a piBHSHHS TINOTEHY3H

y=3x+5.

<« KyrtoBuil koedilieHT TinmoTteHy3u nopiBHioe 3. Karerm HaxwuieHi 1o
. : .37 . . .. :
TINOTEHY3H TIiJ] KyTaMH 2 i VR TOMY iX KYTOBI KOCQIIIEHTH 3HAXOJIUMO 13

pIBHOCTEH:
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y z_ 3—k1
54 T 143k,

Z’g3—7z.: 3_k2 ’:>k1:l’ k2:—2
4 143k 2

Karetu npoxoasats uepe3 Touky C, TOMy

1
y+1:_(~x—4)9 . .
2 —> PIBHSIHHS KAaTETIB yzzx—B, y=-2x-7.»

y+1:—2(x—4),

3ae0anHna 0na ayoumopHoi i camocmiiiHoi pob6omu

1. Bimomi Bepuunu TpukyTHHKa A(6,-18), B(-2, -34), C(10, -26). Cxnanitb:
3arayibHi piBHSAHHA CTOpiH AC 1 AB; piBHsAHHS Menianu CM; piBHSHHS BUCOTH

BN 11i noBxuHy; piBHSIHHS OiceKkTpucH AL.
2. 3Haiinith BiacTanb d Big Touku A(1, -2) go npsamoi 2x-3y+5=0.

3. 3HallAITh KyT MK NPIMUMHU x—2:y—1ix—1:y+2.
3 —4 4 3

4. Cxknagith piBHSHHS  OICEKTpHCH TOTO KyTa MDK MpSIMUMHU

x—7y=11x+ y=-7, BcepenuHi sKoro JexuTh Touka A(1, 1).

5. HoBenith, mo npsiMma 2x + y+3 =0 mneperuHae Bipizok MN, sKIIO

M(-5, 1), N(3,7).

6. 3HalAITh IIONLY KBaJApaTa, B CTOPOHU SIKOTO JIKATh HA MPSMUX
4x-3y-10=0 1 8x-6y+15=0.

7. 3HailaiTh npoekuito Touku 4(-6,4) Ha npsimy 4x -5y +3=0.
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8. CknaniTh pIBHSHHSA TMpPsAMOI, SKa BIATUHAE BIJ KOOPJIMHATHOIO KyTa
TPUKYTHUK IJIOMIEI0 12 KB.O/. 1 MPOXOAUTH uepe3 TOuky A(8, 6).

N . . X +1
9. 3HalaITh BiACTaHb MUK NpAMUMU X+ Y —1=0 1 5 = y—z

10. Ha Gepe3i kanamy, 10 NpoxoauTh mo oci Ox, Tpeda 30yayBaTH HACOCHY
craniiro C ans BogomnocTtavyaHHs cin A(2,1) 1 B(5,4). 3HaiiaiTh KOOpAUHATH
CTaHIIii, MO0 3aranapHa TOBXKKWHA TPYO Oysia HATMEHIIOH.

11. 3naiiaite Touky B, cumerpuuHy Ttouilli A(8, -9) BigHOCHO MPsIMOi, IO
NPOXOJHTh Yepe3 TOUKH M (3,—4) i N(-1,-2).

12. Cknaaith PIBHSTHHS PsMOT, napasnesbHO1 110 MPSAMUX
5x=2y+7=0i5x—-2y—-9=0, mo npoxoauTh MOCEPEANHI MI>K HUMH.

13.  CknagiTe piBHAHHS NOpSIMHUX, MapajienbHux npsmii 3x—-4y—10=0 i
Bl/TaJIEHUX Bl HET HA 5 OUHUILD.

14. Ha oci Ox 3HaiaITh TOYKY, SIKa 3HAXOJUTHCS Ha OJHAKOBIN BiJICTaH1 Bij
MoYaTKy KoopauHart i mpsimoi Sx—12y—-16=0.

15. Yepes touxy A(-1,5) mpoBeniTh npsimMy, piBHOBiAAaleHy Bia To4oK B(3,7)
1 C(1,-1).

16. Cknagite piBHsAHHA cTOpoHH BC 'y pIBHOOEAPEHOMY TPUKYTHHKY, SIKIIO
AB=BC, C(4,3), piBasinusa AC: 2x — y =5, piBHaHHA AB: x—y =0,

17. Bimomi piBHSHHS ABOX CTOPIH MPsIMOKyTHHKA 2X-3y+5=01 3x+2y-7=0 1
rioro BepiuHa A(0, 0). CknaaiTe piBHIHHS JIBOX IHIIUX CTOPIH.

18. Touka A(3, -2) € BepmmHOO KBagpara, a M(1, 1) — Touka mepeTuHy Horo
niaronaneit. CkiiaaiTh piBHSAHHS HOTO CTOPIH.

19. Touka A(2, 0) € BepHIMHOIO MPAaBWIBHOIO TPUKYTHUKA, & NPOTUIIEKHA Tif
CTOpOHA JISKUTh Ha mpsiMiid x+y-1=0. CknaaiTh piBHSHHS JBOX IHIIMX CTOPIH

TPUKYTHHKA.
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20. CxnagiTe piIBHSHHS CTOPIH TPUKYTHHUKA , SKIIO BigoMa BepumuHa A(-5,2) 1

piBHSIHHS 1BOX MeniaH S5x+4y=0,3x—y=0.

Bionoeioi.

1LAC: 2x+y+6=0, AB:2x—y—-30=0, CM : y=-26, BN: x—2y—66=0,

|BN|=%, AL: x=6; 2.\13; 3.90% 4.3x—y+17=0; 5., <0,6y>0;

6. 225 7.(-2-1); 8. 3x—2y=12=0, 3x—8y+24=0; 9.42; 10, (%0]
11. (10,-5); 12. 5x -2y —-1=0;13.3x -4y +15=0,3x -4y -35=0;
14.(—2,0),@,0};15.2x+3y—13:0,y—4x—9:O; 16. 7x—y—-25=0;

17. 2x-3y=0,3x+2y =0;

18. 5x—y—-17=0,5x-y+9=0,x+5y-19=0,x+5y + 7 =0;

19. x—(2+3) y-2=0,x-(2-+3) y-2=0;

20. x—6y+17=0,8x+3y-17=0,7x+9y+17=0.

§2. IlnommHa i mpsiMa y npocTopi
1. ILirommHa y mpocropi
PosrnsiHemMo pi3Hi BUTJISIA PIBHSIHB IUIONIUHUA Py POCTOPI:

1. 3arajbHe PiBHSIHHSI TUIOIIMHH
Ax+By+Cz+ D=0, A +B*>+C* >0,

ne 7i=(4,B,C) L P—uopmanbunii Bektop (Puc.38);
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Sl

Ty

Puc.38.
2. A(x—x0)+B(y—y0)+C(z—zo):O— PIBHSHHS B’A3KH IJIOLIMH, 3
nentpoM y Touui M (xg, Y929 );

3. 24 % +Z=1- piBHSIHHS TUTONMHU Py Biapizkax Ha ocsax (Puc.39);
a c

Puc.39.

4. pIBHSHHS IUIOMUHK P, 0 MPOXOAUTH Yepe3 TPH TOUYKH, SIKi HE JIeKaTh
Ha OJIHIN TIPsAMIid

X=X Y-y Z—Z

Xp=X| Yo=Y Z—7|=0;

X3—=X1 V3=V Z3—Z
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\ 7
)
l B r ’
\P L] (x_"" -y_’"" Z_"")
C(x.),.2,)

AN

~

X

Puc. 40.

5. pIBHSHHS KMYTKa IJIOIUMH, SKI TPOXOISATh Yepe3 OJHY IMpsMY, IO

3a1a€ThCS IEPETUHOM [JBOX IUIOIUH A 1 P,
A1x+Bly+CIZ+D1 +a(A2x+B2y+C22+D2) :O,

AZ

/>

N/ j,

Puc.41.
6. HOpMAaJIbHe PIBHSIHHS IUIOIIMHU P

xcosa+ycosff+zcosy—p=0, ne p>0—BiacraHp BIJI

[IOYaTKy KOOPJAMHAT A0 IUIOLIMHH, 71 = (CcOoSa,cos [5,coS ¥ ) —OpT HOpMAJI.
0
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AZ

<

oYy n, 2

(P M,(x,5,.2)
. 2\1‘1 d

<y

Puc.42.

Binxuienns Big Touku M, (xo, yo,zo) 710 TUTOITMHUA P JIOpIBHIOE

b

O =Xxycosa+y,cosf+zycosy—p, BiacTanp d = ‘5
SAKIIO0 TUIOLIMHA 3aJjaHa 3arajbHUM pIBHSHHSIM, TO BIJICTaHb BiJ TOYKH
M, (xo, yO,ZO) 710 TUIONTMHUA P 00UYHCIIOTh 32 (HOPMYJIOH0
| Axg +Byg +Czy + D
\/ A*+B*+C? .

KyTt ¢ mix muiomunamu
Ax+By+Ciz+D; =01 Ayx+B,y+Cyz+D, =0
BU3HAYAETHCS (POpPMYIIOIO
HyHy A4, + BB, + C,C,
il a2+ B2+ C2 A2+ BE+CE

cCosQ =

4 B C
PP t="L="L BI1P o A44,+BB,+CC,=0-
4H B G

BIJIMOBITHO YMOBH MapaJIeIbHOCTI 1 MEPIEHANKYISIPHOCTI TIJIOIIHH.

2. IIpsama JiHig y nmpocTopi

Pi3H1 BUIIsi1M piBHAHB NPAMOi L y IpocTopi:
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1. BeKTOpHe DpIBHSAHHA NOpsIMOi L, 110 MPOXOAUTh Yepe3 TOUKY

My (xy,v0.29), DapalelbHO  HANPAMHOMY  Bektopy S =(m,n,l):

S
7
7 <M,
\y

Puc. 43.

F =1 +5st, teR (Puc. 43);

X=X _Y~—Vo_Z27%.
m n [

2. KaHOHIiYHe PIBHSHHS MPAMOL

X = Xq +mt,

3. mapaMeTpH4He DIBHSIHHA NpsAMOi <y =), +nt, telR;

z=2zy+lIt,
4. pIBHSHHS IPSIMOI, IO NPOXOAUTH Yepe3 IBi TOUKH
X~hH _V—hn _z77 .
XYp=X{ V=W -
5. 3arajbHe pIBHAHHA NPSMOIi, SIK JIiHII NEPETUHY ABOX HEMapalieIbHUX

riomuH (Puc.44)

A1X+B1y+CIZ+D1 :O,
A2x+B2y+C22+D2 =0.
[

Puc. 44.
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Kyr wmibx nmpsmumu Ly 1L, 3  HanpsMHUMH  BEKTOpaMHu

5 :(ml ,nl,ll) 15, =(m2,n2,12) (Puc. 45) BuznagaeThcsi HOpMYIIOF0

CosQ = 3:1 '3:2 _ mlmz +n1n2 +lez
|ﬂﬁ| 2, 2.2 2 2 .27
1{1°2 ml +7’Zl +ll m2 +7’l2 +12
[
my  ny
ZA [, »
\ Sz
¢ <£
=
0 ! >
Y
X
Puc. 45.

KyT Mix IpSAMO0 3 HAaIPSIMHHUM BektopoMm S =(m,n,/ ) 1 MJIOLIMHOIO 3

HOpMaTbHUM BeKTOpoM 7 =(A,B,C) (Puc.46) Bu3HauaeTbcss GopmMysioro
p P

—- -

s-n_ Am+ Bn+Cl N
|§||ﬁ| \/m2+nz+12\/1612+Bz+C2
L||P< Am+Bn+Cl =0,
LLP@A:E:E—

m n [

BIANOBIZIHO YMOBHU TMapaliebHOCTI 1 MEPHEHAMKYISIPHOCTI MpsAMOi i
TUTOIIMHU.

sing =
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ZA

Sy

“y

<V

Puc. 46.

Ilpuknaou po3e’a3anna munogux 3a60amb

Mpukaax 1. CxinaneMo piBHSHHS IUIOMIMHKU P, sSika MPOXOJUTh Yepe3 TOUKH

A(7,2,-3), B(5,0,-4) imnapanensha oci Ox.

<« [Ins pnoBinbHOI TOukH M (x, y,z) € P Bektopu MA, AB, i — KOMILIaHApHI,
TOMY

x=7 y=2 z+3
MA-AB-i=0s| -2 2 -1|=0y-2z-8=0.p
1 0 0

. x—-1 y+2 z
Mpuxnan 2. 3Haii1eM0 TOUKY IEPETUHY MPAMOT —— = = — 1 IUIOIIMHH

3 -3

2x+3y—-z-12=0.

x=2t+1,
<« 3anuumeMo pIBHSHHS NPsMOI Yy MapaMeTpUYHOMY BUTIIAIL <y =3f—2, 1

z=-3t,
M1 ICTABUMO jigl 3HAYECHHS y PIBHSHHS IUIOILMHH:
4t +2+9t-6+3t-12=0=¢t=1,Tomy x=3,y=1,z=-3, A(3,1,—3). >

Ipukaaxg 3. 3HaligeM0o KaHOHIYHE PIBHSIHHS IPOEKITIT
-1 - -2
xl :y13221 Ha iomuHy P 3x—-2y—-z+5=0.

npsmMol L
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< [IpoBenemo qepes npsmy L JIOIHHY B LP: TOYKa
M, (1,3,2)e B, 5 =(LL1) LA, n=(3,-2,-1) L7, VM(x,y,z)€R, BEKTOPH
M M 3,7, — KOMILIaHAPHi, TOMY
x—1 y-3 z=-2
MM-s-n=0&] 1 1 I =0 x+4y-5z-3=0.
3 -2 -1
, , {x+4y—52—320,
3arajibHe pIBHSHHA L, 1O € NEPETUHOM IUIOIMH P 1 P,
3x-2y—-z+5=0,
3BEJIEMO 10 KaHOHIYHOro BUIIIANy. Touka M, €L € NOBUIBHUM PO3B’A3KOM
OTPUMAHOT CHCTEMH, BHOEpEMO, HaIMpUKJIIAI, z=0, TOJII

x=-1,y=1, M;(-11,0), HanpsMHuii BeKTOp

§ Ly =(1,4,-5), §Lii,=(3,-2,-1)

—

i j k
=5 =dxiy=|1 4 -5=(-14,~14,-14)||(1,1,1).
3 2 -1
: : " x+1 y-1 =z
OTxe, KAaHOHIYHE PIBHAHHS IPOEKLIT NPSIMOIT Ma€ BUTIISA Bl = B = T >

3aeoanns 0na ayoumopHoi i camocmiiinoi pooomu

1. HamanroiiTe miuomuHy, 3a1aHi piBHAHHAMU:
a)x+2y—-4=0,06)3x-6z=0,8) 2x-8=0,2)3y+6=0,0) y—-3z+2=0,
e)x+2y+3z—-6=0.

2. CxJ1aziiTh pIBHSHHS TUIOIIUHM, SIKA POXOIUTH Yepe3 TOUKY A(2,— 1,3) 1
napajienbHa A0 mionuHu  x0z.

3. CxJaziTh piBHSHHS TUIOIIUHH, SIKA IPOXOIUTH yepe3 Bich Oy 1 TOUKY

A(-1,6,3).
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4. CknaniTe pIBHAHHS IUIOUIMHH, SIKa MPOXOAUTH udepe3 Touky A(l, 2, 4) 1
BIITUHAE HA KOOPJMHATHUX OCSAX PIBHI JOJIaTHI BIAPI3KHU.

5. Cxnaaith piBHSHHS IUIOLIMHY, KA MPOXOIUTH yepe3 Touky A(2,-1,3) 1 miHiro
NepeTUuHy ABOX IIOmUH 2x+3y—z+4=01x-2y—-3z+6=0.

6. Ckyiaiith PiBHSHHSA OICEKTOPHOI IUIOMIMHM TOTO JIBOTPAHHOTO KyTa MIX
mwiomuHaMu  2x—14y+6z—2=01 3x+5y—-5z+3=0, B sIKOMy JI€KUTh

MMO4YaToOK KOOpJAHWHAT.

7. CxnamiTe piBHSHHS IUIONIMHU, sSKa MPOXOAWTHh udepe3 Touku A(-1, 2, 3),
B(4, -1,2) 1 nepnieHAUKyJIsApHA TUIONUHI X+ ¥ +2z—4 =0.

8. 3naiaiTe BiacTanb Big Touku A(3, 2, -1) mo miommHu 2x —3y +62z—-3=0.

9. CxnamiTe piBHSHHS IUIOIINH, SIKI MapalienbHi miomunl 6x +3y—2z+13=0 1

3HAXOIATHCS B HET Ha BiacTaHl 701.

10. 3HaiaiTh BiACTaHb MIXK IUTOIUHAMU 2X —3y + 62z —14=01
4x—-6y+12z+21=0.
11. 3HaiaiTh KyT MiX TuiomHaMu x —3y +2z—-5=0 1 3x—-2y—-z-3=0.

12. 3BeniTh 3arajibHe PIBHAHHS NPAMOI 10 KAHOHIYHOTO BUTIISTY

2x+3y—-16z=0,

3x+y—-17z=0.
13. 3HalIITh TOYKY NEPETUHY MPAMUX
x—-4 y-1 z+5 ; x+3 y+l1 z+4
-4 4 7 1 2 2

14. 3naiinitTe npoekuito Touku A(2, - 1, 0) Ha npsamy X ; 7_ yé;l _Z ; 3;

15. 3HaiigiTe OpTOroHanbHy NpoeKkwito Toukun A(S5, 2,-1) Ha mIOWUHY
2x—y+3z+23=0.
2x-2y+z+3=0,

16. 3naiaiTh BijicTaHb Big Touku A(2, 3, -1) no npsmoi
(2,3,-1) somp {3x—2y+22+17:0.
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17. 3malaite TOuky, cuMmeTpuuHy touii M(1, 2, 3) BIZHOCHO TUIOLIMHU
2x+y—z—-13=0.
x+3 y-2 z+l

18. 3HaligiTh TOYKY NEPETUHY MPAMOI 1 TUIOHIMHU

-1 -5
x=2y+z-15=0.
19. 3HalIITh BIJICTaHb MK IPSIMUMHU
x-2 y+4 z-5 ; x+1 y+2 z-1
3 1 4 3 1 4

20. 3HaiiaiTh HAWKOPOTIIY BIACTaHb MDK MHUMOODKHUMH  NPSIMHUMHU
x=1 'y z4+3 . x-5 y-4 z+2

4 2 1 ] -1 3

21. Cknanite piBHAHHA IUIOIIMHU, SKa MPOXOJUTh dYepe3  MIpsIMy

x+1 y+7 z-4 .x—6 y-3 z+3
= = napasienbHO 10 MPsAMOi = = :
3 -3 8 3 -2 4

22. CknaaiTh pIBHSHHA MPSAMOi, fKa MPOXOAUTHh uepe3 Touky A(-3, 1, 0)
. |4x—y+3z-1=0,

napayieTbHO MPSMii
x+3y-5z+7=0.

Bionosioi. 2. y=—1; 3. 3x+2z=0; 4.§+%+§:1; 5.7y +52-8=0;

6. (80, >0) x+6y—4z+2=0; 7. x+3y—4z+7=0; 8. 2,

9. 6x+3y—22+62=0, 6x+3y-22-36=0; 10. 3; 11.%; 12%:%:?;

13. (0,5,2); 14. (4,-3,1); 15.(L4,—-7); 16.15; 17. (9,6,—1); 18. &, 1] P;

19. 5. 2 %; 21 dx+12y+3z476=0; 22, 3yl 2
J26 5 23 13
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Po3gis IV. KomiuiekcHi yuc/ia. Ajireopa MHOro4jeHiB

§ 1. Jii HaJg KOMILUIEKCHUMH YHCJIAMU

MHoXuHY KOMIUIEKCHUX uncen z  mo3HadawoTh C. Posrmsaemo pi3ni
dbopmu ix 3anucy:

1. anzeopaiuna ¢popma

z=x+iy, ne x=Rez(real — miiicauit), y = Imz(imagine — ysiBHUII) —
BIJIMTOBITHO JiMiCHA 1 ysIBHA YacTHHHW 4YHWCia, X,y €R, i=+/—1—ysaBHa

OJIMHMIIA.
Y JIIICK uncny z Bimnmosizae paxiyc - Bextop touku M (x,y), (Puc.47);

2. mpucoHomempuuHa hopma

z = p(cos@+ising), p i ¢ —nomspHi koopauuat Touku M (p,¢),

p=+x*+y" =|z|-Momynp umcma, ¢ =Argz—Horo aprymeHr, SKui
BU3HAYAETLCA 3 TOYHICTIO 10 2kz, TOJOBHE 3HAUYEHHSI argz e (—7[,7[]
OOYHUCITIOIOTH 32 (POPMYIIOK0:

arctgl, x>0,
X

I,y>0,

argz = arctgl+7r-sign v,x<0, Tyt sign y=|0,y=0,
X

-1, y<0;
T
Eszgny, x=0,
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=V

Puc. 47.

2. nokaznukoea  ¢hopma, BpaxoBytoun  dopmyny  Eiinepa

e'? = cosg +ising, mae BurIALn

z=p-e?.
KommekcHi uncna
z, =X, +iy, = p(cos@, +ising) 1 z, =x, +iy, = p,(cose, +ising,) pieHi,
AKIIO X, =X, 1 Y, =Y,, a00 p, =p,, ¢, =@, +2kn, k€.

Yucnoz = x—iy = p(cos (—)+i sin(—gp)) HA3UBAETLCA  CHPAMNCEHUM  JIO
ypcna z.

JIii HaX KOMILIEKCHUMH YHCJIaMM:

1.i'= I i = -1, i’ = —i, it = 1, mami crerneHi i 3 IepiooM 4 TTOBTOPIOIOTHCS:

2.1+ zy =(x+x ) +i(y +3y), z+Z =2x;

3.21 25 = (xlxz —J/1y2)+i(x1 Y2 +x2y1) =pP1 P2 (005(601 + @, ) +isin(g +¢2)),
2.

>

Z'ZZ‘Z

A_Ah Ay

1
: - 'S - s O: _:_.;
-, ‘22‘2 pz COS((Dl ¢2)+lSln(¢l @2)) Zy * ; 1

5. 2" = p" (cosnp+isinng);
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6. Q/Z:Q/;(cos(p+2kﬁ+isin¢+2kﬂj, k=0,1,---,n—1;

n n

Ilpuknaou po3é’azanna munoeux 3a60aHs

3+2i

Ipuxaan 1. Bukonaemo fii: —+(1- 31')2.

—1i
<
312 -3 =8¥20CHD 6 9 60 i3ivan—6i—g=—0_23;
2—i (2-i)(2+i) 5 5 5
>

Mpukaax 2. O6uncInMo Bei 3HaYCHHS KOpeHiB § —1 ~J3i a 300pa3umo ix Ha

KOMIUIEKCHII TUTOIIMHI.

«3Haii1IeMo MOJIyJIb 1 apTyMEHT uucia —1 — J3i

p:\/1+3=2,(0=—7r+arctg\/_=—2?ﬂ.

—2—7[+2k7r —2—7[+2k7r

Otxe, o, =42 COS3T+isin3T ,k=0,1,2,3.

3BincH @, = %(cos[—%j + isin(—%)] = %(? - %z)
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) * =Q/§(cos§+isin§j:ﬂ/§[_+

y N2
A D)
- ] —~ a)‘,
YA \ a)2=(‘/§(coss—7[+isin5—” =42 —ﬁ il ,
[ 6 6 22
= X
\ 0 -n/6\ | -
V2 a)3:i1/5(00s41—7r+isin4—7z =4 —l—iﬁ
\ o, 3 3 22
7
0)3 | —
Puc.48.

Bci xopeHi JiexaTh Ha KoOJl pajaiyca {2, nounnarouu 3 Toukw, WIS AKOI

Q= e BepIIMHamMu KBazapara (Puc.48).p

B 60
Mpuxnag 3. O6uncanmo [7 - %j .

. 3 1
<« 3HaiiIeMo MOAYJIb 1 apTyMEHT YHCia % — % e

1

_5 |
Q= arcth = arctg(——j =——.
3 3) 6

60
Orxe, (——LJ :cos(—%-60j+isin(—%-60j =coslO0z —isinl0z=1.p

2

Ipuxaan 4. 306pazuMo MHOKUHY TOUOK z € C, nns sikoi Re— > s

<« 3naiinemMo aid

z#0 Rel:Re ! =Re admi =
z X+iy (x+iy)(x—iy)
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X—1I X
=Re 5 y2: 5 2.OT)KC, >
xXT+y° xT+y X +y

1
>Z, x2+y2>0:>x2+y2<4x:>

(x—2)2+ y2 <2%, 10610 HE BHYTpIIIHS YacTHHA Kpyra 3 LEHTPOM Yy TOuIIl

0,(2,0) 1 pagtycom 2, kpiM no4atky koopauHar (Puc. 49).p

Puc. 49.

3ae0anHna 0na ayoumopHoi i camocmiitHoi pob6omu

3anuiiTh Yuciaa y TPUrOHOMETPHUYHIN 1 MOKa3HUKOBIN popmax:
1 z=\3+i; 2.z=1-i3; 3.z=—l-i; 4z=-242i; 5.2=6-6i
6.z=—/3+i; 7.z2=-23-2i.

Bukomnaiite mii:

i N VP A | ) LS T e V) GO
1-3 2+4i 4-5

11.(1iff; 12.[—%#?)4; 13. ((—1+i)(—1—i\/§))8; 14.(1-3)

8

3HalIITh BCl 3HaUCHHS KOpeHiB: 15. 3/——1; 16.,4/_143_—21\/5; 17.\/;; 18.3/-16.

300pa3iTh Ha KOMILJIEKCHIH IUTOMIMHI MHOKHUHY TOo4uoK z € C:

z

19.]z—i]<1; 20.1<|z+2-i]<2; 21.1<|z+i|<3; 2.Im =1

.
b
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23. Rel>%; 24.‘2‘2:2Rez+l; 25.z-z<4,Rez<], Imz > —1;
z

Z_i‘:l; 27.|z+i[+|z—i|=4; 28.0<Reiz<l; 29.|z|=Rez+1.

26.

zZ —

Bionoeioi.

I z=2[ cosZ+isin™ |=2¢; 2.2=2 cos(_Z visin| =X | |=2¢ 3,
3z . . RY/4 3
3. z=+/2] cos vy +isin 1 =2¢ 4

3
4, z= 2&(005(%) + isin(%) =2J2¢ *;

5. z= 6\/§(cos(—%) + isin(—%j = 6\/5;2;

S

6. z= 2(cos5—7[+ isinS—ﬂJ = 2el?;
6 6

57r

7. z= 4(005(——)+ls1n(—%)) K ;.

7 19 100 125

3
29 i 10 i
. T TR 512(1 zf)

12.—l+i£; 13.2”(—1+i\/§); 14.64; 15. l+i£,—1l—i£ :
2 2 2 2

)

16.{ i(\/§+1),_ (- 1+1\/_)} {gﬂ'g,—g—iﬂ};

2

8.0
2

18. {J_r(\/i +i\/§),i(—\/§ +i\/§)}; 19. BHyTpilIHSA YaCTUHA Kpyra X~ + (y —1)2 <13

nenTpomM (0,1)1 pagiycom 1;
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20. BHYTpIIIHS YacTWHA Kiublg 1< (x + 2)2 +(y— 1)2 <4; 21. BHYTpiIHA

yacTHHA Kitbls 1< x>+ (y + 1)2 <9;22. kom0 x>+ (y + 2)2 =4, KpiM TOYKHU

z=0;

23. BHyTpIlIHA YacTHHA KpyTa (x—l)2 +y% <1, kpiM Toukn z=0; 24. KoIO

(x— 1)2 +y% =2; 25.uactuna kpyra x° + y> <4,x<1,y>—1;26. npsiMa x =

b

2 2

. 1
27. eminc %+y7: I; 28.cmyra —1< y <0; 29. mapabona x :E(y2 —1).

§ 2. Auaredpa MHoOro4JieHiB

Mmuozounenom (noninomom) n-—20 cmeneHs BITHOCHO 3MIHHOI z
HA3UBaIOTh BUPA3 BUTTISLY:

1

P, (z)=ayz" +az"" +--+a,_z+a,, 1e a;(k=0,1,...,n)—-

KOeQIII€EHTH MHOTOUJICHA, SIKI MOKYTh OyTH JIHCHUMHU a00 KOMIIEKCHUMU.
JIBa MHOTOWIEHHM HA3MBAIOTHCA PIBHUMHM, SIKIIO pPIBHI iX cTemeHi 1

KOe(IIIEHTH MPU OJHAKOBUX CTETICHSX Z.
[Ipn nmomaBaHHI MHOTOWICHIB JIOAAEMO KOE(DIMIEHTH TPU OJHAKOBHX

CTCIICHAX Z. HpI/I MHO>KEHHI KOXKE€H UJICH OAHOI'O 3 HUX MHOXHMO Ha KOXXCH

YJIeH 1HIIOTO 1 oJiepKaHi JOOyTKH aojaeMo. JliJIeHHS MHOTOYICHA Pn(z) Ha
0, (z) (n=m) moxiuse 0Oe3  ocraui: P, (z)=0,,(z)-T,_,(z), toai
muorounenu Q,, (z) i T,_,, (z) Hasusatotbest Oinsrukamu P,(z). SIkwo ue

HEMOXIJIMBO, TO BUKOHYIOTb  OLIeHHA  MHO204YJlIeHi@ 3  ocmauero.
Py(2)=0m(2) Ty—m(2)+Rj(2),k<m, tyr T,_,(z) - 4actka, a R, (z) -

ocTaya.
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Mpuxnan 1. [loginumo MHOTOUYICH 3z —522 +6z—7Tma z2 —z +1.

<

324 5224 62-7 |z —z+1

324 —373 4322

322 +3z-5

32822+ 627

325 -3z2 +3z

5224327
5245:-5
—2z-2

OTtxe, 324—522+6Z—7=(22—Z+1)(322 +3z-5)+(2z-2). »

Cxema I'opuepa. Teopema Bbe3y

PozrisitHemo okpemuid, 1y’ke BaKJIMBUN, BUIAJOK AUICHHS MHOTOYJIEHA

_ n n—1 o
P(z)=ayz"+az"" +...+a, ;z+a, (n>1)Ha 3BeeHuil MHOTOWICH NEPIIOTO
crerneHss z—a. Yactkoro Oyne MHorouneH 7, ,(z), a OCTayerd — YHCIO

ayz" +a "+ .. +a, :(z—a)(bozn_1 +hz"? +...+bn_1)+r. (1)

[TepeMHOXMMO MHOTOYJICHH B IpaBiii YaCTHHI 1 3BeJIeMO TOM10HI. 3PIBHIOIOYH
Koe(dimieHTH B 000X YaCTUHAX PIBHOCTI MPU OJIHAKOBHUX CTEMEHSX Z, JICTAHEMO
CUCTEMY JTHITHIX PIBHSIHB VIS BU3HAUYCHHS KOeIIIE€HTIB
b, (k=0,1,...,.n=-1)1ir:

b() = ao,bl = aobo +Cll,b2 == Clbl +Clz,...,b”_1 :abn_z +Cln_1, r :ab”_l +Cln.
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[X 06unCcIeHHs 3pyYHO BUKOHYBATH 3a TaK 3BaHOIO cxemoio Ioprepa:

|y | a, | a, || a, | a,

n

a ‘ b0=a0 ‘b1:a0b0+a1 ‘b2=ab1+a2 ‘... ‘ b_1=abn_2+an_1 ‘F=abn_1+an

Y BepxHbOMY pSAAKY cxemu ['opHepa BUNHCYEMO 3a CIIAIaHHSIM CTETCHIB Z
xoedinieHTH P,(z) (AKIO CTeneHs "% wemae, To BBaXkaemo a,=0), a B

HIKHBOMY — KOE€(DILIIEHTH YacTKH by, 1 0cTady 7.

Sxmo y piBHOCTI (1) migcTaBUTH 3HaY€HHA z =a, TO AICTaHeMO 7 =P, (a).

3BiI[CI/I BHUIIIMBAE€ TAKC TBCPKCHHA:

Teopema be3y. Ocraua Bin nuleHHs MHorowieHa P,(z) Ha JBOWIEH Z—da

I[OpiBHIoe 3HAYCHHIO MHOT'OYWICHA IIPH Z = a :

r=P(a).
Osnavenns. Yucino a Ha3uBAaIOTh Kopenem MmHozouneHa P,(z), SKIIO
P (a)=0.

Hacaigox. MHorouner P,(z) aumTbea 0e3 ocTadl HA z—a TOAl 1 TUIBKH
TOJ1, KOJIU @ € HOr0 KOPEHEM.
) k . .
Axmo MHorowieH P,(z) AUIMTbCA Ha (z—a) (keN ) 1 HE JUINTBCS Ha

k+1 . .
(z—a) , TO YUCIO k HA3UBAIOTh KpamHicmio Kopena a (pu k =1 KOpiHb

Ha3UBarOThb npocm MM)

Ipuxkaax 2. IlepexkoHaeMoch, MmO 4YUCIO z=-1 € KOpEHEM MHOIrO4YJIECHA

P(z) =22°+5z% +22° —42% —4z -1 i BusHAUMMO HorO KPaTHICTb.

<« 3actocoByeMo cxeMy l'opHepa J0TH, TOKHM 4YeproBa 4YacTka HE CTaHE
BIJIMIHHOIO BiJl HYJIA:

82



2 5 2 4 -4 -1
-112 3 -1 -3 -1 0
-1/2 1 -2 -1 0
-112 -1 -1 O
-112 -3 2

Omxe, uncio z =—1 € KOpeHeM MHOTOWICHa KPaTHOCTI 3, MHOTOWICH MOKHA
MOJTaTH y BUTJISAIL:

22° 4524 4220 — 42 —dz-1=(z+1) (227 -3z +2)

>
B P'(a) P'(a) 2 P (a) n
Bupa3 P(z)=P(a)+ I (z—a)+ o (z—a) +...+ " (z—a) (2)

Ha3UBAIOTh ghopmynoro Teiinopa 0na muozounena 3a cmeneHaAmMu z —a

Hero 3pydHO KOpPHCTYBAaTHCh MPH OOYHMCIICHHI 3HAYCHh MHOTOYICHA B OKOJI
TOYKH Z = d.

Ipuxaan 3. Po3kinagemo MHOTOwIeH P(z)= 2z% —52° +42° —8 3a cremensmu

z —2. O64ucIMMO 3HaUYCHHS MHOTOYJIEHA 1 BCIX MOT0 MOXIIHUX TPU z = 2.

<« 3actocyeMo 10 P(z) 4yotupu pazu cxemy ['opHepa:

-5 4 0 -8
2 2 1 2 4 0=P(2)
2 2 3 8 20:%
2 2 7 20 =12
2!

2 2 1=

31
2 [2-P1 @

41
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OTxe, yucno 2 € mpocTUM KopeHeM MHorowieHa. Po3knan P(z) 3a creneHs MU

z —2 Mae BUTJIAL;
P(2)=20(z-2)+22(z-2)" +11(z=2)’ +2(z-2)".
3HadeHHs P(z) 1 MOro NOXiHUX NMpH z =2:

P(2)=0, P'(2)=20, P"(2) =44, P"(2) =66, P!V (2)=48 . »

Ipuxnag 4. Y3aransHuMo (GOPMYIIA CKOPOUEHOTO MHOKEHHS JIJIs MHOTOYJIeHa

x" —a", sKuit Mae KOpiHb X =a .

<
10 0 0 —a"
a ‘ 1 a a’ a0
Orxe, x"—a" = (x—a)(x"_1 +ax" .+ d" x+ a"_l).> (3)

Po3kaaag MHOro4jieHa HA MHOKHUKH

OcHoBHa TeopeMa aiaredpu. Koxen mHorouwnen P,(z) cremens n=1 mae

Ha MHOKHHI KOMIUICKCHUX YHCEII X04a O OJMH KOPiHb.

Teopema. bynb-sxuii MmHorounen FP,(z) creneHs »n 3 JIIHCHUMH 4Hd

KOMILJIEKCHUMH KOe(IliEHTAMH Ma€ HAa MHOXHHI KOMIUIEKCHUX YKCEN PIBHO N
KOPEHIB, KOJM KOXEH 3 HUX paxyBaTH CTUIbKM pa3iB, CKIJIBKH CTAaHOBUTH HOTO
KpPaTHICTb.

Hns P,(z) MaeMO Takui po3K1a0 Ha MHONCHUKU:

F(z2)=ay(z-a)(z-,)..(z-a,) 4)
Skmo xopins ¢«; (i=1,2,...,n) Mae kpatHicTh k;, 1<k; <n, To, 00'emHyIOUN
OIIHAKOBI CIIIBMHOKHHKHM, MHOTOWIeH P, (z) MOXHa €IMHHM CHOCOOOM

PO3KIACTU HA MHOKHUKH:
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P(2)=ay(z—a)" (z-a))?..(z—a,)'", (5)
ne kj+k,+...+k,=n.

Hexaii Tenep yci koeQilieHTH a, MHOroujaeHa P,(x) e aiiicHi yucia.

Teopema. flkmo uucino a=a+ fBi € xopeHeM MHorowieHa P, (x) 3

TUCHUME KOe]iIlieHTaMH, TO CIPsDKEHE YHCI0 @ =« — i Takox Oyjae ioro

KOPEHEM.

Hacainok. Koxen mHorounen P,(x) 3 pilicHUMEU Koe(illieHTaMH MOXKHA

€IMHUM CIIOCOOOM PO3KJIACTH Ha JOOYTOK HE3BIHMX MHOTOYJIEHIB MEPIIOTro Ta

JPYTOro CTENEHIB 3 JINCHUMH KOeDiIiEHTaMU:

Pn(x)=a0(x—al)k1...(x—ar)k” (x2 +p1x+ql)ﬁ1...(x2 +psx+qs)ﬁ5, (6)
e kj+ky, +..+k +28 +..+26 =n.

Bukopucrasim po3kiaj 3Be1leHOro MHorowieHa (ay =1)

P (z)=z"+ alzn_l +...+a,_ z+a, , HA MHO)XHUKA HA MHOXKHHI KOMIUICKCHHX
qucesd, 3HAWAEMO 3aJeKHOCTI MDK KOPEHSAMHM MHOTOWIEHa Ta MOro
Koe(iliEHTaMH:
a=—(a+o, +...+a,),
a, =, +ast.ta, a,,
ay = (o0 + g0y +.. ta, o, ), ()
a,=-1)"qa,..a,.
PiBnocti (7) Ha3uBaioTh ¢popmynamu Biema s KOpPEHIB 3BEICHOTO

MHOI'O4JICHA 71-T'O CTCIICHA.
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Ipuxnan 5. 3uaiinemMo KopeHi MHorowieHa P(x) = X 4+2xt -2 —4xt 4 x+2

1 pO3KJIaIeMO HOT0 Ha MHOKHHKH.

<« SIK1110 MHOTOYJICH Ma€ 1T KOPEH1, TO BOHU € IUJIbHUKAMH YHCiIa 2, TOOTO 118

yucna 1,12 . 3niiicHroemo nepelip 3a cxemoro ['opHepa:

1 2 -2 -4 1 2
1 (1 3 1 -3 -2 0
1|1 4 5 2 0
I |1 5 10 12#0
-1 3 2 0
-1 2 0
2|1 0

Takum 4vHOM, X==%] € JABOKpaTHUMH KOpPEHSMH MHOTOWIEHa, a X=-2 -
IIPOCTHUM.

x5+2x4—2x3—4x2+x+2:(x+1)2(x—1)2(x+2).>

Ipuxnag 6. 3HaiineMo KOpeHi MHOTOWIECHA 3 +xt+x-21 PO3KJIaIEMO KOT0

Ha MHOKHHI JIMCHUX YHCEJI HA MHOKHUKU.

< PaI_IIOHaJ'H:Hl KOPCHI1, 3a 1X HAABHOCTI1, MatOTb BUIJI —, A€ 7 € JUJIbHUKAMU

m

BiIbHOTO wieHa 2: +1,¥2, a m — minpHUKaMu cTapiioro koedimienta 3: +1,+3.

BpaxoByroun, 1mo Ha BIIpI3Ky [0,1] MHOTOYJIEH 3MIHIOE 3HaK, MEPEeBIPIEMO

.
yucia ng 1x=

g.
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(9%} W | W

Wi W~

Orxe, 3x° +x>+x—2= (x —%j(3x2 +3x+ 3) =(3x— 2)(x2 +x+1), MHOXHUK

V3.

: : 1
x* + x+1 Mae KOMIUTEKCHi KOpEH1 X = =3 + 71 .

Po3kiiaa npaBuJIbHMX PaliOHAJBHUX AP00IB HA eJIeMEeHTapPHI

Payionanonum Opodom HA3UBAETHCA YacTKa BiJ [IJICHHS JIBOX

: P (x : .

MHOTOYJICHIB n ). KO  CTemHb YHUCEIbHUKA MEHIIMHA  CTCTICHS
i (X)

3HAMEHHHWKA, n<m, TO Jpid HnpasunbHuil, 1HAKIIE — HENPAGUIbHUIL.

[TominuBIIM YHMCENbHUK HA 3HAMEHHUK Yy HEMPaBWIBHOMY Ap0Ol, BHUIILITUMO

YacTKy — LTy YaCTUHY, J10 SIKO1 JOJAETHCS MPaBUIbLHUMN Api0

B 1y B0
0,0 "0, ()

[TpaBuiibHI pamioHanbHI IpoOH

,ne k<m.

A ; Bx+C
(x—a)k (x2+px+q)r ,

ne A=#0, B> +C?> 0, k,reN, a,p,q,A,B,C €R, p2 —4g <0, Ha3UBaIOTh
eleMeHmapHumMu abo HAlunPOCMIiuMu payioHanIbHUMU OpodaAmMu Ha

MHOXHHI R .
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£,(%)

Koxxen mnpaBuibHMI parfioHaTbHUNA Api0 , n<m, 3HaAMEHHUK

O (%)

SAKOI'0O Mae€ poO3KJjiaJg

0, (") =(x—a) ' (x—a)i( + px+g) " (" + px+g,)7, (8)

MOHA €UHUM CIIOCOOOM 300pa3UTH Y BUTJIAJI CYMHU €JIeMEHTapHUX JAPOOiB:

P A A 4 A A
2() _ +——12 2+...+—1kl ot

On(¥) x-ay (x-a) (x-a)t T x-a (x-a)

+ i + Bx+ Gy + Bipx+ Gy ot B+ Gy +.+ (9
(x—al.)ki x2+p1x+q1 (x2+p1x+q1)2 (x2+p1x+ql)r1

N Bjrjx+erj

2 rp’
(x"+p;x+q;)
KoxHOMy nmilicHOMY KOpeHI0 ¢ KpaTHOCTi k; y poskiazni (9) Biamosimae cyma
k, enemeHTapHUX JIpOOIB

A A Ay,
1 12 n 1

X = (36—051)2 T (x—a)

a KOXKHIN Mapl KOMIUIEKCHUX CIPSKEHUX KOPEHIB KPAaTHOCTI #, Ka YTBOPIOE Y
. r . .
po3Kkiani 3HaMeHHHKa (8) MHOXKHHK (x> + pix+q) ', Bianoeimae cyma #

HalinmpocTimux 1po6iB y po3kiani (9):

B11x+C11 n B12x+C12 + + Blrlx+cll”1
2 2 2 2 ry -’
X +px+q (X" +px+q) (x"+px+g)!

s BU3HAYECHHS JIACHUX KOe(]iIli€HTIB

A., B Cpm (r=1,2,...,i;j:1,2,...,kl.;p:1,2,...,j;m=1,2,...,rj) pO3KIIaTy

]/j) pm?

3aCTOCOBYIOTH HaCTyrIHi MCTOOU.
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1. Metoa Heo3HaAYeHUX KoedinieHTIB.

JomHOXXHUMO 00M1B1 yacTHHU poskiany (9) va O, (x):

P (x)= All(x—Otz)kz...(x2 +pjx+qj)rj +...+(Bjrjx+cjrj )(x—ai)k"... (10

2 " 2 -1
(X pxtq) (T px g )T
3piBHAEMO KOE(IIIEHTH TMPU OJHAKOBUX CTEMEHSIX X B 000X YacTHHaX
toTo)kHOCTI  (10). Opepxxkumo cucremy JHIMHMX — PIBHSHB  BIJIHOCHO

HEO3HAYCHUX KOCDIIIEHTIB.

: . . 6x*+x-2
Mpuxnag 7. PamionaneHuit api6d ﬁ pO3KIageMO Ha CyMy
X —x-

eJIeMEHTapHUX APOOiB.

<« Po3k1azieMo Ha MHOKHUKHM 3HAMEHHUK JIpO0Yy.

. . : . 1
MoxnuBl parioHaldbHI KOPEHI UIIYKAEMO CEPEN YHUCEN il’iE 3a CXEMOIO
['opnepa:

(2 0 -1 -1
1\22 1 0

Maemo po3kiaj 2 —x—1= (x— 1)(2x2 +2x +1), 1Ba 1HII KOPEH1 3HAMEHHUKA

KOMILIEKCHI.

Jlnis 3amaHoro 1pody MaeMo pO3KiIa

6x* +x-2 A L Bx+C
23 —x—1 x—-1 2x*+2x+1

JIOMHOKHMMO OOM/IBI YACTUHU PIBHOCTI Ha 2x° —x—1:

6x2 +x—2=AQ2x* +2x+ 1)+ (Bx+C)(x—1).

3piBHIOEMO KOe(Ii€HTH 01151 OJHAKOBHX CTEMEHIB X B 000X YaCTHHAX:
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x| 6=24+B8,
x'' | 1=24+C-B,
V| 2=4-C.

JlomaBmiu BCi TpU PiBHOCTI,

micranemo 5A=5, T0o0TO

A=1, toni B=4,C=3.

6x* +x-2 1 4x+3
= +

= »>
203 —x=1 x-=1 2x242x+1

OTxe,

2. MeT0o1 YaCTKOBHUX 3HAYEHD.

CkopucTaEMOCh 3 TOro, 10 PIBHI MHOTOWIEHH NPUIMAalOTh PIBHI 3HAYEHHS
IpU OJHAKOBHUX 3HAYEHHAX X. ToMy B mpaBiii Ta JIiBId YaCTHMHAX TOTOXHOCTI
(10) miacTaBUMO TOBUIBHO 7 3HAYEHB X, JI€ 7 JIOPIBHIOE KUIBKOCTI HEO3HAYCHUX
koedimieHTiB. 30Kpema, 3a 3HAYEHHS X MOKHA OpaTh KOpeHI 3HaMEeHHHKa. [3
CKJIaJICHOI CUCTEMH 7 JIIHIMHUX PIBHSHB 3HaXOAMMO HEB1JIOMI KOS(DIIIIEHTH.

Ha npaktuiii metoau 112 no1iapHO KOMOIHYBaTH.

2x° -1
(x=2)*(x*+1)

Ipuxaan 8. JIpi6 PO3KIJIAIEMO Ha CyMYy eJIeMEHTapHUX JIPOOiB.
2% —1 A B Cx+D
2, 2 - + 2t
(x=2)"(x"+1) x-2 (x-2)° x"+1

JIOMHOKMMO OOM/IBI YACTUHU PIBHOCTI HA 3HAMEHHUK:

233 —1= A(x = 2)(x* +1) + B(x* + 1) + (Cx + D)(x — 2)*.

ITokmanemo x =0, x =2, x =i, IICTAHEMO:

B=3,

B:3, C_—z

—1=-24A+B+4D, Ty

A-2D =2,

15=358, = = 1
3C-4D =-2, D=-,
—2i—1=(Ci+ D)(3—-4i), 5
3D+4C=-1, 12

A=—.
5
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Takum 4YuHOM,

2°-1 123 1-2x
(x=22(2+1) 5(x=2) (x-2)% 5G*+1)

k10 3HaMEHHUK TMPaBWIBHOTO JIpoOy Mae TUIBKUA TPOCTi JIWCHI KOpEHI,
10010 O(x) = (X —01))(Xx — 0y)...(X — ,,,), TO pO3KIIAK APOOY Ma€ BUIIISL

P (x A A A ) i -
2 (%) =1 4 Z 44— , 1€ HeBiAoMi Koe(iIlieHTH 3pydHO
0,x) x—a x-a, x—-a,

3HaXO04UTHu Memooom BUKDpEC/III06AHHA:

_ P(ay) _B(0)(x-a)
- a)a-a,) 0,0 |,
_ P(ay) _A@G-a)|
> (ay-a).(ay—a,,) 0,0 |,
_ P(a,,) _P(x)(x-a,,)|
" A(a,—a).-(a,-a, ) 0,0 |,

3x° +3x7 +2x -2

X+ x% - 2x

Hpuxknaxg 9. Jlpi6 pPO3KJIaIEMO HAa CyMYy e€JE€MEHTapHHX
Tpo0iB.
<« JIpi6 HenpaBUILHUM, BUAUIMMO CIIOYATKY Ty YaCTUHY

3432+ 2w -2 | 407 2x

3x +3x% —6x ‘ 3
8x—2
. 3437 +2x-2 8x—2
3BiAcH T 5 =3+ .
X +x"—2x x(x—1)(x+2)
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s npo0y MaemMo po3Kiaz

8x—2 —é+ B N C
x(x=Dx+2) x x-1 x+2
3a MET0/I0M BHKPECIIIOBAHHS 00UUCTIOEMO

_ 8x-2 | g 32, o820 g
(x—D(x+2)|_, X(x+2)| x(x-1)|_,

3 2 B
Orske, 3x 43—3x2+2x 2:3+1+L_ 3 >

xT+x°—=2x x x—-1 x-2

3a60anHns 0na ayoumopHoi i camocmiiiHoi pobomu

[lepeBipTe, 10 X =a € KOPEHEM MHOTOYJIEHA 1 3HAWIITh KOTO KPATHICTD K :
1. P(x)=x4—6x3+12x2—10x+3, a)a=1, 6)a=3;
2. P(x) =2x" +5x" +2x° —4x* —4x -1, a=-1;
3. P(x) =x +x'—8x —8x* +16x+16, a=2;
4. P(x)=x"-x"-22x"+16x+96, a=3.
Ha MHOXWH1 TIMICHUX YUCeN PO3KIIAIITh MHOTOWICH HA MHOKHUKH:
5. P(x) =X +x-2; 6. P(x) =x -3x+2; 7. P(x) =x —4x’ +8x* —32;
8. P(x) =2x =5x*—x+1;
9. P(x) =2x" - X +2x* +3x-2; 10. P(x) =x"+3x> +7x+10.

Po3knaniTe parioHanbHUM 1pi0 HA CyMy eJIeMeHTapHUX Apo0iB:

1 1 4 X +5x—4

: 12, 13. ——— ;. 14.
x(x+1)(x+2)’

11. L (-1 (x-2)  (-2)(@ )
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3x+6 5x% +17x+36

2x+22
15. ; 16. ————; 17. ;
(x+2)(x* = 2x+10) X (x+3) (x+1)(x* +6x+13)
2
18. xX+S .19, P35 9, Bx ;
(x+2)(x=1)(x-2) x(x-1) (x*+3)(x" 1)
2x° +5x% -1 x 5x+1
21, —— ;. 22. ;23 )
X +x2 (x2+1)(x2+4) X +3x*+7x+5

Bionosioi. 1. a)k=3,6)k=1; 2. k=3; 3. k=2 4. k=1 5. (x-1)(x" +x+2);

6. (X—l)z(x+2); 7. (x—2)(x+2)2(x2—2x+4); 8. (2x+1)(x2—3x+1); 9,
(x+1)(2X—1)(x2—x+2); 10. (x+2)(x2+x+5); 11. i_xil+2(xl+2);

| 2-x 4 4 4 14 12 —4x
12. + ; 13, | ;o 14, 1+ + ;
3(x+1) 3(x2—x+1) x—1 (x—l)2 x—2 5(x—2) 5(x2+1)
5. L x6 g L2 Ly 3, 29
x+2 x"—2x+10 3x x 3(x+3) x+1 x"+6x+13
18, 241 7T g9 3,9, 2 . g L, 1 2
x—1 4(x+2) 4(x—2) x x-1 (x—l) x—1 x+1 x"+3
U LY, | S, SN S, } JNE . bl
x+1 x x 3(x2+1) 3(x2+4) x+1 x"+2x+5

Po3ain V. KpugBii noBepxHi Apyroro nopsaaky

§1. Kpusi apyroro nopsiaky
1. Kono 3 nenrpom y touui O, (a,b) i pagiycom R (Puc. 50, a) y JATICK

BHU3HA4YA€THCA piBHHHHHM

(x—a)2+(y—b)2 =R?,
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2

1 x°+ y2 = R?, sKuwio LEHTp 30iraeThes 3 nmoyarkom koopaunar (Puc. 50, 6).

Ile MHOKMHA TOYOK IJIOLIUHY, PIBHOBIAAaNeHUX BiJ Touku C.

y}\ yi\
b ] f\ }
0 R Xx
of @ %
Puc. 50, a) Puc. 50,0)

2. Eninc — ue MHOXHMHA TOYOK IUIOIIMHHU, CyMa BiJICTaHEH SKUX 10 JIBOX
3a1aHuX TOYOK ((POKYCIB) € CTalIOI0 BEIUYHHOI, PIBHOIO 2a, OUIBIIONO 32
BiACTaHb MK (okycamu 2¢ (Puc. 51).

j a__ Y a N
€ Bg €
b
A\F 0
B,
l I
Puc. 51.

VY AIICK eninc Mae kanoniune piBHSIHHS

L

2 2
= 1’
a® b

ne a = b >0, a —eenuka nissicv,b —mana nisesics, I (—c,O), F, (c,O) -

. 2 12 c .
¢okycu eninca, a>c,c=Na" —b", ¢ =—<1—-ekcuenmpucumem enirnca,
a

a . .
X =t*——o0upekmpucu, 1,=axtex—gokanvni padiycu, 1 +r =2a,
g b
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n_»n

oupeKkmopianbha énacmugicms €ninca: — =-—==g¢, ne d, —BIACTaHb Bil
dy d,
TOYKHU eJirca A0 BIAMOBITHOT AMPEKTpUCH. SAKIO a =b= R, TO AicTaHEMO
KOJIO x° +y2 = R?, iioro & =0.
) . X =acost,
Ilapamempuune p1BHAHHA €IIIICA: , te [O, 27[)
y =bsint,

SIK110 MOITIOC MOMICTUTH Y (POKYC, a IOJISIPHY BiCh HAIIPaBUTH MO OCi a0CIuC,

2
: . b .
TO HOJIAPHeE PIBHSHHA €JiIca: p = L, p =— —doKanbHUN TapameTp.
l-¢gcosgp a
Onmuuna enacmugicmsp €nirca: SKIo JHKepesio CBITIa TOMICTUTH B OAUH 13

¢dokyciB eninca, TO BIAOWTI BiJi HbOIO IPOMEHI 30€pyThCs B JAPYyromMy HOro

doxyci.
Pignanna oomuunoi 1o eninca y touui M (xg, v ):
XX
20 + J’);o ~1
a b

3. TI'inepbona — 11e MHOXKHMHA TOYOK TUIOIIMHHU, MOIYJb PI3HMIN BiJCTaHEH

SKUX JI0 IBOX 3a/IaHUX TOUYOK ((pOKYCIB) € CTANOI0 BEIUYMUHOIO, PIBHOIO 24,

MEHIIIOI0 32 BiJicTaHb MiXK (hokycamu 2¢ (Puc. 52).

/,

Puc. 52.
95



VY JAIICK rinep6osyia Mae KanoHiyHe PIBHSIHHS:

B
pr

Q

a —Ooiiicna niseicb, b—ysaena niegice, I, ($c,0) — ¢hoxycu tinepboiu,

2 2 C a
c=Na " +b",c>a, €=—>1-excuenmpucumem, x =+ —— Ooupekmpucu,
a £

b . . .
y=t—x—acumnmomu, 1, =xta+ex—@okanvui padiycu TNpaBoi TIIKHU
a b

4] —rz‘:Za, oupexmopianvha

rinep0oiy, #,=Fa—&EX— JIBOI TLIKH,

n_n

eénacmugicmp rinepoou: —=—-—=¢g>1.
dy 2
. i x = *acht,
Iapamempuune piBHSHHS TiEpOOIH teR,
vy = bsht,
P b?
noaApHe PIBHSIHHSI p=——"——, p=—o1, & > 1, AKIIO TOJIOC MOMIIICHUN
l-¢gcosg a

y dokyc.

Onmuyna enacmugicmp TIEPOOJIN: SKIIO HKEPENIO CBITJIA TMOMICTUTH B
OJIMH 13 (POKYCIB TinepOosu, TO BiIOUTI Bil HET MPOMEH] WAYTh Y HAIMpsMI, IKOU

BOHU BUXOJIWJIH 3 Apyroro ioro Qokyca.

Pisnanna oomuunoi 1o rinepbonu y rouui M, (xo, yo) Ma€ BUTJIAL

X Wo _4
at b
2 2
: Yo ox N
I'inepbona = —-— =1 Ha3sHBAETBbCA CHpAJCeHOl0 10 1aHOL, il dokycu
b” a

Jexathb Ha oci Oy.
4. Ilapabona — 11e MHOKMHA TOYOK TUIOIIWHU, PIBHOBIANAJICHUX BiJ IaHOI

Touku ((okyca) i nanoi npsamoi (aupektpucu) (Puc. 53).
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[| VA
M(x,y)
r
p/2
0N, F X
Q
=
L y'=2px
Puc. 53.

Y AIICK napabona 3 BEpUIMHOIO y MOYaTKy KOOPJMHAT 1 BicCto cuMeTpli Ox
Ma€ KaHOHIYHe PIBHAHHSA

y2 =2px, p>0,

napaMmeTp p— BIJICTaHb Bif ¢okyca F (%,Oj 00  Oupekmpucu x:_§,

dokanvnuit padiyc r = x +§, oupekmopianvna earacmugicmo:r =d, d —

B1JICTaHb BiJl TOYKHU MMapaboJIH 10 JUPEKTpUCH, & = 1.

Honapue pienannsa mnapaboyu p:L, SKIIO TIOJIOC TIOMICTUTH Yy

l1—-cosgp
dokyc.

Pienanna oomuunoi no napadonu y rouui M, (xo, yo) Ma€ BUIIA]

o =p(x+xp).

Ilpuknaou po3é’azanna munoeux 3a60ans

Mpuxnag 1. BuzHauumMo THI KPUBUX, 3BEAEMO iX PIBHSAHHS JO KAHOHIYHOTO
BUTJISIY 1 3HAUIEMO BCl XapaKTEPUCTHUKHU:

a) x> =2y +4y-6=0,
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6) 3x% +12x+8y> —16y -4 =0,
B) y* +5x—6y+4=0,
r) x2—2x+y2—4y+5=0.

2 2
—1
<« a) Bupinumo noBHI KBajxpaTH x2—2(y—1)2—4:0:>x7_¥:1,

micisg 3aMIHM X =X;, ¥ —1=y;, TOOTO NEpEHECEHHs IOYaTKy KOOpIMUHAT Yy

2 2
Mo

Touky C(0,1),micTaHeMO KaHOHIYHE DiBHSHHS =1-ue rinmepGona 3

neHTpom y toumi C (0,1), nificHa miBBich 2, ysBHA /2, c:\/g,Koopm/IHaTI/I

bokyciB Fi) ($\/€,1), E= 76, acuMnrotTa y =1+ 72x;

0) 3(x+2)2+8(y—1) —24:>8 y31:1, ae  x;=x+2, y;=y—1,100TO0

I0YaTOK KOOPAMHAT nepeHecero y Touky C(—2,1). Le eximc 3 ueHTpoM y Todmi

C, niBOCI a=A8,b=-3,c=+5 &= g, KOOpPJIMHATH doxyciB

£ (—2 F/5, 1), PIBHSIHHS AUPEKTpUC X =—2 + T

B) (y—3)2 =—5(x-1)—ue mapaGoma 3 wuentpom  C(1,3), p :g,(bOKyc
3 ) . . . )
F (—5,3), TiIKKM HAOpAMIIEHi CUMETPUYHO oci Ox y BiJl’€MHOMY HAaIpPSMI;

r) (x- 1)2 +(y- 2)2 =0 = KpHBa BUPOIKYeTbCs y Touky (1,2). P>

Ipuxknaxy 2. CkiuageMo  pIiBHAHHSA — e€llinca, KO0  Horo  (okycH

K (—1,1), F, (5,1), ampsiMa x = % € OJTHIEIO 3 TUPEKTPHUC.
<« [leHTp eminca
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(-2 (r-1)°
25 16

=1.»

OTxe, eniIc Mae piBHAHHSA

Mpukaax 3. CxknageMo KaHOHIYHE PIBHSHHS TinepOoid 3 UEHTPOM Y MOYATKY
C : 7 .
KOOpPJIMHAT 1 AIMCHOIO BicCto Ox, AKIIO il €KCHEHTPUCHUTET & =3 a BIJICTaHb

B1Jl BEPIIUHM 10 HAUOIMXKYOT0 (hOKyca TOPIBHIOE 2.

Ipuxnan 4. CxiagemMo piBHSHHSA JOTUYHOI 0 Tapabosu y2 =—8x, BIJIPI3OK

KO M)XK TOUKOIO JJOTUKY 1 TUPEKTPUCOIO AUIUTHCA BicCto Oy HaBMIIL

<« Ilapametrp p =4, ToMy pIBHSHHS TUPEKTpUCH X =2,3a Teopemoro Paneca
BEpIIMHA € CEpEIMHOI0 MDK ~ aOCHMCOK  TOYKHM  JOTHKY 1
x=2,= My(-2,£4).1lincraBumo i KOOpAMHATH y PIBHSHHS JOTHYHOI

Wo :p(x+x0):>y—x+2:0, ¥ +x—2 =0—piBHAHHA JOTUYHUX. P>

3aeoannsn 0na ayoumopHoi i camocmiiiHoi pooomu
1. CknanitTe piBHSHHS KPUBOI, CyMa KBaJpaTiB BIACTaHEH BiJl KOXKHOI

TOYKH KO 710 TOUOK A(-3,0) i B(3,0) nopisHioe 50.

2. 3uainith  koopauHatu  meHtpa C 1 pamiyc R kona

x2+y2—4x+6y—3:O.

3. 3HalaITh HAWMKOPOTINY BIJCTaHb BIJI TOYKHU A(—7,2) JI0 KPHUBOIi
x> +y?-10x—14y-151=0.

4. CxnaaitTh  pIBHSHHS KOJla, SIKE€ TMPOXOIUTh  4YEepe3  TOYUKHU

A(3,1) i B(—1,3), sIKIwo #0ro UeHTp JIEKHUTH Ha IpsiMiii 3x —y —2 =0.
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5. Ckmanite piBHAHHS JOTUYHOI J0 KOJIa x>+ y2 —2x+4y =0,
NEepPHEHIUKYJISIPHOIL 10 IpsiMoi x —2y+9 =0.

6. OOYMCTITh TOBXKUHY TOTHYHOI, TPOBEJACHOI 3 TOUKHU A(l,—Z) JI0 KoJia

x2+y2+x—3y—3:0.

7. 1lig miero MEBHOI CWJIM TOYKA pyXajach MO KOy x>+ y2 =25. Ilicna
NPUIUHEHHS i1 CHITN TOYKA pyXajach BIJIBHO 1 MPOKIIIA Yepe3 TOUKY
A(7, 1). Cxianits piBHSHHS BUIBHOTO PyXy TOUKN.

8. CknaniTh piBHAHHS KOJIa, SIKE MPOXOJUTH Yepe3 MOYaTOK KOOPAWHAT i
JOTUKAETHCS IpsIMUX X +2y—5=01 x+2y+5=0.

9. 3HaiifiTh JOBXHUHHU IMIBOCEH, EKCUEHTPUCUTET, KOOPAMHATU (POKYCIB,

PIBHSIHHSI TUPEKTPUC eJrirnca 9x? +25 y2 =225.

10. 3muaiigite 1eHtp C, JOBXHHM IMMBOCEH 1 EKCIEHTPUCUTET KPHUBOI
4x? +3y* —8x+12y-32=0.

11. OGuucniTh IUIOULy YOTUPUKYTHUKA, 1Bl BEPIIMHH SKOTO JIEXKaTh ¥y

. 2 2 .. . . . o
dokycax eminca 2x° +5y° =20, a ABi iHII 30irar0ThCA 3 KIHIFIMH HOTO
MaJ1o1 OcCl.

) ) ) xr 2 y2
12. CknamiTe piBHSHHS JOTHYHHUX /IO €Jimca —O+T=1, napaneabHuX

npsmiit 3x+2y+7=0.

2 2

. . : X
13. ITix miero meBHOT cvuk Touka M pyxalach Mo enincy 16 +2 =1, Komu

12
M coiBmama 3 Toukor A(-2,3), mis CcHIM NpHIMHMIACE. BusHaute

14. CknagiTe pIBHSHHS  elinca, AKmo Horo d¢okyc F (3,0) 1 eirnc

V21

MIPOXOJIUTH Yepe3 ToOuky M —2,—7 :
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2 2

15. Ha eminci §+y—:1 3HAWMITh TOYKY, HAMOIMXKYYy 10 MPAMOi

2x—-3y+25=0, 1 BiicTaHb 70 HE.

16. TlepekoHnaiitech, M0 pPIBHSAHHSA 16x* -9 y2 —-64x—-18y+199=0

BU3Hauae rinepOomy. 3HaWIITH KOOpAMHATA 1i  IEHTpa, IIBOCI,
EKCLIEHTPUCHUTET 1 PIBHSHHS ACUMIITOT.

17. Cknaaite piBHSHHs TrinepOoiu, POKycH SKOi JIeKaTh Ha OCl OpAUHAT,
CUMETPUYHO IIOJ0 TMOYaTKy KOOPJWHAT, SIKIIO BiJICTaHb MDK (OKycamu

2¢=10 1 6‘:2.
3

18. Ckyanith piBHSHHA TinepOoOJd 3 IEHTPOM Yy TOYATKy KOOpIMHAT 1
JiACHO Biccto Ox, SKIIO BIICTaHb MiX 11 BepmmHaMu fopiBHIoe 10, a Mk
doxycamu 12.

19. CxnamiTe pIBHSHHS  TiNepOONH, SKIIO TOYKa (7,—2\/5) HAJIE)KUTD

rinep0oJ1i 1 BijjaieHa BiJ JTiBoro pokyca Ha BiJICcTaH1 YNGR

2 2

20. Bincranp Bix Toukun M Ha rinepOori ?—yT =1 mo ii mpaBoro okyca

JIOPIBHIOE \/g . 3HAWITh BiJICTaHb BiJ Ii€1 TOYKH J0 MPaBOI TUPEKTPHUCH.

2 2
21. JI>xepeno cBiTiia 3HaXOAUTHCS Y JiBoMY (DOKycl TinepOou x?_% =1

[IpomiHb, EPETHYBIIUCH 3 TIMIEPOOJIOI y TOYIII B(5,4), B1JIOUBAETHCA BiJl

Hel. 3HAHIITh KyT MiXK TaJal0uuM 1 BIIOUTUM MMPOMEHSIMU;
22. Ckianith pPIBHSHHS  TinepOOiM, SKIIO i1 BEPUIMHU CHIBIAJAIOTh 3
2 2

BEpIIMHAMU eJlirca % + )1/_6 =1, a IUPEKTPUCH TiepOOIU MIPOXOAITH Uepe3

dboxkycu erirnca.

23. CknafiTh piBHSHHS TMapaboyid 3 BEPIIMHOK Y TOYATKy KOOPAMHAT, SKIO
BOHA CUMETPHUYHA BITHOCHO OC1 OPJIMHAT 1 MPOXOJIUTH uepe3 Touky (5, 1).
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24. Cxnaaith pIBHSHHA mapa0oyid, BEepIIMHOIO sAKoi € Touka C (3,4),
napaMeTp p =7, a BiCh CUMETpIi mapaJiesibHa 1 CIiBHanpsmMieHa 3 Biccro Ox.
25. Cxmanith piBHAHHS ~ JOTHYHOI J0 Tapabonu y2 =12x, gKmo BOHA

YTBOPIOE 3 IpsiMOI0 4x —2y +9 =0 KkyT %

26. Ilpomine Bim mKepena CBIT/Ia, sSKe MOMICTIIH Yy (oKyci mapaboiu
y2 =4x, BIIOWUBAaEeThCA Big HeEi y TOUIN A(9,6). CknagiTe pIBHSHHS

B1IOUTOTO MPOMEHS.

27. J13epkano aBTOMOOLIBLHOI hapu Mae y po3pizi popmy mapadomnu. Jliamerp

n3epkana 20cM., rmrbuHa 10cM. 3HalIITh MapamMeTp p MapabosI.

28. JIuck, KUHYTHH MiJ1 KyTOM 45° 10 TOPU3O0HTY, AOCIT HAWOLIbIIOT BUCOTH

14Mm. Ha sikiii BiiCcTaH1 BIH IPU3EMITUTHCA?

Bionosioi.1. x> + y* =16,2.C(2,-3), R=4;3.7; 4. (x=2) +(y—4)" =10;
5.2x+y—-5=0,2x+y+5=0; 6.3; 7. 4x—-3y—-25=0, 3x+4y—-25=0;

8.(x—17 +(y-2)"=5 9. 5 3, %,(4,0),(—4,0),x=i§;
10.c(1,—2),4,2\/§,%; 11.16 xB.om; 12. 3x+2y—10=0,3x+2y+10=0;

2 2
13, x—2y+8=0; 14. f—6+y7:1; 15. (-3, 2), V13; 16. C(2, -1),3, 4,

5 x2 2 x2 2
2 4x+3y-5=0,4x-3y—-11=0; 17. —-2 =1, 18. -2
4 16 9 25 11
2 2 2 2
19. x——y—zl; 20. é; 21. arccosi; 22.x——y—:1;
7 2 3 5 25 400
9

23. x? =25y; 24. (y—4)’ =14(x=3); 25. 3x+y+1=0, x=3y+27=0;
26. y=6; 27.5cm.; 28.56 m.
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§2. IloBepxHi Apyroro nmopsiaKy

Kanoniuni piBHsIHHS TOBEpXOHB Apyroro nopsaky y AIICK:

2 2 2
et

1. Enincoio 272 3

=1 (puc.54).

9

Puc. 54.

Skmo a=b=c=R, TO AicTaHeMO pIBHIHHS cghepu X2+ y2 +z2 = R?

(Puc.55), saxmo mneHtp cdepu y TOUII C(a,b,c), TO 1ii pIBHSHHSA
(x=a)’ +(y=b) +(z—c)’ = R? (Puc.56).

A

Puc. 56.
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2 2
. . . X

2. O0HONOPOICHUHHUIL 2INepOo10i0 —+ z—z
a

2
z

2

=1 (Puc.57).

o

[\

=—1 (Puc.58).

z
02

1
o
=y

Puc. 58.
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x2 y2
4. Konyc — t 5
a- b c

2
z
—220, 3 Biccro cumetpii Oz (puc.59), abo

Z = X), 3Biccto cumetpii y=x, z=0.

5. Eainmuynuii napa6o.yi0io
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6. I'inepooniunuit napado10io

7. Eninmuunuii yunindp ~—— tT 5 = 1 (Puc.62),

30KpeMa, Kpyzoeuil YUiHOp X2+ Yo = R>.

Y
8. I'inepboniunuii  yuninop 5 b_ =1 (Puc.63).
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: 1
Q
Q
=V

Puc. 63.

9. Ilapaboniunuii yuninop y2 =2px (Puc.64).

Puc.64

PiBusiuust F(x,y)=0 BH3HAYa€ yuaiHOpuuHy TOBEPXHIO 3 TBIPHOIO,

napaiensHoo oci Oz,i nanpamuow F(x,y)=0 (Puc.65).

zZ

Yas

Puc. 65.

‘t\f

Ilosepxni obepmanns, yTBOPEHI 00SpPTaHHSAM ILIOCKOI JIHIT 3 PIBHSIHHIM
F(x,z)=0, y=0 HaBkomo oci Oz, MarOTbh PIiBHSHHS F(i\/xz +y? ,z) =0
(Puc.66).
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Puc. 66.

Koniuna mOBEpXHS OMUCYETHCA PYXOM MPSMOI (TBIPHOT),IIIO MPOXOAUTH
yepe3 (ikcoBaHy TOUKY (BEpIIMHY) 1 mepeTHHae HampsiMHy L. 30kpema,
SKIIO 32 BEPIIMHY BUOpATHU MOYATOK KOOPAMHAT 0(0, 0,0), a 3a HApsIMHY

2 2

. X :
eIne —- + y_2 =1, z=c, TO piBHSIHHS KOHyca MaTtume Burisia (Puc.59):
a” b
2 . y2 B )
a’ b* ?

Ilpuknaou po3e’azanna munogux 3a80ans

Busnaunmo, K1 MOBEpXHI BU3HAYAIOTHCS PIBHSIHHSIMH, 3aMUIIEMO iX

KaHOHIYHI PIBHSAHHS:

Mpukaag 1. x> + 1> —6x+6y—4z+18=0.

<« Buzpinuvo moBni kBagpar: (x— 3)2 +(y+ 3)2 =4z, micna 3aMiHu
x=3=x,y+3=y,z=12,

TOOTO TIEPEHECEHHs MO4YaTKy KOOpAMHAT y TOuKy O, (3,-3,0), JicTaHEMO

piBHSIHHS mapabosoiga oOepTaHHs: x12 + ylz =4z,
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Ipuxaan 2. x? +y2 —z? —2x-2y+2z+2=0.

4= (x-1) +(y-1) =(z-1Y +1=0= x> + y} - 22 =—1-ne
JIBOIOPOKHUHHKIL rinep6onoin 3 nenrpoM y Touri O, (1.1,1). »

Ipukaax 3. CkaagemMo piBHAHHS MMOBEPXHI, Ky OTPUMAEMO Mpu oOepTaHH1

Kona x> + y2 —4x +3 =0 naskoino oci Ox.

« PiBusHHs nOBepxHi obepramms iHii F(x,y)=0, z=0 Oyme
F(x,i\/y2 +22 ) =0= (x —2)2 +y2 +z2=1- ne cdepa 3 EHTPOM Y TOYUIII
0;(2,0,0) i paxiycom 1.»>

Ipukaax 4. CkinaneMo piBHSAHHS [apa0OJIIYHOTO LWIIHApPA 3 TBIPHOIO,
napanenbHolo oci Oy, sKIIO BepIIMHA HAMpPSAMHOI MICTHTBCS y TOYATKY

KOOpAMWHAT, i Gpokyc F (O, O,%), a Oz BICh cUMETDII.

<« PiBHSHHSA IWIIHApa 3 TBIPHOIO, MapayeIbHOK OCi Oy, Ma€ BUTJIAJ

F (x,z):O. Hanpssmuoro  numinzgpa €  mapabona, 11 mapametp

3 ) )
p_> =>p=3= x> =6z— PIBHSIHHS IWUTIHApA. P>

2 2

3aeo0anna 0na ayoumopHoi i camocmiitHoi pob6omu

1. Cxnagite piBHsiHHS chepu 3 nHentpoM y touni C(4,1,—5), sKmo BoHa

JTOTUKAETHCS TIOMUHN 2Xx + 3y + 62z —37 =0.
2. 3HailaiTh KOOpAUHATH IEHTpa 1 paziyc chepu
x? +y2 + 27 —6x+4y—-8z+1=0.

3. 3amuimniTe  mapaMeTpUuHE  PIBHAHHA  JIiHIL  TepeTuHy  cdepu

2 2

x +y2+z2 =8 1 mapabonoina x +y2 =2z
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4. 3naigiTe koopauHaTh IeHTpa C 1 BEJIMYMHM MIBOCEH  endimncoina
4x% +16x+2y* =12y +52z2 =20z -6 =0.

5. BusHaute THI TOBEpXHI X% +6x-2 y2 +4y— 322 +62=0, sBenirp ii
PIBHSHHS 10 KaHOHIYHOTO BWIJISIAY, 3HaWIITh KoopauHat 1eHtpa C
BeplInH A, B, piBHAHHS Ooceil 1 TUIONMIUH CUMETPIi.

6. Slka moBepXHs BU3HAYAETHCS PIBHAHHIM X242 y2 —2x+4y=07? 3Bexnith

ii pIBHSIHHS 10 KaHOHIYHOTO BUTJISY.

2

25

: . x* y2 z
7. BuzHaute TuN 1 NOOyAyHTE MOBEPXHIO  — + T

8. Busnaute THM 1 NOOYIyiiTE MOBEPXHIO x>+ y2 2 =1
9. BuszHaute THN 1 TOOYAyHTE TOBEPXHIO x>+ y2 =—4z.

10. Buznaute tun i no0ynyiTe noBepxHo  x° =4z.

11.Buznaute THN 1 MOOyAyHTE TOBEPXHIO x? - yT =6z.
12. IIpsima - o0epraeThcsi HaBkojo oci Oy. Hanumith piBHSIHHS

MOBEPXHI 00EpTaHHS.

13. Busnaurte TNl MOBEPXHI x2+z2+2 y =1, Bich o0epTaHHs, KOOPAUHATU

BEPLIMHU.

14. 3anuiniTe pIiBHSAHHS TOBEPXHI, YTBOPEHOi OOEpTaHHSAM MPSMOI

x=2 z :
=2 = Z yapxono oci Ox.
3 6
. . . |2y+z=2,
15. 3anumniTh piBHSHHSA NMOBEPXHI OOEpTaHHS JIiHIT 0 HAaBKOJIO
x=0,

oct Oz.
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2
L : | X z, :
16. 3anuiiTh piBHAHHS TOBEPXHI 00€pTaHHS JTiHIT HaBKoJI0 ocl Oz.
y=0,

2oytod,

17. 3anunriTh piBHIHHS MOBEPXHI OOEpTaHHS JiHIT {
z=0,

a) HaBkoJio oci  Ox, 0) HaBKoJIO ocl  Oy.

Bionosioi. 1.(x—4)" +(y—1)" +(z+5)" =64; 2.(3,-2,4), 2/7;

3. xomo x=2cost, y=2sint, z=2; 4.C(-2,3,2), a=+15,b=+/30, c=2/3;

2 2 2
5. JIBOMOPOKHUHHUH T1epOoI0i (x —;3) - (y _21) - (Z _41) =1,

3

C(-3,L,1), A(-5,1,1), B(-L1,1), oci cumerpii y=1,z=1, mommnn cumerpii

2 2
. . (x=1)7 (1) -
x=-3,y=1,z=1; 6. emnTUYHUNA UWIIHIP + =1;7. exincoin;

3 3

2
8. OJTHOTIOPOKHUHHUHN TinepOooin; 9. kpyroBuit napabomoisn;

10. mapaGomiynuii uwmmiaap; 11. rimepOomiunmii mapabonoim; 12. koHyc

y2 =x*+2%; 13. napabosnoin oOepTaHHS HABKOJO BiJ €MHOi YacTUHHU OCi

Oy, c(o,%,o}; 14. KoHyC 4(x—2)2—9(y2+22)20;

2
15. konyc x? +y2 = (l—g) ; 16. mapaboinoin x2 +y2 =2z;

17. a) IBOIOPOXHUHHMIL rimepGomnoin x> — ( v+ zz) =2,

0) OIHONMOPOXKHUHHUH TiNepOO0IIOi] X 4+z2 - y2 =2.
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Po3gis VI. JliHiiHI npocTOopH i JIiHiMHI onlepaTopu

§1. JliniitHi Ta eBKJIiIOBI MpocTOpH

Osnayennsi. Muoxuna L eneMeHTiB X,Y,Z,... JOBUIbHOI HPHPOAH

HA3UBAETHCS JIHIHUHUM 200 66KMOPHUM HPOCHIOPOM, SIKIIIO BUKOHAHI HACTYIIHI
TPU YMOBH:

1. 3amaethcs 3aKOH (onepauyis 000a8anHs), 3r1THO 3 SKUM JOBUIBHUM JBOM
€JIeMEHTaM X 1y 3 L CTaBUTbCS Y BIANOBIIHICTh €E€MEHT 3 L, SKHii

HA3MBAIOTh iX CYMOIO 1 TO3HAYAIOTh X+ ;

2. 3amaeTbesl 3aK0H ( onepauyisa 000ymMKy elemeHma Ha Yucao), 3T1IHO 3
SAKUM €JIEMEHTY X€ L 1 unciny « € R cTaBUThCS y BIAMOBIHICTD €JIEMEHT
aX € L, axkuil Ha3UBAKOTh 00OYMKOM X Ha

3. mnsg  JOBUIBHMX X,y,Z€ L 1 uucen «,f R BuszHaueHi omnepartii
3aJI0BOJIBHSIIOTH HACTYITHI aKCIOMH:
1) x+y=y+x;
2) (x+y)+z:x+(y+z);
3) icHye HyJIbOBHM eieMeHT 0 € L Takuii,imo x+0=x;
4) icHye mpoTHIEKHUIT eeMeHT (—X )€ L Takuid, mo X +(—x)=0;
5) a(xty)=ax+ay;
6) (a+pf)x=ax+px;
7) (aB)x=a-(Bx);
8) 1-x=x.
EneMeHnTu niHIHHOTO NPOCTOPY L HA3UBAIOTh 8eKMOPAMU.

Osnavennsi. bazucom y npoctopi L Ha3MBalOTh YHOPSJIKOBAHY CUCTEMY
BEKTODIB €;,€,,...,€, , AKIIO:

1) BOHA NIHIAHO HE3aJIEXKHA;
2) KO)KHMM BEKTOp X€ L MOXHa BHpa3UTH dYepe3 JiHIAHY KOMOIHAIIIO
BEKTOPIB L1€1 CUCTEMH, TOOTO
X =X + X585 +...+X,€,. (1)

Bupas (1) HaszuBaroTh po3kniadom eekmopa X 3a 0Oazucom, a 4HCIa
X{,X9,...,X, —KOOpOUHAMAMU 6EKMOPA Y UbOMY DA3UCI.
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OsnavenHss. MakcumanbHa KUIBKICTh JIIHIHO HE3aJeKHUX BEKTOPIB 71y
pocTopi L Ha3WUBAETHCA WOTO po3mipHicmio, o3HavyaoTh dim L =n, TpocTip

HA3UBACTBCA 71 — 6UMIPHUM 1TI03HAYAETHCA L, .

Mpuxaax 1. Josexemo, mo Bekropu p =(2,1,-1),¢ =(—4,-1,2),7 =(7,2,3)
YTBOPIOIOTH 0a3UC B MPOCTOP1 R i 3naiigemo KOOpJIMHATHU BEKTOpA d = (7,1,3)

y IIbOMY 0a3uci.

<« KUIbKICTh BEKTOPIB JOPIBHIOE PO3MIPHOCTI MPOCTOPY, a TOMY JIOBEAEMO iX

JHIMHY HE3aJeXkKHICTh, TOOTO IO I1X JiHIMHA KOMOIHamis «ap+ fqg+yr =0

JUIIIe 32 YMOBHU, Kol @ = =y =0.

[TigcTaBuBIIM KOOPJIMHATH BEKTOPIB, IICTAHEMO OJIHOPITHY CUCTEMY:

20-4p+7y =0,
a—L[+2y=0,
—a+20+3y=0.

Po3knanemo BeKTOp d uepe3 JiHINHHY KOMOIHAIII0 BEKTOPIB P, ¢, 7 :
a :xlﬁ'i‘qu‘F.x:;I_’:,
10 PIBHOCHJIBHO CHCTEMI:

2x1 —4X2 + 7X3 = 7,
X — Xy +2X3 :1,
—X] +2.X2 +3X3 =3.

OOuaBl cUCTEMM MarOTh OJIHY 1 Ty K OCHOBHY Marpuio. Po3B’sxkeMo iX

O0AHOYAaCHO MCTOA0OM Faycca:
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=

2 4 717 0 2 3 eoe 1 1 2|1
e —2e, e,<>e;
1 =1 21| ~ |1 =1 2(1| ~10 1 5|4
1 2 3|3)e*e{0 1 5|4/)9"%0 0 13|13
I -1 2|1), . (1 -1 0|-1 1 0 0]-2
61—63 €1+€2
~l0 1 5|4 — |0 1 Of=1|—~1{0 1 0f-1
0 0 1]/1)22%{0 0 11 0 0 1|1

Xy =-2,%xy=—1,x3=1. P0O3B’430k OJHOPINHOI CUCTEMU TPUBIAIBHUI:

a=LF=y=0, T00TO BEKTOpHU D, 4,7 yTBOpI0OIOTH 0azuc. Bektop a y

oMy Oasuci Mae po3kiiag d=-2p—q+r.»

Ipukaan 2. JloBexemo, 110 CUCTeMa MHOTOWICHIB

el(x):2+3x+x2, ez(x):3+5x+2x2, e3()c):—2+5x+x2

HpOCTOpi MHOTOYICHIB CTEIeHS <2 1 3HaﬁH€MO KOOpANHATH MHOTO4YJICHA

f(x)==1+6x+x" y upomy 6asuci.

« Jlosenemo, wo i3 piBHOCTI e (x)+ fey (x)+yes(x)=0 Bummsae:

a:ﬂ:y:o_

Maemo a(2+3x+x2)+ﬂ(3+5x+2x2)+7/(—2+5x+x2):O+Ox+0x2.

3piBHIOEMO KOCS(DIIIEHTH TIPU OJTHAKOBHUX CTCIICHSIX X :

20+34 -2y =0,
3a+50+5y =0,
a+2p+y=0.

Barmmemo f (x) sik niHiiiHy KoMbiHaLio € (x), €, (x), e3(x):
X (2+3x+x2)+x2(3+5x+2x2)+x3(—2+5x+x2):—1+6x+x

L{st piBHICTH PIBHOCHJIBHA CUCTEMI:
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2x1 +3x2 —2X3 = —1,
3x1 + SXZ +5.X3 = 6,
X1 +2X2 +X3 =1.

Po3B’s13yemM0 00HIB1 CUCTEMH OJTHOYACHO:

A

2 3 2 |-1\9<2%(1 2 1 1 1 2 1|1), 2«
e —2e, e;,—¢, 2 3
35 56| ~ |0 -1 4]-3]~1(01 4|3 ~
L2 tfr)e?elo -1 203)(0 0 6]6) %
1 2 010 1 0 0] 2
e —2e,
~10 1 O0|-1| —~ |0 1 O0}-1
0O 0 1|1 0 0 1|1
Heonnopigna cuctemMa Mae po3B’sI30K x;=2,x,=-1,x3=1, a ogHOpinHa

cucteMa Mae TpuBlanbHUN po3B’si30k a=LF=y=0. Tomy MHOrowIeHu

e (x),e, (x), e3(x) yrBoprotots 6asuc, a f(x)=2e(x)—e, (x)+e3(x).»

O3navenns. JlificHUi NIHIAHWNA TpoCTIp L, HA3UBAE€TbCA €6KII006UM 1
no3HavyaeTbcsi E,, KO B HbOMY BU3HAU€Ha OIepallis CKaJIIpHOro A00YTKy, a
caMe [JOBUIBHIA mapl BEKTOpIB X,y€ £, 3a AEAKMM IPaBWIOM  CTaBUThCS Y
BIJIJIOBIJIHICTB YHUCIIO (X,Y), SIKE 33JI0BOJIbHSE HACTYIIHI aKCIOMH:

. (X,y)=(y,X) - BIaCTUBICTh KOMYTaTUBHOCTI;

. (xt+y,z )= (x,z )*+(y,z )~ BIaCTHBICTh aJUTHBHOCTI;
(ax,y )=a( X,y )— BIacTUBICTb OZHOPINHOCTI;

Bow

(x,x)>0, mpuaomy (x,x )=0<x=0,

Teopema. J[ns noBulbHUX X,y€ E, cHpaBIKyeTbcs  Hepignicmb Kowi —

bynakoecvkozo:

(x.¥)" <(x.%)-(y.¥). @)
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IPUYOMY PIBHICTh Ma€ MiCL€ TOAl 1 TUIBKM TOJl, KOJHX BEKTOPU X 1y JIHIMHO

3aJIeXKHI.
Joescunoio (nopmoro) Bextopa X € E, Hasupaetbes uncno x| = (/(x,x).

Kymom Mix HEHYJIbOBUMH BEKTOPaMHU X,y € £, Ha3MBa€TbCS YUCIO «, AN

SAKOIro

(x.y)

[[lly

cosa = , 0Lfa<m. (3)

Bekropu X,y € E, Ha3UBalOTbCS OPMOZOHANbHUMU, SKILIO (x,y) =0,

O3nayenHs. Y 7 —BHMIPDHOMY €BKJIIJOBOMY IpocTopi  FE, 0a3suc
€;,€,,...,e, HA3UBAETbCI OPMOHOPMOBAHUM, SIKIIO JOBUIbHI HOro BEKTOpU

MONIapHO OPTOTOHAJIBHI 1 IX HOPMU PiBHI 1:

Li=],
(e.e;)=4"" " (4)
0,i+].
SIKIo X 1y MaroTh y OpTOHOPMOBAaHOMY Oa3uci ey, e,,..., €,  KOOpJIUHATH

X=Xx€ +Xxe, +...+x,€,, Y=)€ +)e, +...+y,e,, TO

(X,¥)=x1 0 + X))+ X, 0, (%)

§2. Jliniiini oneparopu

Jiniiinum onepamopom (iiHiltHumM nepemeopeHHam) y JIHIAHOMY
npoctopi L Ha3uBaeThcs BimoOpaxkeHHss A mpoctopy L camoro B cebe, sike
VX,y €L i uucna € R 3a70BOJIbHSIE YMOBH:

1. A(ax)=aA(x),
2. A(x+y)=A(x)+A(y).

Jlst onepaTopa A mo3Ha4yMMo 00pa3u 0a3MCHUX BEKTOPIB:
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n
Aley)=D ape; k=12,...,n. (D
Jj=1

Marpuiio 4 = (a jk) HA3UBAIOTh MAMpPUYero JiHIIHO20 NEPemEoOPeHHA )
oazuci (e).

[Tokaxkemo, 1o SKIO BigomMi oOpa3u OaszucHux BekTOpiB (1) mna maHoro
IIEPETBOPEHHA A, TO MOXHA BHM3HAYUTH 1 00pa3 IOBUIBHOIO BEKTOpa X € L,.

JlificHo, 3anuieMo repeTBoperHs y =A (X) y koopauHaTHiN dopmi:
n n n n n
Ve + e, +...+y,e, = Zxk A(ek)=2xk2ajkej = ZeJ-Zajkxk.
k=1 =1 1 =1 k=l

I3 equHOCTI po3KIIaly BEKTOpaA 3a OA3MCOM J1ICTAaHEMO:
n —
=2 X j=Ln,
k=1

a00 y pO3rOpHYTOMY BUTJISII

Y1 =a11% +a12X2 +...+Cllnxn,
) Yy =an1X] +AyrXy + ...+a2nxn,

2)

------------------------------------

YVu=a,1%X + a,nXo +...+ ApnXn-
CKOpOYEHO KOOpJAMHATHE NIPEICTABIICHHS JIIHIMHOTO EPETBOPEHHS Ma€ BUTJIIS:
y = Ax. (3)

Hexaii y poCTOpi L, BUOpaHi 1B 0azucu

(e)=(ej.ep,....e,) i (¢)= (01’,02’,---,%’)

(e) mo (') 3mificHroeThCs 3a hopMyTaMHE:

npu4yoMy mepexia Big Oaszucy

-

n
ek':ZCikei»k=1,2,---,n, (4)
i=1
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Cll C12 Cll’l

Cy C .. C
21 2
e C = — MaTpULs NEPEXOAY.

Cnl an Cnn

Hexaii A= (al-j)—ManI/IHH omeparopa A y 06azuci (e), a B—wmarpuus
I[LOT'O Ooreparopa y 0a3uci (e'). Marpuii A4 1 B, 10 BiANOBIIAI0TH OTHOMY 1 TOMY

K TIEPETBOPEHHIO y pi3HUX 0a3ucax, HA3UBAIOTh HOJIOHUMU, TIO3HAYAIOTh A ~ B.
3B’S130K MK MTOAIOHMMH MATPUIISIMU Y PI3HUX 0a3ucax TaKWu:

B=CAC. (5)

3ayBaxkumo, 1o detB = det(C_lAC) —detC™" - det 4-det C = det A, T00OTO

BU3HAYHHMK MaTpHIll ONlepaTopa He 3aJIeKUTh Bl BUOOopy 6azucy. Moro HazuBaroTh
BU3HAYHUKOM Onepamopa.

§3. BuiacHi BeKTOpH i BJIacHI 3HAYEHHH OnepaTopa i MaTpuui

O3Havennsi. HeHynbOoBUII BEKTOp X HA3UBAETHCS GIACHUM BEKHIOPOM
JIHITIHO20 onepamopa A, SKUIIO ICHYE TaKe YUCIO A, 10 BEKTOP X 3a/J0BOJIBHSIE
YMOBY:

AX = AX. (1)

Yucino A HA3UBAETHCI GAACHUM 3HAUEHHAM (lluCJIOM) onepamopa A, a

BEKTOP X # 0 — 6i0n06iOHUM 1iOMY 61ACHUM 8EKMOPOM.

MHoOXHMHa BCIX BJACHUX 3HA4Y€Hb oOlepaTopa A  HA3MBAETbCS MOro
CHEeKmpoM, NI03HAYAEThCA SpecA.

Bubepemo y npocropi L, 6a3uc (e) = (el, €),..., €, ) Marpunus A omneparopa
y 1IbOMY 0a3uci 3aJJ0BOJIbHSE PIBHSIHHA AX = AX, TOOTO BEKTOp X € HEHYJIbOBUM

PO3B’SI3KOM OJJHOP1JTHOT CUCTEMU
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(A-AE,)x=0, (2)
a00 y KoopauHaATHIN Gopmi:

(all —/,L)xl +a12X2 +... +a1nxn = 0,
an X, +(a22 —2))(72 +...+aznxn = O,

......................................................

anlxl + an2x2 +....+ (Clnn

OpuopiaHa cucteMa (2) Ma€ HEHYJIHLOB1 PO3B’A3KHU TOI1 1 TUIBKH TO1, KOJIU
9

aj —4 ap Ay
a a»—A - a

det(4—AE,)=| " 2 =0 3)
a, () ann_ﬂ’

PiBHsHHS (3) Ha3WBAETHCS XAPAKMEPUCMUYHUM PIGHAHHAM, a BHUPA3
det (A - AE, ) =P, (/1) — XapaKmepucmuyHuUM MHO204UeHOM  omepartopa A i

BIIMOBIAHOT oMy MaTpuIll A.

Hanpuknan, aiga matpuni 4 TpeTboro MOPSAAKY ICTAHEMO Taky (OpMyiy
XapaKTEPUCTHYHOIO MHOTOWICHA:

aj— A apn as
3 2
P (A)=| ay ayp—-A ay |=-A"+(ay+ay+ay)dt -
asy azp, a3 —A (4).

a a a a a a
_ 11 12 n 11 13 n 22 23 1+ det A.

dy1 dpp| |d31 dszz| (A3 d33

Anzebpaiunoio Kpamuicmoo BIACHOTO 3HAYEHHs 4, HAa3UBAIOTh KPATHICTbH K;

KOpeHd A, i =1,2,...,r, XapaKTepUCTUYHOIO MHOIO4IEHa P, (/1)

Sxmo TiACTAaBUTH BIIACHE 3HAYCHHS MaTpuill A y cucremy (2), TO
dbyHIaMeHTallbHa  CHUCTEMa  PO3B’A3KIB  OJHOPIAHOI  CHUCTEMH  PIBHSIHb
CKJIaJIa€ThCS 13 BIACHUX BEKTOPIB, 1110 BIAMOBIIAIOTH 3HaUeHHIO A . KUTbKICTB X
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JOPIBHIOE 2eoMempuyHiil KpamHocmi BJIACHOTO 3HAYCHHS A, BOHA JIOPIBHIOE
nedbekty wMarpuii k=n-r, ne r=rang (A -AE, ), 1 HE TepeBUIlye
anreOpaiuHol KPaTHOCTI.

Mpukaax 3. 3HaiineMo BJacHI 3HA4YEHHS 1 BJIACHI BEKTOPH OIEPATOPIB,
3aJIaHuX y JIeIKOMY 0a3uci MaTpuiero A :

(2 ) (20N
“ _[—2 —1]’ ) _(—1 oj’ 2 _(—2 1)’

2 3 3 2 -1 1 2 2 -l
A=|-2 1 2|;0)4=|2 1 =2|e)d=[-1 -1 1
2 0 -1 11 =2 1 1 0

<« a) CknaneMo XapakTepUCTUYHE PIBHSHHS:

2—-4 1 5 .
=0=>A4"-A4=0, BnacHi 3Hauennsa 4; =0, 4, =1.
-2 -1-A
Jlist A4 =0 3HAUIEMO PO3B’ 30K OJTHOP1THOT CHUCTEMU
2x; + x5 =0, 2 l)yate(2 1 .
(A - AE ) x=0=> = ~ .3araJibHU PO3B’SI30K
—2x;—x, =0, -2 -1 0 O

. . o o T
CHUCTEMH X, =—2X|, TOOTO BIANOBIAHMUN BIACHUN BEKTOP X! =C(L,-1)" ams

VCl ER, Cl #0.

Amnanoriudo a1 4, =1 maemo:

2-1 1 1) (11
( j:( j~( j:xz:—bez:Cz(L_l)T’C2¢O;

-2 -1-1 -2 =2 0 0

2-4 1
-1 -4

anreOpaiuHa KpaTHICTh JAOpiBHIOE 2. Po3B’sA3yeMO OMHOPIAHY CHCTEMY:

2-1 1 1 1 1 1 |
= ~ ,=>X = C(l,—l),C # (0. OTrxe, onepaTop Mae
-1 -1 -1 -1 0 0

OJIMH BJIACHUU BEKTOp, HOr0 reOMeTpUYHA KPATHICTh TIOPIBHIOE 1;

0) =017 -21+1=0= A, =1— BIacHe 3HAYEHH:A, HOroO
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-1-4 1
-2 1-4

‘=0:>,12+1:0, A=+i, = A=i:

-1
(—2 1—ij:>Xl:C1(1»1+i)T

-1+ 1

1 A=—i:
8 (—2 1+i

):> X? =, (L1 —i)T. 3ayBakMMO, 110 HAa MHOKHHI

R SpecA =;

r | 2 1-4 2 =0, 3a popmymnoro (14) maemo:
2 0 -1-2
2224 242=0= 4 =1, A, =—1, Ay = —2 — BIaCHI 3HAYEHHS.
Husa Ay =1:
-3 3 3 - -1 -1 1 -1 -1

-2 0 2|~|1 0 ~-I|~]1 0 -1|=
2 0 -2, 11 0 -1) (0 O O

X =X3,X%9 :O,X3 = Cl’ Xl = Cl (1,0,1)T.

Hus A, =—1:
-1 3 3 -1 3 3
2 2 2~-10 4 4 :>x1 :O,X2 =—X3,X3 = Cz, X2 =C2(0,—1,1)T.
2 00 1 0 O

Hus Ay =-2:

0 3 3
-2 3 2 :>X3:—2X1, X2:2xl, X1:C3:>
2 01

=X’ =0(1,2,-2), C,C,,CeR.
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nl 2 1-2 =2 |=0=>

—=-2-312-31-1=0=
-1 -1 1Y) (1 1 -
>Hho3=—L=>12 2 2|~10 0 0|=
1 1 -1/ 0 0 0

:>xl:_X2 +X3, X2:C1, X3:C2,

X!'=C (-1,1,0), X*=G(1,01), C,GeR

Omneparop mae BiacHe 3HaueHHs A =-—1, Horo anreOpaiuHa kpaTHICTh 3, a
reOMEeTpUYHa KPaTHICTb 2;

2-24 2 -l
e) | -1 -1-4 1[=0,>4-4°=0, 4 =1, 4,;=0.
1 1 -2

12 -1 (1 2 -1
A=l:[-1 2 1[=[0 0 0 [=x=0x=x=X=¢(101).
11 -1) (o -1 o

2 2 -1V (11 0) (11 0
11 1 ]=000 1]=[0 0 1[=x3=0x=-x,=
Hud=0:1 1 1 9] lo o -1 lo o o

X2 =G, (1,-1,0)",¢,,C, eR.
BiacHe 3nauenns 1=0 mae anredpaiuHy KpaTHICTh 2, a reoMeTpuuHy 1.»>

Marpunst 4 JiHIMHOTO oreparopa y JAesaKoMy 0a3uci Mae 0iazoHanbHUil 6u2nso
TO1 1 TIILKH TO/I1, KOJIM BC1 BEKTOpU 0a3UCy € BIAaCHUMU BEKTOpPaMHU Olleparopa:
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JliniiiHUi omepaTop Mae€ y AesikoMy Oa3uci JiaroHaJbHY MAaTPHUIO TOAL 1
TIIBKH TOJ1, KOJM BCl KOPEHI KOTr0 XapaKTepUCTUYHOTO MHOTOYJIEHA MAlOTh PiBHI
anreOpaiuHi 1 FeOMETPUYH1 KPATHOCTI.

Ipuxkaax 4. BuscHUMO, SKI 3 HACTYITHUX MaTPULb JIHIHHUX ONEpaToOpiB MOXKHA
3BECTH JO JIarOHajJbHOTO BUIJISAAY ULUIIXOM IEpEXoly 10 HOBOro Oaswucy.
3HaiaemMo 1ieit 6a3uc 1 BIAMOBIIHY HOMY MaTpHIIIO:

(2N (2N (D,
Y _(—2 —J’ ) _(—1 oj’ » _[—2 J’

-2 3 3 2 -1 1
r)d=|-2 1 2|:md=|2 1 -=2|
2 0 -1 1 1 =2

< a) I3 mpuknany 3 a)= Specd ={0,1}, 6asucHuMu GyayTh BiAMOBINHI iM

BJIACHI BEKTOpH €, :(1,—2)T, e, :(1,—1)T. Marpuns oneparopa y LbOMY

. . 0 0
0a3ucl Ma€ TakKuK JlarOHAJILHUN BUTIIS: A = (0 . :

6) I3 mpukimany 3 6)= SpecAz{l}, BJlacHe 3HaueHHsI A =1 Mmae

anreOpaiuyHy KpaTHICTb 2, a TEOMETPUYHY 1, OCKUIBKU HOMY BIiJIIIOBiAa€ OJUH
BracHuil Bektop e =(1,—1).Tomy He icHye Gasucy, y SIKOMy OIEpaTop Mae

JlaroHaJIbHy MaTpPUIIO;
B) I3 npukmany  3B)= SpecAd = {i ,— 1 }, BJACHI  BEKTOPH

T AT ) i 0
e, =(L1+i) , e, =(L1-i) ,marpuus y pomy 6asuci Mae BUITISI 0 _if
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r) I3 mnpuxknagy 3 r1)= SpecAd= {1, -1,- 2}, BJIACHI BEKTOpHU

e = (l,O,l)T ,€) = (O,—l,l)T ,€3 = (1,2,—2)T ,MaTpulld y LbOMy Oa3uci Mmae

1 0 O
purisig |0 -1 O |;
0O 0 -2

n) I3 mpuxknany 3 n)= SpecA= {—1}. Bnacue 3nauenns A =-1mae

anreOpaiuHy KpaTHiCTh 3, a reomeTpuuHy 2. Tomy He iCHye 6a3ucy, y KoMy
orepaTop Mae JlaroHallbHy MaTpuIo. P

3aeoanns 0na ayoumopHoi i camocmiiiHoi pooomu

I[lepeBipTe, 110 cUCTEMAa BEKTOPIB €, €,, €3 € 0a3UCOM 1 3HAWIITh KOOPAUHATU

BEKTOpa X y I[bOMY Oa3wuci:
Loe=(L-1-1)", e, =(-3,-2,2)", e5=(1,3,2)", x=(0,-2,4)";

2. ¢,=(3,-13) ey =(-3,-1-4)", e;=(3.2.-1)", x=(6,5-7)";

3. IlepexkoHaiiTeCh, 1110 MAaTPHII

P N A R S A N C
7l 37273 1) 3 |3 -1) ™1 -3

€ GasumcoM y mpocTopi Marpuib (2x2) 1 3HAWAITE KOOPAMHATH MATpHIL

4 1
Y :(1 3} y IIbOMY 0azuci;

4. TlepexoHalTech, 110 CHCTEMa MHOTOYJICHIB

fi(x)=2+4x-2x7, f, (x)=—1+2x+x%, fi(x)=-2-2x-x" e Gasucom Yy
IIPOCTOPI MHOTOWJIEHIB JIPYrOro CTENEHs, 3HANIITh KOOPAMHATH MHOTOYJIEHA

p(x)=2+4x> y upomy 6asuci;
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5. JliniitHu’ orepaTop A y 6a3zuci

3 2 3
e, =(-2,3.3)",e,=(0,3,2)", e=(~1,1,1)" mae marpumo 4=| 0 -3 1
-1 1 3
3HaANAITH MaTPHUIIIO I[LOTO oreparopa y 6asuci
e| =(1,-3,-3)", ey =(-2.1,2)", &; =(1,1,0)";
3HaiAITh BJIACHI 3HAYECHHS 1 BJIACHI BEKTOPH MATPUIIb:
2 2 11 2 2
6.4= ; 7. A= ; 8.A4= ;
-1 -1 1 1 -2 =2
-2 1 =2 2 2 -1 -1 2 -1
9.4=| 2 -2 3 [;10.4=|-1 -1 1 [;11.4=|-2 3 -1}|;
1 -1 1 1 1 0 2 -2 2

Uu MOXHA 3BECTH MaTpuili A JI0 AlarOHaJIbHOTO BHIISAY HUISXOM IEPEX0ay J0
HOBOTO 0azucy? SIKIIo Tak, TO 3HAWITH JlIaroHaJbHI MATPHUIIi 1 BIAMOBIAHI Oa3uUCH:

1 2 0 2 0 =2 0 -4 2
12. 4=12 0 2 |; 13.4= 0 2 1 |; 14.4=|-4 0 2|
0 2 -1 -2 1 =2 2 2 3

Bionogioi.l x =4e| +2e, +2e5;2.x=0e; +1e, +3e5; 3.Y =24, — 24, +44; - Ay;

4

11
4.p(x)=—fi(x)-2f3(x); 5.4=|2 1 2§
1 20

6. 4=0,x'=C(1-1)", 4 =1 ¥*=G(2-1) ,G.G#0; 7. 4=0, x' =G (1,-1)",
h=2,x=G(1L1),G.C#0; 8. 4,=0, x'=C(1,-1)", C=0;

9. Apy=-1 x'=C(1,-1-1)", C20
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10. 4 =1,x' =C(1,0,1)", 4,5=0, x¥*=C,(-11,0)", C, C, #0;

. A= Lx' =G (0,1,2) +C, (1,1,0),

C|+|Cy| %0,
=2 X =C(L1,-1)", C3=0;
12. 4, =diag(3,0,-3), e, :%(2,2,1)T, e, =§(—2,1, 2)", e =§(1,—2,2)T;

13. 4, = diag (2,-3,3),
(559 A HwE) o[ FwH)
Vs U B00VE0T VB0 T 6’6 'V6)

14. A, = diag(~5,4,4),

-

T T

1 r (N5 245 [ 45 5 205

e =—(-2,-2,1) ,e,=| 2,0, | | ey=| ——2, 2, .
3 5775 1573715

Po3gis VII. KBagpaTuuHi popmu

§1. 3BeneHHs1 KBAAPATUYHOI (POPMHU 10 KAHOHIYHOI0 BUIJISIY
Hexait y mpocropi L, BeKkTOp X y Oasuci (e) Ma€ KOOpAWHATH

X:(xl,X2,"‘,xn).

O3HauyeHHs. Keaopamuunow ¢opmoro Ha3UBAETHCS YHCIIOBA
dyskmis [ (x)=A4(x,x),x€L,, sKa € OXHOPIIHMM MHOTOWICHOM JPYIOro

CTETEHS BIIHOCHO KOOPAMHAT BEKTOPA X 1 Ma€ BUTJISI:

f(x) = allxlz +a22x22 +...+annx3 +2a1,X1%y +2a13X %3+ + 0

+2ay,X1X,, +2ay3%0x3 ++ -+ 2a,_1 ,X,_1X,.

SIKIIO MOKNACTH a;; =a ;, TO KBaApaTHUUHy (OpMy MOKHA 3allUCATH y

ij Ji?
BUTJISAI:
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f(x)ziiaijxixj =x! Ax, (2)

i=1 j=1
ne A= (al-j ) — CHMETPHUYHA MATPHIIS.

Skmo y peskomy OGasuci (e)  MarTpuus KsampartudHoi (opmu

JiaroHajabHa, TO BUpa3

f(3X)=Ax® +2ox," 40+ 2,7 3)
HA3WBAIOTh KAHOHIYHUM 6u21a00om KBampatudHoi ¢opmu. basmc (e) y
IIOMY pa3i Ha3UBAIOTh KAHOHIYHUM.

PosrnsiHemMo 1Ba MeTOnM 3BEJEHHS KBaJapaTUyHOi ¢GopMHU 110
KAaHOHIYHOTO BUTJISIY.

1. Meton Jlarpan:aka T1ioisrac y BHJIUICHHI TIOBHMX KBaJpaTiB
BiJIHOCHO 3MiHHUX. [IpoimtocTpyeMo Horo Ha MpUKIIAIIL.

Hpuxaang 1. 3Haiimemo MetomoM JlarpaHka KaHOHIYHHUM BUIJISL
kBanpatianoi dopmu £ (X)=x2 —4x;x, +2x,X3 + X3 +2x,%3 1 BKakKeMo

BIJIIIOBI/IHE TIEPETBOPEHHS KOOPIMHAT.

<« Bubepemo 10/1aHKH, SIKI MIiCTSITh
2
Xy xlz —4xxy +2x1x3 = (xl —2x, + x3) —4x§ —x32 +4x,x3 =
_ 2 2 .2
= f(X) = (.xl —ZX2 +X3) —3X2 — X3 +6X2X3.

3pobumo 3aminHy:

2 2
V=X —2X) X3, V0 =X, 3 =%3,= [ (X)=y{ =3y +6y,y3 =

2 2 2 2 2 2 2
=y —3(V) =2y y3+¥3)+2y5 =27 =325 +2z25 —

KaHOHIYHUN BWIJIAI KBaJpaTuyHOi Qopmu, 1€ 3/1iCHEHE BIAMOBIIHE

IEPETBOPEHHS 3MIHHUX: Z] = X] —2Xy + X3, Zy = Xy — X3,23 = X3. B>
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2. Meron BjacHuX 3Ha4eHb. Hexaii niiicHa kBagpaTuuHa opma 3ajaaHa
y opToHOpMOBaHOMY Ge3uci (e) eBKIiZOBOro mpocropy £, CHMETPUYHO

Matpuniero A. st matpuii A:

— CKJIQJIa€EMO XapaKTEPUCTHYHE PIBHSIHHS 1 3HAXOJUMO BJACHI
3HAYEHHS,

— 3HAXOJMMO BIJANOBIHI IM BJIACHI BEKTOPHU 1 HOPMYEMO iX,

— 3I1HUCHIOEMO nepexij hi () OPTOHOPMOBAHOTO 0azucy
(e'),CKIIaIeHOTO i3 BIACHUX BEKTOPIB, CTOBIILI MaTPHIL IIEPEXOY

€ BJIaACHUMHU BCKTOpaMMU.

Jlictranemo kaHOHIYHUW BUTJA (3) KBaApaTU4HOi (popMHU 1 BIAMOBIAHE
OpPTOTOHAJIbHE TIEPETBOPEHHS.

Po3B’sxkemMo mipuknag | MeTogoM BIIaCHUX 3HAYEHD

I -2 1
<« 3anumemo MaTpulo KBagpatuuHoi popmu: A=| -2 1 1
1 1 0

CxitailaeMo XapakTepuCTUYHE PIBHSHHSA 1 3HAXOAUMO BJIACHI 3HAYCHHS:

-2 =2 1
2 1-12 1|=0,227-222-54+6=0,=A =14, =3,4 =-2.
1 -

3HAaXOAMMO BIAMOBIIHI iM BJIaCHI BEKTOPH 1 HOpMyeMO ix: aisa A =1
—2&’2 + O = O,
s : o T
PO3B’5I3y€MO OIHOPiIHY cucTeMy < —2¢ +a3 =0, Bracuui Bektop (1,1,2)
o +ay—az3 =0,

11 2y
HOPMY€EMO € =| ——,——,—— | ; aHAJOriYHO i =3  00YHCITHEMO
: 66 6
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, ) . . ' 1 1 .
BIJTIOBIJHUN BIACHUN BEKTOp €, :(—,—,Oj, s Az = —2 —BlacHUi

2’2
, ( 1 1 1 jT
BeKTop e3 = — .

V337 3

11 1
Jo 2 B
Matpuis nepexony C = S 1 BU3HAYA€ MIEPETBOPEHHS
Jo 2 B
2 1
=0 ——
J6 3

1 1 1
= X1+ Xy + X3,
Y1\/61\/§2\/§3
1 1

1
yzzx/gxl_\/zx2+\/§x33
BT I
3 \/g 1 \/5 3

Y 6asuci i3 BracHuX BekTopis (e') kBagpartuyHa GopMa Mae KaHOHIYHHI

BUTJISIT f(x)=y12 +3y§ —Zyg. >

§2. 3nakoBu3HaveHicTh KBagpaTuuHux popm. Kpurepiiit CuibBecTpa

Osnavennst.  /[lificha kBajpatmana ¢opma f(X), Bu3HAYCHA Yy

JiHIMHOMY pocTopl L,, HAa3UBA€THCS:

e JI0JIATHO O3HAYEHOIO, AKIIO IS JOBiILHOTO BeKTOpa X # ()
BHKOHY€ThCS HepiBHicTh [ (X)> 0;

® BiI’€MHO 03HAYCHOIO, SKIIO VX # 0 BHKOHY€ThCs HepiBHicTh f(X) < 0;
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® [0aTHO a0 BiJ’€MHO HAIIBO3HAYCHOIO, SIKIIIO BiAmoBigHO f (X)=0
abo f(x)<0;

® 3HAKO3MIHHOI (HEO3HAYEHOI0), SKIIO ICHYIOTh BEKTOPH X, Y Taki, 110

f(x)>0, f(y)<O.

Axmo kBagpatryHa ¢opma 3BeJeHa 10 KAHOHIYHOTO BUTJISTY, TO BOHA
JT0JaTHO (BiJ €MHO) O3HAYCHA TOJI 1 TUIBKU TOMi, KOJH KUIBKICTh JOJATHHUX
r" (Bim’emHMX 7~ ) KkBanpatiB gopiBHioe dimL,, AKIO y il KaHOHIYHOMY
BHTJISA/II € SIK JIOJAATHI, TaK 1 BiJl’€MHI JTOJAaHKH, TO BOHA 3HAKO3MiHHA (IUB.
[Tpuknaz 1).

SAxmo kBagparnyHa ¢hopMa 3a7aHa y TOBUTLHOMY 0as3wci MaTpureo A4,
To ©0€3 3BeleHHS 1i J0 KAHOHIYHOTO BWIJISAY JIOCHIAUTH  HA
3HAKOBU3HAYCHICTh MOKHA 32 JIOTIOMOTOI0 KYHLOGUX MIHOpPIE, TOOTO MIHOPIB,
AK1 CTOSITh Y MIEPIINX k PsIKax 1 MepUINX K CTOBIIAX MATPHIIL.

Kpurepiii CuabBectpa. /[lns Toro, mob6 kBagparuyHa Gopma

n

f(x) = ZZaU-xixj Oyna:

i=1 j=1

® JI0JIaTHO O3HAYEHO, HEOOXITHO 1 JOCTAaTHBO, 1100 BCl ii KyTOBI
MiHOpH OyJIH JOJaTHUMH, TOOTO

a4

A1=a11>0, AZZ >0,"',An:detA>O;

azy dp

e BIJ’€MHO O3HAYE€HOI, HEOOXIJHO 1 JOCTaTHHO, MO0 3HAKH
KyTOBUX MIHOpIB 4epryBajuCh, puuomy A; < 0.

SKu1o cepen KyTOBUX MIHOPIB € HYJIBOBI, TO MOKHA PO3TIISTHYTU 20106Hi
MiHOpu, 1€ TaKli MIHOPH, YV SKUX HOMEPH PSAAKIB CIIBIAJAIOTh 3 HOMEpaMu

croBmiiB. KBagparuuna popma [ (x) > () <> KOJIM HEB1/I’€MHI BC1 TOJIOBHI (HE
TUJIBKU KYTOB1) MIHOpH 11 MaTpuii; f (x) <0 <Koy y ii MaTpuili BCi TOJIOBH1

MIHOpPH IapHOTO TOPSAKY HEBA’€MHI 1 BCl TOJIOBHI MIHOPU HEHapHOTO
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NOPAJIKY HE J0JIaTHI; KBaJpaTuyHa (popMa 3HAKO3MIHHA <> KOJIHM y MaTpHIIl €
BIJI'EMHUIN TOJIOBHMI MIHOp MAPHOTO MOPSAAKY ab0 ABa TOJIOBHUX MIHOpU
HETapHUX MOPSAKIB PI3HUX 3HAKIB.

Ipuxnan 2. JlocaiguMo Ha 3HAKOBU3HAYCHICTh KBaApaTHIHI (OPMHU:
a2 2., .2 )
a) f(X) = 3x1 + 4X2 +X3 — 6XIX2 + ZXIX3 — 2X2X3,
) 2 2 )
6) f(X) = —3X1 - 2X2 - 4X3 + 4XIX2 — 4XIX3 + 4XZX3,
B 2 2 2 .
B) f(X)=-2x] —x3 —2x3 —2xx, +4x;x3 + 2x,X3;
_ "2 2 2
1) f(X)=2x] +2x5 +4x3 —4xx, + 6xx3 — 6x,x3.

3 3 1
<« a) Marpuns kBagpatuynoi popmu: 4=| -3 4 —1|, T KyTOBi MiHOpHU
1 -1 1

3 -3
A =3, A= , Ay =det A=2-nonarni. OTxe, KBagpaTHuHa (popma
JIOJIATHO O3HAYEHa;
-3 2 2
-3 2
0) A= 2 -2 2 ,AI:—2,A2:‘2 2‘:2,A3=detA=—4.
-2 2 -4

KBanpatuuna ¢opma Biji’€MHO O3HAYEHA;

2 -1 2
B) A=| -1 -1 1 ,AI:—Z,Azz‘ 1‘:1,A3:detA:O.
2 1 -2

3a KyTOBUMH MIiHOpaMH BCTAHOBUTH 3HAKOBHM3HAYCHICTH HEMOXKIIHBO.
3Hal1eMO TOJI0OBHI MIiHOPH MEPIIOTO MOPSIKY:

131



-2.-1,-2. ['omoBHi  (He  KyTOBi)  MIHOPH  JPYroro  HOPSAKY

-2 2 -1 1
5 2‘ =0, . 5= 1. OT1xe, BCl TOJIOBHI MIHOPH HEMAPHOTO TOPSIIKY HE

J0/IaTHI, @ TAPHOTO TOPSIAKY HEB1JI’€MHI, KBajipaTuyHa opma [ (x) <0.

2 2 3 ,
r A=|-2 2 3|, A =2 Azz‘z 2‘:0, Ay =det A=0.
3 -3 4

3a KyTOBUMH MIHOpaMU BCTAaHOBUTH 3HAKOBU3HAYEHICTh HEMOXKJIHUBO.
3HaiiieMo ToJI0BHI MIHOPH MEPIIOTO MOPSAKY:

2 3 2 -3
3 4 -3 4

MIHOP MMApHOTO MOPAJIKY, TOMY KBaJpaTuyHa ¢opMa 3HAKO3MiHHA. P>

2,24, nApyroro TopsiiKy =— =—1. € Big’emuuil KyTOBHUI

b

§3. 3BeieHHs1 3araJIbHOIO PiBHAHHS KPUBOI APYroro mopsiaKy 1o

KAHOHIYHOI0 BUIJIANY

. . . 2
VY nekapToBiil IPSIMOKYTHIM cucTeMi KoopJauHAT npoctopy R“ 3aranbHe
PIBHSIHHSI KPUBO1 APYTOro MOPSAKY MAa€ BUTIIS

f(x: y) = a11X2 + 26112)6')/ + 6122_)/2 + 2a1x + 2612_)/ +a=0. (4)

[Tokaxxemo, 110 piBHSAHHS (4) BU3HAYAE eJirc, rinepoosy abo mapabdoiy,
KpIM BUNAJKIB, KOJM BOHO BHUPOJKYETbCS y Tapy MNPsSMUX, TOYKY abo
MOPOKHIO MHOXKHHY.

Jlomanku

a1 x° +2ay,xp + azy (5)
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4 a2
pO3MIISIAEMO SIK KBaApaTUUHY PopMy 3 MaTpuiero A= . SAxumo

d;p Ay
A1, A, —BIIaCHI 3HAYEHHS MaTpULll A, TO IpHU IEepexo/i Bil OPTOHOPMOBAHOTO

— — . . . . G ——
6asucy (é,6,) mo Gasucy i3 BiNOBIJHMX BIACHHX BEKTOPIiB (el ,ez)

KBaJipaTuyHa popma HaOyae KAaHOHIYHOTO BUTJIAY

2 2

ﬂ.l.xl + Zle . (6)
J11s1 KpUBOI IPyTOro NOpsAIKY BEIUYMHHU
ap 4 9

S=ay +ay :trA, A :detA, o= ajp, 4y ady (7)

al az a

€ ineapianmamu, TOOTO BOHU HE 3MIHIOIOTHCS TIPH 3MiHI CHCTEMH KOOPUHAT.
3ayBaskuMmo, 110 Tipu O = 0 KpUBa BUPOKYETHCS.

[Ticnst BU1I€HHS TOBHUX KBAAPATIB PIBHAHHSA KPUBOT MATUME BUTJISI:
llxg +22y§ +c=0.
MoOKJIHBI Takl BUIAIKH:

1. A=X44, >0—-xpuBa eMNTUYHOIO THILy, €IiNC, SKmo sc<0,

TOYKa, Ko ¢ =0, ysIBHUM emninc, Ko sc > 0;

2. A=A, <0— kpuBa rinepOoJaI4HOrO THUIY, rinepodona, skupo c #0,

npu ¢ =0 —mapa nepexpecHux NpsIMHXx;

3. A=A4A, =0—kpusa napaboaiuHOro THILy, apadona /11x§ +by, =0

abo mapa mpsaMux 4 x% +c¢=0,axmo 4 #0.

Ipuknaan 3. Busznaunmo TN KpHUBOI 9x? - 24xy+16 y2 —8x+19y+4=0,

3BeIeMO 1ii PIBHAHHS [0 KAaHOHIYHOTO BWIJISAY 1 3HAiIeMO KaHOHIYHE
NEPETBOPEHHS KOOP/UHAT.
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<« KBaznpatuuyna ¢popma piBHSIHHS KPUBOIi 9x? —24xy +16 y2 Ma€ MaTPHUILIIO

9 -12 9 -12
A: ) A:
-12 16 -12 16

CrilameMo XapakTepUCTHUYHE PIBHSHHS, 3HAWJIEMO BIJIACHI YHUCIA 1 OPTH

=0—xpuBa  mapabOJIYHOTO  THIY.

BJJACHUX BEKTOPIB MaTpPHIII:

9-1 -12|
=22-250=0, 4, =0,4, =25,

-12 16-4

9X1 - 12X2 = 0,

g A =0 maeMo
—12x; +16x, =0,

(43
OpT BJIACHOTI'O BGKTOpa el = )

5’5
—16X1 —12X2 :O, 3
s A, =25 X;=——2X,,
& {—12x1—9x2 =0, ' 47

L 4
OpT BJIACHOTO BEKTOPA €, = (—%,gj

Martpuriis nepexoay 10 HOBOi CUCTEMHU KOOPJIMHAT JOPIBHIOE

Co cosg —sing)
- sing  cos@ -

Wnlw n| K
)

w |

: 3 : :
== = —TOM HTallis
1 € MaTpuIe NOBOPOTY Ha KyT Ig@ 2 detC =1>0—-Tomy opieHTaIl

ocell koopauHart He3MmiHHA. DopMynau mnepexoday A0 HOBOI CHCTEMU
KOOPJIMHAT TaKi:
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x—4x 3y

=—X1—Z)
I ..
Yy 51 5Y1-

V' 6Gasmuci (El',éz') pIBHAHHS KpUBOi Ma€ BUIUIAL: 25 ylz +5x; +20y, +4=0.
2
Buminumo moBHUM  KBajgpar x| = —5( V1 +§j 1 3poOuMO  3aMiHy

Xy =X,V =V +§' Bupaszumo x;,y; 4epe3 HOBI 3MiHHI 1 MACTaBUMO iX Y

(8), micranemo:

xzixz —zyz +£»
5 5 25

y=§x2 +iJ/2 —£°
5 5 25

: 3 .
OTxe, BHACIIZAOK MOBOPOTY CHUCTEeMH KoopauHat x(Oy Ha KyT tggo:Z 1

6 8 : :
IIEPEHECEHHS [T0YaTKy KOopauHaT y Touky O, (— —— |, AICTAHEMO Yy CUCTEMI

25" 25
A . .
koopauHat x,0,y, 3 0a3ucom (el ,ez) KaHOHIYHE pIBHSAHHA Hapadbonu
X, =—5y§ . >

Ipuxaan 4. Bu3HauuMo TUI KPUBOI 5x% + 4xy + 8y2 —32x-56y+80=0,

3BeleMO ii PIBHSAHHS [0 KAHOHIYHOTO BUIVISIAY 1 3HAWAEMO KaHOHIYHE
NIEPETBOPEHHS KOOPIMHAT.

< KBagpatnuna  dopma 5x% + 4xy +8 y2 Ma€  MaTpHIIIO
5 2 5
A= (2 8} , A= ) g =36>0—xpuBa ENINTUYHOIO THUIY. 3HAXOJUMO

BJIACH1 YKCJIa 1 OPTH BIIACHUX BEKTOPIB MATPHIIL:
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S 0 2 132436=0, 4 =9, =4, L o)
e , —_ = , = ) = ’e = — ) 5
2 8-4 ! '~

1

€ :ﬁ(_

®opMyIid OPTOTOHATILHOTO IEPETBOPEHHS KOOPAUHAT

2,1y

[limcTaBUMO X Y pIBHSIHHS KPUBOi, JICTAHEMO

Ox? +4yi +80=0.

L8
NERNCE

2 2
Bunminumo moBHI kBampatu 9 (xl - i} +4 ( v+ LJ —-36=0, mcasa

J5 NS
8 1

3aMIHH x| — E =X, )1 t ﬁ =), AICTAaHEMO KaHOHIYHEC PIBHAHHA €JIIICa

1 O3HAYalOTh MOBOPOT CHUCTEMU KOOpPJAMHAT Ha KyT arctg2 1 mepeHeceHHs

II0YaTKy KOOpAMHAT y TOuKy O, (2, 3). >
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§4. 3BeieHHs1 3araJIbHOTO PiBHSIHHSA MOBEPXHI APYroro mopsiaKy A0

KAHOHIYHOT 0 BUIJISIAY

Y mpocTopoBiil JAeKapTOBI NPSIMOKYTHIH CHCTeMi KOOPAHWHAT R
3araJibHe PIBHSHHS MOBEPXHI IPYroro MOpsAaKY Ma€ BUTIISL

a 1x2 + a22y2 + a3322 +2ay,Xy + 2a13X2 + 2a,3yz + ©)

+H2a;x+2a,y +2a3z+a=0.

KBagparuuna gpopma a“x2 +ay, v+ a3322 +2a1,xy +2a3xz +2a53yz
TPHOX 3MIHHUX X, ),Z Ma€ CHMETPUYHY MaTPHITIO
app 412 43
A=|ap ay axy
a3 dp3  dzz
Marpunst 4 Mae pilicH1 BiacHi uucna Ay,A,,A;, SKUM BIANOBIIAIOTH
. . I A A | " .
OpPTOHOPMOBAHI BJIACHI BEKTOPU € , €, ,€3 . CTOBNLSIMU OPTOrOHAJILHOI MaTPHUIIL
) JI0 HOBOTO 0a3nCy € KOOPAWHATH IMX BJIACHUX BEKTOPIB.

nepexony C = (cl-j

Bukonaemo 3aminy

X =Cp1X +Cp) 032y,

V=01 X + Yy 632y, (10)

Z=0C31X +C3p) 6332

1 TICTaBUMO 111 3HaYeHHs Yy piBHsHHS (9). KBagpaTtuuna popma 3BeneThes 10
KaHOHIYHOTO BUTJISITY:

2 2 2
AXi + Ay + 4321

SIK 1 7151 KpUBOI IPYroro MOPSAIKY, IPU IEPETBOPEHHI PIBHSIHHS MOBEPXHI
JPYTOT0 MOPSAKY 1HBapiaHTaMU MTOBEPXHI € BETUINHHU:
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S| =ay| +ayy +azzy =trA—cagMarpuui, s, = 11 12|, N

aj;p  ap| |43 d33| |dp3 433
app 4 43 g
: ) ) ) dip dpyy dyz
cyMa T'OJIOBHMX MiHOPIB MaTpulll, A=detAi o = .
di;3 dpz dzz dj
al az a3 a

[Ticnst BUIEHHS MOBHUX KBAJAPATIB, PIBHSIHHS IEHTPAIBbHOI MMOBEPXHI
MaTUMe KaHOHIYHUN BHUTJIS;

/11x§+22y§+1323+c:0, c=%, A#0.

MO>KJTHBI TaKl BUIIAIKH:

1. 414,43 #0. Togi npu ¢ <0 MaTumMeMo
- 4 >0,4, >0,4; >0—enincoin;
- A4 >0,4, >0,4; <0 —oaHonopoxHUHHUII rinep0Oo0iz;
— 4 >0,4, <0,4; <0~ 1BONOPOKHUHHMHN TiIepOOIIOin;
- 4 <0,4, <0,4; <0— nopoxHs MHOXKHHA;

npu c¢=0, skmo A4 >0, 4, >0, 4; <0-xkoHyc, KO BCl 4; OgHOrO

3HAaKy — TOYKA;

2. OpHe 13 BnacHux uwncen, Hanpuknaa, A3 =0. Toxmi piBHAHHA (9)
MaTHME BUTJIS
A3 + 2y y3 +2byzy +b=0.

Axmo b; =0, To 1e WWIIHAPUYHA TOBEPXHA, ad0 mapa NEepecIYHUX
IUIOILMH, YU NOPOXKHA MHOXKMHA. Skmo by #0, 1 4, -4, >0, — ue eninTuynni

napabonoin, npu A; - 4, <0, — rinepOoaiyHuil Tapadbooiz.
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3. Cepen BiacHUX 4Mcend JBa pIBHI HyJ0 1, Hampukian, A;#0.

KanoHiuHe piBHSHHS MOBEPXHI MAaTUME BUTJISA]T

Axmo b, =01 by =0, To He napa napajeabHUX NPAMUX a00 MOPOKHS
MHO>KHHA, SKIIO Xo4ya 0 ofHe 13 unucen b, #0,b; # 0, TO miciis NepeTBOPEHHS

CHUCTEMU KOOPJIMHAT JICTAHEMO MapabOIIuYHUN UITTHAP.

3ayBaxxumo, 10 npu o =0 moBepxHS KOHIYHA a00 MIIIHIPUYHA, KPIM
BUIIA]IKIB BUPOPKCHHS.

Ipuxnan S. 3Be1eMo piBHAHHS MOBEPXHI APYTOTO MOPSAKY
7x? +6y2 +522 —4xy—4yz—6x—-24y+18z+30=0

70 KaHOHIYHOTO BHWIJISIAY, BHM3HAUMMO ii THMN 1 3amUIIEeMO KaHOHIYHE
NIEPETBOPEHHS KOOPIMHAT.

<« Marpuusg kBagpatuuHoi GopMu 7x? +6 y2 +52% — 4xy —4yz NOpiBHIOE

7 -2 0
A=|-2 6 =2].
0O -2 5
Kopensmu BIJITIOBIHOTO XapaKTEPUCTHYHOTO MHOTro4JIeHA
A3 —184%+991-162=0 € Bnacmi smauwenns A =3, 1, =6, 4 =9.
BiamosigHi M OpTH BJIACHUX BEKTOPIB JIOPIBHIOIOTH
& = %(1,2,2)T , &) = %(2,1,—2)T , 8y = %(2,—2,1)T : Dopmy.tH

OPTOrOHAJIBHOI'O IICPCTBOPCHHA
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xzé(xl +2 +221),
1
y:§(2x1+y1—221), (11)

Z:%(le ~2y+2)

M1JICTABUMO Y PIBHSIHHS TTOBEPXH1, OTPUMAEMO

3x{ +6y7 + 922 —6x, — 24y, +18z, +30=0.

Bunimivo nosHi kBagparu 3(x; — 1)2 +6(y — 2)2 +9(z + 1)2 =6. 3pobumo
3aMIHY X=X, +1, )=y, +2,z;=2z,—1 1 MmJICTaBUMO 11 3HAYEHHA Y

dbopmynu (11), nictaHeMO KaHOHIYHE MEPETBOPEHHS KOOPINHAT:

x:%(xz +2y, +22, ) +1,

y:%(2X2 +y2 —222)+2,
Z:%(2x2 —2y,+2,)-1.

[TouaTok KOOpAMHAT HEPEHECEHO Yy TOuky O, (1,2,—1). VY HOBil cucremi

KOOpJAMHAT Ma€EMO KaHOHIYHE PIBHSIHHS MTOBEPXHI

2 2 2
X z VI
?2 + yTZ + 72 =1— 11e TPLOXBICHHH emirncoin. P
3

Ipuxaanx 6. 3BeneMo piBHSHHS MOBEPXHI APYTOro MOPSIAKY

X2 +5)% + 22 +2xp+6xz+2yz+8x -4y +122+10=0

0 KAHOHIYHOTO BUIJIAMY, BU3HAYMMO 1i THUI 1 3aMUIIEMO KaHOHIYHE
NIEPETBOPEHHS KOOPIMHAT.
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< Matpuiss  kBaapatuyHoi  (HopMH X2 +5 y2 +2° + 2xy+6xz+2yz

1 1 3
nopiBHioe A=|1 5 1 |1Mae XxapakTepuCTUUHE PIBHIHHS
31 1

A2 =722 +36=0,= 1, =3, 1, =6, :—2,:>é’=i1,—1,1T,
1 1 \/5

ot 1 ) .
(1,2,1)T , & =L(1,O,—1)T —OpTH KaHOHIYHOro 0asucy. dopmynu

N 2

OpPTOTOHAJIBLHOI'0 NEPETBOPEHHS KOOPIUHAT:

1 2
y__ﬁxﬁ_ﬁyl’
1 1 1

Z= X + — VAR
\/51 \/gyl \/51

abo miCIA BUIUIEHHS [IOBHUX KBaJpaTiB 1 3aMIiHH
X, =X +i Yy = +L Zy =2z +L MICTAHEMO KaHOHIYHE PIBHIHHS
21\5,2)’1\/6,21\/5 p
MOBEPXHI

X ¥_m

2 1 3

1€ OJHOMIOPOKHUHHUH Tinepoosnoin. KanHoHiuHE epeTBOPEHHS KOOPIUHAT:

1 1 1

X = X, + + Zy —
\/52 \/EJQ \/52

1 2
y:—ﬁxz +ﬁy2 +1,
1 1 1

zZ= Xy + — Zn —
\/52 \/gyz \/52

2,

l.
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Touka O, (—2,1,—1) € TI0YaTKOM HOBO1 CHCTEMH KOOpJIUHAT. P>

3aeoannsn ona ayoumopHoi i camocmiiiHoi pob6omu

JlociaiTh Ha 3HAKOBU3HAYEHICTh KBAAPATUYHI (DOPMHU:
1 f(x)—4x2+3x2+2x2+6xx — 4,3 — 4%, X3;
- =X 2 3 1%2 143 2435
2 f(x) =307 —4x3 —4x2 +4x; X, — 63,0, + 22,5
. =X 2 TG AN X TOX X3 T AN,
3 f(x) =3x2 =203 +3x5 =201 X + 20,3 — 2% X3,
- =X 2 T3 T LN Xy TLXNZ T LX) X35
4 f(x)—2x2+2x2 +3x2 —4x; %, — 2x700 + 25, X
- =X 2 T3 112 —£X X3 T £X0X3.

Busznaure Tun kpuBoi, 3BeAiTh I PIBHSAHHS A0 KAHOHIYHOTO BHUITIIAY 1
BKaXXITh KAHOHIYHE MEPETBOPEHHS KOOP/INHAT:

5.5 +12xy—-2x—12y-19=0; 6. x> —dy+4)* —4x—3y—T7=0;
7. 9x* —4xy+6y2 +16x—8y—2=0.

Buznaute Tunm moBepxHi, 3BeNiTh ii PIBHSHHA 1O KAHOHIYHOTO BUTIIAIY 1
BKQXXITh KAHOHIYHY CHCTEMY KOOPIHAT:

8. 2x2 =7y —4z% +4xy +20yz—16x2+60x—12y +122-90 = 0;

9. 4x> + % +4z% —4xy+4yz—8xz—28x+2y +162+45=0.

Bionoegioi 1. JlogaTHO 03Ha4eHA; 2. B1JI’ €MHO O3HAYCHA;

Lj . _(_
s 13 s €2

3. 3HaKk03MIHHA;, 4. HEBiJ €MHA;

2 .2
5. rinep6ona %—%:1, O, (L1), & :(

3
,\/Ej,

S‘w
W
S‘N
W
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6. napabona ylz :%xl, 0,(3.2), ¢ :L—%,_%}

Ky

7. enine x—212+y11 -1, 01( 42) : (I IJ (%%

2 2
8. rinepOoiYHMIt TapaboIois % _J’Tl =2z, 0,(12,3),

- 2 1 2 - I 22 5 22 1)
el - T A5 2: T s 3 DNEINE N b
3 3 3 3 33 333

9. mapaGoiYHUMN UITTHIP y12 zgxl, 01(2,1,—1),

- 22 1) . 2 1 2) . I 22
elz LI ) 62: PE R S 63: PRI
333 33 3 333
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