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Abstract

We describe an algebraic basis of the algebra of symmetric continuous polynomials
on the nth Cartesian power of the complex Banach space L, = L,([0, 1]), where
1< p<+oo.
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Algebraic basis
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1 Introduction

Polynomials and analytic functions on a Banach space X invariant (symmetric) with
respect to a group of operators acting on X were studied by a number of authors [1,2,4—
12,14-19] (see also a survey [3]). For example, if X is a rearrangement-invariant
sequence space, it is natural to consider the group of permutations of the natural basis
of X isomorphic to the group of all bijections on the set of all positive integers. If X
is a rearrangement-invariant function space of measurable functions on some measur-
able space €2, it is natural to consider the group of operators acting as a composition
of a function with some measure-preserving bijection on 2. For the investigation of
algebras of symmetric polynomials and symmetric analytic functions it is handy to
know an algebraic basis (a set of elements of the algebra such that every element
of the algebra can be uniquely represented as an algebraic combination of elements
from this set) of the algebra (if such a basis exists), because every homomorphism
on the algebra with an algebraic basis is completely determined by its values on the
elements of the basis. Symmetric analytic functions and symmetric polynomials on
£ and L, were first studied by Nemirovski and Semenov in [14]. In particular, in [14]
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a description of algebraic bases of algebras of symmetric polynomials on £, and L,
was provided. In [9] Gonzdlez et al. generalized results of [14] and described alge-
braic bases of some algebras of symmetric polynomials on rearrangement-invariant
separable Banach spaces. Algebras of symmetric polynomials and symmetric analytic
functions on the complex Banach space L ([0, 1]) of essentially bounded measurable
functions on [0, 1] were studied in [7,15,17,18]. In particular, in [7] the author together
with Galindo and Zagorodnyuk described an algebraic basis of the algebra of symmet-
ric continuous polynomials on L, ([0, 1]). This result was applied for the description
of the spectrum of the algebra of symmetric entire functions of bounded type on
L ([0, 1]) in works [7,17,18]. Symmetric polynomials on the Cartesian powers of
Banach spaces (which are also called “block-symmetric”’) were studied in [10-12,16].

In this work an algebraic basis of the algebra of all continuous symmetric polyno-
mials on (L,)" is described.

We denote by N the set of all positive integers and by Z_ the set of all nonneg-
ative integers. Let X and Y be complex Banach spaces with norms ||-||x and |- ||y
respectively. A mapping A: X" — Y, where m € N, is called an m-linear map-
ping if it is linear with respect to every of its m arguments separately. A mapping
P: X — Y is called an m-homogeneous polynomial if there exists an m-linear map-
ping Ap: X™ — Y such that its restriction to the diagonal is equal to P, that is,

P(x)=Ap(x,...,x) forevery x € X.
e —

m

The mapping A p is called the m-linear mapping associated with P. Note that P (Ax)
= A"P(x) forevery A € Cand x € X.

It is known that an m-homogeneous polynomial P: X — Y is continuous if and
only if

[Pl = sup [[P(x)]ly < +oo.
lxllx <1

Similarly, an m-linear mapping A: X" — Y is continuous if and only if

Al = sup IACeL, .. xm)lly < +oo.

Ixillx <L .. llxmlix <1

By [13, Theorem 2.2, p. 12], an m-homogeneous polynomial P is continuous if and
only if the symmetric (with respect to the permutations of its arguments) m-linear
mapping A p associated with P is continuous.
A mapping P = Py + P +--- + Py, where Py € Y and P; is a j-homogeneous
polynomial for every j € {1, ..., N}, is called a polynomial of degree at most N.
Let p € [1,+00) andn € N. Let L, = L,([0, 1]) be the complex Banach space
of functions y: [0, 1] — C for which the pth power of the absolute value is Lebesgue

integrable, with norm
1/p
Iylly = (/ Iy(t)lpdt) :
[0.1]

@ Springer



Symmetric polynomials on (Lp)"

Let (L,)" be the nth Cartesian power of L, with norm

n 1/p
lpn = (3 [ norrar)
s=1 (0.1]

where y = (y1, ..., yn) € (Lp)".

Let E be the set of all bijections o : [0, 1] — [0, 1] such that both ¢ and o !are
measurable and preserve the Lebesgue measure. A function f: (L,)" — Cis called
symmetric if

f((yroo, ..., yp00)) = f((y1,...,¥yn))
for every (y1,...,¥a) € (Lp)" and for every o € E. Let us denote by Ps((L,)") the
algebra of all symmetric continuous complex-valued polynomials on (L)".
2 The main result
For every multi-index k = (ki, ..., k;) € Z suchthat 1 < |k| < |p], where |k| =

ki+- -4k, and | p] is the integral part of p, let us define a mapping Ry : (L,)" — C
by

Ri(y) = / []Gs@nSar, (1)
011 5=
k>0

where y = (y1, ..., yn) € (Lp)". Also we set R(,...0)(y) = 1.

Theorem 2.1 For k € Z!} such that 1 < |k| < | p), the mapping Ry defined by (1) is
a well-defined continuous symmetric |k|-homogeneous polynomial on (Lp)".

Proof Clearly, Ry is symmetric. Let B: (L ,,)”‘| — C be defined by

B(xl,...,x”d):/ xl(t)---xud(t)dt.
[0,1]

Note that B is a |k|-linear mapping. Let Q: L, — C be the restriction of B to the
diagonal. Since

IQ(x)I=V n¥ar] < [ pecoMar = il < e
[0,1] [0,1]

for every x € L, it follows that

10l = sup [Q)| < sup [lx|[I = 1.
xllp<1 xllp<1
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Therefore, Q is continuous, hence B as well.
Note that

Rk(Y):B(YI,~-7y1,~-~7)’n,~-~,)’n)’ (2)
— —
ky kn

where y = (y1, ..., ya) € (Lp)". So Ry is well defined.

Note that for fixed x,y € (L,)" the function A € C = Ry(x+21y) € Cisa
polynomial of degree at most |k|. Therefore, by [13, Theorem 3.6, p.22], Ry is a
polynomial of degree at most |k|. Also note that Ry (Ay) = A¥IR;(y) forevery A € C
and y € (Lp)". Therefore, by [13, Exercise 2.C, p.16], Ry is a |k|-homogeneous
polynomial.

By (2),

RO < By -l

for every y € (Lp)". Therefore, for every y € (L))" such that |y[/, , < 1, we have
|Rx(y)| < ||B|l. Hence, ||R|| < ||B]|. Consequently, Ry is continuous. O

Lemma2.2 Let P = Py+ P1 + - - - + Py be a symmetric continuous complex-valued
polynomial on (L,)", where Py € C and P; is a j-homogeneous polynomial for
J €{1,..., N}. Then every P; is symmetric and continuous, where j € {0, ..., N}.

Proof This is immediate from the Cauchy Integral Formula (see [13, Corollary 7.3,
p-47]) since Py + Py + - - - + Py is the Taylor series of P at 0. O

Let M be a finite nonempty subset of Z" . Let CM be the vector space of all map-
pings from M to C. Note that every element & € CM can be considered as an
| M |-dimensional complex vector (&x)ixen, Where & = &(k) for k € M and M|
is the cardinality of M. Therefore, CM is isomorphic to C'™!. We endow the space
CM with norm

= max .
11100 = max |

Form € N, let c(()'g) (C") be the space of all sequences x = (x, ..., Xy, 0,...), where
xp= (", xM)eC forje(l,....m}and 0 = (0.....0) € C". We endow
the space c(()'g) (C™) with norm

Ielle, = | D237 [

j=1s=1

Note that c&'})((C") C c(()’(;’H)(C”) for every m € N.

A function f: cgg)((C") — C s called symmetric if

S, xm, 0,000) = fF((z1ys oo o5 X2m)» 0, ..0)
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forevery (x1,...,xp,,0,...) € c(m) (C") and for every permutationt: {1,...,m} —
{1,....,m}.
For every k € 7'}, let Hy, . coo)((C”) — C be defined by

Hk(m)(x) _ Z l_[ (x;s))k

=1 s=1
/ k>0

Note that Hk(m) is a symmetric |k|-homogeneous polynomial. For an arbitrary
nonempty finite set M C Z such that |k| > 1 for every k € M, let us define a

mapping JTI(VT) COO)((C”) — (CM by

oy () = (H™ () ey

We will use following results, proved in [12].

Theorem 2.3 ([12, Theorem 6]) Let M be a finite nonempty subset of Z such that
k| = 1 for every k € M. Then

(i) there exists m € N such that for every & = (&)xem € CM there exists Xg €
() with w1 (xg) = &;
(ii) there exists a constant p > O such that if |[§|loc < 1, then ||x¢ll¢, < p for every
e[l,+00).
Theorem 2.4 ([12, Theorem 8]) Every symmetric N-homogeneous polynomial
P: c(()'g) (C")y — C, where m is an arbitrary positive integer, can be represented as an
algebraic combination of polynomials H;, (m) , where k € 7} is such that 1 < |k| <
Lemma2.5 ([12, Lemma 11]) Form € N, let K ¢ C" and »: K — C"! pe
the orthogonal projection: »((x1, X2, ..., Xm)) = (X2,...,Xn). Let K1 = »#(K).

Supposeint K| # @ and that for every openset U C K| the set = (U) is unbounded.
If the polynomial Q(x1, ..., X;) is bounded on K, then Q does not depend on x.

For every E C [0, 1], let

() = 1, if teE,
V= 0, otherwise.

Form € N, let J,, : ¢’ (C") — (L,)" be defined by

m m
) (n)
In@) = | 5 Tgmtymjpmts -5 D %" 1G=1pm, /1

forx = (x1,...,x,,0,...) € COO)((C”) Note that J,,, is a linear operator. Let us show
that J,, is continuous.
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Lemma 2.6 Forevery x € c( )((C’)
I (x = —1 X
” m ( )”p,n 1/p ” ”/Z,,'

Proof Forx = (x1,...,%m,0,...) € coa’(C"),
n
1w 1B = /
m p.n 2 0.1]
—Z/ Z|X()|p [(G=1)/m,j/m](t) dt

(0.11 ;

= ZZM)V’f L= 1)/m.jym) (1) dt

s=1 j=1

1
DI

s=1 j=1

P
fs)l[u—l)/m,j/m](f) dt

Therefore, || J (X) ]| p.n = lIx[le, /m'/P. O

Consequently, J,, is continuous. For / € N, let
Di = 1y (2 (@),

1
Note that J, is abijection between c(% ) (C™)yand D;. Since le is linear and continuous,

it follows that Jy is a continuous isomorphism between Coo 2) (C™y and Dy. Let

Note that D is dense in (L,)". For every k € Z'| such that |k| > 1, let us define a
mapping Rk D — C analogously to (1):

Ry = / H (s (1),

k;>0

where y = (y1, ..., yn) € D.
Lemma 2.7 Forevery k € Z! such that |k| > 1 andl € N,

Rie(Joi (x)) = H(z)(x) for every x € c(z)((C").
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Proof For x = (x1,...,x2,0,...) € 6(2)(((:”)

k:
Ri(Jy(x)) _f H(Zx (j_l)/zz,ml](t)) dt

0.1] s=1
ky>0
n
s) ks
/ (;7)" Lm0 dt
0.17 s IJ 1
ks>0
S) ks
/ ()" Lyt jon () dt
(0.11 54 = 1

n

_ZH o) /1 Lij—n2t j o (1) dt

j=1 s=1
k;>0

211 Z 7 )k H<2>( ), -

s=1
k5>0

Let a, b € [0, 1] be such that a < b and that there exist r1, 7, s € Z4 such that
a =ry1/2° and b = /2% Let us define a mapping Sj,.51: D — D in the following
way. For y € D, we set

t—a

, if .bl,
(Sta,p1 Y)(1) = y(b_a> if 1€ la,b]
(O,...,O), if ¢t e [O, 1]\[a,b]

Lemma 2.8 Foreveryy € D,

ISta, 61D p.n = b — )Pyl p.a-

Proof Fory = (y1,...,yn,) € D,

_ P
||Sab<y>||pn—2/ (t “)‘ i

=(®b-a Z /[0 l]Iys('9)|"’d@ =B —-a)ylp.n
s=1 ’

Therefore, || Sia,51 (D)l p.n = (b — @) /Plyll, 1. O

@ Springer



T. Vasylyshyn

Lemma 2.9 Foreveryy € D and k € 7" such that |k| > 1
Ri(Sta.p1 () = (b — @) Re(v).-
Proof Fory = (y1,...,yn) € D,

Rk<sab<y>)—f H (w(t:“)) dr

ky>0

—h-a) / H (35 0))d6 = (b — a) Re (). 0

kr>0

Theorem 2.10 Every N-homogeneous symmetric continuous polynomial P: (L,)" —
C can be uniquely represented as an algebraic combination of polynomials Ry, where
k € Z is such that 1 < |k| < min{[p], N}.

Proof Let Q be the restriction of P to D. Let
My={keZ:1<|k| <N}

By Theorem 2.3, where we set M = My, there exist m € N and p > 0 such that
for every & € CMN there exists x; € coo)((C") with n(m)(xg) =¢and if ||€leo < 1,

(m) -

then ||xgl¢, < p. Hence, Ty is surjective. For m’ > m, the restriction of Hk(m) to

¢ (C") is equal to H™ for every k € Z" such that [k| > 1. Consequently, the

restriction of 715&" ) (m )

(m )

to coo)((C”) is equal to 7 M) Since ), is surjective, it follows

that 7,
Let

is surjective too.

lo = [logym] + 1. 3)

Then 20 > m. Let [ > lp. Since Jy is continuous and linear, it follows that the

mapping QoJy is an N-homogeneous continuous polynomial on c(2 )((C”) Also
note that Q o Jy is symmetric. Therefore, by Theorem 2.4, Q o J, can be represented

1
as an algebraic combination of polynomials Hk(2 ) where k € M ~. In other words,
there exists a polynomial ¢; : CM¥ — C such that

(Qody)(x) = qi(72) (x))

) [
for every x € c(% ) (C™). Since ”1(131\/) is surjective, it follows that such a polynomial ¢;

is unique.
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For y € Dy, letx = J;;'(y). Then
(0ot (15" 0) = a2 (45" ).

~ ! 1 ~
By Lemma 2.7, Ri(Jy (x)) = H (x)/2". Therefore, HZ' (1" (y)) = 2'Ri(y).
Consequently,

2 (15 0) = @ Re))gep, -
Thus, for every y € Dy,
0 = ai((2'Re)eps,)-
Fora € C, let y,: CMy — CMN be defined by

Ya ((Ekemy) = (a&)kemy

where (&)kemy € CMN. Let §; = gioy,. Then g is a polynomial on C¥V and

0 = @i (Rk()kenmy) @
forevery y € D;.
Let us show that gj, = gjy+1 = ---. For [ > ly we have Dy, C D;. Therefore, by
4,
G (ReOenmy) = Q) = Gty (Re(9)kenty) ®)

forevery y € Dy,. Let n = (nx)kem, be an arbitrary element of CMN_ For g = Volo (1)
there exists xg € c(()g)((C”) such that n%\? (x¢) = &. Since 200 > m, it follows that

! I/
n/(‘,?;)(xg) = £, that is, Hkao)(xg) = & forevery k € My. Let ys = Jy,(x¢). By

Lemma 2.7,

1

1
20 2

(2'0)
2l B (xe) =

ﬁk(ys) = &k = Nk

for every k € My . Hence, (Ek(yg))keMN = 1. By (5), where we set y = yg, we have
G (n) = G, (). Since this equality holds for every n € CY, it follows that §; = G,
Thus, gj, = qip+1 = - -+ . Let g = qy,. By (4),

Q) = q (Re))kemy) (6)

forevery y € D.
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Consider the case N > p. Let kg € Z/} be such that | p| < |ko| < N. Let us show
that the polynomial ¢ = ¢ ((§x)kemy) does not depend on &;,. We will use Lemma 2.5.
Let

v={veD:ylpm < 507}
and
K =v(V),
where v: D — CM¥ is defined by
() = (ReGkemy
for y € D. Let »: CMy — CMn\lko} pe the orthogonal projection, defined by
s ((EDrkemy) = (EkeMy\iko)

for (§)kemy € CMN, Let K| = »(K). Let us show that int K; # . For an arbitrary
& = (Ekemy € € CM~ such that ||€]lo < 1 there exists Xg € coo)((C”) such that

llxelle, < p and n(m)(xg) = &. Let y¢ = Jyi (x¢), where [ is defined by (3). Then,
by Lemma 2.6,

P
||x§||€,, < o/p

1
||y.§||p,n = W

I
Thus, ye € V. By Lemma 2.7, taking into account that ”1(;1",3 is the restriction of 7{1(‘3}3),

~ 1
v0e) = (Re(e)epsy = (210 H® (x ))k ;
EMN

1

_ 2/0) _ (m) _ L
=0 (xg) = v (xe) =

210

Since ye € V and K = v(V), it follows that & /210 € K. Thus, K contains the open
ball

F = {n € CM: Il < 2#}
Since || 22(n) lloo < |17]lco, it follows that s¢(F') contains the open ball
F' = {n/e CMVEL oo < i}.
20
Therefore, K contains F’. Thus, int K| # .
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Let U be a nonempty open subset of K. Let us show that >~ (U) is unbounded.
Since U is open and nonempty, there exist ¢’ € U and ¢ > 0 such that the open ball

B(¢e) = {n/ e CMMKl o 1y — ¢/||o < e}

is contained in U. Since ¢’ € U C K| and K| = s(K), there exists ¢ € K such that
2(¢) = ¢'. Since K = v(V), there exists y¢ € V such that v(y;) = ¢.
Let§ = (Ok)kemy € CM~ be defined by

1 .
515 i k=ho,
0, if ke My\{ko}.

Since ||8llcc = 1/2 < 1, there exists x5 € c(%’)((C”) such that [xsll¢, < p and
7y (x5) = 8, that s,

if k= ko,

1
H™ (xs) =1 2’
0, if ke My\{ko).

Let ! > [y be such that

1
2l s - . 7
> 2 kerlrv}i)ikolékl @)

~ 1
Let ys = Jy (xs). Then, by Lemma 2.7, Ri(vs) = H (x5)/2" Since 2! > m and
1
x5 € cyp) (€M), it follows that H> (xs) = H."™ (xs). Therefore,

~ — i = 1
Ri(ys) = § 2417 if k= ko, = — 5.

0, it ke My\lko} 2
Since ﬁko(yg) # 0, it follows that [|ys|| ., > O. Since |ko| > [p] and both |k¢| and

Lp] are integers, it follows that |kg| > | p] + 1. Therefore, |kg| > p. Consequently,
p/lko| < 1. Therefore, there exists 8 such that

1 o I\1=p/lkol\ /P
st (i-(}) |
Iysllp,n 2l0/P 2

For j € N, let

J
Zj = S[l/zl’]](yg) + Z Olg S[1/2[+s,1/2[+x—1](y5),

s=1
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where

25\ Ikl
oy = /3 <?) .

Let us show that z; € V. By Lemma 2.8,

J
12150 = 1811200 W pn + Y @ [ Syt 1zt 09|,

s=1

1 / 1 1
= (1 - ?> Iyl + Y af (2,+—_1 - 21—+) 1)1 n-

s=1

Note that ||y [|p,n < p/21/P since y¢ € V. Also note that

; J p
| 1 ! a
2ot (gt = 7 ) 109 =y Dl 5
g s=1
1 J ﬂp(zs/s)l’/|k0|
= Ivsllpn 2 ————
s=1
| j \P/kol\*
_ " ap P — —
=51 B 1ysllp.n 21 (<2> sP/lkol
S=
. , J 1\!=P/lkol\*
< 5 Byl D <§>
s=1
X ) 00 1\ =P/lkol\*
_gp =
< 57 B Iys Zl (2>
1 1
_ _ Rgp o —
= 2] ,3 ||y6||p,n 1— (1/2)1—[)/“(0‘
1 pp 1 <l>l_p/|k0|
- Py (L
Iysllf 2% 2
1 1
. — p T 1 Al — Tl
ol ||y8”p,n 1— (1/2)]fp/|k0|
pP
= _21()+l .
Therefore,

P _ —
lzjllfn < (1 21> 5+ 305 = 0
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Hence, [|zjllp,n < p/2//P and, consequently, zj € V. Therefore, v(z;) € K.
For every k € My, by Lemma 2.9,

J
Ri(zj) = Ry (5[1/21,1]()’;)) + Z th‘vko‘ Ry (S[1/21+s71/2l+s—1](y5))

s=1

1\ ~ ! 1 1\ ~
= (1 — ?) Rk(yg) + Z (Xlk(]l <W - F) Ry (ys) (8)
s=1

1 U
- (1 -~ §> G+ y ol O'sz S
s=1

Let us show that s(z;) € B(¢', ¢). Fork € My \{ko}, by (8),

ﬁk(zj) = < — —) k-

Therefore, taking into account (7),

1
1—5 Sk — Sk

[Ck| < e.

[ (ReGD) ety = ¢ o = keM\lko)

Bl keMN\{ko}

Thus, »(z;) € B(¢', ¢).
Let us show that ¢! (B(Z', &)) is unbounded. By (8),

- 1 Lo 1
RkO(Zj) = (1 - ?) {ko + Z OlL Olw 5
s=1
Note that
J J \ko\

i

1

kol _ B 1

Z ° 221+s+1 ~ 221+1 Z = S 2; -
s=

Therefore, ﬁko(zj) = (1—1/2") g, + B/2%H! -Z';':l 1/s — oo as j — +o0o. Thus,
2%~ Y(B(¢', ¢)) is unbounded. Since B(¢’, €) C U, it follows that 2~ ! (U) is unbounded
too.

Note that
0 N
sup [Q()| = sup [PV < sup [P(Y)| = <W) I Pll.
yev veD ye(Lp)"

I9llp.n<p/207P 191l p.n<p/2l0/P
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Thus, Q is bounded on V. Consequently, ¢ is bounded on K. By Lemma 2.5, g does
not depend on &,. Therefore, in the case N > p, the polynomial g does not depend
on & such that | p| < |k] < N.

Thus, in the general case, ¢ depends only on & such that k € M’, where

M ={keZl 1<kl <min{|p], N}}.
Let § be the restriction of g to CM’. By (6),

0 =G ((ReG))kem)

for every y € D. Let us show that

P(y) =4 (Re(¥)kem’)

for every y € (Lp)". Since D is dense in (L,)", for every y € (L))" there exists a

sequence {yj}j.r;xf C D that converges to y. Since P is continuous,

P(y) = lim Q(y) = lim g ((Rx(y;)kem) -
J—+00 J—+00

Since ¢ is a polynomial on a finite-dimensional space, it follows that it is continuous.
Therefore,

jLiIJIrloo?I\((ﬁk )kemr) = ZI\((jETOOﬁk O err)-

Note that ﬁk is the restriction of Rj. Therefore, ﬁk (yj) = Ry (y;). By Theorem 2.1,
Ry, is continuous. Therefore,

lim Ry (yj) = lim Ri(y;) = Ri(y).
j——+o0 Jj—+00

Thus, P(y) = ¢ (Re(y))kem) forevery y € (Lp)". o

Corollary 2.11 The set of polynomials {Ry. : k € Z", 0 < |k| < | p]} is an algebraic
basis of the algebra Ps((L,)").

Proof Let P = Py + P; + -+ + Py be a symmetric continuous complex-valued
polynomial on (L,)", where Pp € C and P; is a j-homogeneous polynomial for
Jj€{l,..., N}.Notethat Py = PyR,...0)- By Lemma 2.2, forevery j € {1, ..., N},
the polynomial P; is a symmetric continuous j-homogeneous polynomial. Therefore,
by Theorem 2.10, P; can be uniquely represented as an algebraic combination of
polynomials Ry, where k € 7} is such that 1 < |k| < min{|p], j}. Consequently, P
can be represented as a sum of these algebraic combinations. O
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