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Abstract

The paper contains a proof of Newton’s formula for the block-symmetric
polynomials.
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1 Introduction

Let X be a Banach spaces, and let P(X) be the algebra of all continuous
polynomials defined on X. Let Py(X) be a subalgebra of P(X). A sequence
(G;); of polynomials is called an algebraic basis of Py(X) if for every P € Py(X)
there is a unique g € P(C") for some n such that P(x) = ¢(G1(z),...,Gu(2));
in other words, if G is mapping * € X ~ (Gi(x),...,Gp(x)) € C", then
P=qgod.

Let Ps(¢1) be the algebra of symmetric polynomials on the space ¢;. In [4],

it is proved that the polynomials F}, = Y z¥, where k& > 1 form an algebraic
i=1

basis in Ps(¢1). It is well known that any polynomial in Ps(¢;) is uniquely rep-

resentable as a polynomial in the elementary symmetric polynomials {G;}22,
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Gr = . Z T Ty T where & > 1. The algebra of symmetric analytic
11<12<...<1k
functions Hys(X) were investigated by many authors ([1], [2], [3]).

On the other hand, there are more representations of S, in Banach spaces.
For example, if X is a directs sum of infinite many of “blocks” which are copies
of a Banach space X, then S, acts permutations the “blocks”. For this case
we have invariants — the algebra of block-symmetric analytic functions. Note
that this algebra is much more complicated and in the general case has no
algebraic basis (see e. g. [6], [9], [5]).

It is well known the Newton’s formula for symmetric polynomials [8]:

NGy = FiGnoy — BGo + F3Grs — ..+ (-1)" 7 Fy Gy + (1) F.

In this paper we propose a genralization of this formula for block-symmetric
polynomials on /;.

2 Main Result

Let
X2 — ®£1©2
be an infinite ¢;-sum of copies of Banach space C2. So any element T € X2
can be represented as a sequence T = (zy,...,T,,...), where x, € C? with
o
the norm ||Z|| = >_ ||zl

k=1
A polynomial P on the space X? is called block-symmetric (or vector-
symmetric) if:

p(() () = (), () ),

for every permutation o on the set N, where ( uz ) € C2. Let us denote by
P,s(X?) the algebra of block-symmetric polynomials on X2
In paper [7] it was shown that the following vectors form an algebraic bases

of Pps(X?) :
HPm (2, y) = 5 oy, (1)
i=1

where 0 < p < n, (z;,5;) € C? i > 1 or “elementary” block-symmetric
polynomials:

o
RP"P(x,y) = Yo Ty T Yy Yy
11<...<ip (2)
<o
iR Fd1
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where 0 < p <n,n >1and (z;,y;) € C%
For equations (1) and (2) of generators we can write an analogue of New-
ton’s formula.

Theorem 2.1 The following formula is true

nRP—P — Hl ORp 1,n—p + HO 1an 1-p <H2,0Rp—2,n—p + 2H1,1Rp—1,n—p—1+
+H0,2Rp,n—p—2> + <H3,0Rp—3,n—p + 3H2,1Rp—2,n—p—1 + 3H1,2Rp—1,n—p—2_|_

+HO,3Rp,n—p—3> (1) zs: Ok Fs—kk Rr=(s—Rln—p—k 4 |
=0

+( )n 2<Cp 1Hp 1,n— pR10+Cp Hp,n—p—lR(]J) + (_1)n—1C£Hp,n—p’
(3)

where C* = k),,0<p<nandzfs—k>p0rk>n p, then we consider
that RP—(s— k)” P=s = ().

Proof Let us consider the polynomial P(x + jy), which is symmetric on the
space {1 with respect to simultaneously permutations of x; 4+ jy;, ¢ > 1. For
the algebraic bases Fj.(x + jy) and Gi(z + jy) of this polynomial the Newton
formula holds

nGn(x + jy) = Fi(z + jy)Gn1(z + jy)—
—Fy(x + jy)Groa(x + jy) + F3(z + jy)Gpos(x + jy) — ...+ (4)
+(=1)"?Fo (@ + jy)Gi(x + jy) + (=1)" 7 Fu(x + jy).

Each of polynomials Fy(x + jy) and Gi(x + jy) can be represented as a linear
combination of polynomials HP*~P(x,y) and RP*~P(z,y) respectively. Indeed,

Gun(r+jy) = > (zo +J¥) - (T, + J¥i,) =

11<...<lp
:R”’O(x,y)+jR”_1’1(x y +]2Rn 22(1’ y)+]3R” 33( y>+_'_ (5)

)
+ijn—k k( ) ) +jnR0 n(x’,y)

and
Fo(z +jy) = ;(l‘i +jy)" =
= H™(2,y) + jJOLH™ (2, 5) + PC2H (2, y)+ (6)

HPCRH 3 (@, y) + . 4 JPORH ™ (@ y) + 4 R H (2, y),

where CF = #'k),
So each term of equality (4) can be represented by over polynomials HP*~P(z, y)

and RP*7P(z,y). Then we obtain

Fl(l"k]y)anl(x +]y) — Hl,ORn—l,O —|—j<Hl’0Rn_2’l + HO,an—1,0)+
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—|—j2(H1’OR”_3’2 + H0,1Rn—2,1) +j3(H1’0R"_4’3 + Ho,an—3,2> + .+
+jn—l(H1,ORO,n—l + H0,1Rl,n—2) + jnHo,1Ro,n—1’
Fy(x + jy)Gnoa(x + jy) = H*°R*™>° 4 j(H**R"™> + 2H" R"9)+
+J-2(H2,0Rn—4,2 + 2H1,1Rn—3,1 + H0,2Rn—2,0)+
+2(H?O R 4 2HY RV 4 HO?RVH) L+
+jn—1(2H1,1RO,n—2 + H0,2R1,n—3) + jnHO’2RO’n_2,

Foa(x+ jy)Gi(z + jy) = HYORY + j(H" YR + C_ H" ' RY)+
+iH(Ch H* 'R + C2_ H"*?R")+
+72(CE H" 2RO + Cf  H' P RY) 4+
+jn_l<cg:12H1’n_QRO’l + HO,n—lRl,O) + jan_lRO’l.

If we substitute this equalities and equalities (5), (6) to (4) and equate
multipliers at the same degrees of j, we obtain next equalities:

an,O _ Hl’ORn_l’O _ H2’0Rn_2’0 + H3,0Rn—3,0 -+ (_1)71—1[{71,07
R — LORn-21 | [0lpn-10 <H2,oRn—3,1 I 2H1,1Rn—2,0> I

n <H3,0Rn—4,1 I 3H2,1Rn—3,0> o

Lol prkLh-1 | H0,2Rn—k,k—2> 1 <H3,0Rn—k—3,k |32 Rk 2ko1
L3l prok-lke2 4 H0,3Rnfk,k73> (e (Cs:%ank,kflRO,l_i_

+Cﬁ_1Hn_k_1’kR1’0> + (_1)n—1C7I;:Hn—k,k,
nRO,n — HO,lRO,n—l _ H072R0’n_2 + HO’3RO’n_3 -+ (_1)n—1HD,n‘

Therefore from these equalities it follows formula (3) for any polynomial
RP1P,
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