Received: 19 August 2017 Revised: 30 October 2017 Accepted: 3 November 2017

DOI: 10.1002/mana.201700314

MATHEMATISCHE
ORIGINAL PAPER NACHRICHTEN

Symmetric and finitely symmetric polynomials on the spaces 7
and L [0, +c0)

Pablo Galindo' | Taras Vasylyshyn? | Andriy Zagorodnyuk?

lDepa.rtzunento de Analisis Matematico, Abstract

Universidad de Valencia, Doctor Moliner 50, ) ) ) ) i )
Burjasot (Valencia), 46100, Spain We consider on the space £, polynomials that are invariant regarding permutations
2Vasyl Stefanyk Precarpathian National Uni- of the sequence variable or regarding finite permutations. Accordingly, they are trivial
versity, 57 Shevchenka Str., Ivano-Frankivsk, or factor through c,. The analogous study, with analogous results, is carried out on

76000, Ukraine . . 28 —q
L [0, +0), replacing the permutations of N by measurable bijections of [0, 4+o0) that
Correspondence

Departamento de Andlisis Matematico, preserve the LebeSgue measure.

Universidad de Valencia, Doctor Moliner

50, Burjasot (Valencia) 46100, Spain. KEYWORDS
Email: Pablo.Galindo@uv.es analytic function on Banach spaces, essentially bounded functions, symmetric polynomial
Funding information

MSC (2010)
46E50, 46G20

MINECO, Grant: MTM 2014-53241-P

1 I INTRODUCTION

We continue the study of the analytic functions on complex Banach spaces that are invariant under the action of a certain set
of operators acting on the given space. Such invariant functions have been vaguely called “symmetric” in the mathematical
literature.

The topic of “symmetric” functions in infinite dimensions can be traced back to [9] where the case of the Hilbert space ¢, was
considered. Since then research on the matter either in sequence spaces, spaces of integrable functions or continuous functions
has been done. Sometimes symmetry is so restrictive that the only analytic symmetric functions are the constant ones like for
¢, while at other times there are algebraically independent sequences that generate all symmetric polynomials, as it happens
with Z,, 1 < p < oo, ([7]), that also separate the points in the base space ([1]). In all these cases, “symmetric” means invariant
under permutations of the variable sequence.

When turning to function spaces like L,([0,1]), p > 1, a different notion of symmetry has been used: Invariance under
bijections of [0, 1] that preserve the Lebesgue measure. There it turns out that on Lp([O, 1]), p < oo, there is finite algebraic
basis of the “symmetric” polynomials ([7] and [2]). A completely different situation occurs in L ([0, 1]), where an algebraic
basis is provided by the sequence of the integrals of the power functions ([6]). Other aspects of the theme have been treated in
these references as well as in [3], [4] and [5].

Here we focus on £, and L [0, +o0). In the case of £, we deal with either the set of operators arising from all permutations
of N or the subset of those arising from finite permutations of N, while for L [0, 4+00) we replace the permutations of N
by measurable bijections of [0, +o0) that preserve the Lebesgue measure and by the subset of those that are eventually the
identity, respectively. Accordingly, we have both the symmetric and the finitely symmetric cases. These are quite different since
all symmetric polynomials on ¢, and L [0, +o0) are trivial, while the algebra of all finitely symmetric analytic functions on
¢ ., turns to be identified with the algebra of analytic (not necessarily symmetric) functions on the quotient space ¢, /c,. Realize
in passing how different the situation in L [0, 1] and L_ [0, +o0) is. In Section 5 we study the algebra of all finitely symmetric
analytic functions on L [0, +o0) that can be described in an analogous way to that of £, see Corollary 6.7. Our results stress
the presumable fact that on a given Banach space, different meanings attributed to “symmetry” lead to drastically distinct results.
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Nevertheless, this is not always so: there is no difference for symmetric and finitely symmetric polynomials on ¢, since they are
all trivial.

2 | PRELIMINARIES

A mapping P : X — Y, where X and Y are Banach spaces with norms || - ||y and || - ||y respectively, is called an
n-homogeneous polynomial if there exists an n-linear symmetric mapping Ap : X" — Y such that

P(x) =Ap(x,...,Xx)
——
n
for every x € X. Here “symmetric” means that Ap (xr(l), s xr(n)) = Ap(xy,...,x,) for every permutation 7= : {I,...,n} —

{1,....n}. The mapping Ap is called the n-linear symmetric mapping associated with P.
It is known (see e.g. [8], Theorem 1.10) that A p can be recovered from P by means of the so-called Polarization Formula:

Ap(eps e x) = — Y e, Plex; + ..+ E,X,). 2.1)
n

We shall use the Polynomial Formula (see [8], Theorem 1.8)

n!
P(x1+...+xk)= Z ﬁAP(xl,...,XI,X2,...,XZ,...,xk,...,xk) (22)
e tg=n T e —_——
ny ny ny
and its corollary, the Binomial Formula (see [8], Corollary 1.9)
P(x+y)=z<n>AP(x,...,x,y,...,y). (2.3)
m=0 \M N—— ——
n—m m

Lemma 2.1. Let J : X — X be a linear operator and let P be an n-homogeneous polynomial. Then P(Jx) = P(x) for every
x € X ifand only if Ap(Jxy,...,Jx,) = Ap(xq,...,x,) for every xq, ..., x, € X.

As usual, H,(X) denotes the Fréchet space of holomorphic functions of bounded type on X, that is the space of holomorphic
functions on X that are bounded on bounded sets in X endowed with the topology of uniform convergence on bounded sets.

31 SYMMETRIC POLYNOMIALS ON 7
A function f on £ is called symmetric if for every bijection ¢ : N — N and every x € £

f(xo0) = f(x).

For E C N let us denote 1 the sequence (x(1), ..., x(m), ...) such that

() = 1, ifmeE,
|0, ifmeN\E.

For an infinite set E C N we denote v an increasing bijection from N to E.

Proposition 3.1. Let ¢ : ¢, — C be a symmetric (not necessarily linear) function such that

o(1gue,) =o(1g) +o(1g,) G.1)

for every disjoint sets E|, E, C N. Then o(1y) =0 for every E C N.
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Proof. Let F and F, be infinite subsets of N such that N\ F and N \ F, are also infinite. Let us show that (p(lp) = (p(lFl )
Note that the mapping

- vFl(Ugl(m)), ifmeF,
c m) = .
F,F, UN\FI(U;J{F(m)), if meN\F,

is a bijection from N to N such that o  (F) = F; and o p, (N'\ F) = N\ F;. Therefore 1y = 15 oo p, . By the symmetry
of ¢,

o(1r) = o(1f). (3.2)

Let A be an infinite subset of N such that N \ A is also infinite. We check that (p(l A) = 0. Let A; and A, be disjoint infinite
subsets of A such that A = A; U A,. Then, by (3.2),

o(14) = o(1,) = (14,).
On the other hand, by (3.1),
p(Ly) = o(1,,) + (1)
Therefore
@(14) =0. (3.3)

Let B be an arbitrary infinite subset of N. Let us see that (p(l B) = 0. Let B, and B, be disjoint infinite subsets of B such that
B = B, UB,. Then N\ B and N \ B, are infinite. Therefore, by (3.3), ¢(15,) = 0 and ¢(15,) = 0. By 3.1),

o(15) = o(15,) + o(13,)-
Thus,
»(15) =0. (3.4)
Let C be a finite subset of N. Then, by (3.1),
P(Ix) = o(1c) + o(lnc)-
Since N and N \ C are both infinite, by (3.4), ¢(1y) = 0 and ¢(1x\¢) = 0. Therefore, ¢(1¢) = 0. O

Theorem 3.2. Let P : ¢ — C be a symmetric continuous n-homogeneous polynomial. Then P = 0.

Proof. We proceed by induction on x. In the case n = 1 the polynomial P is a symmetric continuous linear functional. Let

N
x:Zalej, (3.5)
j=1

where N € N, ay,...,ay € Cand By, ..., By are disjoint subsets of N. By the linearity of P,

N
Px) = Z ajP(lBj).
j=1

By Proposition 3.1, P(l Bj) = (. Therefore P(x) = 0. Note that the set of sequences of the form (3.5) is dense in . Therefore,
by the continuity of P, P(y) =0 forevery y € 7.

Assume that the statement of the theorem holds for every k € {1,...,n—1}. We prove it for n. Let Ap : ()" — C be the
continuous n-linear symmetric form associated with P. By Lemma 2.1, where J : x — x o0,

Ap(xj00,...,x,00) = Ap(X{,...,X,) (3.6)

for every x, ..., x, € £, and for every bijection o : N - N.
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Lemma 3.3. Let Fy, ..., F, be disjoint subsets of N, where 2 < | < n. Then

AP(IFI,...,IFI,...,lFl,...,lFI ) =O,

ky ki
where kq, ..., k; € N such that k| + ... + k; = n.
Proof. Without loss of generality we can assume that the set Q = N\ Ui;ll F, is infinite. Let w : Q — N be a bijection. Let

~ o) Yw(m)), if meQ,
Ym =90, if meN\Q

for y € 7. Let us define a mapping Q : 7., — C by

O:y~ AP(lFl,...,lFl,...,IF/_I,...,IF/_I,SJ\,...,j/\).
“ N ) N——"

>
Y W

key ki ki

Note that Q is a continuous k;-homogeneous polynomial. Let us show that Q is symmetric. Let ¢ : N — N be a bijection. Note
that

|

where & : N — Nis defined by

Sm) = wl(c(w(m))), if meQ,
o= m, meN\ Q.

Evidently,  is a bijection. Since 6(m) = m for m € N \ Q, it follows that 1y o o= 1 fors € {1,...,1 — 1}. Therefore

Q(yOO') = AP(1Fl,...,1F1,...,lFI_l,...,lFl_l,_)T(;\O',...,JT&\O-)
—_—
ky ki k;
= AP(IFl OE,...,lFl 03,...,1Fl_1 03,...,1Fl_1 og,?OE,...,)’?og).
- ~ _ “ “ A
ky ki_y ki
By (3.6),
AP(IF1 °G,....,1p 00,...,15_0G,....15 05,905,...,505 ).
“ — _ N -~ N —— e’
kl k/—l kl
= AP(IF],...,lFl,...,lFI_I,...,ll:'l_l,j/\,...,j)\) = Q(y)
—— —— —~—
ky ki ki

Hence, Q(yo o) = Q(y). Thus, Q is a continuous k;-homogeneous symmetric polynomial. Since k; < n, it follows that Q =0
by the induction hypothesis. Let H = w(F)). Then 1y = 1p,. Therefore

Oy =Ap(1p, s 1p, s g, 15 ).
k| k;

Thus,
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Let E, and E, be disjoint subsets of N. By the Binomial formula (2.3),

n—1
!
1%15NEJ==1%15)-+z;jx;ijiAp(1&,“”1EN1@,_”1E2)+141@)
J= . ﬁj \ﬁ, °,
n—j j
By Lemma 3.3,
AP(IEI’""1E1’1E2""’1E2 ) :O'

Therefore P(lEluEz) = P(lEl) + P(1E2)~ Thus, by Proposition 3.1,
P(15)=0 3.7

for every E C N.
For x of the form (3.5), by the Polynomial formula (2.2),

|
P(X)=aYP(lBl)+'~~+07VP(IBn)+ Z LAP(IBI’""lBl""’lB[""’lB[)'

! !
ky+eethy=n, 122 ket k!t ——— ——
ki ki

Therefore, by (3.7) and by Lemma 3.3, P(x) = 0. Since the set of sequences of the form (3.5) is dense in £, and P is continuous,
it follows that P(y) = O forevery y € 7. O

4 | FINITELY SYMMETRIC ANALYTIC FUNCTIONS ON 7,

Definition 4.1. Let 0 : N — N be a bijection. We call o a finite bijection if there is a € N such that the restriction of ¢ to
{a,a+ 1, ...} is the identity map. A function f on £ is called finitely symmetric if

fxoo)=f(x)
for every finite bijection 6 : N — N and for every x € £ .
Note that there are a lot of finitely symmetric analytic functions on ¢ . For example, if U is a free ultrafilter on N and g an
entire function on C, then

g =limg(x,).  x=(x,) € 4.

is a finitely symmetric entire function of bounded type on . Also every Banach limit is a finitely symmetric linear functional
on 7. Let us denote by P (7,) the algebra of all finitely symmetric polynomials and H,; (7 ,) the algebra of all finitely
symmetric entire functions of bounded type on £ .

Proposition 4.2. Let | € H),;(£,). Then the restriction of f to ¢ is a constant function.

Proof. The restriction of f to ¢, is finitely symmetric. Since ¢ is separable and f is continuous, it follows (see [7, Section 1])
that the restriction of f to ¢y is symmetric. But it is well-known that there are no nontrivial symmetric analytic functions on c.
See [7, Theorem 1.1]. O

Theorem 4.3. An entire function f € Hy(Z,) is finitely symmetric if and only if it factors through c, that is, there is f (S
H (¢ /co) such that f = f o Q, where Q is the quotient map from € . to € ., / .

Proof. For every finite permutation o : N - Nand x € £, we have x — x o6 € ¢ and so Q(x) = Q(x o ¢), hence fo O(x) =

foQ(xo0).
In order to prove the reverse statement, it is enough to show that
P(x+y) = P(x)

for every continuous finitely symmetric n-homogeneous polynomial P : £, — C and for every x € £, and y € c,.
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Let Ap be the continuous n-linear symmetric form associated with P. By the Binomial formula (2.3),

n—1

P =P P — A e Vs Xy, X ).
(x+) = P(x)+ (y)+k§:‘1k!(n_k), p(¥yix,x)
k n—k

n!

By Proposition 4.2, P(y) = 0. We will prove that Ap(y,...,y,x,...,x) =0fork € {1,...,n—1}.
—— —

k n—k
First we assume that y has a finite support, that is, y € ¢yp. Let K = max{j € N : y(j) # 0} and Q; = {1, ..., K}. Let

Qq,...,Q, be some disjoint infinite sets such that N \ Q; = U;’zl Q - For j € {0, ..., n} let us define the sequences

x(m) = x(m), ifmer,
TT0, ifmeN\Q;.

Since x = 37_ x;, it follows that

AP(.V: » YV, X 9x)_z Z AP(y’ ’y’xJ] "xjn—k)'
J1= jnfk:()
k n— k
Let ji,....j,x €{0,...,n}. Let us prove that Ap(y,...,y,x;,....x; ) =0. Without loss of generality we can assume that
——
k
Ji ==k = 0diggrr = 0 =gty = Lo dig 41 = 0 = kgt = 1 where 1€40,....n—k}, ko 2 0.k, ...,

k; > 1(inthecase! > 1)and kg + k| + -+ k; =n—k.Letw' : Q| - N\ Q be an increasing bijection. We define a bijec-
tionw : QyuUQ,,; —» Nby

w(m) = m, if me Q,,
- w/(m), if me Ql+1‘

Forz e/ let

2m) = (zow)(m), if meQyuU,,,
0, iftmeN\ (QuQ.,,).

Let B : ()"0 — C,

B 12y, s Zpgky) P AP(zAl,...,@),xl,...,xl,...,x,,...,x,).

——
ky ki

Evidently, B is a continuous symmetric (k + k)-linear form. For each finite bijection ¢ : N — N, we construct a finite bijection
6 : N = N according to

Fm) = (w'l oo-ow)(m), %fm €EQy U,
m, lmeN\(QOUQl+]).

It can be checked that Zo 6 = ZoG and x; 05 = x; forz € 7, and j € {1,...,1}. Therefore, for every z,, ..., Zitk, € £ and
for every finite bijectiono : N - N

B(200,...,Zj4y, 00) = Ap (£ 0G, s Zky © 0> X O C, .0, X ©G,...,X;00,...,X,00 )
. / - 7
v '
ki ky
ey —_—
= AP(ZI,...,Zk+kO,x1,...,xl,...,x,,...,xl) = B(Zl,...,zk+k0).
—_——

ky ki
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Thus, the restriction of B to the diagonal is a continuous finitely symmetric (k + k)-homogeneous polynomial. By Proposition

4.2, B(z,...,z) =0 for every z € cy,. By the Polarization formula (2.1), B(zl, N zk+k0) =0 for every zy,...., 2,14, € Coo-
Since y and x(, belong to ¢y, it follows that B(y, ..., y, Xq, ..., xg) = 0, i.e.
——
k ko
AP()//\, ...,37\,)?0, ,J?O,XI, ey Xy e s Xy ene ,xl) =0.
Y ———— ~——
ko ky ki

Note that ¥ = y and X = x. Therefore,

Ap(Vs oo s Yo X(gs e s X0s Xqs e s Xqseees X5 e, Xp) = 0.

—_—— N—— ——
k ko Ky k;

Hence, P(x + y) = P(x) for every x € £, and y € c. Since each element in ¢, can be approximated by elements with finite
support and by the continuity of P we have P(x + y) = P(x) forevery y € ¢y, x € . O

Let My(¢ ), My;i(€,) and M, (¢/co) be the spectrum of Hy(Z,), Hy(¢,)and H), (¢4/co), respectively. Recall that
for a given Fréchet algebra A, the spectrum, M (A), is the set of all continuous scalar-valued homomorphisms defined on A.

Corollary 4.4. The algebra of finitely symmetric entire functions of bounded type on € , is isomorphic to H,, (f /€0 ) Moreover,
the mapping v € My(£ )~ vo Q' € Mb(foo/co) is onto.
Proof. The mapping Q' : H,(Z/cy) = Hysi(£). given by Q'(f) = f 0 Q is an algebra isomorphism.

To prove the second statement, notice that the group G of all finite permutations on N is the union of the finite subgroups
G, C G of permutations that coincide with the identity on [a, +00) N N. So, the assumptions of [2, Theorem 2.5 and Corollary

2.7] are fulfilled and consequently, the mapping M, (7 ,) LM brs(£) defined by taking the restriction to Hy;((¢,) is onto.
Hence, given u € M, (7 /co) ® My;(£,). there is v € M (Z,,) such that y = Vi, =voQ. O

'x(f’oo)

Remark 4.5. Since there is in £, /¢ a (necessarily) complemented copy of ¢, (see for instance [10]) with projection, say, =,
every f € H,(Z,) gives rise to f o x, a finitely symmetric analytic function on #,.

51 SYMMETRIC POLYNOMIALS ON L_[0,+)

Let Q be a Lebesgue measurable subset of [0, +o00). Let L (€2) be the complex Banach space of all Lebesgue measurable
essentially bounded complex-valued functions x on € with norm

1]l o = ess sup |x(@)].
1eQ

Let E, be the set of all measurable bijections of € that preserve the measure.
A function F : L () — Cis called symmetric if for every x € L () and every ¢ € Eg

F(xo0)= F(x).

Let us denote P ("L, (€2)) the Banach space of all continuous n-homogeneous symmetric polynomials on L (€2). We shall
prove that if y(€) = +o0, then P ("L (€2)) = {0} for every n € N. First, we prove some auxiliary results.

LetD = U;o:l[ak,ﬁk), where0 < a; < f; < ap < f, < -+, such that y(D) = +co0. We define the mapping 6 : [0, +00) = D
in the following way. For 7 € [0, +c0) there exists m € N such that Y7 (f, — ay) <t < X0, (B — a;.). We set

m—1

Sp(t) =, +1— Y (B — ). (5.1)
k=1

It is easy to check that 6, is a measure preserving bijection.
Letus denote A; = |J;7,[2k — 2,2k — 1) and A, = |7, [2k — 1,2k).
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For every E C [0, +o0) let
1, ift€E,
1= { 0, otherwise.
Note that
1E = IO'(E) o0
a.e. on [0, +o0) for every measurable set £ C [0, +o0) and for every ¢ € E[O, +oo)*
Proposition 5.1. For every measurable set E C [0, +00) there exists o5 € B ;o Such that
1E = lA o Of
a.e. on [0, +0), where
[0, u(E)), if u(E) < +oo,
A =3 [u([0,+00) \ E), +00), if u(E) = +oo0 and u([0,+0) \ E) < +00, (5.2)
A, if u(E) = o0 and u([0,+00) \ E) = +c0.
Proof. By [6, Proposition 2.2], for every n € N there exists 6, € E,_ ,,; such that

lEn[n—l,n] = 1[n—1,n—1+a,,) 00,

a.e.on[n—1,n],wherea, = u(E n[n—1,n]).Lets’ : [0, +00) = [0,+00), ¢'(t) = 6,(t) fort € [n — 1,n], where n € N. Then
O'/ (S E[O,+oo) and

1 =1 (4 1n-14a,)°0 (5.3)

a.e. on [0, +00).
Let b, = Y/ _, a;.by=0,¢, =Y, _,(1—a;) and ¢, = 0. We define a mapping 6" : [0, +00) — [0, +c0) in the following
way. If u(E) < 400, then we set

o/ (1) = b1 +t—(m—1), iftreln—-1,n—1+a,),n €N,
wEY+c,_+t—(m—-1+a,), ifteln—-1+a,n),neN.

If u(E) = +o00 and u([0, +o0) \ E) < +o0, then we set

(1) = u(0,4+0)\ EY+b,_1+t—(n—-1), ifte[n—1,n-1+4+a,,n€N,
T \e tt=(n—1+a), ifte[n—1+a,n),neN.

If u(E) = +o00 and u([0, +o0) \ E) = +o0, then we set

") = o5, (b +1—(n—1)), ifteln—-1,n—14a,.n €N,
6A2(cn_1+t—(n—1+an)), iften—14a,n),neN,

where 6, and 6, are defined by (5.1). In each case

o0
¢ (U[n —1,n—1 +a,,)> =A,
n=1

where A is defined by (5.2). Therefore,

IU:°=1[VI—1,n_1+a") =1,0 o B

a.e. on [0, +00).
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By (5.3) and (5.4),

1E=1A06E

a.e. on [0, +0), where 6 = 6/ o 0’. O

Proposition 5.2. For every measurable set E C [0, +00) and for every continuous symmetric polynomial P : L [0, +c0) = C,
P(1gp)=0.

Proof. For a > 0 let S, be the subspace of L [0, 4+o0) of all functions of the form

M

X = znl[a(n—l),an)’

Il
—

n

where (z4, ..., z,,...) € €. The space S, is isometrically isomorphic to . Therefore, the restriction of P to .S, is equal to

zero. Let E be a measurable subset of [0, +c0). By Proposition 5.1, there exists o € g ;) such that
1, =100
a.e. on [0, +o0), where A is defined by (5.2). Since P is symmetric,
P(p) = P(1y).

If M(E) < 400, then lA = I[O,M(E)) (S SM(E)' If /l(E) = +o00 and /4([0, +00) \ E) < +o0, then lA = 1[#(([0,+00)\E),+00) €

S ([0.400)\ E)- If u(E) = +o00 and u([0,4+o0) \ E) = +o0, then 1, = lAl € ;. Therefore, in each case P(1,) = 0. O

Proposition 5.3. Let Q be a measurable subset of [0, 4+00) such that u(2) = +oco. Then the space Py(" L (Q)) is isometrically
isomorphic to the space P,(" L [0, +00)).

Proof. By Proposition 5.1, there exists 6 € B 4 such that 1o = 1, o o a.e. on [0, +00), where

A= [1([0, +0) \ Q), +00), if u([0,4+00)\ Q) < +0o0,
A, if 4([0,4+00)\ Q) = +c0.

Letus definey : [0,400) = Qbyy = ag‘ll |A © 6. The mapping y is a measure preserving bijection.

Letf : L () = L [0,400), f : x — xoy. The mapping f is an isometric isomorphism.

Leta : P("L[0,4+0)) = P,("L,(2)), @ : P~ Po f. Evidently, a(P) is a continuous n-homogeneous polynomial for
every P € P ("L [0,+c0)). Let us prove that a(P) is symmetric. Let ¢ € Eg. By the definition, for x € L (Q),

a(P)(xo0) = P(f(x00)).
Note that

B(xo0) = p(x)ov(o),

1

where v 1 Eq = Ejg 1), U 1 0y~ oo oy. Therefore,

a(P)(x o 0) = P(f(x) o v(0)).

By the symmetry of P, P(f(x) o v(c)) = P(f(x)). Thus, a(P) is symmetric. Similarly it can be checked that a~1(Q) is a contin-
uous n-homogeneous symmetric polynomial on L [0, +o0) for every O € P ("L (€2)). Since f is an isometric isomorphism,
it follows that « is an isometric isomorphism too. O

We obtain the following statement from Propositions 5.2 and 5.3.

Corollary 5.4. Let Q be a measurable subset of [0, +00) such that u(2) = +oo. Then for every measurable set E C Q and for
every continuous symmetric polynomial P : L (Q) — C,

P(1,) =0.
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Theorem 5.5. Let P be a continuous n-homogeneous symmetric polynomial on L [0, +0c0). Then P = Q.

Proof. Let Ap : (L[0,+00))" — C be the continuous n-linear symmetric form associated with P. By Lemma 2.1, where
J . x— Xxo0,

Ap(xjo00,...,x,00) = Ap(Xy{,...,X,) (5.9)
for every xi, ..., x, € L [0, +00) and for every o € E/j ).
Let us prove that P(x) = O for every simple measurable function x € L [0, +00). Let x = Z;":l z;1 E;» where z;,...,z, € C
and E, ..., E,, are disjoint measurable subsets of [0, +00). By the n-linearity of Ap,

m m
P = Ap(x,.c.x)= 3 .. Y 2, ...zjnAP(lEjl,...,lE_ )
J1=1

In
jﬂ=1
Let us prove that Ap(lEj Y lEj ) = 0 for every ji, ..., j, € {1,...,m}. Without loss of generality we can assume that
1 n
J1= =0y = L = Zkaky = 20 dky etk 1 = = Sk ik = 1
where l € {1,...,m}, k; + -+ + k; = n, and that () = +oc0, where

[0, +00), if1=1,
Q= -1 .
[0, +00)\ U'Z} E,, if 1> 1.

For y € L () we set

s~ [0 ifreQ.
TW=N0,  ifrel0,+00)\ Q.

The mapping O : L () — C, defined by
0: J”_’AP(IEI’---’1E1’~~-’IE,,1’-~~’IE,,193’\9-~~’3’\)

is a continuous k;-homogeneous polynomial. Let us show that Q is symmetric. Let ¢ € Eq. We set

s = {0 1€
W\ ifrel0,+00)\ Q.

Note that G € B .o, and 15 oG =1 forevery s € {1,...,I — 1} because Ey, ..., E;_; C [0,+00) \ Q. Evidently, yoo =
yoa forevery y € L, (Q). Therefore,

O(yoo) = AP(IEl °G,...,1p 06,.... 15 o00,....1p 05G,905,...,9005).
By (5.5),
AP(IEI Ofow',...,lEl OE"“’IE[—I OE"“’IEH 05,51\05,...,31\05)
= Ap(Lgys g g ool 90, ).

Therefore, Q(y o ) = Q(y). Thus, Q is symmetric.
Note that E; C Q. Therefore, by Corollary 5.4, O(1 Ez) =0,1ie.

AP(IEI""’]‘EI""’lEl""’lE[)=0'
Thus, P(x) = 0 for every simple measurable function x € L [0, +00). Since the set of such functions is dense in L [0, +o0),
by the continuity of P we have that P(x) = 0 for every x € L[0, +o0). O

We obtain the following statement from Proposition 5.3 and Theorem 5.5.

Corollary 5.6. Let Q be a measurable subset of [0, +00) such that u(Q) = +oo and let P be a continuous n-homogeneous
symmetric polynomial on L (). Then P = Q.
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6 | FINITELY SYMMETRIC ANALYTIC FUNCTIONS ONL_[0,+00)

Definition 6.1. Wecall 6 € E[O’ +o0) @ finite bijection of [0, +o0) if there is a € [0, +0) such that the restriction of ¢ to [a, +o0)

is the identity map a.e. We denote E([)o, +oo) the set of all finite bijections in Ej , ).

A function f on L [0, 4+o00) is called finitely symmetric if

f(xo0) = f(x), Vo € E?OM), Vx € L[0, +0).

Let U be a free ultrafilter on N and let g be an entire function on C. Then
f(x) =1lim g(x())dt, x € L [0, +0c0),
v [n,n+1]
is a finitely symmetric entire function of bounded type on L[0, +o0).

Lemma 6.2. [f A, B C [0, +00) are disjoint non-null measurable sets such that [0, +00) \ (A U B) is also non-null, then there is
a measurable bijection w : [0,+00) \ B = [0, +00) such that w([0,+o0) \ (A U B))) = [0,4+00) \ A and w(t) =t fort € A.

Proof. Put C =[0,+0c0) \ (A U B). By considering the homeomorphism A(x) = Hix from [0, +o00) onto [0, 1) we reduce the
result to the case of the finite measure space [0, 1) and non-null subsets E := A(A), F := A(B) and G := A(C). There we may
use [11] to assure that there is a measurable bijection @ of [0, 1) and non-trivial disjoint intervals, I;, i = 1,2, 3, decomposing

[0,1) such that 0 € I; C (), I, E @(F) and I Z ®(G). 1t is well-known that there is a measurable bijection U : I; —
I, U I5. Now, consider the mapping

_JU@®, ifrtel;,
ue) = {t, ifrel,.

In this way u is a measurable bijection from [0, 1) \ I, = ({; U I3) to [0, 1) such that
u([0, D\ (I, U L)) =u(l3) =1, U I,.

Ifv=: ®'ouod, we get that v is a measurable bijection from [0, 1) \ F to [0, 1) such that

a.

v([0, D\ (EU F)) = [0,1)\ E.

Finally w := A~! o v o A satisfies the statement. O

Let My, be the space of all functions of the form

N
x:Zalej, (6.1)
j=1

where N €N, ay,...,ay € Cand E|, ..., Ey be disjoint bounded non-null measurable subsets of [0, +o0). Let M|, be the
completion of My, in L [0, 4+00).

Proposition 6.3. Let P : L_[0,4+c0) — C be a continuous finitely symmetric n-homogeneous polynomial. Then P(x) = 0 for
every x € M,,.

Proof. By the density of M, in M|y, it suffices to prove the result for x € M.
Let a> 0 and y,, = 19, for m € N. Note that the sequence {y,,}>_, is bounded. By the continuity of P, the sequence
{P(y,)},_, is bounded too. Since P is finitely symmetric, it follows that

P(l[o,a)) =P (l[a(k—l),ak)) for every k € N and (6.2)

P(1p) = P<1[0,;4(E))) for every bounded measurable set E C [0, +00). (6.3)
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We proceed by induction on . In the case n = 1 the polynomial P is a linear functional. Therefore,

m
P(y,) = Z P(djg-iy,any)-
k=1

By (6.2),

P(ym) = mP(l[O’a)).

The sequence {P(ym)}:f=1 is bounded if and only if P(l[o’a)) = 0. Since P is finitely symmetric, it follows from (6.3) that for
every x of the form (6.1),

N
P =Y, a,P(1g)) =0.
j=1
Assume that the statement of the proposition holds for every k € {1,...,n—1}. We prove it for n. Let Ap be the continuous

n-linear symmetric form associated with P. By the n-linearity of Ap,

N N
Px)=Y .. Y a, ...aj"AP<1E/_1,...,1Ejn)

j1=1 jnzl
for x of the form (6.1). Let ji,...,j, € {l,..., N} be such that j, # j, for some m,s € {1,...,n}. Let us prove that in
this case AP(lEjl , ""lEjn) = 0. Without loss of generality we can assume that j; = - =ji = Lji 41 = = jg 4, =
2, ... ’jk1+“'+k1-1+1 =..= jk1+,,,+k[ =1/, where | >2,ky,...,k; > 1 and k; + ... + k; = n. Since Uls:l E is a bounded set,

there exists ¢ > 0 such that Ui:l E, C [0, c), and we may consider E| = E; U [¢,+00) so that B = UIS:2 E and A = E| satisfy
the assumptions in Lemma 6.2 to find a measurable bijection

!
w : [0,400) \ U E, — [0,+00)
s=2

such that w(f) =t if ¢ € E| and
I
a.e.
w <[0,+oo) \ (U E U E{)) = [0,+0) \ E].
s=2

For z € L [0, +o0) let

- !
20) = (zow)(), ?f te [O,l+oo) \ U,_, Es»
0, if reJ,_, E,-

Let B : (L [0,+00)k1 — C,
B : (Z],...,Zkl)l—)AP(Z/\I,...,Z/.k\l,lEZ,...,lEz,...,lEl,...,lE] ).
N — N’

ky k

Evidently, B is a continuous symmetric k-linear form. Let us show that

_ =0
B(z|oo0,... s Zg, oo) = B(z,... ,zkl) for zy,... ' 2k, € L [0,400)and o € El0to0)’
Indeed: Given ¢ € E?o o)’ construct ¢ according to

56 { (oo 0w)(, i 1 €10, +00)\ U, E.,
t, ifreJ,_, E,.
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Observe that 6 € :([) 0t00) because for t > ¢, we have t € E’ so w(f) = t. It can be checked that Zoo = Zo & for every z €
L [0,+40o0) and also that lE 00 = lE for every j € {2,. l}. Therefore,

B(zl 00, ..., 2, oa) = AP(zl 00,...,z;, 00,1 00,...,1g 00,...,1g 00,.... 1 oa).
- ~ ~ A ~ v
ko k
Since
AP(Z] 00,..., 2, 00',1E2 °0,... ,IE2 00,... le, °0,... ’lE, 00')
. ~ J . ~ J
ky k;
:AP(ZI’""Zkl’lEz""’lEz’""lEl"“’lE, ),
—— N——
ko k;
it follows that B(zl 00,...,2, © 6) = B(zl, s 2 ) Thus, the restriction of B to the diagonal is a continuous finitely sym-
metric k;-homogeneous polynomial. By the induction hypothesis, B(l £ 1E ) =0, ie.

AP(IEI,...,1E1,1E2,...,1E2,...,lEl,...,lE] ) = 0.
. S/ \Q / H—/
g g
ky ky ky

Notice that l/\El =1 E - Hence, for x of the form (6.1),

P(x) = iaﬁvp<1b—j>.

Jj=1

Therefore, P(y,,) = P( Y l[a(k_l),ak)) = mP(l[O,a)). Since the sequence {P(y,)} >, is bounded, we have P(I[O,a)) =0.
According to (6.3), for every bounded measurable set E C [0, +00), we have P(1g) = P(l[o’ u( E))) thus, P(1g) = 0. Hence,

P(x) = Lo u(E,)) =0

||'M2

O

Proposition 6.4. Let P : L_[0,4+00) = C be a continuous finitely symmetric n-homogeneous polynomial. Then P(x + y) =
P(x) for every x € L [0,4+00) and y € M.

Proof. Let Ap be the continuous n-linear symmetric form associated with P. By the Binomial formula (2.3),

n—1

P(X+y) P(x)+P(y)+2m p(y,...,y,x,...,x).
k n—k

By Proposition 6.3, P(y) = 0. We prove that Ap(y,...,y,x,...,x)=0fork € {1,...,n - 1}.
——

——
k n—k
Let ©, be the support of y C [0,a]. Let Q,...,€, be disjoint measurable sets such that [0, +o00) \ Q) = U;’zl Q; and

M(QJ-) = +oo forevery j € {1, ...,n}, and define for j € {0, ..., n}, the functions

e = { X0 ifreQ,
U0, ifre0,40)\ Q).

Since x = 3_ x;, it follows that
A (y,...,y, X, eeis X Z Z AP ...,y,le,...,xjn_k).

k' ‘k .11_0 Jn— k_O X
n—
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) = 0. Without loss of generality we can assume

/ n—k

Let ji,....Jj,—x € {0,...,n}. Let us prove that AP(y,...,y,xj]
k
that j; = - =Jk, = 0, Jrot1 =0 = Jkgrk, = 1, ..., Jkgteeetky 41 = 0 = Jkgteth, = I, where 1 €{0,....,n—k}, kg >0,
ki,....,kj>1(inthecase/ > 1)and kg + k; + -+ k; =n—k.
Using Lema 6.2 with A = Q, U (€| N [a,+0)) and B = [0,4+00) \ (U ;. ), we are led to a measurable bijection w :
QyuU Q| — [0,+00) such that w(t) =t for t € Q, U (Q,, N [a,+0)).
For z € L [0, +00) let

/Z\(t) _ (ZOLU)(I), ift e QOUQ/+1’
0, if 1 € [0,400) \ () U Q).

Let B : (L [0, +o0))ft*0 — C,
B : (Zl,...,zk+k0)i—>AP(Zl,...,Zk+k0,x1,...,xl,...,x,,...,x,).
——
ky ky

Evidently, B is a continuous symmetric (k + k)-linear form. For each ¢ € & we construct ¢ € Ej o, according to

[0+ )’

= _ { (wloocow)), ifteQyue,,,

t, lf te [O, +OO) \ (QO U QH_I).
Alsoo-e_.[(H_ )because for t > a, we have w(t) =t.
It can be checked that ﬁ\a—’z\og and xjogzxj for ze L [0,+), and j € {1,...,1}. Therefore, for every
Z1y . Zk+k0 eL [0 +00) ando € E H[0+00)
B(zloa,...,zk+kooa) =AP(zAl 05,...,z/k+\koog,xl05,...,x1OE,...,XIOE,...,XIOE)
- ~~ 7 (- ~ v
ky ky

= AP(‘é\l’ e ,Z/k_'_\ko,.x,'l, s Xy e s Xppeen s Xy ) = B(Zl, vee ’Zk+k0)'
—_——
ky k;
Thus, the restriction of B to the diagonal is a continuous finitely symmetric (k + k)-homogeneous polynomial. By Proposition
6.3, B(z, ..., z) = 0 for every z € M. By the Polarization formula (2.1) B(z,, ..., z;4,) = 0 forevery zy, ..., z; . € M.

Since y and x, belong to My, it follows that B(y, ..., y, Xq, ..., Xg) = 0, i.e.
—— ——

k ko
Ap(Dy e s Do Xy eoe s X0s Xswev s Xseens Xpyoen s X)) = 0.
\_\,_J\_\,__/H,_J ——
ko K K,
Note that ¥ = y and X, = x,. Therefore,
Ap(Ys oo s Vo X(s eee s X Xy eve s X 15 eens Xy e, X)) =0
——— ~——
k ko K K,
Hence, P(x + y) = P(x) for every x € L[0,4+o00) and y € My,. O

Continuity of P implies the following corollary.

Corollary 6.5. Let P : L[0,4+00) — C be a continuous finitely symmetric n-homogeneous polynomial. Then P(x + y) = P(x)
forevery x € L [0,4+00) and y € M,,.

Let Q be the quotient map from L [0, +o0) to L [0, +o0)/M,,.

Corollary 6.6. An entire function f € H b(L [0, +00)) is finitely symmetric if and only if it factors through M, that is, there
is f € Hy(L[0,+00)/M,) such that f = f 0Q.
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Corollary 6.7. The algebra of finitely symmetric entire functions of bounded type on L [0,+0c0) is isomorphic to
H,(L[0,+00)/M,).
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