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BANAKH I.1 , BANAKH T.2,3 , VOVK M.4

AN EXAMPLE OF A NON-BOREL LOCALLY-CONNECTED FINITE-DIMENSIONAL

TOPOLOGICAL GROUP

According to a classical theorem of Gleason and Montgomery, every finite-dimensional locally
path-connected topological group is a Lie group. In the paper for every natural number n we con-
struct a locally connected subgroup G ⊂ R

n+1 of dimension n, which is not locally compact. This an-
swers a question posed by S. Maillot on MathOverflow and shows that the local path-connectedness
in the result of Gleason and Montgomery can not be weakened to the local connectedness.

Key words and phrases: topological group, Lie group.
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By a classical result of A. Gleason [3] and D. Montgomery [6], every locally path-connected
finite-dimensional topological group G is locally compact and hence is a Lie group. Gene-
ralizing this result of A. Gleason and D. Montgomery, T. Banakh and L. Zdomskyy [1] proved
that a topological group G is a Lie group if G is compactly finite-dimensional and locally
continuum-connected. In [5] Sylvain Maillot asked if the locally path-connectedness in the
result of A. Gleason and D. Montgomery can be replaced by the local connectedness. In this
paper we construct a counterexample to this question of S. Maillot.

We recall that a subset B of a Polish space X is called a Bernstein set in X if both B and
X \ B meet every uncountable closed subset F of X. Bernstein sets in Polish space can be easily
constructed by transfinite induction, see [4, 8.24].

Theorem 1. For every n ≥ 2 the Euclidean space R
n contains a dense additive subgroup

G ⊂ R
n such that

1) G is a Bernstein set in R
n;

2) G is locally connected;

3) G has dimension dim(G) = n − 1;

4) G is not Borel and hence not locally compact.

Proof. Let (Fα)α<c be an enumeration of all uncountable closed subsets of R
n by ordinal < c.

Fix any point p ∈ R
n \ {0}. By transfinite induction, for every ordinal α < c we shall choose a

point zα ∈ Fα such that the subgroup Gα ⊂ R
n generated by the set {zβ}β<α does not contain

УДК 515.12
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the point p. Assume that for some ordinal α < c we have chosen points zβ, β < α, so that the
subgroup G<α generated by the set {zβ}β<α does not contain p. Consider the set

Z =

{

1

n
(p − g) : n ∈ Z \ {0}, g ∈ G<α

}

and observe that it has cardinality

|Z| ≤ ω · |G<α| ≤ ω + |α| < c.

Since the uncountable closed subset Fα of R
n has cardinality |Fα| = c (see [4, 6.5]), there is

a point zα ∈ Fα \ Z. For this point we get p 6= nzα + g for any n ∈ Z \ {0}, and g ∈ G<α.
Consequently, the subgroup

Gα = {nzα + g : n ∈ Z, g ∈ G<α}

generated by the set {zβ}β≤α does not contain the point p. This completes the inductive
step.

After completing the inductive construction, consider the subgroup G generated by the
set {aα}α<c and observe that p /∈ G and G meets every uncountable closed subset F of R

n.
Moreover, since G meets the closed uncountable set F − p, the coset p + G ⊂ R

n \ G meets F.
So, both the subgroup G and its complement R

n \ G meet each uncountable closed subset of
R

n, which means that G is a Bernstein set in R
n. The following proposition implies that the

group G has properties (2)–(4).

Proposition 1. Let n ≥ 2. Every Bernstein subset B of R
n has the following properties:

1) B is not Borel;

2) B is connected and locally connected;

3) B has dimension dim(B) = n − 1.

Proof. 1. By [4, 8.24], the Bernstein set B is not Borel (more precisely, B does not have the Baire
property in R

n).

2. To prove that B is connected and locally connected, it suffices to prove that for every
open subset U ⊂ R

n homeomorphic to R
n the intersection U ∩ G is connected. Assuming

the opposite, we could find two non-empty open disjoint sets U1, U2 ⊂ U such that U ∩ B =

(U1 ∩ B) ∪ (U2 ∩ B). Consider the complement F = U \ (U1 ∪ U2) ⊂ U \ B and observe that F

is closed in U and hence of type Fσ in R
n. If F is uncountable, then F contains an uncountable

closed subset of R
n and hence meets the set B, which is not the case. So, the closed subset F of

U is at most countable and separates the space U ∼= R
n, which contradicts Theorem 1.8.14 of

[2].

3. Since the subset B has empty interior in R
n, we can apply Theorem 1.8.11 of [2] and

conclude that dim(B) < n. On the other hand, Lemma 1.8.16 [2] guarantees that B has dimen-
sion dim(B) ≥ n − 1 (since B meets every non-trivial compact connected subset of R

n). So,
dim(B) = n − 1.
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Банах I., Банах T., Вовк M. Приклад неборелiвської локально зв’язної скiнченно-вимiрної топологiчної

групи // Карпатськi матем. публ. — 2017. — Т.9, №1. — C. 3–5.

Згiдно з класичною теоремою Ґлiсона-Монтґомерi, довiльна скiнченно-вимiрна локально
лiнiйно зв’язна топологiчна група є групою Лi. У статтi для кожного натурального числа
n побудовано локально зв’язну, але не локально компактну адитивну пiдгрупу G ⊂ R

n+1

топологiчного вимiру n. Цей приклад дає вiдповiдь на проблему С. Мейло, поставлену на
MathOverflow, та показує, що локально лiнiйну зв’язнiсть у теоремi Ґлiсона-Монтґомерi не
можна послабити до локальної зв’язностi.

Ключовi слова i фрази: топологiчна група, група Лi.
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BANDURA A.I.1 , PETRECHKO N.V.2

PROPERTIES OF POWER SERIES OF ANALYTIC IN A BIDISC FUNCTIONS OF

BOUNDED L-INDEX IN JOINT VARIABLES

We generalized some criteria of boundedness of L-index in joint variables for analytic in a bidisc

functions, where L(z) = (l1(z1, z2), l2(z1, z2)), lj : D
2 → R+ is a continuous function, j ∈ {1, 2}, D

2

is a bidisc {(z1, z2) ∈ C
2 : |z1| < 1, |z2| < 1}. We obtained propositions, which describe a behaviour

of power series expansion on a skeleton of a bidisc. The power series expansion is estimated by a

dominating homogeneous polynomial with a degree that does not exceed some number, depending

only from radii of a bidisc. Replacing universal quantifier by existential quantifier for radii of a

bidisc, we also proved sufficient conditions of boundedness of L-index in joint variables for analytic

functions, which are weaker than necessary conditions.

Key words and phrases: analytic function, bidisc, bounded L-index in joint variables, maximum
modulus, partial derivative, dominating polynomial, power series.
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1 INTRODUCTION

Recently, we introduced a concept of boundedness of L-index in joint variables for analytic

in a bidisc functions [4]–[6]. There were obtained criteria which describes a local behaviour of

partial derivatives, give estimate maximum modulus on a skeleton of bidisc and was proved

an analog of Hayman’s Theorem.

In a fact, inequality (1) in a definition of function of bounded L-index in joint variables

(see below) contains coefficients of power series expansion at a point z = (z1, z2). M. T. Bor-

dulyak and M. M. Sheremeta [9] considered entire functions and obtained a proposition which

describe a behavior of homogeneous polynomials with power series coefficients for functions

of bounded L-index in joint variables in the case L(z) = (l1(z1), . . . , ln(zn)). Recently, we

generalized [5] their result for entire functions and L(z) = (l1(z), . . . , ln(z)), where z ∈ C
n.

Replacing universal quantifier by existential quantifier, there was proved also new theorem

which provides weaker sufficient conditions of boundedness of L-index in joint variables.

This leads to such a natural question: Is there a counterpart of the mentioned Bordulyak–

Sheremeta’s criterion for functions that are analytic in an arbitrary polydisc domain? Our answer

to the question is affirmative. In particular, it is proved in Theorems 1 and 2 of this paper for a

bidisc.

In this paper, we will prove a necessity of Bordulyak–Sheremeta’s criterion for analytic in a

bidisc functions and L(z) = (l1(z1, z2), l2(z1, z2)). As sufficiency for analytic in D2 functions,

we will deduce an analog of weaker sufficient conditions of boundedness of L-index in joint

variables from [5].

УДК 517.553+517.554
2010 Mathematics Subject Classification: 32A05, 32A10, 32A17.
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2 MAIN DEFINITIONS AND NOTATIONS

We consider two-dimensional complex space C2. This helps to distinguish main methods

of investigation. We need some standard notations. Denote R+ = [0,+∞), 0 = (0, 0) ∈ R2
+,

1 = (1, 1) ∈ R
2
+, R = (r1, r2) ∈ R

2
+, z = (z1, z2) ∈ C

2. For A = (a1, a2) ∈ R
2, B = (b1, b2) ∈ R

2

we will use formal notations without violation of the existence of these expressions

AB = (a1b1, a2b2), A/B = (a1/b1, a2/b2), b1 6= 0, b2 6= 0, AB = ab1
1 ab2

2 , b ∈ Z
2
+,

and the notation A < B means that aj < bj, j ∈ {1, 2}; the relation A ≤ B is defined similarly.

For K = (k1, k2) ∈ Z
2
+ denote ‖K‖ = k1 + k2, K! = k1!k2!.

The bidisc {z ∈ C
2 : |zj − z0

j | < rj, j = 1, 2} is denoted by D
2(z0, R), its skeleton {z ∈ C

2 :

|zj − z0
j | = rj, j = 1, 2} is denoted by T2(z0, R), and the closed bidisc {z ∈ C2 : |zj − z0

j | ≤

rj, j = 1, 2} is denoted by D2[z0, R], D2 = D2(0, 1), D = {z ∈ C : |z| < 1}. For p, q ∈ Z+ and

partial derivative of analytic in D2 function F(z) we will use the notation

F(p,q)(z) = F(p,q)(z1, z2) :=
∂p+qF(z1, z2)

∂z
p
1 ∂z

q
2

.

Let L(z) = (l1(z), l2(z)), where lj(z) : D2 → R+ is a continuous function such that for all

z ∈ D2: lj(z) > β/(1 − |zj|), j ∈ {1, 2}, where β > 1 is a some constant, β := (β, β). S.N.

Strochyk, M.M. Sheremeta, V.O. Kushnir [14], [20] imposed a similar condition for a function

l : D → R+ and l : G → R+, where G is arbitrary domain in C.

An analytic function F : D
2 → C is called a function of bounded L-index (in joint variables), if

there exists n0 ∈ Z+ such that for all z = (z1, z2) ∈ D2 and for all (p1, p2) ∈ Z2
+

1

p1!p2!

|F(p1,p2)(z)|

l
p1
1 (z)l

p2
2 (z)

≤ max

{

1

k1!k2!

|F(k1,k2)(z)|

lk1
1 (z)lk2

2 (z)
: 0 ≤ k1 + k2 ≤ n0

}

. (1)

The least such integer n0 is called the L-index in joint variables of the function F(z) and is denoted

by N(F, L, D
2) = n0. This is an analog of definition of entire function of bounded L-index or

bounded index (L ≡ 1) in joint variables in C2 (see [3], [9, 10], [16, 17, 18]) and a definition of

analytic in a domain function of bounded index [12]. Note that a primary definition of entire

in C function of bounded index was supposed by B. Lepson [15]. Other approach (so-called

L-index in a direction) is considered in [7, 8].

By Q(D2) we denote the class of functions L, which satisfy the condition for all rj ∈ [0, β],

j ∈ {1, 2}

0 < λ1,j(R) ≤ λ2,j(R) < ∞,

where

λ1,j(R) = inf
z0∈D2

inf

{

lj(z)

lj(z0)
: z ∈ D

2
[

z0, R/L(z0)
]

}

,

λ2,j(R) = sup
z0∈D2

sup

{

lj(z)

lj(z0)
: z ∈ D

2
[

z0, R/L(z0)
]

}

.

It is easy to prove that the function L1(z1, z2) = (β′/(1 − |z1|), β′/(1 − |z2|)) belongs to

Q(D2), where β′
> β. Other possible methods to construct these functions are considered in

[1].
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Let z0 ∈ D2. We develop an analytic in D2 function F(z) in the power series written in a

diagonal form

F(z) =
∞

∑
k1+k2=0

pk1+k2
((z1 − z0

1), (z2 − z0
2)) =

∞

∑
k=0

∑
j1+j2=k

bj1,j2(z1 − z0
1)

j1(z2 − z0
2)

j2 , (2)

where pk are homogeneous polynomials of degree k. The polynomial pk0
, k0 ∈ Z+, is called a

dominating polynomial in the power series expansion (2) on T
2(z0, R) if for every z ∈ T

2(z0, R)

the next inequality holds:
∣

∣

∣

∣

∣

∑
k1+k2 6=k0

pk1+k2
((z1 − z0

1), (z2 − z0
2))

∣

∣

∣

∣

∣

≤
1

2
max{|bj1 ,j2 |r

j1
1 r

j2
2 : j1 + j2 = k0},

where bj1,j2 =
F(j1,j2)(z0)

j1!j2! .

3 SOME PROPERTY OF POWER EXPANSION OF ANALYTIC IN A BIDISC FUNCTION OF

BOUNDED L-INDEX IN JOINT VARIABLES

Theorem 1. Let β > 1, L ∈ Q(D2). If an analytic function F in D
2 has bounded L-index in

joint variables then there exists p ∈ Z+ that for all d ∈ (0; β] there exists η(d) ∈ (0; d) such

that for each z0 ∈ D2 and some r = r(d, z0) ∈ (η(d), d), k0 = k0(d, z0) ≤ p the polynomial pk0

is the dominating polynomial in the series (2) on T2(z0, R
L(z0)

) with R = (r, r).

Proof. Let F be of bounded L-index in joint variables with N = N(F, L, D2) < +∞ and n0 be

L-index in joint variables at a point z0 ∈ D
2. Then for each z0 ∈ D

2 n0 ≤ N. We put

a∗j1,j2
=

|bj1,j2 |

l
j1
1 (z

0)l
j2
2 (z

0)
=

|F(j1,j2)(z0)|

j1!j2!l
j1
1 (z

0)l
j2
2 (z

0)
, ak = max{a∗j1 ,j2

: j1 + j2 = k},

c = 2((N + 1)3 + 6(N + 3)!).

Let d ∈ (0; β] be an arbitrary number. We put rm = d
(d+1)cm , m ∈ Z+ and denote

µm = max{akrk
m : k ∈ Z+}, sm = min{k : akrk

m = µm}.

Since z0 is a fixed point the inequality a∗k1,k2
≤ max{a∗j1 ,j2

: j1 + j2 ≤ n0} is valid for all (k2, k2) ∈

Z2
+. Then ak ≤ an0 for all k ∈ Z+. Hence, for all k > n0 in view of r0 < 1 we have akrk

0 < an0rn0
0 .

This implies s0 ≤ n0. Since crm = rm−1, we obtain that for each k > sm−1

asm−1r
sm−1
m = asm−1r

sm−1
m−1c−sm−1 ≥ akrk

m−1c−sm−1 = akrk
mck−sm−1 ≥ cakrk

m. (3)

From (3) it follows that sm ≤ sm−1 for all m ∈ N. Thus, we can rewrite

µ0 = max{akrk
0 : k ≤ n0}, µm = max{akrk

m : k ≤ sm−1}.

We denote

µ∗
0 = max{akrk

0 : s0 6= k ≤ n0}, µ∗
m = max{akrk

m : sm 6= k ≤ sm−1},

s∗0 = min{k : k 6= s0, akrk
0 = µ∗

0}, s∗m = min{k : k 6= sm, akrk
m = µ∗

m}, m ∈ N
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and we will show that there exists m0 ∈ Z+ such, that

µ∗
m0

µm0

≤
1

c
. (4)

Suppose that for all m ∈ Z+ the next inequality holds

µ∗
m

µm
>

1

c
. (5)

If s∗m < sm (s∗m 6= sm in view of definition) then we have

as∗mr
s∗m
m+1 =

as∗mr
s∗m
m

cs∗m
=

µ∗
m

cs∗m
>

µm

cs∗m+1
=

asmrsm
m

cs∗m+1
=

asmrsm
m+1

cs∗m+1−sm
≥ asmrsm

m+1,

and for all k > s∗m, k 6= sm, similarly,

as∗mr
s∗m
m+1 =

as∗mr
s∗m
m

cs∗m
≥

akrk
m

cs∗m
≥

akrk
m

ck−1
=

cakrk
m

ck
= cakrk

m+1,

i.e. as∗mr
s∗m
m+1 > akrk

m+1 for all k > s∗m. Hence,

sm+1 ≤ s∗m ≤ sm − 1. (6)

On the contrary, if sm < s∗m ≤ sm−1 then the equality sm+1 = sm may hold. But in this case the

inequalities s∗m+1 ≤ sm and s∗m 6= sm+1 imply that s∗m+1 < sm+1, s∗m+1 6= sm+1. Instead of (6)

we have the inequality sm+2 ≤ s∗m+1 ≤ sm+1 − 1 = sm − 1. Hence, if for all m ∈ Z+ estimate

(5) is true then for all m ∈ Z+ either inequality sm+1 ≤ sm − 1 or sm+2 ≤ sm − 1 holds, i.e.

sm+2 ≤ sm − 1, because sm+2 ≤ sm+1. It implies that

sm ≤ sm−2 − 1 ≤ . . . ≤ sm−2⌊m
2 ⌋

−
⌊m

2

⌋

≤ s0 −
⌊m

2

⌋

≤ n0 −
⌊m

2

⌋

≤ N −
⌊m

2

⌋

,

i.e. sm < 0 if only m > 2N + 1, which is impossible. Therefore, there exists m0 ≤ 2N + 1

such that (4) holds. We put r = rm0 , η(d) = d
(d+1)c2(N+1) , p = N and k0 = sm0 . Then for all

j1 + j2 6= k0 = sm0 on T
2(z0, r

L(z0)
) in view (4) we have

|bj1,j2 ||z1 − z0
1|

j1 |z2 − z0
2|

j2 = a∗j1,j2
rj1+j2 ≤ aj1+j2rj1+j2 ≤ µ∗

m0
≤

1

c
µm0 ≤

1

c
asm0

r
sm0
m0

=
1

c
ak0

rk0 .

Thus, on T
2(z0, r

L(z0)
) we obtain

∣

∣

∣

∣

∣

∑
j1+j2 6=k0

bj1,j2(z1 − z0
1)

j1(z2 − z0
2)

j2

∣

∣

∣

∣

∣

≤ ∑
j1+j2 6=k0

a∗j1 ,j2
rj1+j2 ≤

∞

∑
k=0,k 6=k0

ak(k + 1)2rk

=

sm0−1

∑
k=0, k 6=sm0

ak(k + 1)2rk +
∞

∑
k=sm0−1+1

ak(k + 1)2rk.

(7)

We will estimate two sums in (7). From (4) it follows that µ∗
m0

≤ 1
c µm0 or

max{akrk
m0

: k 6= sm0 , k ≤ sm0−1} ≤
1

c
max{akrk

m0
: k 6= sm0 , k ≤ sm0−1},
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i. e. akrk ≤ 1
c ak0

rk0 . Then

sm0−1

∑
k=0, k 6=sm0

ak(k + 1)2rk ≤
ak0

rk0

c

N

∑
k=0

(k + 1)2 ≤
ak0

rk0

c
(N + 1)3. (8)

For each k the inequality akrk
m0−1 ≤ µm0−1 holds and, hence,

akrk
m0

=
akrk

m0−1

ck
≤

µm0−1

ck
. (9)

Using (9) and (4) we deduce

∞

∑
k=sm0−1+1

ak(k + 1)2rk ≤ µm0−1

∞

∑
k=sm0−1+1

(k + 1)2 1

ck
= asm0−1r

sm0−1

m0−1

∞

∑
k=sm0−1+1

(k + 1)2 1

ck

= asm0−1

r
sm0−1

m0−1

csm0−1
csm0−1

∞

∑
k=sm0−1+1

(k + 1)2 1

ck
≤ asm0−1r

sm0−1
m0

csm0−1

∞

∑
k=sm0−1+1

(k + 1)(k + 2)
1

ck

≤
asm0

rsm0

c
csm0−1

( ∞

∑
k=sm0−1+1

xk+2

)(2)∣
∣

∣

∣

x= 1
c

=
ak0

rk0

c
csm0−1

(

xsm0−1+3

1 − x

)(2) ∣
∣

∣

∣

x= 1
c

=
ak0

rk0

c
csm0−1

(

(sm0−1 + 3)(sm0−1 + 2)xsm0−1+1

1 − x
+

2(sm0−1 + 3)xsm0−1+2

(1 − x)2

+
2xsm0−1+3

(1 − x)3

)
∣

∣

∣

∣

x= 1
c

≤
ak0

rk0

c
csm0−12(sm0−1 + 3)(sm0−1 + 2)

2

∑
j=0

xsm0−1+1+j

(1 − x)1+j

∣

∣

∣

∣

x= 1
c

≤
ak0

rk0

c
2(N + 3)!

2

∑
j=0

1

(c − 1)1+j
≤

ak0
rk0

c
6(N + 3)!,

(10)

because c ≥ 2. Hence, from (8) and (10) we obtain
∣

∣

∣

∣

∣

∑
j1+j2 6=k0

bj1,j2(z1 − z0
1)

j1(z2 − z0
2)

j2

∣

∣

∣

∣

∣

≤
ak0

rk0

c
(N + 1)3 + 6

ak0
rk0

c
(N + 3)!

=
ak0

rk0

c
((N + 1)3 + 6(N + 3)!) =

1

2
ak0

rk0 .

Therefore, the polynomial pk0 is the dominating polynomial in the series (2) on the skeleton

T2
(

z0, R
L(z0)

)

.

Theorem 2. Let β > 1, L ∈ Q(D2). If there exist p ∈ Z+, d ∈ (0; 1], η ∈ (0; d) such that

for each z0 ∈ D2 and some R = (r1, r2) with rj = rj(d, z0) ∈ (η, d), j ∈ {1, 2}, and cer-

tain k0 = k0(d, z0) ≤ p the polynomial pk0 is the dominating polynomial in the series (2) on

T
2(z0, R/L(z0)) then the analytic in D

2 function F has bounded L-index in joint variables.

Proof. Suppose that there exist p ∈ Z+, d ≤ 1 and η ∈ (0, d) such that for each z0 ∈ D2

and some R = (r1, r2) with rj = rj(d, z0) ∈ (η, d), j ∈ {1, 2}, and k0 = k0(d, z0) ≤ p the

polynomial pk0 is the dominating polynomial in the series (2) on T
2(z0, R/L(z0)). Let us to

denote r0 = max{r1, r2}. Then
∣

∣

∣

∣

∣

∑
j1+j2 6=k0

bj1,j2(z1 − z0
1)

j1(z2 − z0
2)

j2

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

F(z)− ∑
j1+j2=k0

bj1,j2(z1 − z0
1)

j1(z2 − z0
2)

j2

∣

∣

∣

∣

∣

≤
ak0

rk0
0

2
. (11)
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Using (11) and Cauchy’s inequality we have:

|bj1 ,j2(z1 − z0
1)

j1(z2 − z0
2)

j2 | = a∗j1 ,j2
r

j1
1 r

j2
2 ≤

ak0
rk0

0

2

for all j1, j2 ∈ Z+, i.e. for all k1 + k2 = k 6= k0

akrk1
1 rk2

2 ≤
ak0

rk0
0

2
. (12)

Suppose that F is not a function of bounded L-index in joint variables.

Let L ∈ Q(D2). It is known [6] that an analytic function F in D2 has bounded L-index in

joint variables if and only if there exist p ∈ Z+ and c ∈ R+ such that for each z = (z1, z2) ∈ D
2

the next inequality holds

max

{

|F(j1,j2)(z)|

l
j1
1 (z)l

j2
2 (z)

: j1 + j2 = p + 1

}

≤ c max

{

|F(k1,k2)(z)|

lk1
1 (z)lk2

2 (z)
: k1 + k2 ≤ p

}

.

This statement and its generalizations [19, 13, 9, 2, 6] are analogs of known Hayman’s Theorem

[11] in theory of functions of bounded index. Then by the Hayman Theorem for all p1 ∈ Z+

and c ≥ 1 there exists z0 ∈ D2 such that the next inequality holds:

max

{

|F(j1,j2)(z0)|

l
j1
1 (z

0)l
j2
2 (z

0)
: j1 + j2 = p1 + 1

}

> c max

{

|F(k1,k2)(z0)|

lk1
1 (z0)lk2

2 (z0)
: k1 + k2 ≤ p1

}

.

We put p1 = p and c =
(

(p+1)!
ηp+1

)2
. Then for this z0(p1, c) we obtain:

max

{

|F(j1,j2)(z0)|

j1!j2!l
j1
1 (z

0)l
j2
2 (z

0)
: j1 + j2 = p + 1

}

>
1

ηp+1
max

{

|F(k1,k2)(z0)|

k1!k2!lk1
1 (z0)lk2

2 (z0)
: k1 + k2 ≤ p

}

,

i.e. ap+1 >
ak0

ηp+1 and, hence, ap+1r
p+1
0 >

ak0
r

p+1
0

ηp+1 ≥ ak0
rk0

0 . This is a contradiction with (12).

Therefore, F is of bounded L-index in joint variables.

The authors especially thank an anonymous referee for his valuable suggestions.
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Бандура А. I, Петречко Н. В. Властивостi степеневих рядiв аналiтичних у бiкрузi функцiй обме-

женого L-iндексу за сукупнiстю змiнних // Карпатськi матем. публ. — 2017. — Т.9, №1. — C.

6–12.

Нами узагальнено деякi критерiї обмеженостi L-iндексу за сукупнiстю змiнних для аналi-

тичних у бiкрузi функцiй, де L(z) = (l1(z1, z2), l2(z1, z2)), lj : D
2 → R+ — неперервна функцiя,

j ∈ {1, 2}, D
2 — бiкруг {(z1, z2) ∈ C

2 : |z1| < 1, |z2| < 1}. Отриманi твердження описують пово-

дження розвинення у степеневий ряд на кiстяку бiкруга. При цьому сума вiдповiдного степе-

невого ряду оцiнена через домiнувальний однорiдний многочлен, степiнь якого не перевищує

деякого числа, залежного тiльки вiд радiусiв бiкруга. Замiнюючи квантор загальностi на кван-

тор iснування для значень радiусiв бiкруга, ми також доводимо достатнi умови обмеженостi

L-iндексу за сукупнiстю змiнних для аналичних функцiй, якi слабшi за необхiднi умови.

Ключовi слова i фрази: аналiтична функцiя, бiкруг, обмежений L-iндекс за сукупнiстю змiн-

них, максимум модуля, частинна похiдна, головний многочлен, степеневий ряд.
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CONVERGENCE CRITERION FOR BRANCHED CONTINUED FRACTIONS OF THE

SPECIAL FORM WITH POSITIVE ELEMENTS

In this paper the problem of convergence of the important type of a multidimensional gener-

alization of continued fractions, the branched continued fractions with independent variables, is

considered. This fractions are an efficient apparatus for the approximation of multivariable func-

tions, which are represented by multiple power series. When variables are fixed these fractions

are called the branched continued fractions of the special form. Their structure is much simpler

then the structure of general branched continued fractions. It has given a possibility to establish

the necessary and sufficient conditions of convergence of branched continued fractions of the spe-

cial form with the positive elements. The received result is the multidimensional analog of Seidel’s

criterion for the continued fractions. The condition of convergence of investigated fractions is the di-

vergence of series, whose elements are continued fractions. Therefore, the sufficient condition of the

convergence of this fraction which has been formulated by the divergence of series composed of par-

tial denominators of this fraction, is established. Using the established criterion and Stieltjes-Vitali

Theorem the parabolic theorems of branched continued fractions of the special form with complex

elements convergence, is investigated. The sufficient conditions gave a possibility to make the con-

dition of convergence of the branched continued fractions of the special form, whose elements lie in

parabolic domains.

Key words and phrases: branced continued fraction of the special form, convergence.
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INTRODUCTION

The convergence problem for continued fractions with positive elements is solved by Sei-

del’s criterion.

Theorem 1 ([9, 12]). A continued fraction b0 +
∞

D
n=1

1

bn
with positive elements converges if and

only if the series
∞

∑
n=1

bn diverges.

Convergence criteria for the continued fractions which elements lie in angular [8], parabolic

[1, 4, 6] domains was obtained by Seidel’s criterion and Stieltjes-Vitaly Theorem.

Necessary, sufficient, necessary and sufficient conditions for convergence of the branched

continued fractions (BCF) with N-branches are establised [3, 10, 11]. But, the analog of Seidel’s

criterion in following statement is not obtained:

УДК 517.524
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branched continued fraction b0 +
∞

D
k=1

N

∑
ik=1

1

bi(k)
with positive elements converges if the series

∞

∑
k=1

min
i(k)

bi(k) are divergent.

Establishing the analog of Seidel’s criterion for the BCF resulted into construction of differ-

ent types of BCF, in particular:

b0 +
∞

D
k=1

ik−1

∑
ik=1

ai(k)

bi(k)
= b0 +

N

∑
i1=1

ai(1)

bi(1) +
i1

∑
i2=1

ai(2)

bi(2) + . . .

, (1)

where ai(k), bi(k) ∈ C, i(k) ∈ I , I = {i(k) = i1i2 . . . ik : 1 ≤ ik ≤ ik−1 ≤ ... ≤ i0; k ≥ 1; i0 = N}.

This fraction is called the BCF of the special form. There are different convergence ctiteria

for this fraction [1, 2, 5].

In the case bi(k) = 1, and ai(k) are replaced by ai(k)zik
, this fraction is called a multidimen-

sional regular C-fraction with independent variables. This fraction is analog of the BCF for

multiple power series. The condition of the correspondence between multiple power series

and regular multidimensional C-fraction with independent variables is established in [7].

The analog of Seidel’s criterion for the fraction (1) when ai(k) = 1, bi(k) > 0, i(k) ∈ I ,

and N = 2 can be found in [6, 11]. The aim of the paper is to establish the analog of Seidel’s

criterion for arbitrary natural N. Also, using this criterion, the technique of value and elements

sets [3, 9] and Stieltjes-Vitaly Theorem [3], to obtain the parabolic convergence region for the

following BCF (
b0 +

∞

D
k=1

ik−1

∑
ik=1

ai(k)

1

)−1

, (2)

where b0, ai(k) are complex numbers, i(k) ∈ I .

1 MAIN RESULTS

In this paper, it will be proved following lemmas for obtaining an analog of Seidel’s crite-

rion for the BCF

b0 +
∞

D
k=1

ik−1

∑
ik=1

1

bi(k)
. (3)

Lemma 1.1. Let the BCF (3) with positive elements converges and ε be an arbitrary real positive

number. Then exists a natural m, depended of ε, such that for each BCF with positive elements

b̂0 +
∞

D
k=1

ik−1

∑
ik=1

1

b̂i(k)

, (4)

where b̂i(k) = bi(k) for all i(k) ∈ I , k < m, the following estimate holds

∣∣∣ f ′n − f
′

k

∣∣∣ < ε

for all n, k ≥ m and f
′

k be a kth approximant of BCF (4).
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Proof. If fk be a kth approximant of BCF (3) and the fraction converges, then for all ε > 0 exists

m ≥ 2: | fm−1 − fm−2| < ε.

Since fk = f
′

k, k = 1, 2, ..., m − 1, using the monotonicity properties of approximants of a

BCF with positive elements, we have that for all ε > 0 for all n, k ∈ N, n ≥ m, k ≥ m,
∣∣∣ f ′n − f

′

k

∣∣∣ ≤
∣∣∣ f ′m−1 − f

′

m−2

∣∣∣ = | fm−1 − fm−2| < ε.

Lemma 1.2. Let ∆0, ∆i(k) be absolute errors of b0 and bi(k), i(k) ∈ I , respectively. If b̂0 >

0, b̂i(k) > 0 are approximants of b0 and bi(k), respectively, then the absolute value of relative

error of fm, mth approximant of the BCF (3), is less or equal to the value

max
0≤s≤[m

2 ]
max

i(2s+1)∈I

{
∆i(2s)

bi(2s)
,

∆i(2s+1)

b̂i(2s+1)

}
, (5)

where ∆i0 = ∆0, ∆i(2k+1) = 0, if m = 2k.

Proof. Let δ∗α =
α − α̂

α̂
, δα =

α̂ − α

α
, where α̂ is approximate value of α. If a > 0, â > 0, b > 0,

b̂ > 0, then: |δa+b| ≤ max {|δa| , |δb|} ,
∣∣δ∗a+b

∣∣ ≤ max
{
|δ∗a | ,

∣∣δ∗b
∣∣} ,

∣∣∣δ1
a

∣∣∣ = |δ∗a | , |δ∗a | =

∣∣∣∣
δa

1 + δa

∣∣∣∣ .

Let δ
(m)
i(k)

is the relative error of calculation of the BCF bi(k) +
m

D
s=k+1

is−1

∑
is=1

1

bi(s)
. Then the absolute

value of relative error of fm is less or equal to:

max
i1

{
|δ0| ,

∣∣∣δ∗(m)
i1

∣∣∣
}
≤ max

i1,i2

{
|δ0| ,

∣∣∣δ∗i(1)
∣∣∣ ,
∣∣∣δ∗(m)

i(2)

∣∣∣
}
≤ max

i1,i2,i3

{
|δ0| ,

∣∣∣δ∗i(1)
∣∣∣ ,
∣∣∣δi(2)

∣∣∣ ,
∣∣∣δ∗(m)

i(3)

∣∣∣
}
≤

≤ ... ≤ max
0≤s≤[m

2 ]
max

i(2s+1)∈I

{∣∣∣δi(2s)

∣∣∣ ,
∣∣∣∣∣

δi(2s+1)

1 + δi(2s+1)

∣∣∣∣∣

}
= max

0≤s≤[m
2 ]

max
i(2s+1)∈I

{
∆i(2s)

bi(2s)
,

∆i(2s+1)

b̂i(2s+1)

}
.

Let I (m) = {i(n) = i1i2 . . . in : m ≤ in ≤ in−1 ≤ ... ≤ i0; n ≥ 1; i0 = N} , m = 2, N. Let the

continued fractions are determined recurrently as follows

b
(m)
0 = b

(m−1)
0 +

∞

D
k=1

1

b
(m−1)
m[k]

, b
(m)
i(n)

= b
(m−1)
i(n)

+
∞

D
k=1

1

b
(m−1)
i(n)m[k]

, m = 1, N, (6)

m[k] = mm...m︸ ︷︷ ︸
k

, i(n) ∈ I (m+1), with the initial conditions b
(0)
0 = b0, b

(0)
i(k)

= bi(k), i(k) ∈ I ,

where bi(k) are partial denominators of BCF (3).

Theorem 2 (The multidimensional analog of Seidel’s criterion). BCF (3) with positive partial

denominators converges if and only if for each m, 1 ≤ m ≤ N, and each i(n), i(n) ∈ I (m+1),

the following series diverge
∞

∑
k=1

b
(m−1)
m[k]

,
∞

∑
k=1

b
(m−1)
i(n)m[k]

, (7)

that elements are determined by (6).
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Proof. Necessity. Let the fraction (3) is convergent, then the following sth tail of this fraction

converges:

ri(s) = bi(s) +
∞

D
k=s+1

ik−1

∑
ik=1

1

bi(k)
, i(s) ∈ I .

The proof of this fact is analogous to the proof of the Theorem 2.1 [3]. In particular, if is = 1,

then the following continued fractions are convergent

r1 = b1 +
∞

D
k=2

1

b1[k]
, ri(n)1 = bi(n)1 +

∞

D
k=2

1

bi(n)1[k]
, i(n) ∈ I (2). (8)

According to Seidel’s criterion, the series
∞

∑
k=1

b1[k],
∞

∑
k=1

bi(n)1[k], i(n) ∈ I (2) diverge. Let

b
(1)
0 = b0 +

1

r1
, b

(1)
i(n)

= bi(n) +
1

ri(n)1
, i(n) ∈ I (2). Consider the BCF of the special form with

(N − 1)-branches:

b
(1)
0 +

∞

D
k=1

ik−1

∑
ik=2

1

b
(1)
i(k)

. (9)

We shall show that the convergence of BCF (9) follows from convergence of the fraction (3). Let

fn be the nth approximant of the BCF (3). The approximants of the BCF (9), f̃n, are the figured

approximants of the fraction (3).

f̃n = b0 +
n

D
k=1

ik−1

∑
ik=1

1

b̃i(k)

, b̃i(k) =





bi(k), if k < n or k = n, in 6= 1;

bi(n) +
∞

D
p=1

1

bi(n)1[p]
, if k = n, in = 1.

Applying the method suggested in [3], we can show that the following relation for differ-

ence fn − f̃n is valid:

fn − f̃n = (−1)n
N

∑
i1=1

i1

∑
i2=1

...
in−1

∑
in=1

bi(n) − b̃i(n)
n

∏
p=1

Q̃
(n)
i(p)

Q
(n)
i(p)

,

where

Q
(n)
i(n)

= bi(n), Q
(n)
i(s)

= bi(s) +
n

D
r=s+1

ir−1

∑
ir=1

1

bi(r)
, Q̃

(n)
i(n)

= b̃i(n), Q̃
(n)
i(s)

= b̃i(s) +
n

D
r=s+1

ir−1

∑
ir=1

1

b̃i(r)

,

n = 1, 2, . . .; s = 1, n − 1; i(n) ∈ I ; i(p) ∈ I . Obviously bi(n) − b̃i(n) = 0, if in 6= 1, and

bi(n) − b̃i(n) ≤ 0, if in = 1. Thus, (−1)n+1
(

fn − f̃n

)
> 0, that is f2r < f̃2r < f̃2r+1 < f2r+1.

That is to say, the convergence of the fraction (9) follows from the convergence of the frac-

toin (3). Analogically as for BCF (3), we conclude that series
∞

∑
k=1

b
(1)
2[k]

,
∞

∑
k=1

b
(1)
i(n)2[k]

, i(n) ∈ I (3),

diverge, and from the convergence of the fraction (9) follows that the fraction b0 +
∞

D
k=1

ik−1

∑
ik=3

1

bi(k)
,

i(k) ∈ I (3) converges.
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Using the same arguments by (N − 2) times, we conclude that the series
∞

∑
k=1

b
(m−1)
m[k]

,

∞

∑
k=1

b
(m−1)
i(n)m[k]

are divergence for each m : 1 ≤ m ≤ N − 1, i(n) ∈ I (m+1), also the continued

fraction b
(N−1)
0 +

∞

D
k=1

1

b
(N−1)
i(k)

, i(k) ∈ I (N) is convergent. It’s equivalent by Seidel’s criterion to

the divergence of the series
∞

∑
k=1

b
(N−1)
N[k]

. Thus, series (7) diverge.

Sufficiency. By mathematical induction on N, we prove the fact that from diverdgence of

the series (7) follows the convergence of the BCF (3).

N = 1, the continued fraction with positive elements b0 +
∞

D
k=1

1

b1[k]
converges by Seidel’s

criterion, if the series
∞

∑
i=1

b1[k] is divergent.

N = 2, the BCF with positive elements b0 +
∞

D
k=1

ik−1

∑
ik=1

1

bi(k)
, i(k) ∈ I , i0 = 2, converges by the

Theorem 2.8 [11] if series
∞

∑
k=1

b1[k],
∞

∑
k=1

bi(n)1[k],
∞

∑
k=1

b
(1)
1[k]

diverge.

We suppose that for all N, N < p, from the divergence of series (7) follows the convergence

of the BCF (3). Consider the convergence of the BCF (3) in the case N = p.

b0 +
∞

D
k=1

ik−1

∑
ik=1

1

bi(k)
, i(k) ∈ I , i0 = p. (10)

If
∞

∑
k=1

b1[k] = ∞,
∞

∑
k=1

bi(n)1[k] = ∞, i(n) ∈ I (2), then continued fractions

b0 +
∞

D
k=1

1

b1[k]
, (11)

bi(n) +
∞

D
k=1

1

bi(n)1[k]
, i(n) ∈ I (2), (12)

converge to the values b
(1)
0 and b

(1)
i(n)

, respectively. We replace, the continued fractions (11) and

(12) by it’s values, and obtaine BCF of the special form with (p − 1)-branches

b
(1)
0 +

∞

D
k=1

ik−1

∑
ik=2

1

b
(1)
i(k)

, i(k) ∈ I (2), i0 = p. (13)

Since, the series (7) diverge, for each m, 2 ≤ m ≤ N, the fraction (13) converges by the hy-

potesis of induction. We shall show that the fraction (10) is convergent. Consider the difference

between the nth approximant of BCF (10) and (13).

Let b
(1,n)
0 , b

(1,n)
i(n)

be the nth approximant of continued fractions (11) and (12) respectively.

Then the nth approximant of BCF (10) may be written as

fn = b
(1,n)
0 +

n

D
k=1

ik−1

∑
ik=2

1

b
(1,n−k)
i(k)

, i(k) ∈ I (2).
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It’s the BCF with (p − 1)-branches. The nth approximant of BCF (13) may be written as

f̂n = b
(1)
0 +

n

D
k=1

ik−1

∑
ik=2

1

b
(1)
i(k)

, i(k) ∈ I (2).

According to the Lemma 1, form the convergence of the fraction (13) follows that for all

ε > 0 exists m ∈ N such that for all n, k ∈ N, n ≥ 2m + 2 takes place
∣∣∣ f̂n − gn

∣∣∣ < ε, where

gn = b
(1)
0 +

p

∑
i1=2

1

b
(1)
i(1)

+

i1

∑
i2=2

1

b
(1)
i(2)

+ . . . +

i2m

∑
i2m+1=2

1

b
(1)
i(2m+1)

+

i2m+1

∑
i2m+2=2

1

b
(1,n−2m−2)
i(2m+2)

+ . . . +

in−1

∑
in=2

1

b
(1,0)
i(n)

.

Next we estimate the value
∣∣∣ fn − f̂n

∣∣∣ :
∣∣∣ fn − f̂n

∣∣∣ ≤ | fn − gn|+
∣∣∣gn − f̂n

∣∣∣ . Using the Lemma

2, we estimate the first term in the right of inequality:

| fn − gn| ≤ max
0≤s≤m

max
i(2s+1)





∣∣∣b(1,n−2s)
i(2s)

− b
(1)
i(2s)

∣∣∣

b
(1)
i(2s)

,

∣∣∣b(1,n−2s−1)
i(2s+1)

− b
(1)
i(2s+1)

∣∣∣

b
(1,n−2s−1)
i(2s+1)



 · gn.

Since the continued fractions (11) converge, we may choose n, n ≥ 2m + 2, such that for all

i(2s+ 1) ∈ I (2),
∣∣∣b(1,n−2s)

i(2s)
− b

(1)
i(2s)

∣∣∣ < ε

2A
,
∣∣∣b(1,n−2s−1)

i(2s+1)
− b

(1)
i(2s+1)

∣∣∣ < ε

2A
, where A = b0 +

p

∑
i1=1

1

bi1

.

Thus,
∣∣∣ fn − f̂n

∣∣∣ < ε. From the convergence of the fraction (13) follows the convergence of

the fraction (10).

Since the elements of series (7) are difficult to calculate by the relation (6), it’s conviniently

to use the following sufficient condition for convergence.

Theorem 3. BCF (3) is divergent, if for each m, 1 ≤ m ≤ N, and each, i(n), i(n) ∈ I (m+1), the

following series are divergent
∞

∑
k=1

bm[k],
∞

∑
k=1

bi(n)m[k]. (14)

The divergence of the series (14) is suffisient for the divergence of the series (7). We shall

use the Theorem 3, to obtain the parabolic convergence domain for the BCF (2).

Lemma 1.3. Let
{

Vi(k)

}
be the sequense of half-planes

Vi(k) = Vik
=

{
z ∈ C : Re

(
ze−iγ

)
> −

1

2ik−1
cosγ

}
, k = 1, 2, 3, . . . , 1 ≤ ik ≤ ik−1, i0 = N,

and

Ei(k) = Eik
=

{
z ∈ C : |z| − Re

(
ze−2iγ

)
<

1

2ik−1
cos2γ

}
,

where −
π

2
< γ <

π

2
.

Then
{

Vi(k)

}
and

{
Ei(k)

}
are the sequenses of value sets and element sets of the BCF (2).
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The proof of this Lemma is analogous to the proof of the corresponding Theorem 1.5 [3] for

the BCF with N-branches.

Theorem 4. Let the elements of the BCF (2) lie in the parabolic domains ai(k) ∈ Pi(k), i(k) ∈ I ,

where

Pi(k) (ε) = Pik
(ε) =

{
z ∈ C : |z| − Rez <

1 − ε

2ik−1

}
, (15)

ε be an arbitrary small real number, 0 < ε < 1.

Then

1) there exist a finite limits of even and odd approximants of the BCF (2);

2) BCF (2) converges if
∞

∑
k=1

bm[k] = ∞,
∞

∑
k=1

bi(n)m[k] = ∞ for each m, 1 ≤ m ≤ N, and each,

i(n), i(n) ∈ I (m+1), where bi(k) is definitely determined by the relations

∣∣∣ai(k)

∣∣∣ =
(

bi(k)bi(k−1)

)−1
, i(k) ∈ I , bi(0) = b0 = 1;

3) the value region of this fraction is the following circle

K = {z ∈ C : |z − 1| ≤ 1} .

Proof. Let ai(k) =
∣∣∣ai(k)

∣∣∣ eiαi(k), where αi(k) be an argument of number ai(k), −π < αi(k) ≤ π, if

ai(k) 6= 0.

We determine the function

ai(k)(z) =

{
0, if ai(k) = 0,∣∣∣ai(k)

∣∣∣ eizαi(k), if ai(k) 6= 0

in domain Ωδ = {z ∈ C : |Imz| < δ, |Rez| < 1 + δ}, where δ is an arbitrary real number, such

that (1 + δ)2 eπδ
< (1 − ε)−1.

We shall show that ai(k)(z) ∈ Pi(k) (0) , i(k) ∈ I , if z ∈ Ωδ.

If αi(k) = 0, then ai(k)(z) ∈ Pi(k) (0) . Let αi(k) 6= 0 and z = x + iy. From ai(k) ∈ Pi(k) (ε), we

obtain ∣∣∣ai(k) (z)
∣∣∣− Reai(k) (z) <

1 − ε

2ik−1
eπδ

1 − cos αi(k)x

1 − cos αi(k)
. (16)

If we determine the extrema for the function M
(

αi(k), x
)

=
1 − cos αi(k)x

1 − cos αi(k)
, where

−π < αi(k) ≤ π, αi(k) 6= 0, |x| ≤ 1 + δ, we obtain sup
(
M
(

αi(k), x
))

= (1 + δ)2. Thus,
∣∣∣ai(k) (z)

∣∣∣− Reai(k) (z) <
1

2ik−1
, that is ai(k)(z) ∈ Pi(k) (0) , i(k) ∈ I .

Consider the functional BCF
(

1 +
∞

D
k=1

ik−1

∑
ik=1

ai(k)(z)

1

)−1

, i(k) ∈ I . (17)

According to the Lemma 3, where γ = 0, we obtain that the value set of the reciprocal of the

fraction (17) is the half-plane Rez >
1

2
. Therefore, all approximants of the BCF (17) depend on

the domain K = {z ∈ C : |z − 1| ≤ 1} .
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Thus, any nth approximant of the (17), fn(z), is the holomorphic function in domain Ωδ.

We use the Theorem 2.13 (Stieltjes-Vitali Therem [3]) for sequence { fn(z)}, where in particular

a = −1, b = −2, and ∆ = {z ∈ C : Rez = 0, |Imz| < δ}.

If z ∈ ∆, then we write the BCF (17) in the form

(
1 +

n

D
k=1

ik−1

∑
ik=1

ãi(k)

1

)−1

, i(k) ∈ I , (18)

where

ãi(k) =

{
0, if ai(k) = 0,∣∣∣ai(k)

∣∣∣ e−yαi(k) , if ai(k) 6= 0.

By equivalence transformstion, we can write the fraction (18), into the form

(
1 +

∞

D
k=1

ik−1

∑
ik=1

1

bi(k)e
αi(k)y

)−1

, i(k) ∈ I , (19)

where bi(k) is determined by relations
∣∣∣ai(k)

∣∣∣ =
(

bi(k−1)bi(k)

)−1
, bi0 = 1, i(k) ∈ I .

The divergence of the series
∞

∑
k=1

bm[k],
∞

∑
k=1

bi(n)m[k] for each m, 1 ≤ m ≤ N, and each i(n),

i(n) ∈ I (m+1), is equivalent to the divergence of the series
∞

∑
k=1

bm[k]e
αm[k]y,

∞

∑
k=1

bi(n)m[k]e
αi(n)m[k]y.

The convergence of the BCF (19) follows from the Theorem 2. Thus, the fraction (18) converges.

Therefore, according to Stieltjes-Vitali Therem, the BCF (17) converges on every compact

subset of Ωδ. In particular, it converges when z = 1. This is equivalent to the convergence of

the BCF (2).

Using the monotonicity properties of approximants of a BCF with positive elements, we

find that finite limits of even and odd approximants of the BCF (2) always exist.

Analogously we can prove the following statement.

Theorem 5. Let the elements of the BCF (2) lie in the parabolic domains ai(k) ∈ Pi(k), i(k) ∈ I ,

where

Pi(k) (γ) = Pik
(γ) =

{
z ∈ C : |z| − Re

(
ze−2iγ

)
<

1 − ε

2ik−1
cos2γ

}
, (20)

ε is an arbitrary small real number, 0 < ε < 1.

Then

1) there exist a finite limits of even and odd approximants of BCF (2);

2) BCF (2) converges if
∞

∑
k=1

bm[k] = ∞,
∞

∑
k=1

bi(n)m[k] = ∞ for each m, 1 ≤ m ≤ N, and each i(n),

i(n) ∈ I (m+1), where bi(k) is definitely determined by the relations
∣∣∣ai(k)

∣∣∣ =
(

bi(k)bi(k−1)

)−1
,

i(k) ∈ I , bi(0) = b0 = 1;

3) the value region of this fraction is the following circle

K (γ) =

{
z ∈ C :

∣∣∣∣∣z −
e−iγ

2(1 − 1
2 cosγ)

∣∣∣∣∣ ≤
1

2(1 − 1
2 cosγ)

}
.
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Боднар Д.I., Бiланик I.Б. Критерiй збiжностi гiллястих ланцюгових дробiв спецiального вигляду з

додатними елементами // Карпатськi матем. публ. — 2017. — Т.9, №1. — C. 13–21.

Дослiджується питання збiжностi важливого класу багатовимiрних узагальнень неперерв-

них дробiв — гiллястих ланцюгових дробiв (ГЛД) з нерiвнозначними змiнними. Цi дроби є

ефективними при наближеннi функцiй, заданих кратними степеневими рядами. При фiксо-

ваних значеннях змiнних вони отримали назву гiллястих ланцюгових дробiв спецiального ви-

гляду. Значно простiша структура порiвняно iз загальними гiллястими ланцюговими дробами

дала можливiсть встановити необхiдну i достатню умову їх збiжностi у випадку додатних еле-

ментiв. Отриманий результат є багатовимiрним узагальненням критерiю збiжностi Зейделя

для неперервних дробiв. Умовою збiжностi дослiджуваних ГЛД є розбiжнiсть рядiв елемен-

тами яких є неперервнi дроби. Тому доводиться достатня ефективна ознака збiжностi, що

формулюється через розбiжнiсть рядiв складених з частинних знаменникiв даного ГЛД. Ви-

користовуючи встановлену достатню ознаку збiжностi та теорему Стiлтьєса-Вiталi, дослiдже-

но параболiчнi областi збiжностi для ГЛД спецiального вигляду з комплексними елементами.

Встановлена достатня ознака дала можливiсть послабити умови збiжностi ГЛД, елементи ко-

трих лежать в параболiчних областях.

Ключовi слова i фрази: гiллястi ланцюговi дроби спецiального вигляду, збiжнiсть.
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VASYLYSHYN T.V.

TOPOLOGY ON THE SPECTRUM OF THE ALGEBRA OF ENTIRE SYMMETRIC

FUNCTIONS OF BOUNDED TYPE ON THE COMPLEX L∞

It is known that the so-called elementary symmetric polynomials Rn(x) =
∫
[0,1](x(t))n dt form

an algebraic basis in the algebra of all symmetric continuous polynomials on the complex Ba-

nach space L∞, which is dense in the Fréchet algebra Hbs(L∞) of all entire symmetric functions of

bounded type on L∞. Consequently, every continuous homomorphism ϕ : Hbs(L∞) → C is uniquely

determined by the sequence {ϕ(Rn)}∞
n=1. By the continuity of the homomorphism ϕ, the sequence

{ n
√
|ϕ(Rn)|}∞

n=1 is bounded. On the other hand, for every sequence {ξn}∞
n=1 ⊂ C, such that the

sequence { n
√
|ξn|}∞

n=1 is bounded, there exists xξ ∈ L∞ such that Rn(xξ) = ξn for every n ∈ N.

Therefore, for the point-evaluation functional δxξ
we have δxξ

(Rn) = ξn for every n ∈ N. Thus,

every continuous complex-valued homomorphism of Hbs(L∞) is a point-evaluation functional at

some point of L∞. Note that such a point is not unique. We can consider an equivalence relation on

L∞, defined by x ∼ y ⇔ δx = δy. The spectrum (the set of all continuous complex-valued homo-

morphisms) Mbs of the algebra Hbs(L∞) is one-to-one with the quotient set L∞/∼. Consequently,

Mbs can be endowed with the quotient topology. On the other hand, it is naturally to identify Mbs

with the set of all sequences {ξn}∞
n=1 ⊂ C such that the sequence { n

√
|ξn|}∞

n=1 is bounded.

We show that the quotient topology is Hausdorff and that Mbs with the operation of coordinate-

wise addition of sequences forms an abelian topological group.

Key words and phrases: symmetric function, topology on the spectrum.
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INTRODUCTION

Algebras of symmetric functions on the spaces of Lebesgue-measurable functions were

studied by a number of authors [1], [4], [5], [6], [7] (see also a survey [2]). In [3] the spectrum

of the algebra Hbs(L∞) of entire symmetric functions of bounded type on L∞ (see definition

below) is described. In this paper the topology on the spectrum of Hbs(L∞) is investigated.

Let L∞ be the complex Banach space of all Lebesgue measurable essentially bounded comp-

lex-valued functions x on [0, 1] with norm

‖x‖∞ = ess supt∈[0,1]|x(t)|.

Let Ξ be the set of all measurable bijections of [0, 1] that preserve the measure. A function

f : L∞ → C is called symmetric if for every x ∈ L∞ and for every σ ∈ Ξ

f (x ◦ σ) = f (x).
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Let Hbs(L∞) be the Fréchet algebra of all entire symmetric functions f : L∞ → C which are

bounded on bounded sets endowed with the topology of uniform convergence on bounded

sets. By [3, Theorem 4.3], polynomials Rn : L∞ → C, Rn(x) =
∫
[0,1](x(t))n dt for n ∈ N, form

an algebraic basis in the algebra of all symmetric continuous polynomials on L∞. Since every

f ∈ Hbs(L∞) can be described by its Taylor series of continuous symmetric homogeneous

polynomials, it follows that f can be uniquely represented as

f (x) = f (0) +
∞

∑
n=1

∑
k1+2k2+...+nkn=n

αk1,...,kn
Rk1

1 (x) · · · Rkn
n (x).

Consequently, for every non-trivial continuous homomorphism ϕ : Hbs → C, taking into

account ϕ(1) = 1, we have

ϕ( f ) = f (0) +
∞

∑
n=1

∑
k1+2k2+...+nkn=n

αk1,...,kn
ϕ(R1)

k1 · · · ϕ(Rn)
kn .

Therefore ϕ is completely determined by the sequence of its values on Rn :

(ϕ(R1), ϕ(R2), . . .).

By the continuity of ϕ, the sequence { n
√
|ϕ(Rn)|}∞

n=1 is bounded. On the other hand we have

following statement.

Theorem 1 ([3]). For every sequence ξ = {ξn}∞
n=1 ⊂ C such that supn∈N

n
√
|ξn| < +∞, there

exists xξ ∈ L∞ such that Rn(xξ) = ξn for every n ∈ N and ‖xξ‖∞ ≤ 2
M supn∈N

n
√
|ξn|, where

M =
∞

∏
n=1

cos

(
π

2

1

n + 1

)
. (1)

Hence, for every sequence ξ = {ξn}∞
n=1 such that supn∈N

n
√
|ξn| < +∞, there exists the

point-evaluation functional ϕ = δxξ
such that ϕ(Rn) = ξn for every n ∈ N. Since every such a

functional is a continuous homomorphism, it follows that the spectrum (the set of all contin-

uous complex-valued homomorphisms) of the algebra Hbs(L∞), which we denote by Mbs, can

be identified with the set of all sequences ξ = {ξn}∞
n=1 ⊂ C such that { n

√
|ξn|}∞

n=1 is bounded.

There are different approaches to the topologization of the spectra of algebras. The most

common approach is to endow the spectrum by the so-called Gelfand topology (the weakest

topology, in which all the functions f̂ : Mbs → C, f̂ (ϕ) = ϕ( f ), where f ∈ Hbs(L∞), are

continuous). We consider another natural topology on Mbs. Let ν : L∞ → Mbs be defined by

ν(x) = (R1(x), R2(x), . . .).

Let τ∞ be the topology on L∞, generated by ‖ · ‖∞. Let us define an equivalence relation on L∞

by x ∼ y ⇔ ν(x) = ν(y). Let τ be the quotient topology on Mbs :

τ = {ν(V) : V ∈ τ∞}.

Note that ν is a continuous open mapping. Therefore, τ contains the Gelfand topology.

In this work we show that (Mbs,+, τ) is an abelian topological group, where “+” is the

operation of coordinate-wise addition.
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1 THE MAIN RESULT

Let us denote B(x, r) the open ball with center at x ∈ L∞ and radius r > 0 in L∞.

Theorem 2. (Mbs, τ) is a Hausdorff topological space.

Proof. Let a = (a1, a2, . . .), b = (b1, b2, . . .) ∈ Mbs such that a 6= b. Let m= min{j ∈ N : aj 6= bj}.

By Theorem 1, there exist xa, xb ∈ L∞ such that ν(xa) = a and ν(xb) = b. Let

ε = min

{
1,
|am − bm|

3m
min

{
1

(‖xa‖∞ + 1)m−1
,

1

(‖xb‖∞ + 1)m−1

}}
.

Note that V1 = ν(B(xa, ε)) and V2 = ν(B(xb, ε)) are neighborhoods of a and b respectively.

Let us prove that V1 and V2 are disjoint. Let y ∈ B(xa, ε) and z ∈ B(xb, ε). Let us show that

Rm(y) 6= Rm(z). Note that

|am − bm|= |Rm(xa)− Rm(xb)|≤ |Rm(xa)− Rm(y)|+ |Rm(y)− Rm(z)|+ |Rm(z)− Rm(xb)|. (2)

Since ‖y − xa‖∞ < ε,

|Rm(xa)− Rm(y)| ≤
∫

[0,1]
|(xa(t))

m − (y(t))m | dt

=
∫

[0,1]

∣∣xa(t)− y(t)
∣∣∣∣(xa(t))

m−1 + (xa(t))
m−2(y(t)) + . . . + (xa(t))(y(t))

m−2 + (y(t))m−1
∣∣ dt

≤ ε

∫

[0,1]

(
|xa(t)|m−1 + |xa(t)|m−2|y(t)| + . . . + |xa(t)||y(t)||m−2 + |y(t)|m−1

)
dt

≤ ε

∫

[0,1]

(
‖xa‖m−1

∞ + ‖xa‖m−2
∞ ‖y‖∞ + . . . + ‖xa‖∞‖y‖m−2

∞ + ‖y‖m−1
∞

)
dt

≤ ε

∫

[0,1]

(
‖xa‖m−1

∞ + ‖xa‖m−2
∞ (‖xa‖∞ + ε) +. . .+ ‖xa‖∞(‖xa‖∞ + ε)m−2 + (‖xa‖∞ + ε)m−1

)
dt

≤ εm(‖xa‖∞ + ε)m−1 ≤ εm(‖xa‖∞ + 1)m−1.

Since ε ≤ |am−bm|
3m(‖xa‖∞+1)m−1 , it follows that |Rm(xa) − Rm(y)| ≤ 1

3
|am − bm|. Analogously, we

obtain |Rm(z)− Rm(xb)| ≤ 1
3 |am − bm|. Therefore, by (2),

|am − bm| ≤
2

3
|am − bm|+ |Rm(y)− Rm(z)|.

Hence,

|Rm(y)− Rm(z)| ≥
1

3
|am − bm| > 0.

Therefore, Rm(y) 6= Rm(z), and, consequently, ν(y) 6= ν(z). Hence, V1 and V2 are disjoint.

The operation of coordinate-wise addition + : M2
bs → Mbs is defined by

a + b = (a1 + b1, a2 + b2, . . .)

for a = (a1, a2, . . .), b = (b1, b2, . . .) ∈ Mbs. Note that (Mbs,+) is an abelian group.

Theorem 3. The operation of coordinate-wise addition + : M2
bs → Mbs is continuous with

respect to the topology τ.
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Proof. Let a, b ∈ Mbs. Let us show that for every neighborhood U of the point a + b there exist

neighborhoods Va and Vb of points a and b respectively, such that a′ + b′ ∈ U for every a′ ∈ Va

and b′ ∈ Vb.

By Theorem 1, there exist functions x4a, x4b ∈ L∞ such that ν(x4a) = (4a1, 4a2, . . .) and

ν(x4b) = (4b1, 4b2, . . .). Let

xa(t) =

{
x4a(4t), if t ∈ [0, 1

4 ],

0, if t ∈ (1
4 , 1]

and

xb(t) =

{
x4b(4t − 2), if t ∈ [1

2 , 3
4 ],

0, if t ∈ [0, 1
2) ∪ (3

4 , 1].

Then ν(xa) = a and ν(xb) = b. Note that ν(xa + xb) = ν(xa)+ ν(xb). Hence, ν(xa + xb) = a+ b.

Therefore, xa + xb ∈ ν−1(U). Since the set ν−1(U) is open in L∞, it follows that there exists

ε > 0 such that B(xa + xb, ε) ⊂ ν−1(U). Let

r =
ε

2

M

M + 8
,

where M is defined by (1). Let Va = ν(B(xa, r)) and Vb = ν(B(xb , r)). Let us show that a′ + b′ ∈
U for every a′ ∈ Va and b′ ∈ Vb. Let y ∈ B(xa, r) and z ∈ B(xb, r) such that ν(y) = a′ and

ν(z) = b′. Let

y1(t) =

{
y(t), if t ∈ [0, 1

4 ],

0, if t ∈ (1
4 , 1],

y2(t) =

{
0, if t ∈ [0, 1

4 ],

y(t), if t ∈ (1
4 , 1],

z1(t) =

{
z(t), if t ∈ [1

2 , 3
4 ],

0, if t ∈ [0, 1
2) ∪ (3

4 , 1],
z2(t) =

{
0, if t ∈ [1

2 , 3
4 ],

z(t), if t ∈ [0, 1
2) ∪ (3

4 , 1].

Since xa(t) = 0 for t ∈ (1
2 , 1] and xb(t) = 0 for t ∈ [0, 1

2) ∪ (3
4 , 1], it follows that

‖y − xa‖∞ = max{‖y1 − xa‖∞, ‖y2‖∞} and ‖z − xb‖∞ = max{‖z1 − xb‖∞, ‖z2‖∞}.

Since y ∈ B(xa, r) and z ∈ B(xb, r), it follows that ‖y − xa‖∞ < r and ‖z − xb‖∞ < r. Conse-

quently,

‖y1 − xa‖∞ < r, ‖y2‖∞ < r, ‖z1 − xb‖∞ < r and ‖z2‖∞ < r.

By Theorem 1, for sequences ξ = 4ν(y2) and η = 4ν(z2) there exist functions uξ , vη ∈ L∞

such that ν(uξ) = ξ, ν(uη) = η, ‖uξ‖∞ ≤ 2c
M and ‖vη‖∞ ≤ 2d

M , where c = supn∈N

n
√
|ξn| and

d = supn∈N

n
√
|ηn|. Note that

|ξn| = |4Rn(y2)| ≤ 4‖y2‖n
∞ < 4rn and |ηn| = |4Rn(z2)| ≤ 4‖z2‖n

∞ < 4rn.

Therefore, c, d ≤ supn∈N

n
√

4r ≤ 4r. Consequently, ‖uξ‖∞ <
8r
M and ‖vη‖∞ <

8r
M . Let

ũ(t) =

{
0, if t ∈ [0, 1

4 ] ∪ [1
2 , 1],

uξ(4t − 1), if t ∈ (1
4 , 1

2)

and

ṽ(t) =

{
0, if t ∈ [0, 3

4 ],

vη(4t − 3), if t ∈ (3
4 , 1].
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Then

ν(ũ) = ν(y2) and ν(ṽ) = ν(z2). (3)

Note that ‖ũ‖∞ = ‖uξ‖∞ and ‖ṽ‖∞ = ‖vη‖∞. Let ỹ = y1 + ũ and z̃ = z1 + ṽ. Note that

‖ỹ − xa‖∞ = max{‖y1 − xa‖∞, ‖ũ‖∞} ≤ ‖y1 − xa‖∞ + ‖ũ‖∞ < r +
8r

M
= r

M + 8

M
=

ε

2
.

Analogously, ‖z̃ − xb‖∞ <
ε
2 . Therefore,

‖ỹ + z̃ − (xa + xb)‖∞ ≤ ‖ỹ − xa‖∞ + ‖z̃ − xb‖∞ < ε.

Hence, ỹ + z̃ ∈ B(xa + xb, ε). Therefore, ν(ỹ + z̃) ∈ U. Note that

ν(ỹ + z̃) = ν(ỹ) + ν(z̃).

By (3),

ν(ỹ) = ν(y1) + ν(ũ) = ν(y1) + ν(y2) = ν(y) = a′

and

ν(z̃) = ν(z1) + ν(ṽ) = ν(z1) + ν(z2) = ν(z) = b′.

Therefore, ν(ỹ + z̃) = a′ + b′. Hence, a′ + b′ ∈ U.

Theorem 4. The group’s inverse operation ξ 7→ −ξ on (Mbs,+) is continuous with respect to

the topology τ.

Proof. Let us prove that the inverse operation is continuous at the identity element (0, 0, . . .)

of Mbs. Let U be a neighborhood of (0, 0, . . .). Then ν−1(U) contains 0 ∈ L∞. Since ν−1(U) is

open, it follows that there exists ε > 0 such that B(0, ε) ⊂ ν−1(U). Let 0 < r <
1
2 Mε, where M

is defined by (1), and V = ν(B(0, r)). Note that V is a neighborhood of (0, 0, . . .). Let us show

that −ξ ∈ U for every ξ ∈ V. Let ξ = (ξ1, ξ2, . . .) ∈ V. Then there exists yξ ∈ B(0, r) such that

ν(yξ ) = ξ. Note that

|ξn| = |Rn(yξ)| ≤ ‖yξ‖∞ < rn

for every n ∈ N. Therefore,

sup
n∈N

n

√
|ξn| ≤ r.

By Theorem 1, there exists x−ξ ∈ L∞ such that ν(x−ξ) = −ξ and

‖x−ξ‖∞ <
2

M
sup
n∈N

n

√
| − ξn|.

Since

sup
n∈N

n

√
| − ξn| = sup

n∈N

n

√
|ξn| ≤ r

and r <
1
2 Mε, it follows that ‖x−ξ‖∞ < ε, i.e. x−ξ ∈ B(0, ε). Therefore, x−ξ ∈ ν−1(U) and,

consequently, ν(x−ξ) ∈ U, i.e. −ξ ∈ U. Hence, for every neighborhood U of (0, 0, . . .) there

exists neighborhood V of (0, 0, . . .) such that −ξ ∈ U for every ξ ∈ V. In other words, the

inverse operation is continuous at (0, 0, . . .).

For η ∈ Mbs let fη : Mbs → Mbs be defined by fη : ξ 7→ ξ + η. By Theorem 3, fη is a

continuous function for every η ∈ Mbs. Let ζ be an arbitrary element of Mbs. By the continuity

of the inverse operation at (0, 0, . . .) and by the continuity of functions f−ζ and fζ at ζ and

(0, 0, . . .) respectively, the inverse operation is continuous at ζ as a composition of continuous

functions. Hence, the inverse operation is continuous at every point of Mbs.

Corollary 1. (Mbs,+, τ) is an abelian topological group.
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Василишин Т.В. Топологiя на спектрi алгебри цiлих симетричних функцiй обмеженого типу на

комплексному просторi L∞ // Карпатськi матем. публ. — 2017. — Т.9, №1. — C. 22–27.

Вiдомо, що так званi елементарнi симетричнi полiноми Rn(x) =
∫
[0,1](x(t))n dt утворюють

алгебраїчний базис алгебри усiх симетричних неперервних полiномiв на комплексному ба-

наховому просторi L∞, яка є скрiзь щiльною в алгебрi Фреше Hbs(L∞) усiх цiлих симетри-

чних функцiй обмеженого типу на L∞. Як наслiдок, кожен неперервний гомоморфiзм ϕ :

Hbs(L∞) → C однозначно визначається послiдовнiстю {ϕ(Rn)}∞
n=1. За неперервнiстю гомомор-

фiзму ϕ, послiдовнiсть { n
√
|ϕ(Rn)|}∞

n=1 є обмеженою. З iншого боку, для кожної послiдовно-

стi {ξn}∞
n=1 ⊂ C, такої, що послiдовнiсть { n

√
|ξn|}∞

n=1 є обмеженою, iснує xξ ∈ L∞ така, що

Rn(xξ) = ξn для кожного n ∈ N. Тому для функцiонала обчислення значення в точцi δxξ

буде δxξ
(Rn) = ξn для кожного n ∈ N. Отже, кожен неперервний комплекснозначний го-

моморфiзм алгебри Hbs(L∞) збiгається iз функцiоналом обчислення значення в деякiй точцi

простору L∞. Зауважимо, що така точка не є єдиною. Розглянемо вiдношення еквiвалентностi

на L∞, визначене правилом x ∼ y ⇔ δx = δy. Тодi спектр (множина усiх неперервних ком-

плекснозначних гомоморфiзмiв) Mbs алгебри Hbs(L∞) є у взаємно однозначнiй вiдповiдностi

iз фактор-множиною L∞/∼. Вiдповiдно, на Mbs можна розглянути фактор-топологiю. З iншо-

го боку, природно ототожнити Mbs iз множиною усiх послiдовностей {ξn}∞
n=1 ⊂ C таких, що

послiдовнiсть { n
√
|ξn|}∞

n=1 є обмеженою.

У роботi показано, що фактор-топологiя є гаусдорфовою i що Mbs з операцiєю покоорди-

натного додавання послiдовностей утворює абелеву топологiчну групу.

Ключовi слова i фрази: симетрична функцiя, топологiя на спектрi.
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GAVRYLKIV V.M.

SUPEREXTENSIONS OF THREE-ELEMENT SEMIGROUPS

A family A of non-empty subsets of a set X is called an upfamily if for each set A ∈ A any set

B ⊃ A belongs to A. An upfamily L of subsets of X is said to be linked if A ∩ B 6= ∅ for all A, B ∈ L.

A linked upfamily M of subsets of X is maximal linked if M coincides with each linked upfamily

L on X that contains M. The superextension λ(X) consists of all maximal linked upfamilies on X.

Any associative binary operation ∗ : X × X → X can be extended to an associative binary operation

◦ : λ(X)× λ(X) → λ(X) by the formula L ◦M =
〈

⋃

a∈L a ∗ Ma : L ∈ L, {Ma}a∈L ⊂ M
〉

for

maximal linked upfamilies L,M ∈ λ(X). In the paper we describe superextensions of all three-

element semigroups up to isomorphism.

Key words and phrases: semigroup, maximal linked upfamily, superextension, projective retrac-
tion, commutative.
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INTRODUCTION

In this paper we investigate the algebraic structure of the superextension λ(S) of a three-

element semigroup S. The thorough study of various extensions of semigroups was started

in [11] and continued in [1–7, 12–16]. The largest among these extensions is the semigroup

υ(S) of all upfamilies on S. A family A of non-empty subsets of a set X is called an upfamily

if for each set A ∈ A any subset B ⊃ A belongs to A. Each family B of non-empty subsets of

X generates the upfamily 〈B ⊂ X : B ∈ B〉 = {A ⊂ X : ∃B ∈ B(B ⊂ A)}. An upfamily F

that is closed under taking finite intersections is called a filter. A filter U is called an ultrafilter if

U = F for any filter F containing U . The family β(X) of all ultrafilters on a set X is called the

Stone-Čech compactification of X, see [17], [20]. An ultrafilter {x}, generated by a singleton

{x}, x ∈ X, is called principal. Each point x ∈ X is identified with the principal ultrafilter

〈{x}〉 generated by the singleton {x}, and hence we consider X ⊂ β(X) ⊂ υ(X). It was shown

in [11] that any associative binary operation ∗ : S × S → S can be extended to an associative

binary operation ◦ : υ(S)× υ(S) → υ(S) by the formula

L ◦M =
〈

⋃

a∈L

a ∗ Ma : L ∈ L, {Ma}a∈L ⊂ M
〉

for upfamilies L,M ∈ υ(S). In this case the Stone-Čech compactification β(S) is a subsemi-

group of the semigroup υ(S).

The semigroup υ(S) contains many other important extensions of S. In particular, it con-

tains the semigroup λ(S) of maximal linked upfamilies. The space λ(S) is well-known in

УДК 512.53
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General and Categorial Topology as the superextension of S, see [19]- [21]. An upfamily L of

subsets of S is linked if A ∩ B 6= ∅ for all A, B ∈ L. The family of all linked upfamilies on

S is denoted by N2(S). It is a subsemigroup of υ(S). The superextension λ(S) consists of all

maximal elements of N2(S), see [10], [11].

Each map f : X → Y induces the map

λ f : λ(X) → λ(Y), λ f : M 7→
〈

f (M) ⊂ Y : M ∈ M
〉

(see [10]).

A non-empty subset I of a semigroup S is called an ideal if IS ∪ SI ⊂ I. A semigroup S is

called simple if S is the unique ideal of S. An element z of a semigroup S is called a zero (resp.

a left zero, a right zero) in S if az = za = z (resp. za = z, az = z) for any a ∈ S. A semigroup S

is said to be a left (right) zeros semigroup if ab = a (ab = b) for any a, b ∈ S. A semigroup S is

called a null semigroup if there exists an element c ∈ S such that xy = c for any x, y ∈ S. By On,

LOn and ROn we denote a null semigroup, a left zero semigroups and a right zero semigroup

of order n respectively. Following the algebraic tradition, we denote by Cn the cyclic group of

order n.

Let S be a semigroup and e /∈ S. The binary operation defined on S can be extended to

S ∪ {e} putting es = se = s for all s ∈ S ∪ {e}. The notation S+1 denotes a monoid S ∪ {e}

obtained from S by adjoining an extra identity e (regardless of whether S is or is not a monoid).

Analogous to the above construction, for every semigroup S one can define S+0, a semigroup

with attached an extra zero to S.

Let us recall that a semilattice is a commutative idempotent semigroup. Idempotent semi-

groups are called bands. So, in a band each element x is an idempotent, which means that

xx = x. By Ln we denote the linear semilattice {0, 1, . . . , n} of order n, endowed with the

operation of minimum. A semigroup S is called Clifford if it is a union of groups.

A semigroup 〈a〉 = {an}n∈N generated by a single element a is called monogenic or cyclic. If

a monogenic semigroup is infinite, then it is isomorphic to the additive semigroup N. A finite

monogenic semigroup S = 〈a〉 also has very simple structure (see [8], [18]). There are positive

integer numbers r and m called the index and the period of S such that

• S = {a, a2, . . . , am+r−1} and m + r − 1 = |S|;

• for any i, j ∈ ω the equality ar+i = ar+j holds if and only if i ≡ j mod m;

• Cm = {ar , ar+1, . . . , am+r−1} is a cyclic and maximal subgroup of S with the neutral ele-

ment e = an ∈ Cm, where m divides n.

We denote by Cr,m a finite monogenic semigroup of index r and period m.

An isomorphism between S and S′ is one-to-one function ϕ : S → S′ such that ϕ(xy) =

ϕ(x)ϕ(y) for all x, y ∈ S. If there exist an isomorphism between S and S′, then S and S′ are said

to be isomorphic, denoted S ∼= S′. An antiisomorphism between S and S′ is one-to-one function

ϕ : S → S′ such that ϕ(xy) = ϕ(y)ϕ(x) for all x, y ∈ S. If there exist an antiisomorphism

between S and S′, then S and S′ are said to be antiisomorphic, denoted S ∼=a S′. If (S, ∗) is a

semigroup, then (S, ◦), where x ◦ y = y ∗ x, is a semigroup as well. The semigroups (S, ∗) and

(S, ◦) are called dual. It is easy to see that dual semigroups are antiisomorphic.

There are exactly five pairwise non-isomorphic semigroups having two elements: C2, L2,

O2, LO2, RO2. The superextension λ(S) of two-element semigroups S consists of two principal

ultrafilters and therefore λ(S) ∼= S.
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In this paper we concentrate on describing the structure of the superextensions λ(S) of

three-element semigroups S. Among 19683 different operations on a three-element set S =

{a, b, c} there are exactly 113 operations which are associative, see [9]. In other words, there

exist exactly 113 three-element semigroups, and many of these are isomorphic so that there

are essentially only 24 pairwise non-isomorphic semigroups of order 3.

1 PROJECTIVE RETRACTIONS AND SUPEREXTENSIONS

In this section we will apply some properties of proretract semigroups to study the struc-

ture of the superextensions of semigroups.

A subset R of a set X is called a retract if there exists a retraction of X onto R, that is a map

of X onto R which leaves each element of R fixed. A retraction r : S → T of a semigroup

S onto a subsemigroup T of S is called a projective retraction if xy = r(x)r(y) for any x, y ∈

S. A semigroup S is said to be a proretract-semigroup provided that there exists a projective

retraction r : S → T of S onto some proper subsemigroup T of S. In this case T will be called a

projective retract of S under a projective retraction r, and S will be called a proretract extension of

T under a projective retraction r. If r : S → T is a projective retraction of a semigroup S onto a

subsemigroup T of S, then r is a homomorphism and T is an ideal of S.

If a semigroup S is simple, then it is not a proretract-semigroup. In particular, groups, left

zero and right zero semigroups are not proretract-semigroups.

Proposition 1. A finite monogenic semigroup Cr,m of index r and period m is a proretract-

semigroup if and only if r = 2.

Proof. Let Cr,m = {a, a2, . . . , ar, . . . , ar+m−1 | ar+m = am}. If r = 1, then Cr,m is simple and thus

it is not a proretract-semigroup.

Let r = 2. Consider the map ϕ : C2,m → Cm = {a2, . . . , am+1}, ϕ(s) = es, where e is the

identity of the maximal subgroup Cm of C2,m. Then st ∈ Cm and st = eset = ϕ(s)ϕ(t) for any

s, t ∈ C2,m. Consequently, ϕ is a projective retraction.

Let r > 2. Suppose that ϕ : Cr,m → I is a projective retraction onto some proper ideal I of

S. Then aa = ϕ(a)ϕ(a). In monogenic semigroups of index r > 2 the equality a2 = ϕ(a)2 is

possible only in the case ϕ(a) = a. Since ϕ is a homomorphism, then ϕ leaves each element of

Cr,m fixed. Therefore, I = Cr,m, a contradiction.

Let us note that for a subsemigroup T of a semigroup S the homomorphism i : λ(T) →

λ(S), i : A → 〈A〉S is injective, and thus we can identify the semigroup λ(T) with the sub-

semigroup i(λ(T)) ⊂ λ(S). Therefore, for each family B of non-empty subsets of T we identify

the upfamilies

〈B〉T = {A ∈ T | ∃B ∈ B(B ⊂ A)} ∈ λ(T) and 〈B〉S = {A ∈ S | ∃B ∈ B(B ⊂ A)} ∈ λ(S).

In the following proposition we show that proretract-semigroup property is preserved by

superextensions.

Proposition 2. If r : S → T is a projective retraction of a semigroup S onto a subsemigroup T

of S, then λr : λ(S) → λ(T) is a projective retraction of the superextension λ(S) onto λ(T).
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Proof. Let L,M ∈ λ(S). Then

λr(L) ◦ λr(M) =
〈

⋃

a∈r(L)

a ∗ r(M)a : r(L) ∈ λr(L), {r(M)a}a∈r(L) ⊂ λr(M)
〉

=
〈

⋃

a∈L

r(a) ∗ r(M)a : L ∈ L, {r(M)a}a∈L ⊂ λr(M)
〉

=
〈

⋃

a∈L

a ∗ Ma : L ∈ L, {Ma}a∈L ⊂ M
〉

= L ◦M.

Corollary 1. If S is a proretract-semigroup, then λ(S) is a proretract-semigroup as well.

In the next section we show that there exists a semigroup S that is not a proretract-semi-

group, but the superextension λ(S) is a proretract-semigroup.

Theorem 1. If S is a null semigroup, then λ(S) is a null semigroup as well.

Proof. Let S be a null semigroup. So there exists c ∈ S such that xy = c for all x, y ∈ S. Then the

map r : S → {c}, r(s) = c for any s ∈ S, is a projective retraction. According to Proposition 2

the map λr : λ(S) → λ{c} = {〈{c}〉} is a projective retraction as well. Therefore,

L ◦M = λr(L) ◦ λr(M) = 〈{c}〉 ◦ 〈{c}〉 = 〈{c}〉

for any L,M ∈ λ(S). Consequently λ(S) is a null semigroup.

A semigroup S is said to be an almost null semigroup if there exist the distinct elements

a, c ∈ S such that aa = a and xy = c for any (x, y) ∈ S × S \ {(a, a)}.

Theorem 2. If S is an almost null semigroup, then λ(S) is an almost null semigroup as well.

Proof. Let S be an almost null semigroup, so there exist the elements a, c ∈ S, c 6= a, such that

aa = a and xy = c for any (x, y) ∈ S × S \ {(a, a)}. Then the map r : S → {a, c}, r(a) = a

and r(s) = c for any s 6= a, is a projective retraction. According to Proposition 2 the map

λr : λ(S) → λ{a, c} is a projective retraction as well. It is easy to see that the semigroup

λ{a, c} = {〈{a}〉, 〈{c}〉} ∼= {a, c} is isomorphic to the semilattice L2 = {0, 1} with operation

of minimum.

It is obvious that 〈{a}〉 ◦ 〈{a}〉 = 〈{a}〉. If A 6= 〈{a}〉, then there exists A ∈ A such that

a /∈ A and therefore r(A) = c. This implies that λr(A) = {〈{c}〉}. If (L,M) ∈ λ(S) ×

λ(S) \ {(〈{a}〉, 〈{a}〉)}, then λr(L) = 〈{c}〉 or λr(M) = 〈{c}〉. Therefore, L ◦M = λr(L) ◦

λr(M) = 〈{c}〉. Consequently, λ(S) is an almost null semigroup.

Theorem 3. If S is a left (right) zero semigroup, then λ(S) is a left (right) zero semigroup as

well.

Proof. Let S be a left zero semigroup. Then

L ◦M =
〈

⋃

a∈L

a ∗ Ma : L ∈ L, {Ma}a∈L ⊂ M
〉

=
〈

⋃

a∈L

{a} : L ∈ L
〉

= L

for any L,M ∈ λ(S). Thus λ(S) is a left zero semigroup as well.

For a right zero semigroup the proof is similar.
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2 SUPEREXTENSIONS OF COMMUTATIVE SEMIGROUPS OF ORDER 3

In this section we describe the structure of superextensions of commutative three-element

semigroups. Among 24 pairwise non-isomorphic semigroups of order 3 there are 12 commu-

tative semigroups.

For a semigroup S = {a, b, c} the semigroup λ(S) contains the three principal ultrafilters

〈{a}〉, 〈{b}〉, 〈{c}〉 and the maximal linked upfamily △ = 〈{a, b}, {a, c}, {b, c}〉. Since semi-

groups S and {〈{a}〉, 〈{b}〉, 〈{c}〉} are isomorphic, then we can assume that λ(S) = S ∪ {△}.

In the sequel we will describe the structure of superextensions of three-element semigroups

S = {a, b, c} defined by Cayley tables using the formula

L ◦M =
〈

⋃

a∈L

a ∗ Ma : L ∈ L, {Ma}a∈L ⊂ M
〉

of product of maximal linked upfamilies L,M ∈ λ(S).

The superextension λ(C3) (described by the following Cayley table) of the cyclic group C3 is

isomorphic to (C3)
+0 and therefore λ(C3) is a commutative Clifford semigroup. The thorough

study of superextensions of groups was started in [7] and continued in [1–3].

· a b c △

a a b c △

b b c a △

c c a b △

△ △ △ △ △

The superextensions of monogenic semigroups were studied in [13]. The cyclic semigroup

C2,2 is a proretract extension of cyclic subgroup {b, c} ∼= C2 under retraction ϕ : {a, b, c} →

{b, c} with ϕ(a) = c. The superextension λ(C2,2) is also a proretract extension of λ{b, c} ∼=
{b, c} according to Proposition 2. The monogenic semigroup C3,1 is not a proretract-semigroup

by Proposition 1, but its superextension λ(C3,1) is a proretract extension of C3,1 under retraction

r : λ(C3,1) → C3,1 with r(△) = c, and, therefore, λ(C3,1) is a proretract-semigroup. Here are

the Cayley tables of λ(C2,2) and λ(C3,1) respectively:

· a b c △

a b c b b

b c b c c

c b c b b

△ b c b b

· a b c △

a b c c c

b c c c c

c c c c c

△ c c c c

The following Cayley tables for the semigroups λ((C2)
+0) and λ((C2)

+1), where C2
∼=

{a, b}, imply that

λ((C2)
+0) ∼= {a, b,△}+0 ∼= ((C2)

+0)+0

and

λ((C2)
+1) ∼= {a, b,△}+1 ∼= ((C2)

+1)+1 :
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· a b c △

a a b c △

b b a c △

c c c c c

△ △ △ c △

· a b c △

a a b a a

b b a b b

c a b c △

△ a b △ △

The superextensions of a null semigroup and an almost null semigroup are a null semi-

group and an almost null semigroup as well according to Theorems 1 and 2:

· a b c △

a c c c c

b c c c c

c c c c c

△ c c c c

· a b c △

a a c c c

b c c c c

c c c c c

△ c c c c

The following Cayley tables for the semigroups λ((O2)
+0) and λ((O2)

+1) imply that

λ((O2)
+0) ∼= {a, b,△}+0 ∼= (O3)

+0 and λ((O2)
+1) ∼= {a, b,△}+1 ∼= (O3)

+1.

The semigroups (O2)
+0 and λ((O2)

+0) are proretract extensions of the subsemigroup {b, c} ∼=
L2.

· a b c △

a b b c b

b b b c b

c c c c c

△ b b c b

· a b c △

a b b a b

b b b b b

c a b c △

△ b b △ b

The superextensions of semilattices were studied in [4]. The following Cayley tables imply

that λ(L3) ∼= L4 is a linear semilattice, but the superextension of the non-linear semilattice is

its proretract extension and it is not even a Clifford semigroup:

· a b c △

a a b c △

b b b c b

c c c c c

△ △ b c △

· a b c △

a a c c c

b c b c c

c c c c c

△ c c c c

The structure of the superextension of the last commutative semigroup is shown in the fol-

lowing table. This semigroup and its superextension are proretract extensions of the subgroup

{a, c} ∼= C2.

· a b c △

a c a a a

b a c c c

c a c c c

△ a c c c
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3 SUPEREXTENSIONS OF NON-COMMUTATIVE SEMIGROUPS OF ORDER 3

There are 12 pairwise non-isomorphic non-commutative three-element semigroups. Non-

commutative semigroups are divided into the pairs of dual semigroups that are antiisomor-

phic.

The superextension of a left (right) zero semigroup is a left (right) zero semigroup as well

according to Theorem 3. Therefore λ(LO3) ∼= LO4 and λ(RO3) ∼= RO4.

· a b c △

a a a a a

b b b b b

c c c c c

△ △ △ △ △

· a b c △

a a b c △

b a b c △

c a b c △

△ a b c △

The following Cayley tables for the semigroups λ((LO2)
+0) and λ((RO2)

+0) imply that

λ((LO2)
+0) ∼= {a, b,△}+0 ∼= (LO3)

+0

and

λ((RO2)
+0) ∼= {a, b,△}+0 ∼= (RO3)

+0 :

· a b c △

a a a c a

b b b c b

c c c c c

△ △ △ c △

· a b c △

a a b c △

b a b c △

c c c c c

△ a b c △

The following Cayley tables for the semigroups λ((LO2)
+1) and λ((RO2)

+1) imply that

λ((LO2)
+1) ∼= {a, b,△}+1 ∼= ({a, b}+1)+1 ∼= ((LO2)

+1)+1

and

λ((RO2)
+1) ∼= {a, b,△}+1 ∼= ({a, b}+1)+1 ∼= ((RO2)

+1)+1 :

· a b c △

a a a a a

b b b b b

c a b c △

△ a b △ △

· a b c △

a a b a a

b a b b b

c a b c △

△ a b △ △

The following three-element semigroups and its superextensions are proretract extensions

of its subsemigroups, which are isomorphic to LO2 and RO2 respectively:

· a b c △

a c c c c

b b b b b

c c c c c

△ c c c c

· a b c △

a c b c c

b c b c c

c c b c c

△ c b c c
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Other two pairs of non-Clifford non-commutative dual superextensions of three-element

semigroups are given by the following Cayley tables:

· a b c △

a c c c c

b a b c △

c c c c c

△ c c c c

· a b c △

a c a c c

b c b c c

c c c c c

△ c △ c c

· a b c △

a a a a a

b b b b b

c a a c a

△ a a △ a

· a b c △

a a b a a

b a b a a

c a b c △

△ a b a a

The last two three-element semigroups are the examples of non-commutative bands whose

superextensions are not Clifford semigroups.
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Сiм’я A непорожнiх пiдмножин множини X називається монотонною, якщо для кожної

множини A ∈ A довiльна множина B ⊃ A належить A. Монотонна сiм’я L пiдмножин

множини X називається зчепленою, якщо A ∩ B 6= ∅ для всiх A, B ∈ L. Зчеплена монотон-

на сiм’я M пiдмножин множини X є максимальною зчепленою, якщо M збiгається з кожною

зчепленою монотонною сiм’єю L на X, яка мiстить M. Суперрозширення λ(X) складається з

усiх максимальних зчеплених монотонних сiмей на X. Кожна асоцiативна бiнарна операцiя

∗ : X × X → X продовжується до асоцiативної бiнарної операцiї ◦ : λ(X)× λ(X) → λ(X) за

формулою L◦M =
〈

⋃

a∈L a ∗ Ma : L ∈ L, {Ma}a∈L ⊂ M
〉

для максимальних зчеплених моно-

тонних сiмей L,M ∈ λ(X). У цiй статтi описуються суперрозширення всiх трьохелементних

напiвгруп з точнiстю до iзоморфiзму.

Ключовi слова i фрази: напiвгрупа, максимальна зчеплена система, суперрозширення, про-

ективна ретракцiя, комутативнiсть.
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POINTS OF NARROWNESS AND UNIFORMLY NARROW OPERATORS

It is known that the sum of every two narrow operators on L1 is narrow, however the same is false

for Lp with 1 < p < ∞. The present paper continues numerous investigations of the kind. Firstly,

we study narrowness of a linear and orthogonally additive operators on Köthe function spaces and

Riesz spaces at a fixed point. Theorem 1 asserts that, for every Köthe Banach space E on a finite

atomless measure space there exist continuous linear operators S, T : E → E which are narrow

at some fixed point but the sum S + T is not narrow at the same point. Secondly, we introduce

and study uniformly narrow pairs of operators S, T : E → X, that is, for every e ∈ E and every

ε > 0 there exists a decomposition e = e′ + e′′ to disjoint elements such that ‖S(e′)− S(e′′)‖ < ε

and ‖T(e′) − T(e′′)‖ < ε. The standard tool in the literature to prove the narrowness of the sum

of two narrow operators S + T is to show that the pair S, T is uniformly narrow. We study the

question of whether every pair of narrow operators with narrow sum is uniformly narrow. Having

no counterexample, we prove several theorems showing that the answer is affirmative for some

partial cases.
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1 Chernivtsi Medical College, 60 Geroiv Maidanu str., 58001, Chernivtsi, Ukraine
2 Zaporizhzhya National University, 66 Zukovs’koho str., 69600, Zaporizhzhya, Ukraine
3 Institute of mathematics, Akademia Pomorska in Słupsk, 22d Arciszewskiego str, 76-200, Słupsk, Poland
4 Vasyl Stefanyk Precarpathian National University, 57 Shevchenka str., 76018, Ivano-Frankivsk, Ukraine

E-mail: anna_hostyuk@ukr.net (Gumenchuk A.I.), artem@kiv.kiev.ua (Krasikova I.V.),

misham.popov@gmail.com (Popov M.M.)

INTRODUCTION

The class of narrow operators includes some other classes of “small” operators defined

on atomless function spaces and Riesz spaces, such as weakly compact, Dunford-Pettis, abso-

lutely summing etc. It was introduced and studied in [11] for function spaces and in [7] for

Riesz spaces, however some results on these operators appeared in 80-th years of XXth cen-

tury. The importance of narrow operators is explained by different geometric implications of

their properties, see survey [13] and textbook [14]. Then the notion was naturally generalized

to (nonlinear) orthogonally additive operators in [12]. An operator (linear or, more general,

orthogonally additive) T : E → X from an atomless function space or atomless Riesz space

E to a topological vector space X is said to be narrow if for every e ∈ E and every neighbor-

hood V of zero in X there exists a decomposition to disjoint summands e = e′ + e′′ such that

T(e′)− T(e′′) ∈ V. Although it would be natural to consider narrowness at a fixed point e ∈ E,

no investigation before [12] (2014) took this point into account. However in [12] the authors

considered narrowness of an operator T at a fixed point e ∈ E only for technical reasons to

prove the main result.
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One of the most interesting facts concerning narrow operators is that, for some pairs of

spaces (E, F) the sum S + T of every two narrow operators S, T : E → X is narrow, but for

other pairs the same is not true. For instance, the sum of every two narrow operators on L1

is narrow, however every operator on Lp with 1 < p < ∞ is a sum of two narrow operators.

A number of published papers of different authors devoted to the questions of narrowness of

a sum of two narrow operators (see, e.g. [2, 7, 8, 11]). A very different situation appears for

narrowness at a fixed point. Theorem 1 asserts that for every Köthe Banach space E on a finite

atomless measure space there exist continuous linear operators S, T : E → E which are narrow

at some fixed point but the sum S + T is not narrow at the same point.

A very natural proof that the sum S + T of two narrow operators S, T : E → X is narrow

is reduced to the proof that, for every e ∈ E and every ε > 0 there exists a partition e =

e′ ⊔ e′′ (common for both S and T) such that ‖Se′ − Se′′‖ < ε/2 and ‖Te′ − Te′′‖ < ε/2. This

naturally leads us to a new notion of uniformly narrow pair of operators and to the question

of whether every pair of narrow operators with narrow sum is uniformly narrow. Having no

counterexample, in Section 2 we prove several theorems showing that the answer is affirmative

for some partial cases.

Now we give a brief preliminaries on the notions used below. An F-space is a complete

metric linear space X over a scalar field K ∈ {R, C} with an invariant metric ρ (i.e., ρ(x, y) =

ρ(x + z, y + z) for each x, y, z ∈ X). We set ‖x‖ = ρ(x, 0), and so, ρ(x, y) = ‖x − y‖ and call

the defined map ‖ · ‖ : X × X → [0,+∞) the F-norm of the F-space X. A very important class

of F-spaces is the class of Banach spaces. Let (Ω, Σ, µ) be a finite measure space. An F-space

E of equivalence classes of measurable functions on Ω is called a Köthe F-space if the following

conditions hold: (Ki) if y ∈ E and |x| ≤ |y| then x ∈ E and ‖x‖ ≤ ‖y‖; (Kii) 1Ω ∈ E. If,

moreover, E is a Banach space and (Kiii) E ⊆ L1(µ) then E is called a Köthe Banach space.

By L(X, Y) we denote the set of all continuous linear operators acting from X to Y.

Let E be a Riesz space (in particular, a Köthe F-space) and X a vector space. A map T : E →
X is called an orthogonally additive operator if T(x + y) = T(x) + T(y) for all x, y ∈ E with x⊥y

(for Köthe F-space it means that x and y have disjoint supports). If, moreover, X is a Riesz space

then an order bounded orthogonally additive operator T : E → X is called an abstract Uryson

operator. We refer the reader to [4, 5, 6, 10] and the bibliography therein for examples and some

usual facts on orthogonally additive operators. An element y of a Riesz space E is called a

fragment (in another terminology, a component) of an element x ∈ E, provided y⊥(x − y). The

notation y ⊑ x means that y is a fragment of x. A net (xα)α∈Λ in E order converges to an element

x ∈ E (notation xα
o

−→ x) if there exists a net (uα)α∈Λ in E such that uα ↓ 0 and |xβ − x| ≤ uβ

for all β ∈ Λ. The equality x =
⊔n

i=1 xi means that x = ∑
n
i=1 xi and xi⊥xj if i 6= j. Note that

in this case one has that xi ⊑ x for all i. If E is a Riesz space and e ∈ E+ then by Fe we denote

the set of all fragments of e. We say that a net (xα)α∈Λ in E up-laterally converges to an element

x ∈ E (notation xα
ℓ↑
−→ x) if xα

o
−→ x and xα ⊑ xβ as α < β. A function f : E → F between

Riesz spaces is said to be up-laterally continuous if for every net (xα)α∈Λ in E and every x ∈ E

the condition xα
ℓ↑
−→ x implies f (xα)

ℓ↑
−→ f (x) in F.

An element e of a Riesz space E is called a projection element if the band Be generated by

e is a projection band. A Riesz space E is said to have the principal projection property if every

element of E is a projection element. For instance, every Dedekind σ-complete Riesz space

has the principal projection property. An element u 6= 0 of a Riesz space E is called an atom



POINTS OF NARROWNESS AND UNIFORMLY NARROW OPERATORS 39

whenever 0 ≤ x ≤ |u|, 0 ≤ y ≤ |u| and x ∧ y = 0 imply that either x = 0 or y = 0. Evidently, if

u ∈ E is an atom then Fu = {0, u}. A Riesz space without a nonzero atom is said to be atomless.

1 POINTS OF NARROWNESS

Below we give main definitions of narrow operators adapted to the idea to consider nar-

rowness at a fixed point.

Definition 1.1 (of a narrow map). Let E be a Riesz space and X be a topological vector space.

A function f : E → X is said to be:

• narrow at a point e ∈ E if for every neighborhood of zero U in X there exists a decom-

position e = e1 ⊔ e2 such that f (e1)− f (e2) ∈ U. The set of all points of E at which f is

narrow is denoted by N ( f );

• narrow if N ( f ) = E.

Observe that, for linear maps the definition is equivalent to the following one. A linear

operator T : E → X is said to be narrow at a point e ∈ E if for every neighborhood of zero U in

X there exists f ∈ E such that | f | = |e| and T f ∈ U.

Definition 1.2 (of a strictly narrow map). Let E be a Riesz space and X be a set. A function

f : E → X is said to be

• strictly narrow at a point e ∈ E if there exists a decomposition e = e1 ⊔ e2 such that

f (e1) = f (e2). The set of all points of E at which f is strictly narrow is denoted by N s( f );

• strictly narrow if N s( f ) = E.

Likewise, if X is a linear space, a linear operator T : E → X is strictly narrow at a point

e ∈ E if and only if there exists f ∈ E such that | f | = |e| and T f = 0.

Definition 1.3 (of an order narrow map). Let E, X be Riesz spaces. A function f : E → X is

said to be:

• order narrow at a point e ∈ E if there is a net of decompositions e = e′λ ⊔ e′′λ, λ ∈ Λ such

that ( f (e′λ)− f (e′′λ))
o

−→ 0 in X. The set of all points of E at which f is order narrow is

denoted by N o( f );

• order narrow if N o( f ) = E.

Similarly, a linear operator T : E → X is order narrow at a point e ∈ E if and only if there

exists a net fα ∈ E with | fα| = |e| for all indices α such that T fα
o

−→ 0.

Observe that a narrow (in any sense) function sends any atom to zero. So, to avoid triviality

one may consider atomless Köthe F-spaces and atomless Riesz spaces to be the domain spaces

of narrow maps. Another simple observation is that 0 is a point of narrowness of any map in

any sense of narrowness.

Obviously, if X is a topological vector space then every strictly narrow (at a point, on a set)

function is narrow. So, N s( f ) ⊆ N ( f ) for any map f : E → X. Similarly, if X is a Riesz space

then every strictly narrow (at a point, on a set) function is order narrow. So, N s( f ) ⊆ N o( f )
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for any map f : E → X. If one considers a compact linear operator T with zero kernel acting

from a Köthe F-space E to an F-space X then N s(T) = {0}, however N (T) = E, because

every compact operator is narrow [14, Proposition 2.1]. If, moreover, X is an order continuous

Banach lattice then N o(T) = E as well, because in this case every narrow operator is order

narrow [14, Proposition 10.9].

The connections between narrowness and order narrowness of a map is not so obvious,

however it can be easily deduced from the arguments of [7]. Recall that a Banach lattice E is

said to be order continuous if for each net (xα) in E the condition xα ↓ 0 implies that ‖xα‖ → 0.

Note that in this case the weaker condition xα
o

−→ 0 also implies that ‖xα‖ → 0.

Proposition 1.1. Let E be a Riesz space and X a Banach lattice. Then

(1) every narrow at a point e ∈ E map f : E → X is order narrow at e;

(2) if, moreover, X is order continuous then every order narrow at a point e ∈ E map f :

E → X is narrow at e;

(3) there exists an order narrow positive operator T ∈ L(L∞) that is not narrow.

Proof. (1) For each n ∈ N we choose a decomposition e = e′n ⊔ e′′n with ‖ f (e′n)− f (x′′n )‖ < 2−n

and set un = ∑k≥n | f (e
′
k)− f (x′′k )| (the series obviously satisfies Cauchy’s condition and hence

converges). To show that ( f (e′n)− f (e′′n ))
o

−→ 0 is a standard technical exercise.

(2) Let f be order narrow at e. We choose a net of decompositions e = e′λ ⊔ e′′λ, λ ∈ Λ

such that ( f (e′λ) − f (e′′λ))
o

−→ 0. By the definition of an order continuous Banach lattice,

‖ f (e′λ)− f (e′′λ)‖ → 0, and thus, f is narrow at e.

(3) See Example 3.3 of [7].

The following two propositions are simple exercises.

Proposition 1.2. Let E be a Riesz space and X a topological vector space.

1. For a linear operator T : E → X the following assertions are equivalent:

(i) T is narrow;

(ii) E+ ⊆ N (T).

2. For an orthogonally additive operator T : E → X the following are equivalent:

(i) T is narrow;

(ii) E+ ∪ E− ⊆ N (T).

Similar statements are true for strictly narrow and order narrow operators.

Remark that the condition E+ ⊆ N (T) for an orthogonally additive operator T does not

imply that T is narrow, as the following simple example shows: Tx = x− for all x ∈ E.

Proposition 1.3. Let E be a Riesz space and X a topological vector space.

1. Assume T : E → X is a linear operator.

(a) If e, f ∈ E, e ∈ N (T) and | f | = |e| then f ∈ N (T).
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(b) If e1, e2 ∈ N (T), e1 ⊥ e2 and a, b ∈ R then ae1 + be2 ∈ N (T).

2. Assume T : E → X is an orthogonally additive operator. If e1, e2 ∈ N (T) and e1 ⊥ e2

then e1 + e2 ∈ N (T).

Similar statements are true for strictly narrow and order narrow operators.

Proposition 1.4. Let E be a Köthe F-space on a finite atomless measure space (Ω, Σ, µ), X a

topological vector space, T : E → X a uniformly continuous orthogonally additive operator.

Then the set of narrowness N (T) is closed in E.

Proof. Let e belong to the F-norm closure of N (T). We show that T is narrow at e. Let V be any

neighborhood of zero in X. Choose a neighborhood of zero V1 in X so that V1 + V1 + V1 ⊆ V

and δ > 0 so that if x, y ∈ E with ‖x − y‖ < δ then T(x)− T(y) ∈ V1. Now choose e1 ∈ N (T)

so that ‖e1 − e‖ < δ and choose a decomposition e1 = e′1 ⊔ e′′1 so that T(e′1)− T(e′′1 ) ∈ V1. Set

Ω′ = supp e′1, Ω′′ = Ω \ Ω′, e′ = e · 1Ω′ and e′′ = e · 1Ω′′ . Then e = e′ ⊔ e′′. We show that

Te′ − Te′′ ∈ V. Indeed, observe that

‖e′ − e′1‖ =
∥

∥e · 1Ω′ − e1 · 1Ω′

∥

∥ ≤ ‖e − e1‖ < δ

and analogously ‖e′′ − e′′1‖ < δ. Then Te′ − Te′1 ∈ V1 and Te′′ − Te′′1 ∈ V1. Hence,

Te′ − Te′′ = (Te′ − Te′1) + (Te′1 − Te′′1 ) + (Te′′1 − Te′′) ∈ V1 + V1 + V1 ⊆ V.

Next we provide an example of a linear operator the set of narrowness of which coincides

with the set of all functions with constant modulus.

Example 1. Let (Ω, Σ, µ) be an atomless probability space (that is, a measure space with

µ(Ω) = 1), 1 ≤ p < ∞. Let Ω = A ⊔ B be any partition to measurable sets A, B. Then for

the operator T ∈ L
(

Lp(µ)
)

given by

Tx = x −
(

∫

Ω
rx dµ

)

r, where r = 1A − 1B, x ∈ Lp(µ)

one has N s(T) = N (T) = {e ∈ E : |e(ω)| = λ a.e. on Ω, λ ∈ R}.

Proof. The inclusion {e ∈ E : |e(ω)| = λ a.e. on Ω, λ ∈ R} ⊆ N s(T) follows from the

observation that T(λr) = 0 and |λr| = |e| for any element e ∈ E with |e(ω)| = λ a.e. on Ω. To

show that T is not narrow at each point e ∈ E with |e| 6= λr, λ ∈ R, consider any element of

the form x = e · 1C − e · 1D, where Ω = C ⊔ D (i.e., an arbitrary element x ∈ E with |x| = |e|).
Set F1 = A ∩ C, F2 = A ∩ D, F3 = B ∩ C and F4 = B ∩ D. Then

α
def
=

∫

Ω
rx dµ =

∫

F1

e dµ −
∫

F2

e dµ −
∫

F3

e dµ +
∫

F4

e dµ,

which implies |α| ≤
∫

Ω
|e| dµ = ‖e‖L1(µ).

Hence,

‖Tx‖ = ‖x − αr‖ ≥ ‖x‖ − |α|‖r‖ = ‖e‖ − |α| ≥ ‖e‖Lp(µ) − ‖e‖L1(µ)
. (1)

If we assume that T is narrow at e then by (1), ‖e‖Lp(µ) − ‖e‖L1(µ)
= 0 which yields that |e|

is a constant.
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The following theorem provides an example of narrow at a fixed point operators on an

arbitrary Köthe Banach space with nonnarrow sum at the same point.

Theorem 1. Let E be a Köthe Banach space on a finite atomless measure space (Ω, Σ, µ). Then

there are continuous linear operators T1, T2 ∈ L(E) each of which is strictly narrow at the point

1 = 1Ω, however the sum T1 + T2 is not narrow at 1.

Proof. Assume for simplicity of the notation that µ(Ω) = 1 and ‖1‖ = 1. Decompose Ω =

A1 ⊔ A2 ⊔ A3 ⊔ A4 with measure µ(Ai) = 1/4 each. Set r1 = 1A1
+ 1A2

− 1A3
− 1A4

and

r2 = 1A1
− 1A2

+ 1A3
− 1A4

. Define operators T1, T2 ∈ L(E) by setting

Tix = x −
(

∫

Ω
rix dµ

)

ri, x ∈ E, i = 1, 2.

It is immediately that Ti are strictly narrow at 1, because Tiri = 0, i = 1, 2. We show that

T1 + T2 is not narrow at 1. Let r ∈ E be any element of the form r = 1A − 1B, where A, B ∈ Σ

with Ω = A ⊔ B. We set Dk = A ∩ Ak and Fk = B ∩ Ak for k = 1, 2, 3, 4. Then set

λi =
∫

Ω
rri dµ, i = 1, 2.

Taking into account that µ(Dk) + µ(Fk) = 1/4 for all k, we obtain

λ1 = µ(D1) + µ(D2)− µ(D3)− µ(D4)− µ(F1)− µ(F2) + µ(F3) + µ(F4)

= 2µ(D1) + 2µ(D2)− 2µ(D3)− 2µ(D4)
(2)

and analogously

λ2 = 2µ(D1)− 2µ(D2) + 2µ(D3)− 2µ(D4). (3)

Since |λi| ≤ 1 for i = 1, 2 and E is a Köthe Banach space,

‖(T1 + T2) r‖ = ‖2r − λ1r1 − λ2r2‖ =
∥

∥(2 − λ1 − λ2)1D1
+ (2 − λ1 + λ2)1D2

+ (2 + λ1 − λ2)1D3
+ (2 + λ1 + λ2)1D4

+ (−2 − λ1 − λ2)1F1

+ (−2 − λ1 + λ2)1F2
+ (−2 + λ1 − λ2)1F3

+ (−2 + λ1 + λ2)1F4

∥

∥

≥ max
{

(2 − λ1 − λ2)‖1D1
‖, (2 − λ1 + λ2)‖1D2

‖, (2 + λ1 − λ2)‖1D3
‖,

(2 + λ1 + λ2)‖1D4
‖, (2 + λ1 + λ2)‖1F1

‖, (2 + λ1 − λ2)‖1F2
‖,

(2 − λ1 + λ2)‖1F3
‖, (2 − λ1 − λ2)‖1F4

‖
}

.

Since 1 = 1D1
+ 1D2

+ 1D3
+ 1D4

+ 1F1
+ 1F2

+ 1F3
+ 1F4

, one of the summands has norm at

least 1/8. Of course, it is a matter of similar cases, which one. Say, ‖1D1
‖ ≥ 1/8. Then

‖(T1 + T2) r‖ ≥ (2 − λ1 − λ2)‖1D1
‖ ≥ (2 − λ1 − λ2)/8.

Fix any ε > 0 and assume that r is chosen so that ‖(T1 + T2) r‖ < ε. Then by the above,

2 − λ1 − λ2 < 8ε. (4)

We claim that λi > 1− 8ε for i = 1, 2. Indeed, if λ1 ≤ 1− 8ε then 2− λ1 − λ2 ≥ 1− λ1 ≥ 8ε,

which contradicts (4). Analogously, λ2 > 1 − 8ε. Then by (2),

µ(D1) + µ(D2)− µ(D3)− µ(D4) =
λ1

2
≥

1

2
− 4ε (5)
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and by (3),

µ(D1)− µ(D2) + µ(D3)− µ(D4) =
λ2

2
≥

1

2
− 4ε. (6)

Averaging (5) and (6), one gets 1
4 ≥ µ(D1) ≥ µ(D1) − µ(D4) ≥ 1

2 − 4ε, which implies

ε ≥ 1/16. Thus, T1 + T2 is not narrow at 1.

The following statement characterizes the set of strict narrowness of linear maps.

Proposition 1.5. Let E be a Riesz space, X a linear space and T : E → X a linear operator. Then

N s(T) =
{

x ∈ E : (∃e ∈ ker T) |x| = |e|
}

.

Proof. Let x ∈ N s(T). Choose a decomposition x = x′ ⊔ x′′ so that T(x′) = T(x′′). Then for

e = x′ − x′′ one has that |e| = |x| and e ∈ ker T.

Assume e ∈ ker T x ∈ E and |x| = |e|. Then

e = (x+ ∧ e+) ⊔ (x− ∧ e+) ⊔
(

−(x+ ∧ e−)
)

⊔
(

−(x− ∧ e−)
)

(7)

and

x = (x+ ∧ e+) ⊔
(

−(x− ∧ e+)
)

⊔ (x+ ∧ e−) ⊔
(

−(x− ∧ e−)
)

. (8)

Then setting x′ = (x+ ∧ e+) − (x− ∧ e−) and x′′ = −(x− ∧ e+) + (x+ ∧ e−), we obtain

x = x′ ⊔ x′′ and by (7) and (8),

0 = Te = T(x+ ∧ e+) + T(x− ∧ e+)− T(x+ ∧ e−)− T(x− ∧ e−) = Tx′ − Tx′′.

In particular, N s(T) need not be a linear subspace of E. For instance, if ker T is the set of

all constant functions then N s(T) equals the set of all functions with constant modulus.

Remark that Proposition 1.5 is not longer true for orthogonally additive operators due to the

obvious example Tx = x− for which N s(T) = E+. To provide more examples for orthogonally

additive operators we recall some necessary information from [9]. Given any two elements x, y

of a Riesz space E, by xy we denote the greatest lower bound of the two-element set {x, y} in

E with respect to the lateral order u ⊑ v on E, if it exists. If E is a Riesz space of functions then

xy(t) =

{

x(t), if x(t) = y(t);

0, if x(t) 6= y(t).

A Riesz space is said to have the intersection property if every two-point subset {x, y}
of E has the lateral infimum xy. In particular, the principal projection property implies the

intersection property [9].

Example 2. Let E be a Riesz space with the intersection property and e ∈ E. Then the function

T : E → E given by Tx = ex is an orthogonally additive operator with N s(T) = {0} ∪ (E \Fe).

Example 3. Let E be a Riesz space with the intersection property and e ∈ E. Then the function

T : E → E given by Tx = x − ex is an orthogonally additive operator with N s(T) = Fe.

The following example [7, Example 4.2] shows that, a continuous linear functional on an

atomless Banach lattice may have the only zero point of narrowness.
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Example 4. There is a continuous linear functional f ∈ L∗
∞ for which N ( f ) = N o( f ) = {0}.

Proof. Denote by B the Boolean algebra of Borel subsets of [0, 1] equals up to measure null sets.

Let U be any ultrafilter on B. Then the linear functional f : E → R defined by

f (x) = lim
A∈U

1

µ(A)

∫

A
x dµ

is obviously bounded. However it is not narrow in any sense at every nonzero point. Indeed,

for each x ∈ L∞ \ {0} of the form x = 1A − 1B where [0, 1] = A ⊔ B one has f (x) = ±1

depending on whether A ∈ U or B ∈ U .

2 UNIFORMLY NARROW PAIRS OF OPERATORS

Below we define a uniformly narrow pair of operators; even though one can consider an

arbitrary uniformly narrow set of operators.

Definition 2.1. Let E be a Riesz space and X be an F-space. We say that an orthogonally

additive operators S, T : E → X are uniformly narrow if for every e ∈ E and every ε > 0 there

exists a partition e = e′ ⊔ e′′ such that ‖Se′ − Se′′‖ < ε and ‖Te′ − Te′′‖ < ε.

As was noted in the introduction, a simple argument shows that, if orthogonally additive

operators S, T : E → X are uniformly narrow then the sum S + T is narrow. The following

question naturally arises.

Problem 1. Let E be a Riesz space and X be an F-space. Are the following assertions equivalent

for every pair of narrow linear (orthogonally additive operators) S, T : E → X?

(i) S + T is narrow;

(ii) S, T are uniformly narrow.

Although we do not know any example of spaces with negative answer to Problem 1, we

present below an affirmative solution for some partial cases. We refer the reader to [1] for

further standard terminology concerning operators on Riesz spaces.

We say that a Banach space X has the contains its square if there are a subspace Y of X and

a decomposition Y = X1 ⊕ X2 onto subspaces X1, X2 isomorphic to X.

Theorem 2. Let E be a Riesz space and X be a Banach space containing its square. Let the

sum of every two narrow linear bounded operators from E to X is narrow. Then every pair

S, T : E → X of narrow linear bounded operators is uniformly narrow.

Proof. Let Y be a subspace of X, Y = X1 ⊕ X2 with subspaces X1, X2 isomorphic to X. Let

τi : X → Xi be isomorphisms, i = 1, 2. Let S, T : E → X be narrow linear operators. Then the

linear operators S′, T′ : E → Y ⊆ X defined by setting S′ = τ1 ◦ S and T′ = τ2 ◦ T are narrow

as compositions of a narrow operator from the right by a bounded operator from the left. By

the assumption, the operator A = S′ + T′ is narrow. Denote by P the projection of Y onto X1

parallel to X2 and by Q the projection of Y onto X2 parallel to X1. Observe that P ◦ A = S′ and

Q ◦ A = T′. Given any e ∈ E+ and ε > 0, we choose a decomposition e = e′ ⊔ e′′ such that

‖Ae′ − Ae′′‖ <
ε

‖τ−1‖max{‖P‖, ‖Q‖}
.
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Then

‖Se′ − Se′′‖ ≤ ‖τ−1‖‖τ(Se′ − Se′′)‖ = ‖τ−1‖‖S′e′ − S′e′′‖

= ‖τ−1‖‖P(Ae′ − Ae′′)‖ ≤ ‖τ−1‖‖P‖‖Ae′ − Ae′′‖ < ε.

Analogously, ‖Te′ − Te′′‖ < ε.

For example, the assumptions of Theorem 2 are valid for E = F = L1 (see [2] or [14, Theo-

rem 7.46] for the fact that a sum of every two narrow operators on L1 is narrow).

We say that a Banach lattice X regularly contains its square if there are a subspace Y of X

and a decomposition Y = X1 ⊕ X2 onto subspaces X1, X2 isomorphic to X by means of regular

isomorphisms τi : X → Xi, i = 1, 2.

Theorem 3. Let E be a Riesz space and X be a Banach lattice regularly containing its square.

Let the sum of every two narrow regular linear operators from E to X is narrow. Then every

pair S, T : E → X of narrow regular linear operators is uniformly narrow.

Proof. Let Y be a subspace of X, Y = X1 ⊕ X2 with subspaces X1, X2 isomorphic to X by means

of regular isomorphisms τi : X → Xi, i = 1, 2. Let S, T : E → X be narrow regular linear

operators. Then the linear operators S′, T′ : E → Y ⊆ X defined by setting S′ = τ1 ◦ S and

T′ = τ2 ◦ T are narrow regular as compositions of a narrow regular operator from the right

by a bounded regular operator from the left. By the assumption, the operator A = S′ + T′ is

narrow. Starting from this point, the proof is the same as that of Theorem 2.

Corollary 2.1. Let E, F be order continuous Banach lattices with E atomless and F regularly

containing its square. Then every pair of narrow regular operator S, T : E → F is uniformly

narrow.

Proof. Accordingly to Theorem 11.8 of [7] (see also [14, Theorem 10.41]), the set of all narrow

regular linear operators is a band in the Riesz space of all regular linear operators from E to F.

In particular, the sum of every two narrow regular linear operators from E to X is narrow. By

Theorem 3, every pair of narrow regular operator S, T : E → F is uniformly narrow.

Now we pass to orthogonally additive operators. Let E and F be Riesz spaces. An orthog-

onally additive operator T : E → F is called:

• positive provided Tx ≥ 0 holds in F for all x ∈ E;

• order bounded it T maps order bounded sets in E to order bounded sets in F.

Observe that if T : E → F is a positive orthogonally additive operator and x ∈ E is such

that T(x) 6= 0 then T(−x) 6= −T(x) (otherwise both T(x) ≥ 0 and T(−x) ≥ 0 would imply

T(x) = 0). Thus, this positivity turns out to be more restrictive than the usual one for linear

operators because the only linear operator which is positive in the above sense is zero.

A positive orthogonally additive operator need not be order bounded. Indeed, every func-

tion T : R → R with T(0) = 0 is an orthogonally additive operator, and obviously, not each of

them is order bounded.

Banach lattices E and F are said to be Riesz isomorphic if there exists a Riesz isomorphism

τ : E → F, that is, an isomorphism between Banach spaces such that both τ and τ−1 are order

preserving operators.
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We say that a Banach lattice X contains its Riesz square if there are a subspace Y of X and a

decomposition Y = X1 ⊕ X2 onto subspaces X1, X2 Riesz isomorphic to X and, moreover, the

corresponding projections of Y onto Xi parallel to X3−i are order continuous. For example, the

Banach lattice Lp[0, 1] with 1 ≤ p ≤ ∞ obviously contains its Riesz square.

Theorem 4. Let E be an atomless Riesz space and F be an order continuous Banach lattice

containing its Riesz square. Let the sum of every two narrow up-laterally continuous abstract

Uryson operators from E to X is narrow. Then every pair S, T : E → X of narrow up-laterally

continuous abstract Uryson operators is uniformly narrow.

Proof. By [12, Lemma 2.7], under the assumptions on E and F, an abstract Uryson operator

B : E → F is narrow if and only if B is order narrow. Let Y be a subspace of X, Y = X1 ⊕ X2

and τi : X → Xi be Riesz isomorphisms, i = 1, 2. Let S, T : E → X be narrow up-laterally

continuous abstract Uryson operators. Then the maps S′, T′ : E → Y ⊆ X defined by setting

S′ = τ1 ◦ S and T′ = τ2 ◦ T are narrow up-laterally continuous abstract Uryson operators as

compositions of such an operator from the right by a bounded regular operator from the left.

By the theorem assumptions, the operator A = S′ + T′ is narrow and so, is order narrow.

Denote by P the projection of Y onto X1 parallel to X2 and by Q the projection of Y onto X2

parallel to X1. Observe that P ◦ A = S′ and Q ◦ A = T′. Given any e ∈ E+ and ε > 0, we

choose a net of decompositions e = e′α ⊔ e′′α with (Ae′α − Ae′′α )
o

−→ 0. Since the operators τ−1

and P are order continuous,

Se′α − Se′′α = τ−1(S′e′α − S′e′′α) = τ−1P(Ae′α − Ae′′α )
o

−→ 0.

By the order continuity of F, ‖Se′α − Se′′α‖ → 0. Analogously, ‖Te′α − Te′′α‖ → 0. We choose α so

that ‖Se′α − Se′′α‖ < ε and ‖Te′α − Te′′α‖ < ε.

As a consequence of [12, Theorem 8.2], we obtain the following assertion.

Corollary 2.2. Let E be an atomless Riesz space with the principal projection property and F be

an order continuous Banach lattice containing its Riesz square. Then every pair S, T : E → X

of narrow up-laterally continuous abstract Uryson operators is uniformly narrow.

Proof. By [12, Lemma 2.7], under the assumptions on E and F, an abstract Uryson operator

B : E → F is narrow if and only if B is order narrow. So, by [12, Theorem 8.2], the sum of every

two narrow up-laterally continuous abstract Uryson operators from E to X is narrow. Then

apply Theorem 4.

Recall that an operator T ∈ L(E, X) from a Köthe Banach space E on a finite atomless

measure space (Ω, Σ, µ) to a Banach space X is called hereditarily narrow if for every A ∈ Σ,

µ(A) > 0 and every atomless sub-σ-algebra F of Σ(A) the restriction of T to E(F ) is narrow

(here Σ(A) = {B ∈ Σ : B ⊆ A} and E(F ) = {x ∈ E(A) : x is F − measurable}). We refer the

reader to [14, Section 11.1] for more information on hereditarily narrow operators.

Proposition 2.1. Let E be a Köthe Banach space on [0, 1] with an absolutely continuous norm

and X be a Banach space. If S ∈ L(E, X) is a hereditarily narrow operator and T ∈ L(E, X) is

a narrow operator then the pair S, T is uniformly narrow.

The proof of Proposition 2.1 just repeats the proof of [14, Proposition 11.2] (see also [3]).
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Гуменчук А.I., Красiкова I.В., Попов М.М. Точки вузькостi i одностайно вузькi лiнiйнi та ортого-

нально адитивнi оператори // Карпатськi матем. публ. — 2017. — Т.9, №1. — C. 37–47.

Вiдомо, що сума довiльних двох вузьких операторiв на L1 є вузькою, проте для просторiв

Lp з 1 < p < ∞ аналогiчне твердження хибне. Дана стаття продовжує численнi дослiдження

на цю тему. По-перше, ми вивчаємо вузькiсть лiнiйних та ортогонально адитивних операторiв

на функцiональних просторах Кете i векторних ґратках у фiксованiй точцi. Теорема 1 ствер-

джує, що для кожного банахового простору Кете на просторi зi скiнченною безатомною мiрою

iснують лiнiйнi неперервнi оператори S, T : E → E, якi є вузькими у деякiй фiксованiй точцi,

проте сума S+ T не є вузькою у цiй же самiй точцi. По-друге, ми уводимо i дослiджуємо одно-

стайно вузькi пари операторiв S, T : E → X, тобто, для кожного e ∈ E та кожного ε > 0 iснує

розклад e = e′+ e′′ на диз’юнктнi елементи такий, що ‖S(e′)− S(e′′)‖ < ε та ‖T(e′)− T(e′′)‖ < ε.

Стандартний метод в лiтературi доведення вузькостi суми двох вузьких операторiв S + T по-

лягає в тому, щоби показати, що пара S, T є одностайно вузькою. Ми вивчаємо питання, чи

кожна пара вузьких операторiв з вузькою сумою є одностайно вузькою. Не маючи жодно-

го контрприкладу, ми доводимо кiлька теорем, якi надають позитивну вiдповiдь для деяких

часткових випадкiв.

Ключовi слова i фрази: вузький оператор, ортогонально адитивний оператор, банахiв про-

стiр Кете.
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THE STRUCTURE OF SOLUTIONS OF THE MATRIX LINEAR UNILATERAL

POLYNOMIAL EQUATION WITH TWO VARIABLES

We investigate the structure of solutions of the matrix linear polynomial equation

A(λ)X(λ) + B(λ)Y(λ) = C(λ), in particular, possible degrees of the solutions. The solving of

this equation is reduced to the solving of the equivalent matrix polynomial equation with matrix

coefficients in triangular forms with invariant factors on the main diagonals, to which the matri-

ces A(λ), B(λ) and C(λ) are reduced by means of semiscalar equivalent transformations. On the

basis of it, we have pointed out the bounds of the degrees of the matrix polynomial equation solu-

tions. Necessary and sufficient conditions for the uniqueness of a solution with a minimal degree

are established. An effective method for constructing minimal degree solutions of the equations is

suggested. In this article, unlike well-known results about the estimations of the degrees of the solu-

tions of the matrix polynomial equations in which both matrix coefficients are regular or at least one

of them is regular, we have considered the case when the matrix polynomial equation has arbitrary

matrix coefficients A(λ) and B(λ).

Key words and phrases: matrix polynomial equation, solution of equation, semiscalar equivalence
of polynomial matrices.

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics, 3b Naukova str., 79060, Lviv, Ukraine

E-mail: nataliya.dzhalyuk@gmail.com (Dzhaliuk N.S.), vas_petrych@yahoo.com (Petrychkovych V.M.)

INTRODUCTION

Let F be a field and F [λ] be a polynomial ring over F . The matrix linear polynomial

equations

A(λ)X(λ) + B(λ)Y(λ) = C(λ), (1)

A(λ)X(λ) + Y(λ)B(λ) = C(λ), (2)

where A(λ), B(λ) and C(λ) are known, X(λ) and Y(λ) are unknown m × m matrices over

ring F [λ], find application in the dynamical systems theory, the optimal control theory and in

other areas [6, 7, 12–14].

It is clear, that if equations (1) and (2) are solvable, then they have solutions of unlimited

on top degrees. Therefore, when we describe the solutions of such equations, it is important

to establish their minimal degrees. Some estimations of the degrees of the solutions of the

matrix polynomial equation (2) are known in [1, 5, 9]. In [1], it has been established that if in

the matrix polynomial equation (2) both matrices A(λ), B(λ) are regular, then there exists a

solution X(λ), Y(λ), such that

degX(λ) < degB(λ), degY(λ) < degA(λ) (3)

УДК 512.64
2010 Mathematics Subject Classification: 15A21, 15A24.
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and it is unique if and only if

degC(λ) ≤ degA(λ) + degB(λ)− 1 and (det A(λ), det B(λ)) = 1.

In [5], this result has been extended for the matrix equation (2) if at least one of the matrices

A(λ) or B(λ) is regular. We don’t know similar estimates of the degrees of the solutions of the

matrix polynomial equation (1).

In [2, 8], the matrix linear unilateral and bilateral equations in the form (1) and (2) over

other domains have been studied.

In [3], we have obtained some bounds of the degrees of the solutions of the matrix polyno-

mial equation (1) with singular matrix coefficients. In this paper, we have continued studing

the structure of solutions of this matrix polynomial equation. The triple of matrices A(λ), B(λ)

and C(λ) can be simultaneously reduced to triangular forms TA(λ), TB(λ) and TC(λ) with in-

variant factors on main diagonals by means of semiscalar equivalence transformations [10,11].

Following this, the bounds of the degrees of the solutions of the matrix polynomial equation

(1) have been pointed out. Necessary and sufficient conditions for the uniqueness of a solution

with a minimal degree have been established. There is also suggested an effective method for

constructing minimal degree solutions of such matrix polynomial equations.

1 PRELIMINARY RESULTS

We denote the ring of m × m matrices over F [λ] by M(m,F [λ]), groups of invertible

matrices over F and F [λ] by GL(m,F ) and GL(m,F [λ]), respectively.

It is well known, that every matrix A(λ) ∈ M(m,F [λ]), rankA = r, is equivalent to the

Smith normal form SA(λ), that is,

SA(λ) = U(λ)A(λ)V(λ) = diag(µA
1 (λ), . . . , µA

r (λ), 0, . . . , 0),

where U(λ), V(λ) ∈ GL(m,F [λ]), µA
i (λ) | µA

i+1(λ), i = 1, . . . , r − 1. The polynomials µA
i (λ)

are called the invariant factors of matrix A(λ).

Definition 1 ( [10, 11]). Collection of polynomial matrices

A1(λ), . . . , Ak(λ)

is called semiscalar equivalent to the collection of polynomial matrices

B1(λ), . . . , Bk(λ),

where Ai(λ), Bi(λ) ∈ M(m,F [λ]), if there exist matrices Q ∈ GL(m,F ) and Ri(λ) ∈

GL(m,F [λ]) such that Bi(λ) = QAi(λ)Ri(λ), i = 1, . . . , k.

Theorem 1 ( [10, 11]). Collection of nonsingular polynomial matrices

A1(λ), . . . , Ak(λ), Ai(λ) ∈ M(m,F [λ]),

i = 1, . . . , k, is semiscalar equivalent to the collection of triangular matrices

TA1(λ), . . . , TAk(λ),
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that is, there exist an upper unitriangular matrix Q ∈ GL(m,F ) and invertible matrices RAi(λ) ∈

GL(m,F [λ]) such that

TAi(λ) = QAi(λ)RAi(λ) =

∥∥∥∥∥∥∥∥∥∥∥

µ
Ai
1 (λ) 0 · · · 0

t
(i)
21 (λ)µ

Ai
1 (λ) µ

Ai
2 (λ) · · · 0

· · · · · · · · · · · ·

t
(i)
m1(λ)µ

Ai
1 (λ) t

(i)
m2(λ)µ

Ai
2 (λ) · · · µ

Ai
m (λ)

∥∥∥∥∥∥∥∥∥∥∥

, (4)

where deg t
(i)
pq (λ) < deg µ

Ai
p (λ) − deg µ

Ai
q (λ), if deg µ

Ai
p (λ) > deg µ

Ai
q (λ) and t

(i)
pq (λ) ≡ 0, if

µ
Ai
p (λ) = µ

Ai
q (λ), for all p, q = 1, . . . , m, p > q; i = 1, . . . , k.

Triangular form TAi(λ) is called standard form of polynomial matrix Ai(λ) with respect

to semiscalar equivalence. Note that the matrix TAi(λ) may be written in the form TAi(λ) =

Ti(λ)S
Ai(λ), where Ti(λ) is a lower unitriangular matrix, SAi(λ) is the Smith normal form of

matrix Ai(λ).

It should be noted that this theorem holds if the field F is infinite or if it is finite but
k

∑
i=1

si < |F |, where |F | is the number of elements of finite field F , si = deg det Ai(λ), i =

1, . . . , k.

2 SOLUTIONS OF MINIMAL DEGREE OF MATRIX POLYNOMIAL EQUATIONS

By Theorem 1, the triple of nonsingular polynomial matrices A(λ), B(λ),

C(λ) ∈ M(m,F [λ]) from equation (1) is semiscalar equivalent to the triple of triangular poly-

nomial matrices TA(λ), TB(λ), TC(λ) in standard form, that is,

TA(λ) = QA(λ)RA(λ), TB(λ) = QB(λ)RB(λ), TC(λ) = QC(λ)RC(λ),

where Q ∈ GL(m,F ), RA(λ), RB(λ), RC(λ) ∈ GL(m,F [λ]).

Matrices TA(λ), TB(λ) and TC(λ) have the form (4), that is,

TA(λ) =

∥∥∥∥∥∥∥∥∥∥∥

µA
1 (λ) 0 · · · 0

ã21(λ)µ
A
1 (λ) µA

2 (λ) · · · 0

· · · · · · · · · · · ·

ãm1(λ)µ
A
1 (λ) ãm2(λ)µ

A
2 (λ) · · · µA

m(λ)

∥∥∥∥∥∥∥∥∥∥∥

,

TB(λ) =

∥∥∥∥∥∥∥∥∥∥∥

µB
1 (λ) 0 · · · 0

b̃21(λ)µ
B
1 (λ) µB

2 (λ) · · · 0

· · · · · · · · · · · ·

b̃m1(λ)µ
B
1 (λ) b̃m2(λ)µ

B
2 (λ) · · · µB

m(λ)

∥∥∥∥∥∥∥∥∥∥∥

,

TC(λ) =

∥∥∥∥∥∥∥∥∥∥∥

µC
1 (λ) 0 · · · 0

c̃21(λ)µ
C
1 (λ) µC

2 (λ) · · · 0

· · · · · · · · · · · ·

c̃m1(λ)µ
C
1 (λ) c̃m2(λ)µ

C
2 (λ) · · · µC

m(λ)

∥∥∥∥∥∥∥∥∥∥∥

.
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Then from equation (1) we obtain the matrix polynomial equation

TA(λ)X̃(λ) + TB(λ)Ỹ(λ) = TC(λ), (5)

where X̃(λ) = (RA(λ))−1X(λ)RC(λ), Ỹ(λ) = (RB(λ))−1Y(λ)RC(λ).

We will call the equation (5) associate to the equation (1).

Lemma 1. The equation (1) is solvable if and only if the equation (5) is solvable. Each solution

X(λ), Y(λ) of the equation (1) corresponds to a solution X̃(λ), Ỹ(λ) of the equation (5) and the

converse each solution X̃(λ), Ỹ(λ) of the equation (5) corresponds to a solution X(λ), Y(λ) of

the equation (1).

Proof. It is well known [6, 13], that the matrix equation (1) is solvable if and only if the left

greatest common divisor D(λ) of matrices A(λ) and B(λ) is the left divisor of the matrix C(λ).

Then the greatest common divisor of triangular forms TA(λ) and TB(λ) is D1(λ) = QD(λ).

Is it easy to see that if the matrix D(λ) is the left divisor of the matrix C(λ), then D1(λ) is the

divisor of the matrix TC(λ) and conversely.

Furthermore, each solution X̃(λ), Ỹ(λ) of the equation (5) corresponds to the solution

X(λ) = RA(λ)X̃(λ)(RC(λ))−1, Y(λ) = RB(λ)Ỹ(λ)(RC(λ))−1

of the equation (1) and conversely.

Thus, the description of solutions of the matrix equation (1) is reduced to the description

of solutions of the associated equation (5).

Solutions X(λ), Y(λ) and X̃(λ), Ỹ(λ) of the matrix equations (1) and (5) are associate.

We denote the i-th row of matrix A by rowi(A).

Theorem 2. Let the matrix equation (5) be solvable. Then, it has the solution

X̃1(λ) = ‖x̃
(1)
ij (λ)‖m

1 , Ỹ1(λ) = ‖ỹ
(1)
ij (λ)‖m

1

such that

rowi(X̃1(λ)) = 0 if degµB
i (λ) = 0 (µB

i (λ) = 1), i = 1, . . . , k, (6)

deg rowi(X̃1(λ)) < degµB
i (λ) if degµB

i (λ) ≥ 1, i = k + 1, . . . , m, (7)

and the solution X̃2(λ) = ‖x̃
(2)
ij (λ)‖m

1 , Ỹ2(λ) = ‖ỹ
(2)
ij (λ)‖m

1 such that

rowi(Ỹ2(λ)) = 0 if degµA
i (λ) = 0 (µA

i (λ) = 1), i = 1, . . . , l, (8)

deg rowi(Ỹ2(λ)) < degµA
i (λ) if degµA

i (λ) ≥ 1, i = l + 1, . . . , m. (9)

Proof. From the matrix equation (5), we obtain the system of linear polynomial equations

i

∑
k=1

(
µA

k (λ)ãik(λ)x̃kj(λ) + µB
k (λ)b̃ik(λ)ỹkj(λ)

)
= µC

j (λ)c̃ij(λ), (10)

i, j = 1, . . . , m, where ãii(λ) = b̃ii(λ) = c̃ii(λ) = 1.
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The description of solutions of this system is reduced to the description of solutions of

linear polynomial equations in the following form

µA
i (λ)x̃ij(λ) + µB

i (λ)ỹij(λ) = ĉij(λ), i, j = 1, . . . , m. (11)

If the equation (11) is solvable, then it has the solution x̃ij(λ) = x̃
(1)
ij (λ), ỹij(λ) = ỹ

(1)
ij (λ)

such that degx̃
(1)
ij (λ) < degµB

i (λ) and the solution x̃ij(λ) = x̃
(2)
ij (λ), ỹij(λ) = ỹ

(2)
ij (λ) such

that degỹ
(2)
ij (λ) < degµA

i (λ) [4, 7]. If degµB
i (λ) ≥ 1, i = k + 1, . . . , m, then for each element

in the row rowi(X̃1(λ)) the condition (7) of the theorem is true. Similarly, if degµA
i (λ) ≥ 1,

i = l + 1, . . . , m, the condition (9) is true.

Among equations of the system (10) there are such polynomial equations

µA
i (λ)x̃ii(λ) + µB

i (λ)ỹii(λ) = µC
i (λ). (12)

If µA
i (λ) = 1 and µB

i (λ) = 1, then this equation has solutions x̃ii(λ) = 0, ỹii(λ) = µC
i (λ) and

x̃ii(λ) = µC
i (λ), ỹii(λ) = 0. If only one of µA

i (λ) = 1 or µB
i (λ) = 1, then this equation has

solutions x̃ii(λ) = 0, ỹii(λ) =
µC

i (λ)

µB
i (λ)

and x̃ii(λ) =
µC

i (λ)

µA
i (λ)

, ỹii(λ) = 0, respectively.

The system (10) also has polynomial equations in the following form

µA
i (λ)x̃ij(λ) + µB

i (λ)ỹij(λ) = 0, i < j, i = 1, . . . , m − 1, j = 2, . . . , m. (13)

These equations always have a zero solution, that is, x̃ii(λ) = 0, ỹii(λ) = 0. Thus, the condi-

tions (6) and (8) of the theorem are true. This completes the proof.

From the proof of this theorem, we get a method for constructing solutions of the matrix

equation (5). Since, the following inequalities degµA
i (λ) ≤ degµA

m(λ), i = 1, . . . , m − 1, are

true for the invariant factors of matrix A(λ), then degSA(λ) = degµA
m(λ). Therefore, from

Theorem 2 we get the following corollary.

Corollary 1. Let the matrix equation (5) be solvable. Then it has the solution

X̃1(λ), Ỹ1(λ)

such that

X̃1(λ) = 0 if degSB(λ) = 0 (B(λ) is an invertible matrix),

degX̃1(λ) < deg SB(λ) if degSB(λ) ≥ 1,

and the solution

X̃2(λ), Ỹ2(λ)

such that

Ỹ2(λ) = 0 if degSA(λ) = 0 (A(λ) is an invertible matrix),

degỸ2(λ) < deg SA(λ) if degSA(λ) ≥ 1.

Theorem 3. Let

SA(λ) = diag(1, . . . , 1︸ ︷︷ ︸
k

, µA
k+1(λ), . . . , µA

m(λ)), k ≥ 0, (14)

and

SB(λ) = diag(1, . . . , 1︸ ︷︷ ︸
l

, µB
l+1(λ), . . . , µB

m(λ)), l ≥ 0, (15)

be the Smith normal forms of the matrices A(λ) and B(λ), respectively, and let the matrix

equation (5) be solvable. Without loss of generality, let k ≥ l.
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(i) If degµC
i (λ) ≥ degµA

i (λ) + degµB
i (λ), µA

i (λ) 6= 1, µB
i (λ) 6= 1, i = 1, . . . , m, then the

matrix equation (5) has the solution

X̃(λ) = ‖x̃ij(λ)‖
m
1 , Ỹ(λ) = ‖ỹij(λ)‖

m
1

such that

deg rowi(X̃(λ)) < degµB
i (λ), deg rowi(Ỹ(λ)) = degµC

i (λ)− degµB
i (λ), (16)

(ii) if degµC
i (λ) = degµA

i (λ) + degµB
i (λ), µA

i (λ) = 1 or µB
i (λ) = 1, i = 1, . . . , k, then the

matrix equation (5) has solutions X̃(λ), Ỹ(λ) such that

rowi(X̃(λ)) = 0, deg rowi(Ỹ(λ)) ≤ degµC
i (λ)− degµB

i (λ), (17)

and

deg rowi(X̃(λ)) ≤ degµC
i (λ)− degµA

i (λ), rowi(Ỹ(λ)) = 0, (18)

(iii) if degµC
i (λ) < degµA

i (λ) + degµB
i (λ), i = k+ 1, . . . , m, then the matrix equation (5) has

the solution X̃(λ), Ỹ(λ) such that

deg rowi(X̃(λ)) < degµB
i (λ), deg rowi(Ỹ(λ)) < degµA

i (λ). (19)

Proof. Case (i). In the proof of Theorem 2, it has been shown that the solving of the matrix

equation (5) is reduced to the solving of the system of linear polynomial equations (10). This

system has equations (12). Then, there exists a solution with the condition deg x̃ii(λ) <

degµB
i (λ) of the i-th equation (12) [4, 7]. So, deg ỹij(λ) = degµC

i (λ) − degµB
i (λ) for a fixed

value of i and all values of j = 1, . . . , m. Thus, the matrix equation (5) has the solution

X̃(λ), Ỹ(λ) with the condition (16).

Case (ii). In this case the condition has the form degµC
i (λ) = degµA

i (λ) or degµC
i (λ) =

degµB
i (λ) if µB

i (λ) = 1 or µA
i (λ) = 1 for a fixed value of i. If µB

i (λ) = 1 and µA
i (λ) = 1 for a

fixed value of i, then the condition has the form degµC
i (λ) = 0. In the proof of Theorem 2, it

has been shown that the system of linear polynomial equations (11) has equations (12) and (13).

In this case, these equations have zero solutions. Thus, the matrix equation (5) has solutions

X̃(λ), Ỹ(λ) with the conditions (17) and (18).

Case (iii). There exists a solution of the equation (11) with the condition deg x̃ij(λ) <

degµB
j (λ), deg ỹij(λ) < degµA

i (λ) if the condition degµC
i (λ) < degµA

i (λ) + degµB
i (λ) is true

for a fixed value of i and all values of j = 1, . . . , m [4, 7]. This completes the proof.

Remark 1. We should note that in cases (ii) and (iii), opposite propositions hold, that is, their

conditions are necessary for the existence of solutions with the conditions (17)—(19).

Theorem 4. Let the equation (5) be solvable. Then it has solutions

X̃(λ) = ‖x̃ij(λ)‖
m
1 , Ỹ(λ) = ‖ỹij(λ)‖

m
1

of lower triangular forms such that

(i) degx̃ii(λ) < degµB
i (λ), degỹii(λ) < degµA

i (λ)

if degµC
i (λ) < degµA

i (λ) + degµB
i (λ), i = 1, . . . , m;
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(ii) degx̃ii(λ) < degµB
i (λ), degỹii(λ) = degµC

i (λ)− degµB
i (λ)

if degµC
i (λ) ≥ degµA

i (λ) + degµB
i (λ), i = 1, . . . , m.

Proof. We prove this theorem in a similar way to Theorem 2 and Theorem 3.

We get solutions of the matrix equation (1) from solutions of the matrix equation (5):

X(λ) = RA(λ)X̃(λ)(RC(λ))−1, Y(λ) = RB(λ)Ỹ(λ)(RC(λ))−1.

3 THE UNIQUENESS OF SOLUTIONS OF MINIMAL DEGREES OF MATRIX POLYNOMIAL

EQUATIONS

We will establish the conditions for the uniqueness of solutions of minimal degrees of the

matrix equation (5).

Theorem 5. The matrix equation (5) has a unique solution

X̃
(1)
0 (λ) = ‖x̃

(1)
ij (λ)‖m

1 , Ỹ
(1)
0 (λ) = ‖ỹ

(1)
ij (λ)‖m

1

and

X̃
(2)
0 (λ) = ‖x̃

(2)
ij (λ)‖m

1 , Ỹ
(2)
0 (λ) = ‖ỹ

(2)
ij (λ)‖m

1

such that

rowi(X̃
(1)
0 (λ)) = 0 if degµB

i (λ) = 0, i = 1, . . . , k, (20)

deg rowi(X̃
(1)
0 (λ)) < degµB

i (λ) if degµB
i (λ) ≥ 1, i = k + 1, . . . , m, (21)

and

rowi(Ỹ
(2)
0 (λ)) = 0 if degµA

i (λ) = 0, i = 1, . . . , k, (22)

deg rowi(Ỹ
(2)
0 (λ)) < degµA

i (λ) if degµA
i (λ) ≥ 1, i = k + 1, . . . , m, (23)

if and only if

(µA
m(λ), µB

m(λ)) = 1.

Proof. It is clear that the matrix equation (5) has a unique solution X̃
(1)
0 (λ), Ỹ

(1)
0 (λ) with

the condition (21) if and only if each equation (11) has a unique solution x̃
(1)
ij (λ), ỹ

(1)
ij (λ)

such that degx̃
(1)
ij < degµB

i (λ). This solution of the equation (11) is unique if and only

if (µA
i (λ), µB

j (λ)) = 1 for all i, j = 1, . . . , m [4, 7]. The last condition holds if and only if

(µA
m(λ), µB

m(λ)) = 1.

As it has been shown in the proof of Theorem 2, the system (10) has equations (12) and (13).

By the condition of the theorem, these equations have a zero solution, which is unique. Thus,

the solution X̃
(1)
0 (λ), Ỹ

(1)
0 (λ) with the condition (20) is unique.

Similarly we prove the existence of a unique solution X̃
(2)
0 (λ), Ỹ

(2)
0 (λ) with the conditions

(22) and (23). This completes the proof.
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Theorem 6. Let the matrix equation (5) be solvable and let SA(λ), and SB(λ) be the Smith

normal forms (14) and (15) of the matrices A(λ) and B(λ), respectively. Then, there exists a

unique solution

X̃(λ) = ‖x̃ij(λ)‖
m
1 , Ỹ(λ) = ‖ỹij(λ)‖

m
1

of the matrix equation (5) with the conditions (17) and (18) if and only if

degµC
i (λ) = degµA

i (λ) + degµB
i (λ), i = 1, . . . , k, and (µA

m(λ), µB
m(λ)) = 1,

and with the condition (19) if and only if

degµC
i (λ) < degµA

i (λ) + degµB
i (λ), i = k + 1, . . . , m, and (µA

m(λ), µB
m(λ)) = 1.

Proof. It is clear that a unique solution of the matrix equation (5) exists if and only if a unique

solution of the system of linear polynomial equations (10) exists, that is, a unique solution of

each linear polynomial equation (11) exists. This system has equations (12). If µA
i (λ) = 1

and µB
i (λ) = 1, then by the conditions of the theorem, this equation has solutions x̃ii(λ) =

0, ỹii(λ) = µC
i (λ) and x̃ii(λ) = µC

i (λ), ỹii(λ) = 0. If only one of µA
i (λ) = 1 or µB

i (λ) = 1, then

this equation has solutions

x̃ii(λ) = 0, ỹii(λ) =
µC

i (λ)

µB
i (λ)

and x̃ii(λ) =
µC

i (λ)

µA
i (λ)

, ỹii(λ) = 0,

respectively. The equations (13) always have a zero solution, that is, x̃ii(λ) = 0, ỹii(λ) = 0.

This solution is unique. So, there exists a unique solution with the conditions (17) and (18) of

the matrix equation (5).

If µA
i (λ) 6= 1 and µB

i (λ) 6= 1, then by the results [4, 7] the solution with the condition

(19) of the matrix equation (5) is unique if and only if the solution x̃ij(λ), ỹij(λ) such that

degx̃ij(λ) < degµB
i (λ) and degỹij(λ) < degµA

i (λ) of the equation (11) is unique. There exist

such solutions and they are unique if and only if degµC
i (λ) < degµA

i (λ) + degµB
i (λ) and

(µA
i (λ), µB

j (λ)) = 1 i, j = 1, . . . , m.

The last conditions are true if and only if (µA
m(λ), µB

m(λ)) = 1. This completes the proof.
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Джалюк Н.С., Петричкович В.М. Структура розв’язкiв матричного лiнiйного однобiчного полiно-

мiального рiвняння вiд двох змiнних // Карпатськi матем. публ. — 2017. — Т.9, №1. — C. 48–56.

Дослiджується структура розв’язкiв матричного лiнiйного полiномiального рiвняння

A(λ)X(λ) + B(λ)Y(λ) = C(λ), зокрема можливi степенi цих розв’язкiв. Розв’язування цьо-

го матричного полiномiального рiвняння зводиться до розв’язування еквiвалетного матри-

чного полiномiального рiвняння з матрицями-коефiцiєнтами у трикутних формах з iнварiан-

тними множниками на головних дiагоналях, до яких зводяться полiномiальнi матрицi A(λ),

B(λ) i C(λ) напiвскалярними еквiвалентними перетвореннями. На основi цього вказано межi

для степенiв розв’язкiв матричних полiномiальних рiвнянь. Встановлено необхiднi i достатнi

умови єдиностi розв’язку мiнiмального степеня. Запропоновано ефективний метод побудови

розв’язкiв мiнiмальних степенiв цих рiвнянь. На вiдмiну вiд вiдомих результатiв про оцiнки

степенiв розв’язкiв матричних полiномiальних рiвнянь, в яких обидва або принаймнi один iз

коефiцiєнтiв є регулярною матрицею, у цiй статтi розглянуто випадок матричного полiномi-

ального рiвняння з довiльними коефiцiєнтами A(λ) i B(λ).

Ключовi слова i фрази: матричне полiномiальне рiвняння, розв’язок рiвняння, напiвскаляр-

на еквiвалентнiсть полiномiальних матриць.
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POINCARÉ SERIES FOR THE ALGEBRAS OF JOINT INVARIANTS AND

COVARIANTS OF n QUADRATIC FORMS

We consider one of the fundamental objects of classical invariant theory, namely the Poincaré

series for an algebra of invariants of Lie group SL2. The first two terms of the Laurent series ex-

pansion of Poincaré series at the point z = 1 give us an important information about the structure

of the algebra Id. It was derived by Hilbert for the algebra Id = C[Vd]
SL2 of invariants for binary

d−form (by Vd we denote the vector space over C consisting of all binary forms homogeneous of

degree d). Springer got this result, using explicit formula for the Poincaré series of this algebra. We

consider this problem for the algebra of joint invariants I2n=C[V2⊕V2⊕ · · · ⊕V2
︸ ︷︷ ︸

n times

]SL2 and the algebra

of joint covariants C2n=C[V2⊕V2⊕ · · · ⊕V2
︸ ︷︷ ︸

n times

⊕C
2]SL2 of n quadratic forms. We express the Poincaré

series P(C2n, z) = ∑
∞
j=0 dim(C2n)j zj and P(I2n, z) = ∑

∞
j=0 dim(I2n)j zj of these algebras in terms of

Narayana polynomials.

Also, for these algebras we calculate the degrees and asymptotic behavious of the degrees, using

their Poincaré series.

Key words and phrases: classical invariant theory, invariants, Poincaré series, combinatorics.

Khmelnytskyi National University, 11 Instytytska str., 29016, Khmelnytskyi, Ukraine

E-mail: ilashnadya@yandex.ua

INTRODUCTION

Let V2 be the complex vector space of quadratic binary forms endowed with the natural ac-

tion of the special linear group SL2. Consider the corresponding action of the group SL2 on the

algebras of polynomial functions C[nV2] and C[nV2 ⊕ C2], where nV2 := V2 ⊕ V2 ⊕ · · · ⊕ V2
︸ ︷︷ ︸

n times

.

Denote by I2n = C[nV2]
SL2 and by C2n = C[nV2 ⊕ C2] SL2 the corresponding algebras of invari-

ant polynomial functions. In the language of classical invariant theory the algebras I2n and C2n

are called the algebra of joint invariants and the algebra of joint covariants for the n quadratic

binary forms respectively.

Let R = R0 ⊕ R1 ⊕ · · · be a finitely generated graded complex algebra, R0 = C. Denote by

P(R, z) =
∞

∑
j=0

dim Rjz
j

its Poincaré series. Letting r be the transcendence degree of the quotient field of R over C, the

number

deg(R) := lim
z→1

(1 − z)rP(R, z)

УДК 512.647
2010 Mathematics Subject Classification: 13N15, 13A50, 05A19, 05E40 .

c© Ilash N.B., 2017
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is called the degree of the algebra R. The first two terms of the Laurent series expansion of P(R, z)

at the point z = 1 have the following form

P(R, z) =
deg(R)

(1 − z)r
+

ψ(R)

(1 − z)r−1
+ · · · .

The numbers deg(R), ψ(R) are important characteristics of the algebra R. For instance, if R is

an algebra of invariants of a finite group G then deg(R)−1 is order of the group G and 2
ψ(R)

deg(R)
is the number of pseudo-reflections in G (see [3]).

Let Vd be the standard (d + 1)−dimensional complex representation of SL2. Consider the

corresponding algebras of invariants Id := C[Vd]
SL2 and Cd = C[Vd ⊕ C

2] SL2 be the corre-

sponding algebra of invariants. Explicit formula for the degree of algebra of invariants for

binary d−forms deg(Id) was derived by Hilbert in [4] and Springer in [8]. In [2] explicit for-

mula for the degree of algebra of covariants for binary d−forms of deg(Cd) was derived. For

this purpose, in [8] and [2] authors used an explicit formula for the Poincaré series of those

algebras.

The formal power series

P(C2n, z) =
∞

∑
j=0

dim(C2n)j zj and P(I2n, z) =
∞

∑
j=0

dim(I2n)j zj

are called the Poincaré series of the algebras C2n and I2n. In the paper [1] the following expres-

sions for the Poincaré series of those algebras was derived:

PC2n(z) =
n

∑
k=1

(−1)n−k

(n − k)!(k − 1)!

dk−1

dzk−1

(
n−k

∑
i=0

(
n − k

i

)
(n)i(n)n−k−iz

2n−k−i−1

(1 − z)n+i(1 − z2)2n−k−i

)

,

PI2n(z) =
n

∑
k=1

(−1)n−k

(n − k)!(k − 1)!

dk−1

dzk−1

(
n−k

∑
i=0

(
n − k

i

)
(n)i(n)n−k−iz

2n−k−i−1

(1 − z)n+i−1(1 − z2)2n−k−i

)

,

where (n)m := n(n + 1) · · · (n + m − 1), (n)0 := 1 denotes the shifted factorial.

In the present paper those formulas are reduced to the following forms:

P(C2n, z) =
Wn−1(z

2)

(1 − z)3n−1(1 + z)2n−1
and P(I2n, z) =

Wn−1(z
2)− nzNn−1(z

2)

(1 − z)3n−1(1 + z)2n−1
,

where

Nn(z) =
n

∑
k=1

1

k

(
n − 1

k − 1

)(
n

k − 1

)

zk−1 and Wn(z) =
n

∑
k=0

(
n

k

)2

zk

denotes the Narayana polynomials and the Narayana polynomials of type B respectively.

Also, the degrees of algebras I2n, C2n and asymptotic behaviors of the degrees are calcu-

lated using the explicit expressions for the Poincaré series.

1 COMBINATORIAL IDENTITIES

Let us prove several auxiliary combinatorial identities.
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Lemma 1. Let m, n be positive integers. The following identities hold:

(i)
Wn−1(z

2)

(1−z)a(1−z2)2n−1
=

n

∑
k=1

1

(n−k)!(k−1)!

dk−1

dzk−1

(

z2n−k−1+a

(1−z)2n−k+a

dn−k

dzn−k

(
1

za(1+z)n

))

,

(ii)
nzNn−1(z

2)

(1−z)a(1−z2)2n−1
=

n

∑
k=1

1

(n−k)!(k−1)!

dk−1

dzk−1

(

z2n−k+a

(1−z)2n−k+a

dn−k

dzn−k

(
1

za(1 + z)n

))

.

Proof. We shall prove the relations by induction in a.

For a = 0 the statements follow immediately from the next identities (see [5]):

n

∑
k=1

(−1)n−k(n)n−k

(k − 1)!(n − k)!

dk−1

dzk−1

(

z2n−k−1

(1 − z2)2n−k

)

=
∑

n−1
k=0 (

n−1
k )

2
z2k

(1 − z2)2n−1
,

n

∑
k=1

(−1)n−k(n)n−k

(k − 1)!(n − k)!

dk−1

dzk−1

(

z2n−k

(1 − z2)2n−k

)

=
∑

n−2
k=0 (

n−2
k )( n

k+1)z
2k+1

(1 − z2)2n−1
.

(i) Assume there is a non-negative m such that

n

∑
k=1

1

(n−k)!(k−1)!

dk−1

dzk−1

(

z2n−k−1+m

(1−z)2n−k+m

dn−k

dzn−k

(
1

zm(1+z)n

))

=
∑

n−1
i=0 (n−1

i )
2
z2i

(1−z)m(1−z2)2n−1
.

We must prove the formula (i) is true for a = m + 1 :

n

∑
k=1

1

(n−k)!(k−1)!

dk−1

dzk−1

(

z2n−k+m

(1−z)2n−k+m

dn−k

dzn−k

1

zm+1(1+z)n

)

=
∑

n−1
i=0 (n−1

i )
2
z2i

(1−z)m+1(1−z2)2n−1
.

That is,

(1−z)
n

∑
k=1

1

(n−k)!(k−1)!

dk−1

dzk−1

(

z2n−k−1+m+1

(1−z)2n−k+m+1

dn−k

dzn−k

1

zm+1(1+z)n

)

=
n

∑
k=1

1

(n − k)!(k − 1)!

dk−1

dzk−1

(

z2n−k−1+m

(1 − z)2n−k+m

dn−k

dzn−k

(
1

zm(1 + z)n

))

.

It sufficed to show that (we expanded the functions into the Taylor series about z)

min{k,n−1}
∑
j=0

k−j

∑
i=0

(
n+k−j−1

k

)(
n+m+k−i−1

k−j−i

)

(−1)i

(
n+i−1

i

)(
i−m

j

)

=
min{k,n−1}

∑
j=0

k−j

∑
i=0

((
n+k−j−1

k

)(
n+m+k−i

k−j−i

)

−
(

n+k−j−2

k−1

)(
n+m+k−i−1

k−j−i−1

))

× (−1)i

(
n + i − 1

i

)(
i − m − 1

j

)

.

Using following formulas
(

n

m

)

=
n

m

(
n − 1

m − 1

)

,

(
n

m

)

=

(
n − 1

m

)

+

(
n − 1

m − 1

)

,

after some algebraic transformations we obtain the last equality.

The proof of (ii) is completely analogous to that of (i).
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2 THE POINCARÉ SERIES OF THE ALGEBRAS OF INVARIANTS AND COVARIANTS

We use the derived above combinatorial identities to express the Poincaré series P(I2n, z)

and P(C2n, z) in terms of Narayana polynomials.

Theorem 1. The following formulas hold:

(i) P(C2n, z) =
Wn−1(z

2)

(1−z)n(1−z2)2n−1
,

(ii) P(I2n, z) =
Wn−1(z

2)− nzNn−1(z
2)

(1 − z)n(1 − z2)2n−1
.

Proof. (i) Note that

P(C2n, z) =
n

∑
k=1

(−1)n−k

(n−k)!(k−1)!

dk−1

dzk−1

(
n−k

∑
i=0

(
n−k

i

)
(n)i(n)n−k−iz

2n−k−i−1

(1−z)n+i(1−z2)2n−k−i

)

=
n

∑
k=1

1

(n − k)!(k − 1)!

dk−1

dzk−1

(

z3n−k−1

(1 − z)3n−k

dn−k

dzn−k

(
1

(z(1 + z))n

))

.

Substituting n for a in Lemma 1 (i), we get

n

∑
k=1

1

(n−k)!(k−1)!

dk−1

dzk−1

(

z3n−k−1

(1−z)3n−k

dn−k

dzn−k

(
1

(z(1+z))n

))

=
Wn−1(z

2)

(1−z)n(1−z2)2n−1
.

(ii)

P(I2n, z) =
n

∑
k=1

(−1)n−k

(n−k)!(k−1)!

dk−1

dzk−1

n−k

∑
i=0

(
n−k

i

)
(n)i(n)n−k−iz

2n−k−i−1

(1−z)n+i−1(1−z2)2n−k−i

=
n

∑
k=1

1

(n − k)!(k − 1)!

dk−1

dzk−1

(

z3n−k−1

(1 − z)3n−k−1

dn−k

dzn−k

1

(z(1 + z))n

)

=
n

∑
k=1

1

(n − k)!(k − 1)!

dk−1

dzk−1

(

z3n−k−1

(1 − z)3n−k

dn−k

dzn−k

1

(z(1 + z))n

)

−
n

∑
k=1

1

(n − k)!(k − 1)!

dk−1

dzk−1

(

z3n−k

(1 − z)3n−k

dn−k

dzn−k

1

(z(1 + z))n

)

.

Substituting n for m in Lemma 1, we get

P(I2n, z) =
Wn−1(z

2)− nzNn−1(z
2)

(1 − z)n(1 − z2)2n−1
.

3 THE DEGREES OF THE ALGEBRAS OF INVARIANTS AND COVARIANTS

Let us calculate the degrees of the algebras of joint invariants and covariants of n quadratic

binary forms using the formulas for the Poincaré series P(I2n, z) and P(C2n, z).
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Theorem 2. The following formulas hold

(i) tr deg
C
C2n = 3n − 1,

(ii) tr deg
C
I2n = 3n − 3.

Proof. The transcendence degrees over C for the algebras I2n, C2n is equal to order of the pole

for P(I2n, z),P(C2n, z) respectively, see [7]. Since Wn−1(1)
22n−1 6= 0. for all n then tr deg

C
C2n =

3n − 1.

Note that

(Wn−1(z
2)−nzNn−1(z

2)) |z=1=
n−1

∑
k=0

(
n − 1

k

)2

−n
n−1

∑
k=1

1

k

(
n−2

k−1

)(
n−1

k−1

)

=0,

(Wn−1(z
2)−nzNn−1(z

2))′ |z=1 =2
n−1

∑
k=1

k

(
n−1

k

)2

−n
n−1

∑
k=1

2k−1

k

(
n−2

k−1

)(
n−1

k−1

)

=0,

(Wn−1(z
2)−nzNn−1(z

2))′′ |z=1=
n−1

∑
k=1

2k(2k − 1)

(
n − 1

k

)2

− n
n−1

∑
k=2

1

k
(2k − 1)(2k − 2)

(
n − 1

k − 1

)(
n − 2

k − 1

)(
2n − 4

n − 2

)

6= 0.

Thus, the function (Wn−1(z
2)− nzNn−1(z

2)) has the pole of order 2 at z = 1. Let us remem-

ber that P(I2n, z) =
Wn−1(z

2)− nzNn−1(z
2)

(1 − z)3n−1(1 + z)2n−1
. This implies that tr deg

C
I2n = 3n − 3.

Note that the proof of previous Theorem is direct. Luna’s Slice Theorem (see [6]) gives us

more general result.

We know explicit forms for the Poincaré series for the algebras of joint invariants and co-

variants of n linear forms. Thus we can prove the following statement.

Theorem 3. The degrees of the algebras of joint covariants and invariants of n quadratic binary

forms are equal to

(i) deg(C2n, z) =
(2n−2

n−1 )

22n−1
,

(ii) deg(I2n, z) =
(2n−4

n−2 )

(n − 1)22n−1
.

Proof. (i) Using Theorem 1 and Theorem 2, we have:

deg(C2n) = lim
z=1

(1 − z)3n−1P(Cn, z) = lim
z=1

(1 − z)3n−1

n−1

∑
k=0

(
n − 1

k

)2

z2k

(1 − z)n(1 − z2)2n−1
=

(2n−2
n−1 )

22n−1
.

(ii) Similarly, we have

deg(I2n)= lim
z=1

(1−z)3n−3P(In, z) = lim
z=1

Wn−1(z
2)−nzNn−1(z

2)

(1−z)2(1+z)2n−1

= lim
z=1

(
Wn−1(z

2)−nzNn−1(z
2)
)′′

((1−z)2(1+z)2n−1)
′′ =

(2n−4
n−2 )

(n−1)22n−1
.
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Note that asymptotically, the Catalan numbers grow as

Cn =
1

n + 1

(
2n

n

)

∼ 4n

n3/2
√

π
.

It is easy to calculate asymptotic behaviours of the degrees of the algebras I2n and C2n:

Corollary 1. Asymptotic behaviours of the degrees of the algebras of joint invariants and co-

variants of n quadratic binary forms as n → ∞ are follows

deg(I2n) ∼
1

8
√

πn3
and deg(C2n) ∼

1

2
√

πn
.
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Iлаш Н.Б. Ряди Пуанкаре алгебр спiльних iнварiантiв та коварiантiв n квадратичних форм // Кар-

патськi матем. публ. — 2017. — Т.9, №1. — C. 57–62.

Ми розглядаємо одну з фундаментальних проблем класичної теорiї iнварiантiв – дослiдже-

ння ряду Пуанкаре алгебр iнварiантiв групи Лi SL2. Вiдомо, що першi доданки розкладу ряду

Пуанкаре в ряд Лорана в околi точки z = 1 несуть важливу iнформацiю про структуру цiєї

алгебри. Для алгебри Id = C[Vd]
SL2 iнварiантiв однiєї бiнарної форми вони були обчислен-

нi ще Гiльбертом (тут Vd– комплексний d + 1− вимiрний векторний простiр бiнарних форм

степеня d). Пiзнiше цей же результат отримав Спрiнгер, використовуючи явну формулу для

ряду Пуанкаре алгебри Id. Розглядається аналогiчна задача для алгебр спiльних iнварiантiв

I2n = C[V2 ⊕ V2 ⊕ · · · ⊕ V2
︸ ︷︷ ︸

n times

] SL2 та спiльних коварiантiв C2n = C[V2 ⊕ V2 ⊕ · · · ⊕ V2
︸ ︷︷ ︸

n times

⊕C
2] SL2 n ква-

дратичних форм. Ми виразили ряди Пуанкаре P(C2n, z) = ∑
∞
j=0 dim(C2n)j zj та P(I2n, z) =

∑
∞
j=0 dim(I2n)j zj цих алгебр через полiноми Нараяна. Також ми обчислили степенi цих алгебр

та асиптотичну поведiнку цих степенiв, використовуючи цi ряди Пуанкаре.

Ключовi слова i фрази: класична теорiя iнварiантiв, iнварiанти, ряди Пуанкаре, комбiнато-

рика.
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KULYAVETC’ L.V.1 , MULYAVA O.M.2

ON THE GROWTH OF A KLASSS OF DIRICHLET SERIES ABSOLUTELY

CONVERGENT IN HALF-PLANE

In terms of generalized orders it is investigated a relation between the growth of a Dirichlet series

F(s) =
∞

∑
n=1

an exp{sλn} with the abscissa of asolute convergence A ∈ (−∞,+∞) and the growth of

Dirichlet series Fj(s) =
∞

∑
n=1

an,j exp{sλn}, 1 ≤ j ≤ 2, with the same abscissa of absolute convergence

if the coefficients an are connected with the coefficients an,j by correlation

β

(

λn

ln
(

|an|eAλn
)

)

= (1 + o(1))
m

∏
j=1

β

(

λn

ln
(

|an,j|eAλn
)

)ω j

, n → ∞,

where ωj > 0, 1 ≤ j ≤ m,
m

∑
j=1

ωj = 1.

Key words and phrases: Dirichlet series, generalized order.
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INTRODUCTION

For an entire function f (z) =
∞

∑
n=0

anzn let ̺[ f ] be its order and σ[ f ] be its type. Using

Hadamard’s formulas for the finding of these characteristics, E.G. Calys [1] proved the follow-

ing theorems.

Theorem A. Suppose that entire functions f1(z) =
∞

∑
n=0

an,1zn and f2(z) =
∞

∑
n=0

an,2zn have finite

orders and regular growth (in sence of the equality of order ̺[ f ] and lower order λ[ f ]) and the

sequences (|an,1/an+1,1|) and (|an,2/an+1,2|) are nondecreasing for n ≥ n0. If

ln (1/|an |) = (1 + o(1))
√

ln (1/|an,1|) ln (1/|an,2|)

as n → ∞, then the function f has regular growth and ̺[ f ] =
√

̺[ f1]̺[ f2 ].

Theorem B. Suppose that functions f1 and f2 from Theorem A have the same order ̺[ f1] =

̺[ f2] = ̺ ∈ (0,+∞) and the types σ[ f1] = σ1, σ[ f2] = σ2. Also suppose that an,1 6= 0 and

|an,2| ≥ |an,1|/l(1/|an,1 |) for all n ≥ n0, where l is slowly varying function. If

|an| = (1 + o(1))
√

|an,1||an,2|

as n → ∞, then the function f has the order ̺[ f ] = ̺ and the type σ[ f ] ≤ √
σ1σ1.
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2010 Mathematics Subject Classification: 30B50.

c©Kulyavetc’ L.V., Mulyava O.M., 2017



64 KULYAVETC’ L.V., MULYAVA O.M.

In [2] Theorems A and B are generalized on the case of entire Dirichlet series of finite

generalized orders by Sheremeta, moreover instead two functions f1 and f2 were considered

n ≥ 2 entire Dirichlet series.

Here we will obtain analogues results for Dirichlet series absolutely convergent in a half-

plane.

Let Λ = (λn) be an increasing to +∞ sequence of nonnegative numbers and S(Λ, A) be a

class of Dirichlet series

F(s) =
∞

∑
n=1

an exp{sln}, s = σ + it (1)

with a given sequence (λn) of exponents and an abscissa of absolutely convergence

σa = A ∈ (−∞, +∞) and M(σ, F) = sup{|F(σ + it)| : t ∈ R} for σ ∈ (−∞, A).

By L we denote a class of positive continuous functions α on (−∞, +∞) such that

α(x) = α(x0) for x ≤ x0 and 0 < α(x) ↑ +∞ as x0 ≤ x ↑ +∞. We say that α ∈ L0 if

α ∈ L and α((1 + o(1))x) = (1 + o(1))α(x) as x → +∞. Finally, α ∈ Lsi, if α ∈ L and

α(cx) = (1 + o(1))α(x) as x → +∞ for each c ∈ (0, +∞), i. e. α is slowly increasing function.

Clearly, Lsi ⊂ L0.

For α ∈ L and β ∈ L the values

̺A
α,β[F] = lim

σ↑A

α(ln M(σ, F))

β(1/(A − σ))
, λA

α,β[F] = lim
σ↑A

α(ln M(σ, F))

β(1/(A − σ))

are called [3] generalized order and lower order correspondly of Dirichlet series (1) from the

class S(Λ, A).

1 ANALOGUES OF THEOREM A.

We need the following lemmas from [3].

Lemma 1.1. Let α ∈ Lsi, β ∈ Lsi and

x

β−1(cα(x))
↑ +∞, α

(

x

β−1(cα(x))

)

= (1 + o(1))α(x) (2)

as x0 ≤ x → +∞ for each c ∈ (0,+∞).

If α(λn) = o (β (λn/ ln n)) as n → ∞, then

̺A
α,β[F] = kA

α,β[F] =: lim
n→∞

α(λn)

β (λn/ ln (|an|eAλn))
,

and if, moreover, α(λn+1) = (1+ o(1))α(λn) and
ln |an+1| − ln |an|

λn+1 − λn
ր A as n0 ≤ n → ∞, then

λA
α,β[F] = κ

A
α,β[F] =: lim

n→∞

α(λn)

β (λn/ ln (|an|eAλn))
.

Remark 1.1 ([3]). In order that λA
α,β[F] ≥ κ

A
α,β[F], it is sufficient that α(λn+1) = (1+ o(1))α(λn)

as n → ∞.
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Lemma 1.2. Let α ∈ Lsi, β ∈ Lsi and

x

α−1(cβ(x))
↑ +∞, β

(

x

α−1(cα(x))

)

= (1 + o(1))β(x) (3)

as x0 ≤ x → +∞ for each c ∈ (0,+∞).

If α(ln n) = o(β(λn)) as n → ∞, then

̺A
α,β[F] = kA∗

α,β[F] =: lim
n→∞

α
(

ln
(

|an|eAλn
))

β(λn)
,

and if, moreover, β(λn+1) = (1 + o(1))β(λn) and
ln |an+1| − ln |an|

λn+1 − λn
ր A as n0 ≤ n → ∞,

then

λA
α,β[F] = κ

A∗
α,β[F] =: lim

n→∞

α
(

ln
(

|an|eAλn
))

β(λn)
.

Remark 1.2 ([3]). In order that λA
α,β[F] ≥ κ

A∗
α,β[F], it is sufficient that β(λn+1) = (1+ o(1))β(λn)

as n → ∞.

Suppose that Fj ∈ S(Λ, A), 1 ≤ j ≤ m, and

Fj(s) =
∞

∑
n=1

an,j exp{sλn}. (4)

Using Lemma 1.1, at first we prove the following analog of Theorem A.

Theorem 1. Let functions α ∈ Lsi and β ∈ Lsi satisfy conditions (2), α(λn) = o (β (λn/ ln n))

and α(λn+1) = (1 + o(1))α(λn) as n → ∞. Suppose that all functions (4) have regular

αβ-growth (i.e. λA
α,β[Fj] = ̺A

α,β[Fj] < +∞) and
ln |an+1,j| − ln |an,j |

λn+1 − λn
ր A as n0 ≤ n → ∞.

If ωj > 0, 1 ≤ j ≤ m,
m

∑
j=1

ωj = 1 and

β

(

λn

ln (|an|eAλn)

)

= (1 + o(1))
m

∏
j=1

β

(

λn

ln
(

|an,j|eAλn
)

)ωj

, n → ∞, (5)

then function (1) has regular αβ-growth and ̺A
α,β[F] =

m

∏
j=1

(̺A
α,β[Fj])

ωj .

Proof. Since λA
α,β[Fj] = ̺A

α,β[Fj] = ̺j < +∞, by Lemma 1.1 we have

lim
n→∞

α(λn)

β
(

λn/ ln
(

|an,j |eAλn
)) = ̺j.

Therefore, from (5) we obtain

lim
n→∞

1

α(λn)
β

(

λn

ln (|an|eAλn)

)

= lim
n→∞

1

α(λn)

m

∏
j=1

β

(

λn

ln
(

|an,j|eAλn
)

)ωj

= lim
n→∞

m

∏
j=1

(

1

α(λn)
β

(

λn

ln
(

|an,j |eAλn
)

))ωj

=
m

∏
j=1

lim
n→∞

(

1

α(λn)
β

(

λn

ln
(

|an,j|eAλn
)

))ωj

=
m

∏
j=1

(

1/̺j

)ωj ,
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that is,

lim
n→∞

α(λn)

β (λn/ ln (|an|eAλn))
=

m

∏
j=1

̺
ωj

j .

Using Lemma 1.1 and the Remark 1.1, hence we get
m

∏
j=1

̺
ωj

j ≤ λA
α,β[F] ≤ ̺A

α,β[F] =
m

∏
j=1

̺
ωj

j , that

is the function F has regular αβ-growth and ̺A
α,β[F] =

m

∏
j=1

(̺A
α,β[F])

ωj . Theorem 1 is proved.

From (2) it follows that the function α increases less rapidly than the function β. It is easy to

verify that the functions α(x) = ln ln x and β(x) = ln x for x ≥ x0 satisfy (2) and the condition

α(λn) = o (β (λn/ ln n)) holds as n → ∞, provided lim
n→∞

(ln ln n)/ ln λn < 1. Therefore,

Theorem 1 implies the following statement.

Corollary 1.1. Let lim
n→∞

(ln ln n)/ ln λn < 1, ln ln λn+1 = (1 + o(1)) ln ln λn as n → ∞. Sup-

pose that lim
σ↑A

ln ln ln M(σ, Fj))

ln (1/(A − σ))
= ̺j and

ln |an+1,j| − ln |an,j|
λn+1 − λn

ր A as n0 ≤ n → ∞ for all

1 ≤ j ≤ m. If

ln

(

λn

ln (|an|eAλn)

)

= (1 + o(1))
m

∏
j=1

lnωj

(

λn

ln
(

|an,j|eAλn
)

)

,
m

∑
j=1

ωj = 1,

as n → ∞ then lim
σ↑A

ln ln ln M(σ, F))

ln (1/(A − σ))
=

m

∏
j=1

̺
ωj

j .

For the proof of the following theorem we will use Lemma 1.2.

Theorem 2. Let the functions α ∈ Lsi and β ∈ Lsi satisfy the condition (3), α(ln n) = o(β(λn))

and β(λn+1) = (1 + o(1))β(λn) as n → ∞. Suppose that all functions (4) have regular αβ-

growth and
ln |an+1,j| − ln |an,j|

λn+1 − λn
ր A as n0 ≤ n → ∞.

If ωj > 0, 1 ≤ j ≤ m,
m

∑
j=1

ωj = 1 and

α
(

ln
(

|an|eAλn

))

= (1 + o(1))
m

∏
j=1

αωj

(

ln
(

|an,j|eAλn

))

, n → ∞, (6)

then function (1) has regular αβ-growth and ̺A
α,β[F] =

m

∏
j=1

(̺A
α,β[Fj])

ωj .

Proof. Since λA
α,β[Fj] = ̺A

α,β[Fj] = ̺j < +∞, by Lemma 1.2 we have

lim
n→∞

α
(

ln
(

|an,j |eAλn
))

β(λn)
= ̺j.

Therefore, from (6), as in the proof of Theorem 1,

lim
n→∞

α
(

ln
(

|an|eAλn
))

β(λn)
=

m

∏
j=1

lim
n→∞

(

α
(

ln
(

|an,j |eAλn
))

β(λn)

)ωj

=
m

∏
j=1

̺
ωj

j ,

whence, as above, we obtain the regular αβ-growth of the function f and the equality ̺A
α,β[F] =

m

∏
j=1

(̺A
α,β[F])

ωj . Theorem 2 is proved.
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From (3) it follows that the function β increases less rapidly than the function β. It is easy

to verify that the functions α(x) = ln x and β(x) = ln ln x for x ≥ x0 satisfy (3). Therefore,

Theorem 2 implies the following statement.

Corollary 1.2. Let ln ln n = o(ln ln λn)) and ln ln λn+1 = (1 + o(1)) ln ln λn as n → ∞.

Suppose that lim
σ↑A

ln ln M(σ, Fj))

ln ln (1/(A − σ))
= ̺j and

ln |an+1,j| − ln |an,j |
λn+1 − λn

ր A as n0 ≤ n → ∞ for all

1 ≤ j ≤ m. If

ln ln
(

|an|eAλn

)

= (1 + o(1))
m

∏
j=1

lnωj ln
(

|an,j|eAλn

)

,
m

∑
j=1

ωj = 1,

as n → ∞ then lim
σ↑A

ln ln M(σ, F))

ln ln (1/(A − σ))
=

m

∏
j=1

̺
ωj

j .

2 ANALOGUES OF THEOREM B.

Suppose, as above, that α ∈ Lsi and β ∈ Lsi. In order to get the analogues of Theorem B,

except the generalized order ̺A
α,β[F] ∈ (0,+∞), it is needed to enter a (generalized) type. A

definition of the type depends on what from the functions α or β grows slower.

Suppose at first that the function β increases less rapidly than the function α and define a

type by the formula

TA∗
α,β [F] = lim

σ↑A

ln M(σ, F)

α−1(̺A
α,β[F]β(1/(A − σ)))

.

Since TA∗
α,β [F] = ̺A

α1 ,β1
[F], where α1(x) = x 6∈ Lsi and β1(x) = α−1(̺A

α,β[F]β(x)) for x ≥ x0, we

can apply none from the lemmas indicated above. However the following statement is true [3].

Lemma 2.1. Let α1(x) = x for x ≥ x0, β1 ∈ Lsi and

x

β1(x)
↑ +∞, β1

(

x

β1(x)

)

= (1 + o(1))β1(x), x0 ≤ x → +∞.

If ln n = o(β1(λn)) as n → ∞ then ̺A
α1 ,β1

[F] = lim
n→∞

ln
(

|an|eAλn
)

β1(λn)
.

Since β1(x) = α−1(̺A
α,β[F]β(x)) for x ≥ x0 then Lemma 2.1 implies the following statement.

Lemma 2.2. Let α ∈ Lsi and β ∈ Lsi be such that α−1(cβ(x)) ∈ Lsi for each c ∈ (0, +∞) and

x

α−1(cβ(x))
↑ +∞, α−1

(

cβ

(

x

α−1(cβ(x)

))

= (1 + o(1))α−1(cβ(x)) (7)

as x0 ≤ x → +∞ for each c ∈ (0, +∞). If ln n = o(α−1(cβ(λn)) as n → ∞ for each c ∈
(0, +∞), then

TA∗
α,β [F] = lim

n→∞

ln
(

|an|eAλn
)

α−1(̺A
α,β[F]β(λn))

.

The following theorem generalizes Theorem B.
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Theorem 3. Let β ∈ Lsi, α(ex) ∈ L0, α−1(cβ(x)) ∈ Lsi, conditions (7) hold and ln n =

o(α−1(cβ(λn))) as n → ∞ for each c ∈ (0, +∞). Suppose that all Dirichlet series (4) have

the same generalised order ̺A
α,β[Fj] = ̺ ∈ (0,+∞) and the types TA∗

α,β [Fj] ∈ (0,+∞). Suppose

also that an,1 6= 0 for all n ≥ n0 and for all 2 ≤ j ≤ m

ln ln
(

|an,j|eAλn

)

≥ (1 + o(1)) ln ln
(

|an,1|eAλn

)

, n → ∞. (8)

If ωj > 0, 1 ≤ j ≤ m,
m

∑
j=1

ωj = 1 and

ln
(

|an|eAλn

)

= (1 + o(1))
m

∏
j=1

(

ln
(

|an,j|eAλn

))ωj
, n → ∞, (9)

then Dirichlet series (1) has the generalized order ̺A
α,β[F] = ̺ and the type

TA∗
α,β [F] ≤

m

∏
j=1

TA∗
α,β [Fj]

ωj .

Proof. Since α(ex) ∈ L0, then for each c ∈ (0, +∞) we have

α(cx) = α(eln x+ln c) = α(e(1+o(1)) ln x) = (1 + o(1))α(eln x) = (1 + o(1))α(x)

as x → +∞, that is α ∈ Lsi. Hence it follows that α−1((1 − η)x) = o(α−1(x)) as x → +∞

for each η ∈ (0, 1), because if α−1((1 − η)xk) ≥ hα−1(xk)) for some number h > 0 and an

increasing to +∞ sequence (xk) then (1 − η)xk ≥ α(hα−1(xk)) = (1 + o(1))xk as k → ∞, that

is impossible.

Therefore, conditions (7) imply the conditions (3). Indeed, if for some c ∈ (0, +∞),

η ∈ (0, 1) and an increasing to +∞ sequence (xk) the inequality

β
(

xk/α−1(cβ(xk))
)

≤ (1 − η)β(xk)

is true then α−1
(

cβ
(

xk/α−1(cβ(xk)
))

≤ α−1 (c(1 − η)β(xk)) = o(α−1 (cβ(xk)) as k → ∞, that

is impossible in view of (7).

Finally, from the condition ln n = o(α−1(cβ(λn)) as n → ∞ for each c ∈ (0, +∞) we have

ln n ≤ α−1(cβ(λn)) for n ≥ n0 and each c ∈ (0, +∞), that is α(ln n) ≤ cβ(λn) and in view of

the arbitrariness of c we obtain α(ln n) = o(β(λn)) as n → ∞.

Thus, from the conditions on the functions α and β and the sequence (λn) in Theorem 3 the

conditions of Lemma 1.2 follows.

Since all Dirichlet series (4) have the same generalized order ̺A
α,β[Fj] = ̺ ∈ (0,+∞), then

by Lemma 1.2 for every ̺1 > ̺ and all n ≥ n0(̺1) we have ln
(

|an,j|eAλn
)

≤ α−1(̺1β(λn)).

Therefore, from (9) we obtain

̺A
α,β[F] = lim

n→∞

α
(

ln
(

|an|eAλn
))

β(λn)
= lim

n→∞

1

β(λn)
α

(

m

∏
j=1

(

ln
(

|an,j |eAλn

))ωj

)

= lim
n→∞

1

β(λn)
α

(

exp

{

m

∑
j=1

ωj ln ln
(

|an,j|eAλn

)

})

≤ lim
n→∞

1

β(λn)
α

(

exp

{

m

∑
j=1

ωj ln α−1(̺1β(λn))

})

= ̺1,
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that is in view of the arbitrariness of ̺1 we obtain the inequality ̺A
α,β[F] ≤ ̺.

On the other hand, in view of the conditions (8) and α(ex) ∈ L0 we have

̺A
α,β[F] = lim

n→∞

1

β(λn)
α

(

exp

{

m

∑
j=1

ωj ln ln
(

|an,j |eAλn

)

})

= lim
n→∞

1

β(λn)
α

(

exp

{

ω1 ln ln
(

|an,1|eAλn

)

+
m

∑
j=2

ωj ln ln
(

|an,j|eAλn

)

})

≥ lim
n→∞

1

β(λn)
α

(

exp

{

ω1 ln ln
(

|an,1|eAλn

)

+
m

∑
j=2

ωj(1 + o(1)) ln ln
(

|an,1|eAλn

)

})

= lim
n→∞

1

β(λn)
α

(

exp

{

(1 + o(1))
m

∑
j=1

ωj ln ln
(

|an,1|eAλn

)

})

= lim
n→∞

(1 + o(1))

β(λn)
α

(

exp

{

m

∑
j=1

ωj ln ln
(

|an,1|eAλn

)

})

= lim
n→∞

α
(

ln
(

|an,1|eAλn
))

β(λn)
= ̺.

Thus, ̺A
α,β[F] = ̺ and for TA∗

α,β [F] by Lemma 2.2 from (9) we obtain

TA∗
α,β [F] = lim

n→∞

ln
(

|an|eAλn
)

α−1(̺A
α,β[F]β(λn))

= lim
n→∞

1

α−1(̺A
α,β[F]β(λn))

m

∏
j=1

(

ln
(

|an,j|eAλn

))ωj

= lim
n→∞

m

∏
j=1

(

ln
(

|an,j |eAλn
)

α−1(̺A
α,β[F]β(λn))

)ωj

≤
m

∏
j=1

lim
n→∞

(

ln
(

|an,j|eAλn
)

α−1(̺A
α,β[F]β(λn))

)ωj

=
m

∏
j=1

TA∗
α,β [Fj]

ωj .

The proof of Theorem 3 is complete.

It is easy to verify that the functions α(x) = ln x and β(x) = ln ln x for x ≥ x0 satisfy the

conditions of Theorem 3. Therefore, the following statement is true.

Corollary 2.1. Let Diriclet series (4) be such that for all 1 ≤ j ≤ m

lim
σ↑A

ln ln M(σ, Fj)

ln ln (1/(A − σ))
= ̺, lim

σ↑A

ln M(σ, Fj))

ln̺ (1/(A − σ))
= Tj,

and ln n = O(ln ln λn) as n → ∞. Then the conditions (8) and (9) imply

lim
σ↑A

ln ln M(σ, F)

ln ln (1/(A − σ))
= ̺, lim

σ↑A

ln M(σ, F)

ln̺ (1/(A − σ))
≤

m

∏
j=1

T
ωj

j .

Since ̺A
α,β[F] = lim

σ↑A

ln exp{α(ln M(σ, F)}
ln exp{β(1/(A − σ)} , we define the type also by the formula

TA
α,β[F] = lim

σ↑A

exp{α(ln M(σ, F)}
exp{̺A

α,β[F]β(1/(A − σ)} ,

and for the finding by the coefficients we use Lemma 1.1. We obtain the following statement.
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Lemma 2.3. Suppose that the function eα(x) and eβ(x) belongs to Lsi and

x

β−1(ln c + α(x))
↑ +∞, exp

{

α

(

x

β−1(ln c + α(x))

)}

= (1 + o(1))eα(x) (10)

as x → +∞ for each c ∈ (0,+∞). If exp{α(λn)} = o (exp {β (λn/ ln n)}) as n → ∞ then

TA
α,β[F] = lim

n→∞

exp{α(λn)}

exp

{

̺A
α,β[F]β

(

λn

ln (|an|eAλn)

)} .

Theorem 4. Let the function eα(x) and eβ(x) belongs to Lsi, the conditions (2) and (10) hold

and α(λn) = o (β (λn/ ln n)) as n → ∞. Suppose that all Dirichlet series (4) have the same

generalized order ̺A
α,β[Fj] = ̺ ∈ (0,+∞) and the types TA

α,β[Fj] ∈ (0,+∞). Suppose also that

an,1 6= 0 for all n ≥ n0 and for all 2 ≤ j ≤ m

β

(

λn

ln
(

|an,j |eAλn
)

)

≤ (1 + o(1))β

(

λn

ln (|an,1|eAλn)

)

, n → ∞. (11)

If ωj > 0, 1 ≤ j ≤ m,
m

∑
j=1

ωj = 1 and

exp

{

β

(

λn

ln (|an|eAλn)

)}

= (1 + o(1))
m

∏
j=1

exp

{

ωjβ

(

λn

ln
(

|an,j |eAλn
)

)}

(12)

as n → ∞ then Dirichlet series (1) has the generalized order ̺A
α,β[F] = ̺ and type

TA
α,β[F] ≤

m

∏
j=1

TA
α,β[Fj]

ωj .

Proof. From (12) we have

β

(

λn

ln (|an|eAλn)

)

=
m

∑
j=1

ωjβ

(

λn

ln
(

|an,j|eAλn
)

)

+ o(1) (13)

as n → ∞. Therefore, by Lemma 1.1

1

̺A
α,β[F]

= lim
n→∞

1

α(λn)
β

(

λn

ln (|an|eAλn)

)

≥
m

∑
j=1

lim
n→∞

ωj

α(ωn)
β

(

λn

ln
(

|an,j|eAλn
)

)

=
1

̺
.

On the other hand, in view of (11) from (13) we obtain

1

̺A
α,β[F]

≤ lim
n→∞

m

∑
j=1

ωj

α(λn)
β

(

λn

ln (|an,1|eAλn)

)

=
1

̺
,

that is ̺A
α,β[F] = ̺. From (12) and Lemma 2.3 also it follows that

1

TA
α,β[F]

= lim
n→∞

1

exp{α(λn)}
exp

{

̺β

(

λn

ln (|an|eAλn)

)}

= lim
n→∞

1

exp{α(λn)}
m

∏
j=1

exp

{

̺ωjβ

(

λn

ln
(

|an,j |eAλn
)

)}

≥
m

∏
j=1

lim
n→∞













exp

{

̺β

(

λn

ln
(

|an,j |eAλn
)

)}

exp{α(λn)}













ωj

=
m

∏
j=1

(

1

TA
α,β[Fj]

)ωj

.
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Theorem 4 is proved.

It is easy to verify that the functions α(x) = ln ln x and β(x) = ln ln x for x ≥ x0 satisfy

the conditions (2) and (10). The condition α(λn) = o (β (λn/ ln n)) as n → ∞ holds, provided

lim
n→∞

(ln ln n)/ ln λn < 1. Therefore, Theorem 4 implies the following statement.

Corollary 2.2. Let lim
n→∞

(ln ln n)/ ln λn < 1 and for all 1 ≤ j ≤ m

lim
σ↑A

ln ln ln ln M(σ, Fj))

ln ln (1/(A − σ))
= ̺, lim

σ↑A

ln ln ln M(σ, Fj))

ln̺ (1/(A − σ))
= Tj ∈ (0,+∞).

Suppose that an,1 6= 0 for all n ≥ n0 and for all 2 ≤ j ≤ m

ln ln
λn

ln
(

|an,j |eAλn
) ≤ (1 + o(1)) ln ln

λn

ln (|an,1|eAλn)
, n → ∞.

If ωj > 0, 1 ≤ j ≤ m,
m

∑
j=1

ωj = 1 and

ln
λn

ln (|an|eAλn)
= (1 + o(1))

m

∏
j=1

(

ln
λn

ln
(

|an,j|eAλn
)

)ωj

as n → ∞ then

lim
σ↑A

ln ln ln ln M(σ, F)

ln ln (1/(A − σ))
= ̺, lim

σ↑A

ln ln ln M(σ, F)

ln̺ (1/(A − σ))
≤

m

∏
j=1

T
ωj

j .
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У термiнах узагальнених порядкiв дослiджено зв’язок мiж зростанням ряду Дiрiхле F(s) =
∞

∑
n=1

an exp{sλn} з абсцисою абсолютної збiжностi A ∈ (−∞,+∞) i зростанням рядiв Дiрiхле

Fj(s) =
∞

∑
n=1

an,j exp{sλn}, 1 ≤ j ≤ 2, з такою ж абсцисою абсолютної збiжностi, якщо, напри-

клад, коефiцiєнти an повязанi з коефiцiєнтами an,j спiввiдношеням

β

(

λn

ln
(

|an|eAλn
)

)

= (1 + o(1))
m

∏
j=1

β

(

λn

ln
(

|an,j|eAλn
)

)ω j

, n → ∞,

де ωj > 0, 1 ≤ j ≤ m,
m

∑
j=1

ωj = 1.

Ключовi слова i фрази: ряд Дiрiхле, узагальнений порядок.
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PARABOLIC SYSTEMS OF SHILOV-TYPE WITH COEFFICIENTS OF BOUNDED

SMOOTHNESS AND NONNEGATIVE GENUS

The Shilov-type parabolic systems are parabolically stable systems for changing its coefficients

unlike of parabolic systems by Petrovskii. That’s why the modern theory of the Cauchy problem

for class by Shilov-type systems is developing abreast how the theory of the systems with constant

or time-dependent coefficients alone. Building the theory of the Cauchy problem for systems with

variable coefficients is actually today. A new class of linear parabolic systems with partial deriva-

tives to the first order by the time t with variable coefficients that includes a class of the Shilov-type

systems with time-dependent coefficients and non-negative genus is considered in this work. A

main part of differential expression concerning space variable x of each such system is parabolic

(by Shilov) expression. Coefficients of this expression are time-dependent, but coefficients of a

group of younger members may depend also a space variable. We built the fundamental solution

of the Cauchy problem for systems from this class by the method of sequential approximations.

Conditions of minimal smoothness on coefficients of the systems by variable x are founded, the

smoothness of solution is investigated and estimates of derivatives of this solution are obtained.

These results are important for investigating of the correct solution of the Cauchy problem for this

systems in different functional spaces, obtaining forms of description of the solution of this problem

and its properties.

Key words and phrases: fundamental matrix of solutions, Cauchy problem, Shilov-type parabolic
systems.

Yuriy Fedkovych Chernivtsi National University, 2 Kotsjubynskyi str., 58012, Chernivtsi, Ukraine
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INTRODUCTION

The definition of parabolicity formulated by G.Ye. Shilov [12] generalizes the definition

of parabolicity by I.G. Petrovskii [11] and extends considerably the Petrovskii’s class of the

first-order on time systems by the systems with constant coefficients with order different form

the parabolicity factor. The parabolic (by Shilov) systems were investigated, in part, in pa-

pers [2, 4, 6, 7] containing the results on description of the classes of uniqueness and correct-

ness of the Cauchy problem, developing the methods of study of fundamental solution, rating

the correct solvability of the Cauchy problem at various functional spaces, and ascertaining

qualitative properties of solutions for such systems. However, these results concern to the sys-

tems with constant or time-dependent coefficients alone. The attempts to derive any results

for parabolic (by Shilov) systems with variable coefficients, which are space-dependent ones,

were unsuccessful, while it has been shown [5] that such systems are parabolically unstable to

changing coefficients.
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Interesting approach to expansion of the Shilov class of parabolic systems has been pro-

posed by Ya.I. Zhitomirskii [13] defining a new class of parabolically stable systems to varia-

tions of the lower coefficients. This class adds naturally to the Petrovskii’s class of systems with

variable coefficients and covers the parabolic (by Shilov) systems. These systems are referred

to as the Shilov-type parabolic systems with variable coefficients.

The Shilov-type parabolic systems of the p-th order are of the form

∂tu(t; x) = {P0(t; i∂x) + P1(t, x; i∂x)}u(t; x), t ∈ (0; T], x ∈ R
n, (1)

where u := col(u1, . . . , um), P0(t; i∂x) and P1(t, x; i∂x) are the matrix differential expressions of

the orders p and p1, respectively, with coefficients dependent on time t, and for P1 on spatial

variable x as well. For that, the system

∂tu(t; x) = P0(t; i∂x)u(t; x), t ∈ (0; T], x ∈ R
n, (2)

is the parabolical (by Shilov) system with the parabolicity factor h, 0 < h ≤ p, kind of µ and of

reduced order p0 (see [4, p.72, p.133]), and p1 satisfies the following conditions:

(A) 0 ≤ p1 < h − n
(

1 − hµ/p0

)
− (m − 1)(p − h), 0 ≤ µ;

(Â) 0 ≤ p1 < h − n(1 − µ)− (m − 1)(p − h), µ < 0.

For the systems (1) Ya.I. Zhitomirskii has ascertained by the method of sequential approxi-

mations correct solvability of the Cauchy problem at the class of smooth bounded initial func-

tions for the case, when the coefficients of the differential expression for P0 are constant, and

the coefficients of the expression P1 are limited being dependent on x, alone functions, which

are differentiable up to some order.

Further elaboration of the Cauchy problem for the Shilov-type parabolic systems with vari-

able coefficients presumed construction of the fundamental solution of the Cauchy problem

(FSCP) and comprehensive investigation of it.

For the systems (1) of nonnegative kind µ and the coefficients, which are boundedly con-

tinuous on t and infinitely differentiable on x, the FSCP has been derived and its main prop-

erties have been studied [8]. These results enable to develop the theory of the Cauchy prob-

lem [1, 9, 10] for such systems at spaces S of I.M. Gelfand and G.Ye. Shilov and, in part, to

prove correct solvability of the Cauchy problem with generalized initial conditions of kind of

the Gevrey’s ultra-distributions, to find out the form of classical solutions with generalized

boundary values at initial hyperplane, to study the properties of localization and stabilization

of the solutions, and to describe the sets of generalized initial functions for which the corre-

sponding solutions are the elements of the L. Swartz space S or any of spaces of I.M. Gelfand

and G.Ye. Shilov.

In this paper, we continue the study of the systems (1) for µ ≥ 0 with coefficients of

bounded smoothness. We determine the conditions of minimal smoothness of the coefficients

with respect to the variable x, for which the classical FSCP exists, construct this solution and

investigate its main properties. These results are important for further development of the

classical theory of the Cauchy problem for parabolic systems and its unification.

1 AUXILIARY DATA

Let T be a fixed number from (0;+∞), N be the set of natural numbers; Nm := {1, . . . , m};

R
n be the real n-dimension space; R := R

1; Z
n
+ be the set of all n-dimension multi-indices,
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Z+ := Z
1
+; i – imaginary unit; (·, ·) – scalar product at the space R

n; ‖x‖ := (x, x)1/2, x ∈ R
n;

|x + iy| := (x2 + y2)1/2, {x, y} ⊂ R; |(al j)
m
l,j=1| := max

{l,j}⊂Nm

|al j|; |z|+ := |z1|+ . . . + |zn|, zl :=

zl1
1 . . . zln

n , if z ∈ R
n, l ∈ Z

n
+; ΠM := {(t; x)| t ∈ M, x ∈ R

n}, M ⊂ R.

We will consider here only the systems (1) with µ ≥ 0, where the differential expressions

for P0 and P1 are of the form

P0(t; i∂x) = ∑
|k|+≤p

A0,k(t)∂
k
x , P1(t, x; i∂x) = ∑

|k|+≤p1

A1,k(t; x)∂k
x,

where A0,k(t) := i|k|+
(

a
l j
0,k(t)

)m

l,j=1
, A1,k(t; x) := i|k|+

(
a

l j
1,k(t; x)

)m

l,j=1
are matrix coefficients.

By G(t, τ; ·), 0 ≤ τ < t ≤ T, we denote FSCP of system (2). It is known that G(t, τ; ·) =

F
[
Θt

τ(ξ)
]
(t, τ; ·), where F[·] is the Fourier transformation operator, and Θt

τ(·) is a matriciant

of the corresponding Fourier duality of the system. The following statement is proper [1, 6].

Proposition 1.1. For all T > 0 there exists δ > 0 and for all k ∈ Z
n
+ there exists c > 0 such that

for all t ∈ (τ; T], τ ∈ [0; T) and {x, ξ} ⊂ R
n takes place

|∂k
xG(t, τ; x − ξ)| ≤ c(t − τ)−

n+|k|++γ
h e

−δ
(

‖x−ξ‖
(t−τ)α

) 1
1−α

, (3)

where γ := (m − 1)(p − h) and α := µ/p0.

Here, we consider systems (1), which satisfy, in addition to condition (A), the following

condition:

(B) the coefficients a
l j
0,k(t), a

l j
1,k(t; x) are continuous in the variable t uniformly with respect to

x, differentiable with respect to the variable x up to the order α∗ inclusively, and bounded

together with their derivatives by complex-valued functions in a ball Π[0;T].

In [8], FSCP of system (1) was constructed in the form

Z(t, x; τ, ξ) = G(t, τ; x − ξ) + W(t, x; τ, ξ), (t, x; τ, ξ) ∈ Π2
T, (4)

where Π2
T := {(t, x; τ, ξ)| 0 ≤ τ < t ≤ T, {x, ξ} ⊂ R

n} and

W(t, x; τ, ξ) :=

t∫

τ

dβ
∫

Rn

G(t, β; x − y)Φ(β, y; τ, ξ)dy. (5)

Here

Φ(t, x; τ; ξ) =
∞

∑
l=1

Kl(t, x; τ, ξ), (6)

where

K1(t, x; τ, ξ) := P1(t, x; i∂x)G(τ, t; x − ξ),

Kl(t, x; τ, ξ) :=

t∫

τ

dβ
∫

Rn

K1(t, x; β, y)Kl−1(β, y; τ, ξ)dy, l > 1.
(7)

In this case, it was established that condition (A) and the boundedness of the coefficients of

system (1) ensure the absolute uniform convergence of the functional series (6) for all {x, ξ} ⊂
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R
n, t ∈ (τ; T], and τ ∈ [0, T). Moreover, its sum Φ and the iterated kernels Kl satisfy the

estimates

|Φ(t, x; τ, ξ)| ≤ c1(t − τ)α0−(1+αn)e
−δ1

(
‖x−ξ‖
(t−τ)α

) 1
1−α

, (8)

|Kl(t, x; τ, ξ)| ≤ cl
0

(
l−1

∏
j=1

c(jε)B(α0, jα0)

)

× (t − τ)lα0−(1+αn)e
−δ(1−(l−1)ε)

(
‖x−ξ‖
(t−τ)α

) 1
1−α

, ε ∈ (0; 1),

(9)

with the estimating constants independent of t, τ, x, and ξ. Here

α0 := 1 + αn − (n + p1 + γ)/h > 0

and B(·, ·) is the Euler beta-function.

We note that estimates (3) and (8) for {x, ξ} ⊂ R
n and 0 ≤ τ < t ≤ T guarantee the absolute

convergence of the integral, by which the potential W is determined. Thus, the matrix function

Z(t, x; τ, ξ) is properly determined by formula (4) on the whole set Π2
T.

Completing this item, we present the following estimates from [3], which will be of impor-

tance in what follows:

e
−δ

{(
‖x−y‖
(t−β)α

) 1
1−α +

(
‖y−ξ‖
(β−τ)α

) 1
1−α

}

≤ e
−δ
(

‖x−ξ‖
(t−τ)α

) 1
1−α

; (10)

∫

Rn

e
−δ

{(
‖x−y‖
(t−β)α

) 1
1−α +

(
‖y−ξ‖
(β−τ)α

) 1
1−α

}

dy

((t − β)(β − τ))αn
≤

cεe
−δ(1−ε)

(
‖x−ξ‖
(t−τ)α

) 1
1−α

(t − τ)αn
, δ > 0, (11)

(here, {x, y, ξ} ⊂ R
n, β ∈ (τ; t), 0 ≤ τ < t ≤ T, ε ∈ (0; 1), and δ > 0, and the quantity cε

depends only on ε).

2 PROPERTIES OF FSPC

First, we estimate the derivatives of the iterated kernels Kl .

According to representation (7), the smoothness of the kernel K1(t, x; τ, ξ) in the spatial

variables x and ξ is determined, respectively, by the smoothness of the coefficients of system

(1) and the function G(t, τ; x− ξ). Therefore, there exist the derivatives ∂r
ξ∂

q
xK1 for {r, q} ⊂ Z

n
+,

|q|+ ≤ α∗, and the following equality holds:

∂r
ξ∂

q
xK1(t, x; τ, ξ) = ∑

|k|+≤p1

q

∑
l=0

Cl
q

(
∂l

x A1,k(t; x)
) (

∂
k+r+q−l
(x−ξ)

G(t, τ; x − ξ)
)

,

where Cl
q is a binomial coefficient. From whence, with regard for condition (B) and estimate

(3) for {r, q} ⊂ Z
n
+, |q|+ ≤ α∗, (t, x; τ, ξ) ∈ Π2

T, we get

|∂r
ξ ∂

q
xK1(t, x; τ, ξ)| ≤ cr,q(t − τ)−

n+p1+γ+|r+q|+
h e

−δ
(

‖x−ξ‖
(t−τ)α

) 1
1−α

(12)
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(here, the estimating constants are independent of t, τ, x, and ξ).

For l > 1, we will use the representation

Kl(t, x; τ, ξ) =

t1∫

τ

dβ
∫

Rn

K1(t, x; β, η + ξ)Kl−1(β, η + ξ; τ, ξ)dη

+

t∫

t1

dβ
∫

Rn

K1(t, x; β, x − z)Kl−1(β, x − z; τ, ξ)dz, t1 :=
t + τ

2
.

(13)

According to it,

∂r
ξ∂

q
xKl(t, x; τ, ξ) = ∑

|r1|+≤|r|+

Cr1
r

t1∫

τ

dβ
∫

Rn

(
∂r1

ξ ∂
q
xK1(t, x; β, η + ξ)

)

×
(

∂r−r1
ξ Kl−1(β, η + ξ; τ, ξ)

)
dη + ∑

|q1|+≤|q|+

C
q1
q

t∫

t1

dβ
∫

Rn

(
∂

q1
x K1(t, x; β, x − z)

)

×
(

∂r
ξ∂

q−q1
x Kl−1(β, x − z; τ, ξ)

)
dz, |q|+ ≤ α∗, (t, x; τ, ξ) ∈ Π2

T.

(14)

Hence, the estimation of |∂r
ξ ∂

q
xKl(t, x; τ, ξ)| is reduced to that of the expressions

|∂r
ξ ∂

q
xK1(t, x; τ, η + ξ)|, |∂

q
xK1(t, x; τ, x − z)|, |∂r

ξ Kl−1(t, η + ξ; τ, ξ)|, |∂r
ξ ∂

q
xKl−1(t, x − z; τ, ξ)|.

In view of the boundedness of ∂
q
xa

l j
1,k(t; x), |q|+ ≤ α∗, and estimate (3), for all {q, r} ∈ Z

n
+,

|q|+ ≤ α∗, {x, η, ξ} ∈ R
n, t ∈ (τ; T], and τ ∈ [0; T), we have

∣∣∂r
ξ∂

q
xK1(t, x; τ, η + ξ)

∣∣ ≤ m ∑
|k|+≤p1

∑
|q1|+≤|q|+

C
q1
q

∣∣∂q1
x A1,k(t; x)

∣∣ ∣∣∂k+r+q−q1

(x−η−ξ)
G(t, τ; x − η − ξ)

∣∣

≤ cr,q(t − τ)−
n+p1+γ+|r+q|+

h e
−δ
(
‖x−η−ξ‖
(t−τ)α

) 1
1−α

;

(15)

∣∣∂q
xK1(t, x; τ, x − ξ)

∣∣ =
∣∣∣∂q

x

(
∑

|k|+≤p1

A1,k(t; x)∂k
xG(t, τ; ξ)

)∣∣∣ ≤ m
∣∣∣∂q

x A1,0(t; x)
∣∣∣
∣∣∣G(t, τ; ξ)

∣∣∣

≤ ĉq(t − τ)−
n+γ

h e
−δ
(

‖ξ‖
(t−τ)α

) 1
1−α

≤ cq(t − τ)−
n+p1+γ

h e
−δ
(

‖ξ‖
(t−τ)α

) 1
1−α

.

(16)

We now estimate the expression
∣∣∂r

ξ Kl(t, η + ξ; τ, ξ)
∣∣. Since

∂r
ξK1(t, η + ξ; τ, ξ) = ∑

|k|+≤p1

∂r
ξ A1,k(t; η + ξ)∂k

η G(t, τ; η), (t, x; τ, ξ) ∈ Π2
T, (17)

we have, according to condition (B), that the iterated kernels Kl(t, η + ξ; τ, ξ) are differentiable

with respect to the variable ξ only to the order α∗. This fact and (14) imply that ∂
q
xKl(t, x; τ, ξ),

|q|∗ ≤ α∗, is also a function differentiable with respect to ξ only to this order α∗.

Representation (17) and estimate (3) yield

∣∣∂r
ξK1(t, η + ξ; τ, ξ)

∣∣ ≤ c1,r(t − τ)−
n+p1+γ

h e
−δ
(

‖η‖
(t−τ)α

) 1
1−α

. (18)
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We note that

∂r
ξK2(t, η + ξ; τ, ξ) = ∂r

ξ

( t∫

τ

dβ
∫

Rn

K1(t, η + ξ; β, y)K1(β, y; τ, ξ)dy

)
.

Let us change the order of integration in the last integral by the formula y = z + ξ. In view of

estimates (18) and (11) and the equalities

t∫

τ

((t − β)(β − τ))α0−1dβ = (t − τ)2α0−1B(α0, α0) (19)

and

∂r
ξK1(t, η + ξ; τ, z + ξ) = ∂r

ζK1(t, (η − z) + ζ; τ, ζ)
∣∣∣
ζ=z+ξ

,

we get

∣∣∂r
ξK2(t, η + ξ; τ, ξ)

∣∣

≤ m ∑
|r1|+≤|r|+

Cr1
r

t∫

τ

dβ
∫

Rn

∣∣∣∂r1
ξ K1(t, η + ξ; β, z + ξ)

∣∣∣
∣∣∣∂r−r1

ξ K1(β, z + ξ; τ, ξ)
∣∣∣dz

≤m ∑
|r1|+≤|r|+

Cr1
r c1,r1

c1,(r−r1)

t∫

τ

(
(t − β)(β − τ)

)− n+p1+γ
h

∫

Rn

e
−δ

((
‖η−z‖
(t−β)α

) 1
1−α +

(
‖z‖

(β−τ)α

) 1
1−α

)

dzdβ

≤ c2,r(ε)B(α0, α0)(t − τ)α0−
n+p1+γ

h e
−δ(1−ε)

(
‖η‖

(t−τ)α

) 1
1−α

, ε ∈ (0; 1).

(20)

By reasoning analogously step by step, we arrive at the inequality

∣∣∂r
ξKl(t, η + ξ; τ, ξ)

∣∣ ≤ cl,r(ε)
( l−1

∏
j=1

B(α0, jα0)
)
(t − τ)(l−1)α0−

n+p1+γ
h e

−δ(1−(l−1)ε)
(

‖η‖
(t−τ)α

) 1
1−α

, (21)

which is satisfied for all {η, ξ} ⊂ R
n, |r|+ ≤ α∗, 0 ≤ τ < t ≤ T, ε ∈ (0; 1), and l ∈ N \ {1}

and, hence, until the existence of such number l∗, for which

∣∣∂r
ξKl∗(t, η + ξ; τ, ξ)

∣∣ ≤ cl∗,r(ε)
( l∗−1

∏
j=1

B(α0, jα0)
)

e
−δ(1−(l∗−1)ε)

(
‖η‖

(t−τ)α

) 1
1−α

(22)

(here, the quantities cl,r(ε) > 0 do not depend on the variables t, τ, η, and ξ, which vary in the

above-indicated way).

Since

∂r
ξ ∂

q
xKl(t, x; τ, η + ξ) = ∂r

ζ∂
q
xKl(t, x; τ, ζ)

∣∣∣
ζ=η+ξ

and

∂r
ξ∂

q
xKl(t, x − z; τ, ξ) = ∂r

ξ ∂
q
yKl(t, y; τ, ξ)

∣∣∣
y=x−z
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then the expressions ∂r
ξ ∂

q
xKl(t, x; τ, η + ξ), ∂r

ξ ∂
q
xKl(t, x − z; τ, ξ) and ∂r

ξ∂
q
xKl(t, x; τ, ξ) are of the

same type. Therefore, with regard for representation (14) and estimates (15), (16), (21), and (11),

we have

∣∣∂r
ξ∂

q
xK2(t, x; τ, ξ)

∣∣ ≤ m2|r+q|+

(

∑
|r1|+≤|r|+

cr1,qc1,(r−r1)

t1∫

τ

(t − β)−
n+p1+γ+|r1+q|+

h

× (β − τ)−
n+p1+γ

h

∫

Rn

e
−δ

((
‖x−η−ξ‖
(t−β)α

) 1
1−α +

(
‖η‖

(β−τ)α

) 1
1−α

)

dηdβ + ∑
|q1|+≤|q|+

cq1cr,(q−q1)

×

t∫

t1

(β − τ)−
n+p1+γ+|r+q−q1|+

h (t − β)−
n+p1+γ

h

∫

Rn

e
−δ

((
‖z‖

(t−β)α

) 1
1−α +

(
‖x−z−ξ‖
(β−τ)α

) 1
1−α

)

dzdβ

)

≤ m2|r+q|+cεe
−δ(1−ε)

(
‖x−ξ‖
(t−τ)α

) 1
1−α

(t − τ)−αn

(

∑
|r1|+≤|r|+

cr1,qc1,(r−r1)

×

t1∫

τ

(t − β)αn−
n+p1+γ+|r1+q|+

h (β − τ)α0−1dβ + ∑
|q1|+≤|q|+

cq1cr,(q−q1)

×

t∫

t1

(t − β)α0−1(β − τ)αn−
n+p1+γ+|r+q−q1|+

h dβ
)

, |r|+ ≤ α∗, |q|+ ≤ α∗, ε ∈ (0; 1).

(23)

In view of the estimates

t1∫

τ

(t − β)αn−
n+p1+γ+|r1+q|+

h (β − τ)α0−1dβ ≤ 2
|r1+q|+

h (t − τ)2α0−
(

1+
|r1+q|+

h

)
B(α0, α0)

and

t∫

t1

(t − β)α0−1(β − τ)αn−
n+p1+γ+|r+q−q1|+

h dβ ≤ 2
|r+q−q1|+

h (t − τ)2α0−
(

1+
|r+q−q1|+

h

)
B(α0, α0),

we get the inequality

∣∣∂r
ξ∂

q
xK2(t, x; τ, ξ)

∣∣ ≤ c
r,q
2,ξ(t − τ)2α0−

(
1+αn+

|r+q|+
h

)
B(α0, α0)e

−δ(1−ε)
(

‖x−ξ‖
(t−τ)α

) 1
1−α

.

By continuing stepwise the process of estimation, we obtain

∣∣∂r
ξ∂

q
xKl(t, x; τ, ξ)

∣∣ ≤ c
r,q
l,ε (t − τ)lα0−

(
1+αn+

|r+q|+
h

)
,

∣∣∂r
ξ∂

q
xKl(t, x; τ, ξ)

∣∣ ≤ c
r,q
l,ε (t − τ)lα0−

(
1+αn+

|r+q|+
h

)

≤ e
−δ(1−(l−1)ε)

(
‖x−ξ‖
(t−τ)α

) 1
1−α ( l−1

∏
j=1

B(α0, jα0)
)

,
(24)

for all |r|+ ≤ α∗, |q|+ ≤ α∗, {x, ξ} ⊂ R
n, 0 ≤ τ < t ≤ T, ε ∈ (0; 1) and l ∈ N\{1}.
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Let us pass to the estimation of the expression
∣∣∂r

ξ∂
q
xKl(t, x; τ, ξ)

∣∣, which will be suitable for

the establishment of the differentiability of the matrix function Φ with respect to the spatial

variables. Directly from (24), we arrive at the existence of a number l∗ such that

∣∣∂r
ξ∂

q
xKl∗(t, x; τ, ξ)

∣∣ ≤ c
r,q
l∗,εe

−δ(1−(l∗−1)ε)
(

‖x−ξ‖
(t−τ)α

) 1
1−α( l∗−1

∏
j=1

B(α0, jα0)
)

.

Let us set l+ := max{l∗, l∗}, l− := min{l∗, l∗}, where l∗ is the corresponding number from

(22), ε := 1
r∗l+

, δ∗ := δ
(
1 − 1

r∗

)
, r∗ > 2, T0 := max{1, T}, and

c0
∗ := max

l∈Nl+
\{1}

{
c1,r, cl,r(ε)

( l−1

∏
j=1

B(α0, jα0)
)

, cr,q, c
r,q
l,ε

( l−1

∏
j=1

B(α0, jα0)
)}

,

c∗ := c0
∗(T0)

l+−l− . Then (21) and (24) imply that, for all {x, ξ, η} ⊂ R
n, 0 ≤ τ < t ≤ T,

|r|+ ≤ α∗, and |q|+ ≤ α∗,

∣∣∂r
ξ∂

q
xKl+(t, x; τ, ξ)

∣∣ ≤ c∗e
−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

,
∣∣∂r

ξ Kl+(t, η + ξ; τ, ξ)
∣∣ ≤ c∗e

−δ∗
(

‖η‖
(t−τ)α

) 1
1−α

.

In view of this result, estimate (10), the equality

∫

Rn

e
−δ0

(
‖x−y‖
(t−β)α

) 1
1−α dy

(t − β)αn
=
∫

Rn

e−δ0‖z‖
1

1−α
dz =: Ê < +∞,

representation (14), and inequalities (15) and (16), we obtain

∣∣∂r
ξKl++1(t, η + ξ; τ, ξ)

∣∣

≤ ∑
|r1|+≤|r|+

Cr1
r

t∫

τ

dβ
∫

Rn

∣∣∂r1
ξ K1(t, η + ξ; β, z + ξ)∂r−r1

ξ Kl+(β, z + ξ; τ, ξ)
∣∣dz

≤ mc2
∗

(
∑

|r1|+≤|r|+

Cr1
r

) t∫

τ

(t − β)α0−1
∫

Rn

e
−δ∗

((
‖η−z‖
(t−β)α

) 1
1−α +

(
‖z‖

(β−τ)α

) 1
1−α

)

e
− δ

r∗

(
‖η−z‖
(t−β)α

) 1
1−α dz

(t − β)nα
dβ

≤ mc0
r Êc2

∗B(α0, 1)(t − τ)α0e
−δ∗
(

‖η‖
(t−τ)α

) 1
1−α

, c0
r := ∑

|r1|+≤|r|+

Cr1
r ;

(25)
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∣∣∂r
ξ∂

q
xKl++1(t, x; τ, ξ)

∣∣

≤ ∑
|r1|+≤|r|+

Cr1
r

t1∫

τ

dβ
∫

Rn

∣∣∂r1
ξ ∂

q
xK1(t, x; β, η + ξ)∂r−r1

ξ Kl+(β, η + ξ; τ, ξ)
∣∣dη

+ ∑
|q1|+≤|q|+

C
q1
q

t∫

t1

dβ
∫

Rn

∣∣∂q1
x K1(t, x; β, x − z)∂r

ξ ∂
q−q1
x Kl+(β, x − z; τ, ξ)

∣∣dz

≤ mc2
∗

(

∑
|r1|+≤|r|+

Cr1
r

t1∫

τ

(t − β)α0−
(

1+
|r1+q|+

h

)

×
∫

Rn

e
−δ∗

((
‖x−η−ξ‖
(t−β)α

) 1
1−α +

(
‖η‖

(β−τ)α

) 1
1−α

)

e
− δ

r∗

(
‖x−η−ξ‖
(t−β)α

) 1
1−α dη

(t − β)αn
dβ

+ ∑
|q1|+≤|q|+

C
q1
q

t∫

t1

(
t − β

)α0−1
∫

Rn

e
−δ∗

((
‖z‖

(t−β)α

) 1
1−α +

(
‖x−z−ξ‖
(β−τ)α

) 1
1−α

)

e
− δ

r∗

(
‖z‖

(t−β)α

) 1
1−α dz

(t − β)αn
dβ

≤ mc2
∗Êe

−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

t∫

τ

(t − β)α0−1dβ

((

∑
|r1|+≤|r|+

Cr1
r (t − t1)

−
|r1+q|+

h

)
+ cq

)

≤ mc2
∗Êe

−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

(t − τ)α0 B(α0, 1)

((
2
|r+q|+

h ∑
|r1|+≤|r|+

Cr1
r (t − τ)−

|r1+q|+
h

)
+ cq

)

≤ mc0
r,qc2

∗Ê(2T0)
|r+q|+

h B(α0, 1)(t − τ)α0−
|r+q|+

h e
−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

, c0
r,q := cr + cq.

(26)

Applying the method of induction, we can verify firstly the validity of the estimate

∣∣∂r
ξKl++l(t, η + ξ; τ, ξ)

∣∣

≤ c∗(mc0
r c∗Ê(t − τ)α0)le

−δ∗
(

‖η‖
(t−τ)α

) 1
1−α

(
l−1

∏
j=1

B(α0, 1 + jα0)

)
,

(27)

and, hence, the estimate
∣∣∂r

ξ∂
q
xKl++l(t, x; τ, ξ)

∣∣ ≤ c∗
(

mc0
r,qc∗Ê(2T0)

|r+q|+
h

)l
(t − τ)lα0−

|r+q|+
h

× e
−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

(
l−1

∏
j=1

B(α0, 1 + jα0)

)
,

(28)

for |r|+ ≤ α∗, |q|+ ≤ α∗, (t, x; τ, ξ) ∈ Π2
T and l ∈ N\{1}.

The following propositions hold true.

Lemma 2.1. The matrix function Φ(t, x; τ, ξ) on the set Π2
T is a function differentiable with

respect to each of the spatial variables x and ξ to the order α∗ inclusively, and their derivatives

satisfy the following estimates:

∣∣∂r
ξ∂

q
xΦ(t, x; τ, ξ)

∣∣ ≤ c1(t − τ)α0−(1+αn+
|r+q|+

h )e
−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

, (29)
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∣∣∂r
ξ Φ(t, η + ξ; τ, ξ)

∣∣ ≤ c2(t − τ)α0−(1+αn)e
−δ∗
(

‖η‖
(t−τ)α

) 1
1−α

, {η, ξ} ⊂ R
n (30)

(here, the estimating constants c1, c2, and δ∗ are independent of t, τ, x, ξ, η).

Proof. In any way, let us fix a point (x0; ξ0) from R
2n, and consider a ball K

δ
(x0;ξ0)

with radius

δ > 0, which is centered at the point (x0; ξ0), in this space. Then, in view of structure (6) of the

function Φ and the differentiability of the iterated kernels Kl with respect to spatial variables

on R
2n to the order α∗ inclusively, we can conclude that, in order to prove the differentiability

of the matrix function Φ at the point (x0; ξ0) to the indicated order, it is necessary only to prove

the uniform convergence of the formally differentiated series (6) in the variables x and ξ on the

set K
δ
(x0;ξ0)

, δ > 0 (at every fixed t and τ, 0 ≤ τ < t ≤ T):

∞

∑
l=1

∂r
ξ∂

q
xKl(t, x; τ, ξ), |r|+ ≤ α∗, |q|+ ≤ α∗. (31)

Directly from estimates (24) and (28) and the equality

l−1

∏
j=0

B(α0, 1 + jα0) =

(
Γ(α0)

)l

Γ(1 + lα0)
,

where Γ(·) is the Euler gamma-function, for {r, q} ⊂ Z
n
+, |r|+ ≤ α∗, |q|+ ≤ α∗, and (t, x; τ, ξ) ∈

Π2
T, we have

∣∣∣
∞

∑
l=1

∂r
ξ∂

q
xKl(t, x; τ, ξ)

∣∣∣ ≤
l+

∑
l=1

∣∣∣∂r
ξ∂

q
xKl(t, x; τ, ξ)

∣∣∣+
∞

∑
l=l++1

∣∣∣∂r
ξ∂

q
xKl(t, x; τ, ξ)

∣∣∣

≤ c∗

(
l+

∑
l=1

(t − τ)lα0−(1+αn+
|r+q|+

h ) +
∞

∑
l=1

(
mc0

r,qc∗Ê(2T0)
|r+q|+

h
)l
(t − τ)lα0−

|r+q|+
h

×
( l−1

∏
j=1

B(α0, 1 + jα0)
))

e
−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

≤ c1(t − τ)α0−
(

1+αn+
|r+q|+

h

)
× e

−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

.

(32)

Frow here, we get the uniform convergence of series (31) in x and ξ and, hence, the validity

of estimates (29).

Due to the corresponding estimates (21) and (27), we can verify analogously the validity of

estimate (30). The lemma is proven.

Lemma 2.2. The volumetric potential W(t, x; τ, ξ) on the set Π2
T is a function differentiable

with respect to each of the spatial variables x and ξ to the orders α∗ + p1 and α∗ respectively

inclusively. In this case,

∂r
ξ∂

q
xW(t, x; τ, ξ) =

r

∑
l=0

Cl
r

t1∫

τ

dβ
∫

Rn

∂l
ξ∂

q
xG(t, β; x − y − ξ)∂r−l

ξ Φ(β, y + ξ; τ, ξ)dy

+

t∫

t1

dβ
∫

Rn

∂
q
xG(t, β; x − y)∂r

ξ Φ(β, y; τ, ξ)dy, |q|+ ≤ p1, |r|+ ≤ α∗,

(33)
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∂r
ξ∂

q
xW(t, x; τ, ξ) =

r

∑
l=0

Cl
r

t1∫

τ

dβ
∫

Rn

∂l
ξ∂

q
xG(t, β; x − y − ξ)∂r−l

ξ Φ(β, y + ξ; τ, ξ)dy

+

t∫

t1

dβ
∫

Rn

∂k
ηG(t, β; η)∂r

ξ ∂
q−k
x Φ(β, x − η; τ, ξ)dη, |r|+ ≤ α∗,

|k|+ = p1, p1 < |q|+ ≤ α∗ + p1.

(34)

Proof. For |q|+ ≤ p1 and |r|+ ≤ α∗, we use the representation

W(t, x; τ, ξ) =

t1∫

τ

dβ
∫

Rn

G(t, β; x − y − ξ)Φ(β, y + ξ; τ, ξ)dy

+

t∫

t1

dβ
∫

Rn

G(t, β; x − y)Φ(β, y; τ, ξ)dy.

From here, by the formal differentiation under the sign of integral, we obtain equality (33).

Hence, in order to substantiate the validity of equality (33), it is sufficient to prove the uniform

convergence of the following integrals in the variables x and ξ on R
2n:

I
r,l,q
1 (t1, x; τ, ξ) :=

t1∫

τ

dβ
∫

Rn

|∂l
ξ ∂

q
xG(t, β; x − y − ξ)||∂r−l

ξ Φ(β, y + ξ; τ, ξ)|dy, |l|+ ≤ |r|+;

I
r,q
2 (t, x; t1, ξ) :=

t∫

t1

dβ
∫

Rn

|∂
q
xG(t, β; x − y)||∂r

ξ Φ(β, y; τ, ξ)|dy.

(35)

This convergence becomes obvious, if we take condition (A) and the following estimates into

account for {x, ξ} ⊂ R
n and 0 ≤ τ < t ≤ T:

I
r,l,q
1 (t1, x; τ, ξ) ≤ cc2Êe

−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

(t − t1)
−

n+γ+|l+q|+
h

×

t1∫

τ

(β − τ)α0−1dβ, |l|+ ≤ |r|+;

(36)

I
r,q
2 (t, x; t1, ξ) ≤ cc1Êe

−δ∗
(

‖x−ξ‖
(t−τ)α

) 1
1−α

(t1 − τ)−
n+p1+γ+|r|+

h

t∫

t1

(t − β)α0−1+
p1−|q|+

h dβ. (37)

These estimates follow directly from (3), (29), and (30).

We now prove the validity of formula (34). For this purpose, we fix any k ∈ Z
n
+ such that

|k|+ = p1. Then, according to (33) for p1 < |q|+ ≤ α∗ + p1 and |r|+ ≤ α∗, we have

∂r
ξ∂

q
xW(t, x; τ, ξ) =

r

∑
l=0

Cl
r∂

q−k
x

t1∫

τ

dβ
∫

Rn

∂l
ξ∂k

xG(t, β; x − y − ξ)∂r−l
ξ Φ(β, y + ξ; τ, ξ)dy

+ ∂
q−k
x

t∫

t1

dβ
∫

Rn

∂k
ηG(t, β; η)∂r

ξ Φ(β, x − η; τ, ξ)dη, (t, x; τ, ξ) ∈ Π2
T.
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Hence, it remains to substantiate the possibility to introduce the operation ∂
q−k
x under the

signs of the corresponding integrals. In other words, we should prove the uniform convergence

in x and ξ of the following integrals on R
2n for 0 ≤ τ < t ≤ T:

t1∫

τ

dβ
∫

Rn

∂l
ξ∂

q
xG(t, β; x − y − ξ)Φ(β, y + ξ; τ, ξ)dy,

t∫

t1

dβ
∫

Rn

∂k
ηG(t, β; η)∂r

ξ ∂
q−k
x Φ(β, x − η; τ, ξ)dη.

By reasoning similarly to the case of integrals (35) and using estimates (3), (29), and (30),

we get the necessary convergence of the indicated integrals. The lemma is proven.

The main result can be formulated as the following proposition.

Theorem 1. Let the system (1) satisfy conditions (A) and (B). Then the corresponding function

Z(t, x; τ, ξ) defined by equality (4) is a function differentiable with respect to each of the spatial

variables x and ξ on the set Π2
T to the orders α∗ + p1 and α∗ respectively inclusively, and exists

δ > 0 for all {r, q} ⊂ Z
n
+, |q|+ ≤ α∗ + p1, |r|+ ≤ α∗, exists c > 0 for all (t, x; τ, ξ) ∈ Π2

T :

|∂r
ξ ∂

q
xZ(t, x; τ, ξ)| ≤ c(t − τ)−

n+|r+q|++γ
h e

−δ
(

‖x−ξ‖
(t−τ)α

) 1
1−α

; (38)

|∂k
ξ Z(t, x + ξ; τ, ξ)| ≤ ck(t − τ)βk−

n+γ
h e

−δ1

(
‖x‖

(t−τ)α

) 1
1−α

, (39)

where |k|+ ≤ α∗, 0 ≤ τ < t ≤ T, {x, ξ} ⊂ R
n, βk :=

{
0, k = 0,

α0, k 6= 0
(here, the estimating

constants are independent of t, τ, x, and ξ).

Proof. With regard for structure (4) and the infinite differentiability of the function G(t, τ; ξ)

with respect to the variable ξ, the smoothness of the function Z(t, x; τ, ξ) in the variables x and

ξ becomes obvious directly from the assertion of Lemma 2.

Let |q|+ ≤ p1 and |r|+ ≤ α∗. Then, according to (33), we get

|∂r
ξ ∂

q
xZ(t, x; τ, ξ)| ≤ |∂

r+q
x−ξ G(t, τ; x − ξ)|+

r

∑
l=0

Cl
rI

r,l,q
1 (t1, x; τ, ξ) + I

r,q
2 (t, x; t1, ξ).

From here, by using estimates (3), (36), and (37), we obtain assertion (38).

In a similar way, by using formula (34), we verify the validity of assertion (38) also for

p1 < |q|+ ≤ α∗ and |r|+ ≤ α∗.

Then, according to estimates (3) and (30), we have

Yk(t, x; τ, ξ) :=
∣∣∣

t∫

τ

dβ
∫

Rn

G(t, β; x − ζ)∂k
ξ Φ(β, ζ + ξ; τ, ξ)dζ

∣∣∣

≤ cc2

t∫

τ

(t − β)α0+
p1
h −1(β − τ)α0−1

∫

Rn

exp
{
− δ0

{( ‖x − ζ‖

(t − β)α

) 1
1−α

+
( ‖ζ‖

(β − τ)α

) 1
1−α
}} dydβ

((t − β)(β − τ)αn
,

δ0 := min{δ, δ∗}, |k|+ ≤ α∗.
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Using estimate (11) and equality (19), we get

Yk(t, x; τ, ξ) ≤ cε(t − τ)α0−
n+γ

h e
−δ0(1−ε)

(
‖x‖

(t−τ)α

) 1
1−α

, ε ∈ (0; 1),

where |k|+ ≤ α∗, 0 ≤ τ < t ≤ T and {x, ξ} ⊂ R
n. From whence, with regard for inequality (3)

and the representation

Z(t, x + ξ; τ, ξ) = G(t, τ; x) +

t∫

τ

dβ
∫

Rn

G(t, β; x − ζ)Φ(β, ζ + ξ; β, ξ)dζ,

we arrive at estimate (39).

The theorem is proven.
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Лiтовченко В.А., Унгурян Г.М. Параболiчнi системи типу Шилова iз коефiцiєнтами обмеженої

гладкостi та невiд’ємним родом // Карпатськi матем. публ. — 2017. — Т.9, №1. — C. 72–85.

На вiдмiну вiд параболiчних за Петровським систем, параболiчнi за Шиловим системи, вза-

галi кажучи, є параболiчно нестiйкими до змiни своїх коефiцiєнтiв. Саме тому сучасна теорiя

задачi Кошi для систем класу Шилова розвинена на рiвнi систем iз сталими, або залежними ли-

ше вiд часу t коефiцiєнтами. Проблема побудови теорiї задачi Кошi для таких систем iз змiн-

ними коефiцiєнтами досi залишається вiдкритою. У данiй роботi розглянуто новий клас лiнiй-

них параболiчних систем рiвнянь iз частинними похiдними першого порядку за t iз змiнними

коефiцiєнтами, який повнiстю охоплює клас Шилова систем з коефiцiєнтами, залежними вiд t

та невiд’ємним родом. Головна частина диференцiального виразу стосовно просторової змiн-

ної x кожної такої системи є параболiчним за Шиловим виразом, коефiцiєнти якого залежать

вiд t тодi, як коефiцiєнти групи молодших членiв можуть залежати ще й вiд просторової змiн-

ної. Методом послiдовного наближення побудовано фундаментальний розв’язок задачi Кошi

для систем iз цього класу. З’ ясовано умови мiнiмальної гладкостi на коефiцiєнти системи за

змiнною x, за яких iснує фундаментальний розв’язок, дослiджено його гладкiсть та одержано

оцiнки похiдних цього розв’язку. Зазначенi результати є важливими, зокрема, для встановле-

ння коректної розв’язностi задачi Кошi для таких систем у рiзних функцiональних просторах,

одержаннi форм зображення розв’язку цiєї задачi та дослiдженнi його властивостей.

Ключовi слова i фрази: фундаментальна матриця розв’язкiв, задача Кошi, параболiчнi си-

стеми типу Шилова.
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MAKHNEI O.V.

BOUNDARY PROBLEM FOR THE SINGULAR HEAT EQUATION

The scheme for solving of a mixed problem with general boundary conditions is proposed for a

heat equation

a(x)
∂T

∂τ
=

∂

∂x

(

λ(x)
∂T

∂x

)

with coefficient a(x) that is the generalized derivative of a function of bounded variation, λ(x) > 0,

λ−1(x) is a bounded and measurable function. The boundary conditions have the form

{

p11T(0, τ) + p12T
[1]
x (0, τ) + q11T(l, τ) + q12T

[1]
x (l, τ) = ψ1(τ),

p21T(0, τ) + p22T
[1]
x (0, τ) + q21T(l, τ) + q22T

[1]
x (l, τ) = ψ2(τ),

where by T
[1]
x (x, τ) we denote the quasiderivative λ(x) ∂T

∂x . A solution of this problem seek by the

reduction method in the form of sum of two functions T(x, τ) = u(x, τ) + v(x, τ). This method

allows to reduce solving of proposed problem to solving of two problems: a quasistationary bound-

ary problem with initial and boundary conditions for the search of the function u(x, τ) and a mixed

problem with zero boundary conditions for some inhomogeneous equation with an unknown func-

tion v(x, τ). The first of these problems is solved through the introduction of the quasiderivative.

Fourier method and expansions in eigenfunctions of some boundary value problem for the second-

order quasidifferential equation (λ(x)X′(x))′ + ωa(x)X(x) = 0 are used for solving of the second

problem. The function v(x, τ) is represented as a series in eigenfunctions of this boundary value

problem. The results can be used in the investigation process of heat transfer in a multilayer plate.

Key words and phrases: boundary problem, quasiderivative, eigenfunctions, Fourier method.

Vasyl Stefanyk Precarpathian National University, 57 Shevchenka str., 76018, Ivano-Frankivsk, Ukraine
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INTRODUCTION

Boundary problems for differential equations of heat conduction with smooth coefficients

were studied quite comprehensively in the literature (e.g., see [5]). However, during the mod-

eling of heat transfer processes, the boundary problems with piecewise continuous coefficients

or coefficients that have generalized derivatives of discontinuous functions are often appeared.

Such problems have already begun to be studied in the works [3, 4].

The present paper deals with solving of a boundary problem for a heat equation with a

coefficient that is the generalized derivative of a function of bounded variation. A reduction

method [5] is used for solving of this problem. This method allows to reduce solving of this

problem to solving of two problems: a quasistationary boundary problem with initial and

boundary conditions and a mixed problem with zero boundary conditions for some inhomo-

geneous equation. Fourier method and expansions in eigenfunctions of some boundary value

УДК 517.95
2010 Mathematics Subject Classification: 35K20.
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problem for the second-order quasidifferential equation are used for solving of the second of

these problems.

Quasidifferential equations are equations that contain terms of the form (p(x)y(m))(n).

These equations cannot be reduced to conventional differential equations by n-fold differenti-

ation if the coefficient p(x) is not sufficiently smooth. The introduction of quasiderivatives is

used for their research [2].

1 FORMULATION OF THE PROBLEM

Consider the next boundary value problem for a differential heat equation. It is necessary

to find a solution T(x, τ) of the equation

a(x)
∂T

∂τ
=

∂

∂x

(

λ(x)
∂T

∂x

)

(1)

with boundary conditions

{

p11T(0, τ) + p12T
[1]
x (0, τ) + q11T(l, τ) + q12T

[1]
x (l, τ) = ψ1(τ),

p21T(0, τ) + p22T
[1]
x (0, τ) + q21T(l, τ) + q22T

[1]
x (l, τ) = ψ2(τ)

(2)

and initial condition

T(x, 0) = ϕ(x), (3)

where a(x) = b′(x), b(x) is a right continuous nondecreasing real function of bounded vari-

ation on the interval [0, l], λ(x) > 0, λ−1(x) is a bounded and measurable function on the

interval [0, l], ϕ(x) is a continuous function on the interval [0, l], ψ1(τ) and ψ2(τ) are continu-

ously differentiable functions for τ > 0, pij, qij (i, j = 1, 2) are real numbers. By T
[1]
x (x, τ) we

denote the quasiderivative λ(x) ∂T
∂x . The prime in the formula a(x) = b′(x) stands for the gen-

eralized differentiation, and hence the function a(x) is a measure, i.e., a zero-order distribution

on the space of continuous compactly supported functions [1].

A solution of problem (1)–(3) seek by the reduction method in the form of sum of two

functions

T(x, τ) = u(x, τ) + v(x, τ). (4)

Any of functions u or v can be chosen by a special way, then another one will be determined

uniquely.

2 QUASISTATIONARY BOUNDARY PROBLEM FOR u(x, τ)

We define u(x, τ) as the solution of the boundary problem

∂

∂x

(

λ(x)
∂u

∂x

)

= 0, (5)

{

p11u(0, τ) + p12u
[1]
x (0, τ) + q11u(l, τ) + q12u

[1]
x (l, τ) = ψ1(τ),

p21u(0, τ) + p22u
[1]
x (0, τ) + q21u(l, τ) + q22u

[1]
x (l, τ) = ψ2(τ),

(6)
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which is derived from problem (1)–(3) if τ is a parameter. Here the quasiderivative u
[1]
x (x, τ)

d f
=

λ(x) ∂u
∂x , then ∂u

∂x = u[1]

λ(x)
. With the help of the vector ū = (u, u[1])T equation (5) is reduced to the

system
(

u

u[1]

)′

=

(

0 1
λ(x)

0 0

)(

u

u[1]

)

. (7)

Boundary conditions (6) are also represented in the vector form

P · ū(0, τ) + Q · ū(l, τ) = Γ̄(τ), (8)

where

P =

(

p11 p12

p21 p22

)

, Q =

(

q11 q12

q21 q22

)

, Γ̄(τ) =

(

ψ1(τ)

ψ2(τ)

)

.

By direct verification one can make sure such that the Cauchy matrix B(x, s) of system (7)

has the form

B(x, s) =

(

1 σ(x, s)

0 1

)

, σ(x, s) =
∫ x

s

dt

λ(t)
.

Then ū(x, τ) = B(x, 0)ū0, where ū0 = ū(0, τ). We shall determine ū0. From boundary condi-

tions (8) we obtain P · ū0 + Q · B(l, 0) · ū0 = Γ̄ whence ū0 = (P + Q · B(l, 0))−1 · Γ̄. Therefore,

ū(x, τ) = B(x, 0) · (P + Q · B(l, 0))−1 · Γ̄(τ). (9)

3 MIXED PROBLEM FOR v(x, τ)

We substitute u(x, τ) and v(x, τ) into equation (1)

a(x)

(

∂u

∂τ
+

∂v

∂τ

)

=
∂

∂x

(

λ(x)

(

∂u

∂x
+

∂v

∂x

))

.

In consequence of (5) we have the equation

a(x)
∂v

∂τ
=

∂

∂x

(

λ(x)
∂v

∂x

)

− a(x)
∂u

∂τ
. (10)

According to formula (9) the derivative ∂u
∂τ is a continuous function of the variable x on [0, l]

and so the last term in equation (10) is correct.

By taking into account formula (4), we define the boundary conditions for v from condi-

tions (2)

p11u(0, τ) + p12u
[1]
x (0, τ) + q11u(l, τ) + q12u

[1]
x (l, τ)

+ p11v(0, τ) + p12v
[1]
x (0, τ) + q11v(l, τ) + q12v

[1]
x (l, τ) = ψ1(τ),

p21u(0, τ) + p22u
[1]
x (0, τ) + q21u(l, τ) + q22u

[1]
x (l, τ)

+ p21v(0, τ) + p22v
[1]
x (0, τ) + q21v(l, τ) + q22v

[1]
x (l, τ) = ψ2(τ).

By virtue of (6), we obtain
{

p11v(0, τ) + p12v
[1]
x (0, τ) + q11v(l, τ) + q12v

[1]
x (l, τ) = 0,

p21v(0, τ) + p22v
[1]
x (0, τ) + q21v(l, τ) + q22v

[1]
x (l, τ) = 0.

(11)

The initial condition is determined similarly

v(x, 0) = ϕ(x)− u(x, 0)
d f
= ϕ̃(x). (12)
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4 FOURIER METHOD AND EIGENVALUE PROBLEM

We search for non-trivial solutions of the homogeneous differential equation

a(x)
∂v

∂τ
=

∂

∂x

(

λ(x)
∂v

∂x

)

with boundary conditions (11) in the form

v(x, τ) = e−ωτX(x), (13)

where ω is a parameter, and X(x) is a function. Then

−ωa(x)e−ωτX(x) = (λ(x)X′(x))′e−ωτ

whence we get the quasidifferential equation

(λ(x)X′(x))′ + ωa(x)X(x) = 0. (14)

Substituting formula (13) in boundary conditions (11), we obtain

{

p11X(0) + p12X[1](0) + q11X(l) + q12X[1](l) = 0,

p21X(0) + p22X[1](0) + q21X(l) + q22X[1](l) = 0.
(15)

We denote by ωk the eigenvalues of boundary problem (14), (15). Let Xk(ωk, x) be the

corresponding eigenfunctions, k = 1, 2, . . . , ∞.

By [6], all eigenvalues ωk of boundary problem (14), (15) are real, there are a countable

number of them, and their set has not a finite limit point. The eigenfunctions Xk(ωk, x) that

are corresponded to the different eigenvalues are orthogonal in the sense

∫ l

0
Xm(ωm, x)Xn(ωn, x)db(x) = 0, ωm 6= ωn.

5 METHOD OF THE EIGENFUNCTIONS

We seek v(x, τ) in the form of the series

v(x, τ) =
∞

∑
k=1

tk(τ)Xk(ωk, x), (16)

where Xk(ωk, x) are the eigenfunctions of boundary problem (14), (15). We substitute formula

(16) into equation (10)

a(x)
∂

∂τ

(

∞

∑
k=1

tk(τ)Xk

)

=
∂

∂x

(

λ(x)
∂

∂x

(

∞

∑
k=1

tk(τ)Xk

))

− a(x)
∂u

∂τ

where, under the assumption of uniform convergence of series (16) and series derived from it

by differentiation by x or τ, we have

a(x)
∞

∑
k=1

t′k(τ)Xk =
∞

∑
k=1

tk(τ)
(

λ(x)X′
k

)′
− a(x)

∂u

∂τ
.
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As a result of equation (14) there is equality
(

λ(x)X′
k

)′
= −ωka(x)Xk , then

a(x)
∞

∑
k=1

t′k(τ)Xk = −
∞

∑
k=1

tk(τ)ωka(x)Xk − a(x)
∂u

∂τ
.

Therefore,
∞

∑
k=1

(

t′k(τ) + ωktk(τ)
)

Xk = −
∂u

∂τ
. (17)

We expand the known function ∂u
∂τ in a series in the eigenfunctions of boundary problem

(14), (15):
∂u

∂τ
=

∞

∑
k=1

dk(τ)Xk(ωk, x), (18)

where

dk(τ) =
1

‖Xk‖

∫ l

0

∂u

∂τ
Xk(ωk, x)db(x), ‖Xk‖ =

∫ l

0
X2

k (ωk, x)db(x).

By substituting formula (18) into (17), we obtain

t′k(τ) + ωktk(τ) = −dk(τ), k = 1, 2, . . . , ∞. (19)

Since formulas (12) and (16), we have

v(x, 0) =
∞

∑
k=1

tk(0)Xk(ωk, x) ≡ ϕ̃(x).

We expand the function ϕ̃(x) in a series in the eigenfunctions

ϕ̃(x) =
∞

∑
k=1

ϕkXk(ωk, x), ϕk =
1

‖Xk‖

∫ l

0
ϕ̃(x)Xk(ωk, x)db(x).

Consequently,

tk(0) = ϕk, k = 1, 2, . . . , ∞. (20)

Then for all positive integer k we have Cauchy problems (19), (20) for ordinary differential

equations.

General solutions of linear inhomogeneous equations (19) acquire the formulas

tk(τ) =

(

Ck −
∫ τ

0
dk(s)e

ωksds

)

e−ωkτ,

where Ck are arbitrary constants. Therefore, by using initial conditions (20), we find for each

positive integer k the solution of the corresponding Cauchy problem

tk(τ) = ϕke−ωkτ −
∫ τ

0
dk(s)e

ωk(s−τ)ds.

Then, by virtue of formula (16), we obtain

v(x, τ) =
∞

∑
k=1

(

ϕke−ωkτ −
∫ τ

0
dk(s)e

ωk(s−τ)ds

)

Xk(ωk, x).

Thus, by using the reduction method, Fourier method and the expansion in a series in

eigenfunctions, we built the solution of the boundary problem for the heat equation with a

distribution. The results can be used in the investigation of the process of heat transfer in a

multilayer plate.
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Махней О. В. Крайова задача для сингулярного рiвняння теплопровiдностi // Карпатськi матем.

публ. — 2017. — Т.9, №1. — C. 86–91.

Запропоновано схему розв’язування мiшаної задачi за загальних крайових умов для рiвня-

ння теплопровiдностi

a(x)
∂T

∂τ
=

∂

∂x

(

λ(x)
∂T

∂x

)

з коефiцiєнтом a(x), який є узагальненою похiдною функцiї обмеженої варiацiї, λ(x) > 0,

λ−1(x) – обмежена i вимiрна функцiя. Крайовi умови мають вигляд

{

p11T(0, τ) + p12T
[1]
x (0, τ) + q11T(l, τ) + q12T

[1]
x (l, τ) = ψ1(τ),

p21T(0, τ) + p22T
[1]
x (0, τ) + q21T(l, τ) + q22T

[1]
x (l, τ) = ψ2(τ),

де через T
[1]
x (x, τ) позначено квазiпохiдну λ(x) ∂T

∂x . Розв’язок цiєї задачi шукається методом ре-

дукцiї у виглядi суми двох функцiй T(x, τ) = u(x, τ) + v(x, τ). Цей метод дає змогу звести роз-

в’язування поставленої задачi до розв’язування двох задач: крайової квазiстацiонарної задачi

з початковими i крайовими умовами для вiдшукання функцiї u(x, τ) i мiшаної задачi з нульо-

вими крайовими умовами для деякого неоднорiдного рiвняння з невiдомою функцiєю v(x, τ).

Перша з цих задач розв’язується з допомогою введення квазiпохiдної. Для розв’язування дру-

гої задачi застосовується метод Фур’є i розвинення за власними функцiями деякої крайової

задачi для квазiдиференцiального рiвняння другого порядку (λ(x)X′(x))′ + ωa(x)X(x) = 0.

Функцiя v(x, τ) подається у виглядi ряду за власними функцiями цiєї крайової задачi. Отри-

манi результати можна використовувати для дослiдження процесу теплопередачi в багатоша-

ровiй плитi.

Ключовi слова i фрази: крайова задача, квазiпохiдна, власнi функцiї, метод Фур’є.
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APPROXIMATION OF CAPACITIES WITH ADDITIVE MEASURES

For a space of non-additive regular measures on a metric compactum with the Prokhorov-style
metric, it is shown that the problem of approximation of arbitrary measure with an additive measure
on a fixed finite subspace reduces to linear optimization problem with parameters dependent on
the values of the measure on a finite number of sets.

An algorithm for such an approximation, which is more efficient than the straighforward usage
of simplex method, is presented.

Key words and phrases: Prokhorov metric, non-additive measure, approximation, compact metric
space.
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INTRODUCTION

Capacities were introduced by Choquet [1] and found numerous applications in different
branches of mathematics. Spaces of upper semicontinuous capacities on compacta were sys-
tematically studied in [5]. In particular, in the latter paper functoriality of the construction of
a space of capacities was proved and Prokhorov-style and Kantorovich-Rubinstein-style met-
rics on the set of capacities on a metric compactum were introduced. Needs of practice require
that a capacity can be approximated with capacities of simpler structure or with some conve-
nient properties.

We follow the terminology and notation of [5] and denote by exp X the set of all non-empty
closed subsets of a compactum X. We call a function c : exp X ∪ {∅} → I a capacity on
a compactum X if the three following properties hold for all subsets F, G ⊂

cl
X:

1. c(∅) = 0;

2. if F ⊂ G, then c(F) 6 c(G) (monotonicity);

3. if c(F) < a, then there is an open subset U ⊃ F such that for all G ⊂ U the inequality
c(G) < a is valid (upper semicontinuity).

If, additionally, c(X) = 1 (or c(X) ≤ 1) holds, then the capacity is called normalized (resp.
subnormalized). We denote by MX, MX, and MX the sets of all capacities on X, of all normal-
ized, and of all subnormalized capacities on X respectively.

It was shown in [5] that MX carries a compact Hausdorff topology with the subbase of all
sets of the form

O−(F, a) = {c ∈ MX | c(F) < a}, whereF ⊂
cl

X, a ∈ I,

УДК 515.12, 517.518.11
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and

O+(U, a) = {c ∈ MX | c(U) > a}

= {c ∈ MX | there is a compactum F ⊂ U, c(F) > a}, where U ⊂
op

X, a ∈ I.

The same formulae determine a subbase of a compact Hausdorff topology on MX so that
MX ⊂ MX is a subspace.

Previously we have considered the following subclasses of MX:
1) M∩X is the set of the so-called ∩-capacities (or necessity measures) with the property:

c(A ∩ B) = min{c(A), c(B)} for all A, B ⊂
cl

X.

2) M∪X is the set of the so-called ∪-capacities (or possibility measures) with the property:
c(A ∪ B) = max{c(A), c(B)} for all A, B ⊂

cl
X.

3) Class MX0 of capacities defined on a closed subspace X0 ⊂ X. We regard each capacity c0

on X0 as a capacity on X extended with the formula c(F) = c0(F ∩ X0), F ⊂
cl

X.

4) Class MLipX of capacities that are non-expanding w.r.t. the Hausdorff metric on exp X.

Analogous subclasses are defined in MX and MX, with the obvious denotations.
It was proved in [2, 3] that the subsets M∩X, M∪X, MLipX, and MX0 are closed in MX,

hence for a compactum X they are compacta as well, similarly for the respective subsets in
MX and MX.

We consider the metric on the set MX of capacities on a metric compactum (X, d) :

d̂(c, c′) = inf{ε > 0 | c(Ōε(F)) + ε > c′(F), c′(Ōε(F)) + ε > c(F), ∀F ⊂
cl

X},

here Ōε(F) is the closed ε-neighborhood of a subset F ⊂ X. The restrictions of this metric on
MX and MX are admissible [5].

For an arbitrary capacity c on a metric compactum X, explicit constructions for the closest
to c point in the four above subclasses were presented in [3, 4].

Now we consider probably the most important class of additive regular measures.
Our goal is to approximate a capacity c on a metric compactum X with an additive measure

on a finite subspace of X. Such measures are dense in the space PX of all finite additive regular
measures and have nice representation as linear combinations of Dirac measures.

1 ALGORITHM FOR APPROXIMATION OF A CAPACITY WITH AN ADDITIVE MEASURE ON

A FINITE SUBSPACE

Consider a capacity c on a metric compactum (X, d) and a finite subspace X0 = {x1, x2, . . . ,
xn} ⊂ X. We are going to find the distance between c ∈ MX and the subspace PX0 ⊂ MX, in
particular to find an additive measure m on X0 that is (almost) the closest to c with respect to
the distance d̂.

The inequality d̂(c, m) 6 ε means that there is 0 6 z 6 ε satisfying

{

m(A) 6 c(Ōε A) + z,

c(A) 6 m(Ōε A) + z

for all A ⊂
cl

X. Obviously it is sufficient to verify the first inequality m(A) 6 c+ε (A) + z, where

we denote c+ε = c(Ōε(A)), only for all A ⊂ X0. Similarly, for the second condition we verify
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c(B) 6 m(A) + z for all B ⊂ X and A ⊂ X0 such that (Ōε B) ∩ X0 ⊂ A. This is equivalent to
m(A) > c−ε (A)− z for all A ⊂ X0, where

c−ε (A) = c(X \ Ōε(X0 \ A)) = sup{c(B) | B ⊂
cl

X, B ∩ Ōε(X0 \ A) = ∅}.

Obviously c−ε (A) 6 c+ε (A) for all A ⊂ X0.
All additive measures on X0 are of the form m = y1δx1 + y2δx2 + · · · + ynδxn . Thus, to

find the least z that satisfies the above conditions for some m, we have to solve the linear
programming problem w.r.t. the variables y1, y2, . . . , yn, z > 0:























y1, y2, . . . , yn, z > 0,

∑xi∈A yi 6 c+ε (A) + z for all A ⊂ X0,

∑xi∈A yi > c−ε (A)− z for all A ⊂ X0,

z → min,

which we rewrite as follows:






















y1, y2, . . . , yn, z > 0,

− ∑xi∈A yi + z > −c+ε (A) for all A ⊂ X0,

∑xi∈A yi + z > c−ε (A) for all A ⊂ X0,

z → min .

We embed the set Exp X0 into R
n by identifying each subset A ⊂ X0 with the vector containing

1 at all i-th positions such that xi ∈ A and 0 at all other positions. E.g., ∅ is represented by
(0, . . . , 0), and X0 by (1, . . . , 1). By − Exp X0 we denote the set of the opposites to elements of
Exp X0 ⊂ R

n. Define a function cε : Exp X0 ∪ (− Exp X0) → R by the formula

cε(A) =

{

c−ε (A), A ∈ Exp X0,

−c+ε (−A), A ∈ (− Exp X0).

The common element ∅ = (0, . . . , 0) ∈ Exp X0 ∩ (− Exp X0) leads to no contradiction because
c−ε (∅) = c+ε (∅) = 0.

We also denote by (A|1) the vector obtained by appending a trailing 1 to the sequence
A = (a1, a2, . . . , an) ∈ Exp X0 ∪ (− Exp X0). Then the linear optimization problem can we
written as











y1, y2, . . . , yn, z > 0,

(A|1) · (y1, y2, . . . , yn, z) > cε(A) for all A ∈ Exp X0 ∪ (− Exp X0),

z → min .

It has a straightforward geometric interpretation: of all functionals of the form

γ(t1, t2, . . . , tn) = y1t1 + y2t2 + · · ·+ yntn + z

such that γ(A) > cε(A) for all A ∈ Exp X0 ∪ (− Exp X0), choose one with the minimal z,
i.e., with the least value γ(~0). Now it is clear that, due to monotonicity of the function cε,
the restrictions y1, y2, . . . , yn > 0 can be dropped. Observe also that the restriction z > 0 is
equivalent to

(∅|1) · (y1, y2, . . . , yn, z) > cε(∅),
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hence can be dropped as well.
Geometric arguments also show that the problem is solved if affinely independent

A1, A2, . . . , An+1 ∈ Exp X0 ∪ (− Exp X0)

are found such that~0 is in their convex hull (in the sequel we call such A1, A2, . . . , An+1 basic
subsets), and the solutions y1, y2, . . . , yn, z of the system























(A1|1) · (y1, y2, . . . , yn, z) = cε(A1),

(A2|1) · (y1, y2, . . . , yn, z) = cε(A2),

. . .

(An+1|1) · (y1, y2, . . . , yn, z) = cε(An+1)

satisfy
(A|1) · (y1, y2, . . . , yn, z) > cε(A)

for all A ∈ Exp X0 ∪ (− Exp X0).
Therefore we propose the following algorithm, which essentially is equivalent to the sim-

plex algorithm, but is better suited for our needs. Choose initial basic subsets, e.g., A1 = {x1},
A2 = {x2}, . . . , An = {xn}, An+1 = −{xn}, then calculate y1, y2, . . . , yn, z as

(y1, y2, . . . , yn, z)T =
(

M(A1, A2, . . . , An)
)−1

(c(A1), c(A2), . . . , c(An+1))
T ,

where (−)T means transposition, and

M(A1, A2, . . . , An) =









A1 | 1
A2 | 1
. . . . . .

An+1 | 1









,

i.e., it is the matrix with the rows (A1|1), (A2|1), . . . , (An+1|1).
We will permanently need the inverse matrix

(

M(A1, A2, . . . , An)
)−1

=















λ11 λ12 . . . λ1,n+1

λ21 λ22 . . . λ2,n+1

. . . . . .
. . . . . .

λn1 λn2 . . . λn,n+1

µ1 µ2 . . . µn+1















.

For any A ∈ Exp X0 ∪ (− Exp X0) the column
(

M(A1, A2, . . . , An)
)−1

(A|1)T consists of
the coefficients α1, α2, . . . , αn+1 such that α1 + α2 + · · · + αn+1 = 1 and α1 A1 + α2 A2 + · · · +
αn+1An+1 = A (in the above sense). In particular, µ1 A1 + µ2 A2 + · · · + µn+1An+1 = ∅, and
λi1 A1 + λi2 A2 + · · ·+ λi,n+1An+1 = {xi} for all 1 6 i 6 n.

Now, having y1, y2, . . . , yn, z calculated, compare the differences

cε(A)− (A|1)(y1 , y2, . . . , yn, z)

for all A ∈ Exp X0 ∪ (− Exp X0). If the basic subsets A1, A2, . . . , An+1 provide a solution,
then all the differences are not greater than 0. Otherwise find the greatest difference ∆ =
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cε(A′)− (A′|1)(y1, y2, . . . , yn, z), which is positive, and replace with A′ a subset Ai such that~0
is in the convex hull of A1, A2, . . . , Ai−1, A′, Ai+1, . . . , An+1.

Let (α1, α2, . . . , αn+1)
T =

(

M(A1, A2, . . . , An)
)−1

(A′|1)T , hence A′ = α1A1 + α2 A2 + · · · +
αn+1An+1, then

Ai =
1

αi
A′ −

α1

αi
A1 − · · · −

αi−1

αi
Ai−1 −

αi+1

αi
Ai+1 −

αn+1

αi
An+1.

Therefore

∅ =
(

µ1 − µi
α1

αi

)

A1 + · · ·+
(

µi−1 − µi
αi−1

αi

)

Ai−1 +
(

µi+1 − µi
αi+1

αi

)

Ai+1

+ · · ·+
(

µn+1 − µi
αn+1

αi

)

An+1 +
µi

αi
A′.

The coefficients in the new decomposition of ∅ should be nonnegative, hence αi > 0 is

required, as well as either αj 6 0 or µj − µi

αj

αi
> 0 for all j 6= i. If αj > 0, then the latter

inequality is equivalent to
µj

αj
>

µi

αi
. Hence

µi

αi
should be the least of

µj

αj
for 1 6 j 6 n + 1 such

that αj > 0.
Now we replace Ai with A′

i = A′, and the inverse matrix

(

M(A1, A2, . . . , Ai−1, A′
i, Ai+1, . . . , An)

)−1
=















λ′
11 λ′

12 . . . λ′
1,n+1

λ′
21 λ′

22 . . . λ′
2,n+1

. . . . . .
. . . . . .

λ′
n1 λ′

n2 . . . λ′
n,n+1

µ′
1 µ′

2 . . . µ′
n+1















is adjusted accordingly:

µ′
i =

µi

αi
, µ′

j = µj − αj
µi

αi
, 1 6 j 6 n + 1, j 6= i,

λ′
ki =

λki

αi
, λ′

kj = λkj − αj
λki

αi
, 1 6 k, j 6 n + 1, j 6= i.

Now look how y1, y2, . . . , yn, z have changed. Taking into account

z = µ1cε(A1) + · · ·+ µi−1cε(Ai−1) + µicε(Ai)

+ µi+1cε(Ai+1) + · · ·+ µn+1 An+1,

z′ =
(

µ1 − α1
µi

αi

)

cε(A1) + · · ·+
(

µi−1 − αi−1
µi

αi

)

cε(Ai−1) +
µi

αi
cε(A′

i)

+
(

µi+1 − αi+1
µi

αi

)

cε(Ai+1) + · · ·+
(

µn+1 − αn+1
µi

αi

)

cε(An+1),

obtain
z′ − z =

µi

αi

(

cε(A′
i)− (α1cε(A1) + · · ·+ αn+1cε(An+1))

)

=
µi

αi
· ∆.

Similarly

y′k − yk =
λki

αi

(

cε(A′
i)− (α1cε(A1) + · · ·+ αn+1cε(An+1))

)

=
λki

αi
· ∆.
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This simplifies calculation of z′ and all y′k. We iterate the above step until ∆ = 0. The final
value of z, which we denote z(ε), is the least z such that

{

m(A) 6 c(Ōε A) + z,

c(A) 6 m(Ōε A) + z

for some m ∈ PX0 and all A ⊂
cl

X.

Observe that z(ε) is non-increasing with respect to ε, hence the distance between c and PX0

is the least ε such that z(ε) 6 ε. This distance is not greater than z(0), therefore it is easy to
bisect the segment [0, z(0)] to find the distance and an approximating additive measure with
arbitrary precision.

2 CONCLUDING REMARKS

The proposed algorithm was implemented as a C program and tested on data sets with
cardinality of X0 up to 10.

However, each iteration of the presented algorithm requires previously calculated values
of a capacity for all 2cardinality of the space subsets, which is not appropriate even for > 40 points.
Hence, to handle subspaces of greater cardinality, we need to cut memory and time require-
ments using the metric structure and the only reliable property of a capacity, i.e., its monotonic-
ity. This requires deeper investigation combining both topological properties of non-additive
measures, e.g., their dimensional characteristics, and computational aspects.
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Никифорчин О.Р, Глушак I.Д. Апроксимацiя ємностей адитивними мiрами // Карпатськi ма-
тем. публ. — 2017. — Т.9, №1. — C. 92–97.

Для простору неадитивних регулярних мiр на метричному компактi з вiдстанню в стилi
Прохорова показано, що задача наближення довiльної мiри адитивною мiрою на фiксованому
скiнченному пiдпросторi зводиться до задачi лiнiйної оптимiзацiї з параметрами, залежними
вiд значень вихiдної мiри на скiнченному числi множин.

Запропоновано алгоритм такого наближення, ефективнiший порiвняно з прямолiнiйним
застосуванням симплекс-методу.

Ключовi слова i фрази: метрика Прохорова, неадитивна мiра, апроксимацiя, компактний
метричний простiр.
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A NOTE ON THE NECESSITY OF FILTERING MECHANISM FOR POLYNOMIAL

OBSERVABILITY OF TIME-DISCRETE WAVE EQUATION

The problem of uniform polynomial observability was recently analyzed. It is shown that, when

the continuous model is uniformly polynomially observable, it is sufficient to filter initial data to de-

rive uniform polynomial observability inequalities for suitable time-discretization schemes. In this

note, we prove that a filtering mechanism of high frequency modes is necessary to obtain uniform

polynomial observability.

More precisely, we give a counterexample which proves that this latter fails without filtering the

initial data for time semi-discrete approximations of the wave equation.

Key words and phrases: observability inequality, time discretization, filtering techniques.
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1 INTRODUCTION

We consider the following wave equation on interval of length 1







utt(x, t)− uxx(x, t) = 0, 0 < x < 1, 0 < t < T,

u(0, t) = u(1, t) = 0, 0 < t < T,

u(x, 0) = u0(x), ut(x, 0) = u1(x), 0 < x < 1,

(1)

where (u0, u1) ∈ H1
0(0, 1)× L2(0, 1). It is easy to check (see [1]) that this system is well posed

in the energy space H1
0(0, 1)× L2(0, 1). More precisely, for any (u0, u1) ∈ H1

0(0, 1) × L2(0, 1)

there exists a unique solution u ∈ C((0, T), H1
0 ) ∩ C1((0, T), L2(0, 1)) of (1).

The energy of solutions of (1) is conserved in time, i.e.,

E(t) =
1

2

∫ 1

0

(

|ut(x, t)|2 + |ux(x, t)|2
)

dx = E(0) for all 0 ≤ t ≤ T.

Define the output function

y(t) = ut(ξ, t), ξ ∈ (0, 1). (2)

It was proved in [1] that system (1) is polynomially observable when ξ ∈ S , where S is the set

of all numbers ρ ∈ (0, 1) such that ρ /∈ Q (the set of rational numbers) and if [a0, a1, . . . , an, . . . ]

is the expansion of ρ as a continued fraction, then (an) is bounded. More precisely, we have

the following assertion.

УДК 517.9
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Proposition 1. Let T > 0 be fixed. Then for all ξ ∈ S the solution u of (1) satisfies

Cξ

∫ T

0
(ut(ξ, t))2dt ≥ ‖u0‖2

L2(0,1) + ‖u1‖2
H−1(0,1), (3)

where (u0, u1) ∈ H1
0(0, 1)× L2(0, 1), Cξ is a constant depending only on ξ.

In the remainder of this paper, ξ is fixed and belongs to S . In this paper, we are interested

in time discretization of system (1). The analysis of observability properties of numerical ap-

proximation schemes for the wave equation has been the object of intensive studies. However

most analytical results concern the case of exact observability for discrete systems ([2, 7]). Re-

cently in [3, 4], time semi-discretization of polynomial observability was analyzed. The author

shows that a filtering technique allows to restore a uniform (with respect to the parameter of

discretization) polynomial observability for the discrete model. But there is no result provided

the necessity of this method. Consequently the main goal of our note is to give a counterexam-

ple which proves that uniform polynomial observability fails without filtering the initial data

for time semi-discrete approximations of the wave equation.

2 NON UNIFORM POLYNOMIAL OBSERVABILITY

We set the time step ∆t by ∆t = T/(N + 1), where N > 0 is a given integer. Denote by uk

the approximation of the solution u of system (1) at time tk = k∆t, for any k = 0, . . . , N + 1.

We then introduce the following trapezoidal time semi-discretization of system (1)










uk+1+uk−1−2uk

(∆t)2 − ∂2

∂x2

(

uk+1+uk−1
2

)

= 0, k = 1, . . . , N, 0 < x < 1,

uk(0) = uk(1) = 0, k = 0, . . . , N + 1,

u0 = u0, u1 = u0 + (∆t)u1, 0 < x < 1.

(4)

Here (u0, u1) ∈ H1
0(0, 1)× L2(0, 1) are the initial data given in system (1). As in the contin-

uous case, we will check an observability inequality for system (4) which can be formulated as

follows:

we must find positive constant C such that we have

C∆t
N

∑
k=0

∣

∣

∣

∣

uk+1(ξ)− uk(ξ)

∆t

∣

∣

∣

∣

2

≥ ‖(u0, u1)‖
2
L2(0,1)×H−1(0,1) (5)

for all (u0, u1) ∈ H1
0(0, 1)× L2(0, 1). But there is not the case. Indeed, as in [6], we will choose

a particular initial data which don’t satisfy (5) uniformly with respect to the discretization

parameter. The following theorem provides a quantitative statement of this negative result.

Theorem 1. For all T > 0, there exist a positive constant C(T, ∆t) and initial data

(u0, u1) ∈ H1
0(0, 1)× L2(0, 1), such that the solution uk of (4) satisfies

C(T, ∆t)∆t
N

∑
k=0

∣

∣

∣

∣

uk+1(ξ)− uk(ξ)

∆t

∣

∣

∣

∣

2

≤ ‖(u0, u1)‖
2
L2(0,1)×H−1(0,1) .

Proof. We denote by (µ2
j )j≥1 the eigenvalues of the Dirichlet Laplacian and (ϕj)j≥1 the corre-

sponding eigenvectors. Assume that

u0 =
∞

∑
j=1

aj ϕj, u1 =
∞

∑
j=1

(aj + bj∆t)ϕj.
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Then, by proceeding as in Lemma 2.2 of [6], we easily show that the solution of system (4) is

given by

uk =
∞

∑
j=1

rk
j ϕj, (6)

where

rk
j = e−iwjk

(eiwj − 1)aj − ∆tbj

2i sin(wj)
+ eiwjk

(1 − eiwj)aj + ∆tbj

2i sin(wj)
,

and

wj = arccos

(

1

1 + ∆t2µ2
j /2

)

.

If aj and bj are chosen so that (eiwj − 1)aj = ∆tbj for j = 1, 2, . . . , then

uk =
∞

∑
j=1

aje
iwjk ϕj.

Now, by using continuous fractions (see [5] and references therein for details) we construct a

sequence (qm) ⊂ N such that qm → ∞ and

| sin(qmπξ)| ≤
π

qm
for all m ≥ 1. (7)

Since qm → +∞ as m → +∞, one can choose a m0 = m0(∆t) such that

1

(∆t)
3
2

≤ qm0 , (8)

which leads to

qm0 ∆t → +∞, as ∆t → 0. (9)

We choose u0 = aqm0
ϕqm0

, u1 = aqm0
e

iwqm0 ϕqm0
, then uk = aqm0

e
ikwqm0 ϕqm0

, k ≥ 0. A simple

calculations give ‖u0‖
2
L2(0,1)

= a2
qm0

/2 and ‖u1‖
2
H−1(0,1)

= a2
qm0

/2µ2
qm0

. On the other hand, one

has
∣

∣

∣

∣

uk+1(ξ)− uk(ξ)

∆t

∣

∣

∣

∣

2

=
2a2

qm0

(∆t)2
ϕ2

qm0
(ξ)(1 − cos(wqm0

)),

and then, since (N + 1) = T/∆t,

∆t
N

∑
k=0

∣

∣

∣

∣

uk+1(ξ)− uk(ξ)

∆t

∣

∣

∣

∣

2

=
2Ta2

qm0
µ2

qm0
ϕ2

qm0
(ξ)

2 + (µqm0
∆t)2

.

Using (7), we get

C(T, ∆t)∆t
N

∑
k=0

∣

∣

∣

∣

uk+1(ξ)− uk(ξ)

∆t

∣

∣

∣

∣

2

≤ ‖(u0, u1)‖
2
L2(0,1)×H−1(0,1) ,

where C(T, ∆t) = (2 + (µqm0
∆t)2)/4Tπ4.

The above inequality and (9) claim that (5) fails uniformly with respect to the discretization

parameter. Indeed, it is clear that C(T, ∆t) → +∞ as ∆t → 0, and then

‖(u0, u1)‖
2
L2(0,1)×H−1(0,1)

∆t
N

∑
k=0

∣

∣

∣

∣

uk+1(ξ)− uk(ξ)

∆t

∣

∣

∣

∣

2
→ +∞ as ∆t → 0.

Consequently, filtering the initial data is needed to obtain (5) uniformly with respect to the

discretization parameter.
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3 FILTERING MECHANISM

We first transform system (4) into a first order time-discrete scheme as in [2]. For simplicity,

we denote A0 = −∂2/∂x2. We have

(I +
∆t2

2
A0)(uk+1 + uk−1)− 2uk = 0,

then

(I +
∆t2

2
A0)(uk+1 + uk−1 − 2uk) = −∆t2 A0uk,

which gives

(I +
∆t2

4
A0)(uk+1 + uk−1 − 2uk) = −∆t2A0(

uk+1 + uk−1 + 2uk

4
).

Consequently (4) can be rewritten as

uk+1 + uk−1 − 2uk

(∆t)2
+ A1(

uk+1 + uk−1 + 2uk

4
), (10)

with A1 = A0(I + ∆t2

4 A0)
−1. Now using the following change of variables











y1
k+1 =

uk+1−uk
∆t + iA1/2

1 (
uk+1+uk

2 ),

y2
k+1 =

uk+1−uk
∆t − iA1/2

1 (
uk+1+uk

2 ),

we obtain


















yk+1−yk
∆t = A(

yk+1+yk
2 ),

y0 =

(

u0

u1

) (11)

with

A =

(

iA1/2
1 0

0 −iA1/2
1

)

, yk+1 =







y1
k+1

y2
k+1






. (12)

Note that the spectrum of A is explicitly given by the spectrum of A0. More precisely, the

eigenvalues of A are iλj with corresponding eigenvectors

ϕj =

(

ϕj

0

)

, ϕ−j =

(

0

ϕj

)

, j ∈ N∗,

where λj = µj/
√

1 + ∆t2µ2
j /4. Moreover we define

Cs = span{ϕj such that µj ≤ s}.

We are ready to prove the following uniform boundary polynomial observability of the time

discrete wave equation.
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Theorem 2. For any δ > 0, there exists Tδ > 0 such that for any T > Tδ, there exists a positive

constant C = CT,δ, independent of ∆t, such that for ∆t small enough, the solution uk of (4)

satisfies

C∆t
N

∑
k=0

∣

∣

∣

∣

uk+1(ξ)− uk(ξ)

∆t

∣

∣

∣

∣

2

≥ ‖(u0, u1)‖
2
L2(0,1)×H−1(0,1) for all (u0, u1) ∈ C2

δ/∆t. (13)

Proof. We have, for all k 6= l, |λk − λl | = | f (µk) − f (µl)|, where f is defined by

f (t) = t/(
√

1 + (t2∆t2)/4). Applying the mean value theorem to the function f , there ex-

ists a point c between µk and µl such that

|λk − λl | = | f ′(c)||µk − µl |.

Simple calculations give that f ′(c) = 1/(1 + ∆t2c2

4 )3/2. It is easy to check that

| f ′(c)| ≥ 1/(1 + δ2

4 )
3/2, and |µk − µl | ≥ π for all k 6= l. Consequently there exists γ > 0

such that, for all k 6= l |λk − λl | ≥ γ. Besides, we have (see [1]) | sin(jπξ)| ≥ ν
j , for all j ≥ 1, for

some ν > 0, and then | sin(jπξ)| ≥ θ
λj

, for all j ≥ 1, with θ = νπ/
√

1 + δ2

4 . Hence, applying

Proposition 2.5 of [3], we obtain the desired result.

Remark 1. In the last proof, we used Proposition 2.5 of [3] in which we assumed that the

damping operator is bounded, but this assumption is not needed in the proof of Proposition

2.5, and the result still correct even if the dissipation is unbounded.

4 OPEN PROBLEMS

1. In this paper we dealt with the polynomial observability of time discrete wave equa-

tion. The question of space semi-discrete polynomial observability for wave equation

still open. Another interesting open problem is whether the fully discrete schemes have

these properties of observability uniformly with respect to the discretization parameters.

2. At the continuous case, it is well-known that polynomial observability implies polyno-

mial stability for associated dissipative system (see [1]). At the discreet level, the only

result excitant, in this context, is [3] which deals with bounded dissipation. However the

situation is complicated when the dissipation is unbounded, as for example the case of

wave equation with punctual dissipation (which correspond to the associated dissipative

system of (1)–(2)), and this issue requires further work.

3. Other question arise when discretizing in time and/or in space semilinear dissipative

wave equations. It would be interesting to analyze the uniform (with respect to the

steps) decay properties of solutions when the conservative system satisfies a polynomial

observability inequality. Actually, this question is also open at the continuous level.
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Хаджеж З. Про необхiднiсть механiзму фiльтрацiї для полiномiального дослiдження часово дискре-

тних хвильових рiвнянь // Карпатськi матем. публ. — 2017. — Т.9, №1. — C. 98–103.

У статтi проаналiзовано питання полiномiального дослiдження. Показано, що якщо непе-

ревнi моделi є рiвномiрно полiномiально дослiджуванi, то достатньо вiдфiльтрувати початко-

вi данi для виокремлення полiномiально дослiджувальних нерiвностей у вiдповiдних часово

дискретизованих схемах. У зв’язку з цим ми доводимо, що механiзм фiльтрування частотних

модулiв є необхiдним для iснування рiвномiрного полiномiального дослiдження.

А саме, побудовано контрприклад, який показує, що процедура дослiдження пiзнiше не

реалiзується без початкового фiльтрування даних у напiвдискретнiй апроксимацiї хвильового

рiвняння.

Ключовi слова i фрази: нерiвнiсть спостереження, часова дискретизацiя, технiки фiльтрацiї.
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Богдан Йосипович Пташник

28.09.1937 — 22.02.2017

22 лютого 2017 року перестало битися серце Богдана Йосиповича Пташника — видат-
ного українського математика, професора, члена-кореспондента НАН України, дiйсного
члена Наукового товариства iменi Шевченка, почесного доктора Прикарпатського нацiо-
нального унiверситету iменi Василя Стефаника.

Богдан Йосипович Пташник народився 28 вересня 1937 року в селищi Богородчани
Станiславської (нинi Iвано-Франкiвської) областi. У 1959 роцi закiнчив з вiдзнакою фiзи-
ко-математичний факультет Станiславського державного педагогiчного iнституту, здо-
бувши спецiальнiсть “учитель математики i фiзики середньої школи”. Вже у студентськi
роки вiн робить першi вагомi кроки у науцi. Науково-дослiдницька робота третьокурс-
ника Богдана Пташника “Вирощування монокристалiв цинку” була вiдзначена грамо-
тою Оргкомiтету мiжобласного огляду наукових робiт студентiв. Математикою май-
бутнiй член-кореспондент НАН України почав серйозно займатися з четвертого курсу
пiд керiвництвом В.П. Заровного, учня вiдомого геометра О.С. Смогоржевського. За
роботу “Послаблення умов, що забезпечують виконання в абстрактнiй групi аксiоми
паралельностi Евклiда”, виконану у 1959 роцi, молодого науковця нагороджено грамо-
тою Мiнiстерства вищої i середньої спецiальної освiти УРСР.

Трудову дiяльнiсть Б.Й. Пташник розпочав у серпнi 1959 року вчителем математи-
ки середньої школи у селi Росiльна Богородчанського району Станiславської областi. У
1961–1963 рр. працював асистентом кафедри математики Станiславського державного
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педагогiчного iнституту. У 1963–1966 рр. навчався в аспiрантурi вiддiлу диференцiаль-
них рiвнянь Iнституту математики АН УРСР. Науковим керiвником молодого науков-
ця був професор Вiталiй Якович Скоробогатько. Пiсля закiнчення аспiрантури у 1966–
1969 рр. Б.Й. Пташник працював асистентом кафедри диференцiальних рiвнянь Львiвсь-
кого державного унiверситету iменi Iвана Франка. У цьому ж унiверситетi 26 лютого
1968 р. вiн захистив дисертацiю “Задача Валле–Пуссена та деякi крайовi задачi для лi-
нiйних гiперболiчних рiвнянь” на здобуття наукового ступеня кандидата фiзико-мате-
матичних наук за спецiальнiстю “диференцiальнi та iнтегральнi рiвняння”.

З 1969 року до останнього дня свого життя Б.Й. Пташник працював в установах Ака-
демiї наук України. У 1969–1972 роках — старший науковий спiвробiтник вiддiлу теорiї
диференцiальних рiвнянь Фiзико-механiчного iнституту АН України (м. Львiв), з 1973
року — старший науковий спiвробiтник Львiвського фiлiалу вiддiлу математичної фi-
зики Iнституту математики АН України (з 1978 року — Iнституту прикладних проблем
механiки i математики АН України). З 1982 по 1990 рiк очолював лабораторiю некласич-
них задач математичної фiзики Iнституту прикладних проблем механiки i математики
АН України. 4 квiтня 1989 р. в Iнститутi математики АН України (м. Київ) захистив
дисертацiю “Некласичнi крайовi задачi для диференцiальних рiвнянь iз частинними по-
хiдними” на здобуття наукового ступеня доктора фiзико-математичних наук за спецiаль-
нiстю “диференцiальнi рiвняння”, а у 1990 роцi йому присвоєно вчене звання професора.
З 1990 року — завiдувач вiддiлу математичної фiзики та керiвник математичного сектора
Iнституту прикладних проблем механiки i математики iм. Я.С. Пiдстригача НАН Укра-
їни, а з 2003 року — голова секцiї теоретичних i прикладних проблем математики при
Вченiй радi цiєї наукової установи.

Професор Б.Й. Пташник — автор понад 200 наукових праць з теорiї диференцiаль-
них рiвнянь iз частинними похiдними, теорiї гiллястих ланцюгових дробiв та iсторiї ма-
тематики, зокрема, трьох монографiй. Найбiльш вагомi, всесвiтньо визнанi результати
отриманi ним у теорiї рiвнянь iз частинними похiдними. Пiд його керiвництвом успiшно
захищено 18 кандидатських i 3 докторськi дисертацiї.

Разом iз учнями Б.Й. Пташник розробив оригiнальнi методи дослiдження корект-
ностi та побудови розв’язкiв багатьох некласичних задач для рiвнянь i систем рiвнянь
iз частинними похiдними, а також для диференцiально-операторних рiвнянь, зокрема,
задач з локальними багатоточковими умовами, з умовами типу умов Дiрiхле, задач про
перiодичнi та майже перiодичнi розв’язки, нелокальних крайових та багатоточкових за-
дач. Такi задачi є, взагалi, некоректними, а їх розв’язнiсть у багатьох випадках пов’язана
з проблемою малих знаменникiв. При дослiдженнi цих задач для гiперболiчних, па-
раболiчних i безтипних рiвнянь та систем рiвнянь виникли малi знаменники складної
нелiнiйної структури, оцiнювання знизу яких призвело до нових, ранiше не розв’язаних,
задач метричної теорiї чисел. У роботах Б.Й. Пташника встановлено умови iснування,
єдиностi та неперервної залежностi вiд правих частин рiвнянь i крайових умов розв’язкiв
наведених задач у рiзних функцiональних просторах, а також побудовано явнi формули
для розв’язкiв у виглядi узагальнених рядiв Фур’є за системами ортогональних функцiй
та розробленi алгоритми знаходження наближених розв’язкiв. На вiдмiну вiд робiт iн-
ших авторiв, у роботах професора Б.Й. Пташника не тiльки аксiоматично накладаються
умови на малi знаменники, що забезпечує розв’язнiсть задачi, але й доводяться тверд-
ження метричного характеру про оцiнки знизу малих знаменникiв, з яких випливає од-
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нозначна розв’язнiсть задачi для майже всiх (стосовно мiри Лебега) векторiв, компоненти
яких виражаються через параметри областi, коефiцiєнти рiвнянь i крайових умов. Цi
дослiдження Б.Й. Пташника стали новим етапом розвитку загальної теорiї крайових за-
дач, стимулювали розвиток нових аспектiв теорiї умовно коректних задач i метричної
теорiї чисел.

Своїми знаннями й досвiдом Богдан Йосипович Пташник щедро дiлився з молоддю.
Упродовж багатьох рокiв вiн читав спецкурси та керував науковою роботою магiстрiв,
аспiрантiв i докторантiв у Прикарпатському нацiональному унiверситетi iменi Василя
Стефаника, Нацiональному унiверситетi “Львiвська полiтехнiка”, у Львiвському нацiо-
нальному унiверситетi iменi Iвана Франка, Iнститутi прикладних проблем механiки та
математики iм. Я.С. Пiдстригача НАН України, був професором Нацiонального унi-
верситету “Львiвська полiтехнiка”, керiвником Львiвського мiського семiнару з дифе-
ренцiальних рiвнянь та загальноiнститутського математичного семiнару Iнституту прик-
ладних проблем механiки та математики iм. Я.С. Пiдстригача НАН України, членом
редколегiй провiдних математичних журналiв “Український математичний журнал”,
“Математичнi методи та фiзико-механiчнi поля”, “Математичнi студiї” та “Карпатськi
математичнi публiкацiї”, членом фiзико-математичної секцiї Наукового товариства iме-
нi Шевченка, у рамках якої здiйснював дослiдження з iсторiї математики у Галичинi.

Б.Й. Пташник був органiзатором i натхненником всеукраїнських наукових конферен-
цiй “Новi пiдходи до розв’язування диференцiальних рiвнянь” (м. Дрогобич) та “Нелi-
нiйнi проблеми аналiзу” (м. Iвано-Франкiвськ). У 2007 р. його обрано почесним докто-
ром Прикарпатського нацiонального унiверситету iменi Василя Стефаника — навчаль-
ного закладу, де вiн робив свої першi кроки у науцi. У 1989 р. Б.Й. Пташника обрано
членом, а у 2006 р. — дiйсним членом Наукового товариства iменi Шевченка. У 2002 р.
його обрано академiком Академiї наук вищої школи України, у 2003 р. — членом-корес-
пондентом НАН України.

Багато сил i часу вiддавав Б. Й. Пташник науково-органiзацiйнiй роботi з координацiї
наукових дослiджень та пiдготовки наукових кадрiв високої квалiфiкацiї з математики в
Захiдному регiонi України. Починаючи з 1976 року, вiн був секретарем секцiї механiки i
математики, головою секцiї математики (1991–2000 рр.), заступником голови секцiї ма-
тематики i математичного моделювання (2001–2006 рр.), а з 2007 року — керiвником
вiддiлення фiзико-технiчних i математичних наук та керiвник секцiї математики i мате-
матичного моделювання Захiдного наукового центру НАН України та МОН України.

Його життєвий шлях — високий приклад самовiдданого служiння рiднiй землi та
науцi. Друзi, колеги та учнi Богдана Йосиповича Пташника з глибокою вдячнiстю пам’я-
татимуть його яскраву постать, вплив якої на розвиток української науки неможливо
переоцiнити. Пам’ять про Вченого, Вчителя, Педагога, Українця назавжди залишиться у
серцях усiх тих, хто його знав.

П.Б. Василишин, О.Д. Власiй, Т.П. Гой, А.В. Загороднюк, Р.А. Заторський, А.I. Каз-
мерчук, М.I. Копач, В.В. Мазуренко, О.В. Махней, Г.П. Малицька, О.Р. Никифорчин,
М.М. Осипчук, В.М. Пилипiв, I.Я. Савка, М.М. Симотюк, П.В. Фiлевич, С.В. Шарин.




