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BoJjiominH I''A., MACJTIOYEHKO B.K.

PO HABJINYKEHHYA HAPI3HO HEIIEPEPBHUX ®YHKIII,
27-IMIEPIOIMYHUX BITHOCHO JIPYTOI 3MIHHOT

Bosiormuu T.A.; Macmrouerko B.K. Ilpo nabauoicenns wapizno menepepsHur @GyHxyit, 2m-
nepiodunnux 8ionocko dpyeoi sminnoi // Kapuarceki maremaruyni my6uikanii. — 2010. — T.2,

Nel. — C. 4-14.

3a momomororo orneparopiB Jkekcona i Beprimreitna Mu moBOAMMO, IO JJIsT KOXKHOTO TO-
rosioriysoro 1pocropy X 1 goBijabHOI HapizHo HemepepsHol GyHKHII f : X X R — R, saka
€ 27m-1epioJINYHOI0 BiITHOCHO JIPYTOl 3MiHHOI, iCHYy€ TaKa ITOCJIIOBHICTh CYKYITHO HEllePEPBHUX
dysxii f, : X X R — R, mas sxoil dysknil f2 = f,(z,-) : R — R — ne rpuroHoMerpuysi
nojinomu i f¥ = f* ma R nna xoxxuoro x € X.

Boryn

3Bazkaro4n Ha BijjoMy Teopemy Beiiepitacca mpo piBHOMIpHE HaOIMKeHHST HellepePBHIX
Ha BiJpisKy dyHKIiil agrebpaianuvu moainomamu |8, ¢. 98|, IpUPOIHO PO3IJISHYTH Take
[UTAHHS: 91 JJIs KOKHOI HapisHo HenepepsHol dynkiii f : [0,1]2 — R icHye Taxa 1mocii1os-
micts dynxuiit f, : [0,1]*> — R, HenepepBHUX BiHOCHO TEpHIOl 3MIHHOT 1 MOJIHOMIAIBLHIX
BiZIHOCHO J1pyTOI, 10 mocaioBHicTh nomiHOMIB 2 = f,(x,-) misa xkoxuoro x € [0,1] pis-
HOMIpHO mpsimye 10 dyukuil f* = f(x,-) ma Biapisky [0,1]. ¥ mpami [1] 3a gomomororo
oneparopis Bepumreitna B, : C[0,1] — C]0,1], axi na wenepepeny dyukiio g € C[0,1]
JIIOTH 33 TTPABUJIOM

. k
B, _ k (_) k(1 _ )k
(Bug)y) =D _ Cug( )y (1 —y)" ",
k=0
e 0 <y < 1, 6y/10 OKa3aHo, IO JJjIsd JIOBLILHOTO TOIOJIOTTYHOTO MPOocTOpy X Ta KOXKHOI

Hapizuo Henepeppuoi dyukiii f: X X [0,1] — R dyHkiil
fa(@,y) = (Baf*)(y),

nex € X, y € [0,1] € cykynHO HenepepBHUMHE 1 TOJIHOMIATBHUME BiJIHOCHO JIPYTOl 3MIiHHOI,

npudomy f* = f* na [0, 1] msa koxkuaoro € X. Tyr zanuc h,, = h Ha Y o3Hauae, 3BUUaiiHO

K, piBHOMIpHY 30i)KHiCTB Ay 710 B, TOOTO ||hyy — h|| = sup |h,(y) — h(y)| — 0 mpu n — oo.
zeY

2000 Mathematics Subject Classification: 54C30, 65D15.
Karwuosi caosa i ¢pasu: Hapi3HO HemepepBHi (yHKIII, oneparopu J[:xkekcoHa, oneparopu bBepHireiina.

(©) Bosonmun I'.A., Macmiouenko B.K., 2010
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[Monibui nuranus MoxkHa craButu (AuB. [2]) 1 /uist iHIIX MeTONIB HAOJIMKEHHST HETIepep-
BHUX (DYHKIIIH 49U 1116 FKUX0Ch 06’eKTiB. TyT MU BUBYa€MO CIIOpi/IHEHE TUTAHHS, 1110 1TOB’ A3~
He 3 JIpyroio TeopeMoio BeiteprmTpacca mTpo piBHOMIpHe HAOIMKEHHsT TPUTOHOMETPUIHUMUI
nosinomamu 8, ¢. 398]. 3a gomomororo omneparopis [xkekcona abo Bephinreiina mu BeTa-
HOBJIIOEMO, IO JIJI KO2KHOT'O TOIOJIONIYHOr0 IPOCcTOopy X 1 JOBLILHOI HAPI3HO HENEepepBHOL
dyukmil f: X xR — R, gxa € 2m-11epiognIHO0 BiTHOCHO JIPYTOl 3MiHHOI, iCHY€ TaKa MOC/Ii-
JIOBHICTB CYKYITHO HenlepepBHUX GyHKIiH f,, : X XR — R, pya axoi dyskmil f7 : R — R — e
TpUroHoMeTpuuHi nosinomu, i f = f* ma R g koxuoro x € X. Mu Takoxk 3’scoByeMoO,
mo oreparopu Deliepa rodaThCsd JUIIe I HAOIUKEHHS CYKYITHO HelepepBHUX (DYHKIIINH
f: X XR — R, gaki € 27-nepiofuIHuMK BiJTHOCHO JAPYTol 3MiHHOI, BCTAHOBUBIIH, IO BO-
HU — HEIEePEPBHI B TOMOJIOTIT PiIBHOMIPHOT 3012KHOCTI, aJie PO3PUBHI B TOMOJIOTI] TOTOYKOBOL
3012KHOCTI.

L1i pesysnbraTu 6y/10 aHOHCOBAHO B [3].

1 TIO3HAYEHHA 1 JOIIOMIKHI PE3VJ/IbTATU

Ha npocropi C(Y') Bcix nenepepsuux dbyHkiiii g : Y — R, 3a1aHux Ha TOMOJIOrYHO-
My TpocTopi Y, pO3IJIAHEMO JIOKAJIBHO OIYKJy TOIOJIOTiIo 7, MOTOYKOBOI 3012KHOCTI, fKa
3a/IA€ThCA CYKYTTHICTIO TIepeTHOPM

a(9) =19(y)|, y €Y.

Jlokaspro omykimit mpoctip (C(Y'), 7,) nosunatumo cumsosom Cp(Y).
s kommakTHOro 1poctopy Y cumBosom Cy(Y) mm mosnadaemo 6GaHaxiB HpOCTIp
(C(Y), |l - |I) 3 piBHOMIpHOIO HOPMOIO

lgll = maxg(y)l.

a cumBoJioM 7, — TonoJiorito mpoctopy C,(Y'), sika € Tornosoriero piBHOMIpHOT 361KHOCTI Ha
cy).

Omueparop A : C(Y) — C(Y) Mu Ha3suBaEMO pu-nenepepeéruMm, SKIIO BiH HelepepB-
mnit sk Bimobpakenns A : Cp(Y) — Cy(Y). Tak camMo BBOAATHCA HOHATTS pp-, uu- 1 up-
HeIepepBHOCTI.

Cumposiom Ch,; MU MO3HAYAEMO IPOCTIp BCIX HENEPEPBHUX 2M-TEPIOANIHUX (DYHKITIH
g : R — R. Bin Oyze 6aHaxoBUM IIPOCTOPOM BiJITHOCHO HOPMH

lgll = max|g(y)| = max |g(y)l,

sika, TopoJizKye Ha Cy, TommoJIorito piBHOMIpHOT 36i2kHOCTI 7,,. Ha ipocTopi Cs, MOYKHA PO3TJIs-
Jarn i Tonostorito 7, moroukosoi 36izku0cTi. Tomosorit 7, i 7, #a Cy; MOPOIKYIOTH BiAIIOBIIHI
Tuny HenepepsHocTi oneparopis A @ Cor — (b, Hanpukmnan, oneparop A : Cor — Cop —
pu-HelepepBHNii, SKINO Bil Hemepepsuuil sk Bigodpaxkenus A : (Cor, T,) — (Cor, Tyy).
Posrasinemo opmanase koo S = {z € C : |z| = 1} 3 Tonosoriero, iHIyKOBAHOIO 3 KOM-
wrekcHol momuan C. 3po3yMmisio, 1Mo S — e KOMIAKTHUH TPOCTIP, 1 MI MOXKEMO PO3TJISTHY TH



6 BoJiomuH I''A., MAC/IIOYEHKO B.K.

npocropu Cy(S) 1 Cp(S). Cuiscrasumo koxuiit dyukiii h € C(S) dyukiio g = Uh € Coyy,
JJIST TKO1

9(y) = h(e”)

st koxxHOro y € R. Jlerko mepesiputu, 1o Bigobpaxents U : C(S) — Cy, — ne anrebpai-
qnuit i3oMopdisM, gkuit € i3omerpieto 6anaxoBux mpoctopiB Cy(S) i (Coq, || - ||) Ta Tomosmori-
gHEM i30MOpdizMoM ToKaIbHO OmyKIuX IpoctopiB Cp(S) 1 (Cor, 7,). 3a 10IOMOroo mporo
izomopdizmy MoxkHa ororoxuuTH mpocropu Cor 1 C(S).

Posrasinemo migmpocrip Cy|0, 27] npocropy C[0, 27, sikmit cKiIagaeTbest 3 TakuxX HyH-
kiiit g € C[0, 27|, mo as vux g(0) = g(27). Binobpaxkenns 3By:xkenust R : Cor — Cy|0, 27],
Rg =y
Cor 1 Co[0, 27] magimuru piBHOMipHEME HOpMamu. Takum qunoM, npocTip Cy, MOXKHA pea-

0.2r] — L& TexK ajrebpaidnuil i3oMopdism, akuil Oyle i30Merpiero, KOJIU IpoCTOpH

mizysaru i sk mignpoctip Cyl0, 27| mpocropy C10, 27].

st Bimobpaxenns f: X XY — Z itouknu (z,y) € X x Y nmokmazemo f*(y) = f,(z) =
f(x,y) i p(z) = f°. Binobpamennsa ¢ : X — Z¥ HasuBaeTbCA 6EPMUKAALHUM DOSULAPY-
sarmam oas [ abo acouitiosarum 3 [ eidobpascenmam. g Tomosoriaaux mpoctopis X
ta Y cuvsosom C(X x V) (CC(X x Y)) nossadaernest MHOKUHA BCIX CyKyIHO (Hapi3HO)
nerepepBuux ¢yukmii f: X XY — R.

Mu GyiemMo BUKOPHCTOBYBATH HACTYNHUN J00pe BiIOMUI Pe3yabTar (JIuB., HAIPUKIA,
[7, TBepKenns 2.1.2|).

Teopema 1. Hexait X 1Y — ronosoriuni npocropu, f : X XY — R — ¢pyukmigip : X — RY
— acorifioBare 3 [ Bigobpaskerrsi. Tomi:
a) f € COX xY) <= o(X) CC(Y) i Binobpaxennst ¢ : X — C,(X) — HemepepsHe;
6) sikmo Y — komnakrauii mpoctip, To f € C(X xXY) <= p(X) C C(Y) i BinobparkeHHsi
¢ : X — Cu(X) € HerepepBHUM.

OckinbKu BiOBIHICTD f —— (0 € OIEKTUBHOIO B 000X BUIAIKAX, TO TeopeMa 1 J03BOJIsE
ororoxxanTa Muoxkuny CC(X x Y) 3 muoxkunoo C(X,C,(Y)) Bcix menepepBHux Bigobpa-
xkeib ¢ @ X — Co(Y), ski Mu HasuBaeMo p-nenepepsrumu, a muoxuay C(X x Y) - 3
muoxkuuoo C(X, C,(Y)) Beix nenepepsuux Bigobpazxkens ¢ @ X — C,(Y), aki Mu nasubae-
MO U-HENEPEPEHUMU.

g Tonostorianoro npocropy X cumposiom C'Chyr (X x R) Mu mosHadaemMo mpocTip ycix
Hapizao memepepBHuX QyHKMN f @ X X R — R, gki € 27-nepiogunaauMu BiTHOCHO JIpyTOl
sminHoI. 3a gornomoroio isomopdismy U : C(S) — Cy, 1eil mpocTip MOKHA OTOTOXKHUTH 3
npocropom C'C(X x S), a npocrip CCoy (X X R)NC(X x R) — 3 npocropom C(X X S), i na
OCHOBI IIbOI'O OTPUMATU TAKMUil HACTLIOK TeopeMu 1.

Teopema 2. Hexait X — ronomoriaamii npocrip, f : X x R — R — ¢ynxnig i p : X — RF —
acorfifioBane 3 f Bimobparkenrs. Tosi:

a) f € CCu(X X R) <= p(X) C Oy 1 p: X — Cy; — p-HEIEPEPBHE;

6) f € CO%(X XR)NC(X X R) <= ¢(X) C Cyr i p: X — Co — u-HemepepsHe.

[Toznaummo JriTeporo T' CyKyIHICTH yCiX TPUTOHOMETPUIHUX MOJIiHOMIB ¢ : R — R, T0o6TO
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dyHKIIN BUTTISTY

g9(y) = ap + Z(ak cos ky + by sin ky).
k=1
OueBnano, mo 1 — ne migmpoctip mpoctopy Coy.

Hexait CT(X x R) — ne muoxkuna tux bysrmiit f @ X X R — R, mia gaxkux dyHKIil
fy : X' — R — menepepsHi mig xoxknoro y € R, a dynkmnii f* : R — R — ne Tpuronomerpudni
nostiHomMu it KoxkHOro x € X. 3posymino, mo CT(X x R) — me miampoctip mpocropy
CCO% (X X R).

2  AIIPOKCHUMYIOUYI ITOCJIIJOBHOCTI OITIEPATOPIB

[ocmimoBHicTs ontepatopiB A, : Cor — T Mu HA3UBAEMO anpokcumyroworo it T', Ko
Ang = g na R g koxnol dyskiil g € Cy,.

Hexait a = p,u i § = p, u. Anpokcumyrody mocioBHicTb omepatopiB A, : Cor — T Mu
HA3UBATUMEMO (/[3-ANPOKCUMYIOH010, AKIIO BCi oneparopu A, € af-nenepepsrumi.

Koxmunit oneparop A : Cor — Co MOPOIKYE TEPETBOPEHHS

A:CCu(X xR) — CChr(X X R),

ske Koxkuiit Gyukiil f € CCo (X X R) crasurs y BianoBiaHicrs QyHKIHO fv = A f, mo
BusHadaeThbesd Ha X X R dopmyroro

fla,y) = (Af)(y).

Hexait (x) = f*1 p(z) = f* nnst koskHoro x € X, ne f € CC%(X xR) 1 f = Af.
3po3yMiJIo, IO TOJIi

p=Aop.
38 Teopemy ITIpO HENEPEPBHICTH KOMIIO3UII BUILIMBAE, MO BigoOpaxkeHHs ¢ Oyiae u-
HelepepBHAM, KOJIM ¢ — p-HemepepsHe 1 A — pu-Henepeppre abo ¢ — u-HemepepsHe 1 A —
uu-HerepepBHe. 3Bi/ICH, BHKOPUCTOBYIOYH TEOPEMY 2, HeraifHO OTPUMYEMO TaKUil pe3y/IbTar.

Teopema 3. a) Hexait A : Car — Cor — pu-nenepepsnuii oneparop, f € CCap(X X R) i
f=Af. Toxi f € CCsr(X x R)NC(X x R).

6) Hexait A : Cor — Cor — uu-nenepepsnnii oneparop, f € CCor(X x R) N C(X x R) i
f=Af. Toai f € CCyr(X x R)NC(X x R).

3 11i€l TeopeMu JIeTKO BUBOJIUTHCS HACTYITHA TEOPEMA.

Teopema 4. Hexaii (A,,)>2 | — nocaigoBaicTh onepatopis A, : Cor — Cor, f € CCor (X X R)
if,= gnf Toni:
a) axmio (A,)0, — pu-alpokcHMyroda IMOCTioBHICTH omnepatopis mist T, 1o f,
CT(X x R)yNC(X x R) g xkoxxroro n 1 ff =2 f* ma R st koxkmoro x € X ;
6) skmo f € C(X xR) i (A,)°

o° 1 — UU-alIPOKCUMYI04a IIOCJIJIOBHICTD onepaTopis a1,
10 fr, € CT(X x R)NC(X x R) st koxkroro n i f¥ = f* ma R i koxkroro x € X.
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Jlosederna. Ockimbkn A, (Cor) C T, 10 f, € CT(X X R). CykynHa HernepepBHicTb QyHKIIiI
fn y KO2XKHOMY BHIIQJKY BUILIMBa€ 3 Teopemu 3. Hapermri,

fr = An(p(@)) = p(2) = f* na R

JUUTsT KOYKHOTO € X, 60 MOC/IiIOBHICTE OnlepaTopiB A, € allpoOKCUMYI0U0I0. ]

3  OINEPATOPU DENEPA

B teopii psais @yp’e BaxkIMBY poJib Bigirpaots adpa /ipizae:

sin(2n 4+ 1)4 1 i
D,(t) = g =3 + E cos kt,
k=1

ot
251112

i adpa Detiepa:

Koy = 2 (sin(n+1)§>2 1 ka(t)’

Tatl\ 2sinf ) 14

JKi € TPUTOHOMETPUYHUME MHOTOWIeHaMu. depe3 sapo [lipixie D,, BUpaxKaeTbca n-Ta 4da-

CTUHHA CyMa

(Sng)(x) = % + Z(ak cos kx + by, sin kx)
k=1

pay Dyp’e dynkuil g € Cy, 3a dbopmysiomwo (8, c. 381]:

™

Su9)la) =+ [(ola+0)+ gla — 1) Du(0)1,

0

a depes sipa Peitepa 3anucyrorbes cepesni apudmerndni rakux cym |7, ¢.751]:

s

(Sk)(x) = / (9 +1) + glz — ) K, ().

0

n

(Frg)(z) = Y
k=0

Hobpe Bigomo |7, c. 526; ¢. 752, mo S, g — ¢ MOTOUKOBO JIJIsi KOXKHOI KYCKOBO JinDepeHTIi-
itoBuol pyuknii g € Cor, 1 F,g = g na R g koxxuol dyskiii g € Cy,.

Omneparopu F), HazuBatoThesa onepamopamu Detiepa. Ockinbku F,g € T' 1151 KOXKHOTO N
F,g = g va R mig koxkuol dyukiil g € Co,, 1o (F),)02; — 11€ anpoKCUMy0va TTOCiIOBHICTh
OTEePATOPIB I TiAPOocTOPy 1’ BCIX TPUTOHOMETPUYHUX MOJTIHOMIB.

st oneparopis Peitepa BKUBAECTHCA I11e it Taka (hopma 1X 3a1aHHs 111 QYHKIH g € Co,:

™ m

(Fug(a) = [ oo+ K. (0

—T —T

Il
I
—

=N
£
&

<

I

8
~—
Y

=

[le BunIMBaE 3 TOrO, IO HiJiHTErpabHa (DYHKINA — HEIEPEPBHA Ta 27T-11epioIuvHA.
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Kpim Toro, jsierko nosiciutu, 1mo giapo Deitepa K, Mae Taki BJaCTUBOCTI:

1) Kn(0) = 257
2) K,(t) > 01 K,(—t) = K,(t) nna Bcix t € R;

Hecknamno nepesiputn, mo omeparopu Qeitepa F,, : Co — Cy; € uu-HEIIepEepBHUMH.
Cupasmi, F,, — 1ie JiniitHMT omepaTop i s KoxkHOI MyHKIT g € Cy, 1 goBlibHOTO * € R

1 ™ g s
Rl < = [lote+o1atar < 120 [ e = ol

3BiaKN BumMBae HepiBHicTs ||F,g] < ||g||, sixa 3abesneuye memepepsmicTsb omeparopa k),
y mopmosanoMy 1poctopi (Coyr, || - ||). Ockinbku 7, C 7,, To omeparopu F, OymyTsb i up-
HelepepBHUMHU.

TaxuM YUHOM, MU OTPUMYEMO HACTYIHUI PE3y/IbTAT.

Teopema 5. a) Omneparopu Q@eiicpa F,, : Cop — T yTBOPIOIOTH UU-aIIPOKCUMYIOTY MOC/TI-
JIOBHICTB JIJIST MIIIPOCTOPY I’ BCIX TPUTOHOMETPUIHHUX ITOJIIHOMIB.

6) [lst moBiibHOTO TOMOIOrIYHOTO 1IpocTopy X 1 KOXKHOI CyKyIHO HemepepBHOI 1 27-
nepiogmanoi BigrocHO spyroi 3minuol gyl f 1 X X R — R ¢ynxmii

fn(xu y) = (anr)(y)

cykynHo HerrepepHuMH, fr € T miua oyap-axknmx n € Nix € X 1a fi = f* ma R gua
JnoBlibHOrO X € X.

Hocaigumo, au OyayTh oniepaTropu F, — pu-HellepepBHUMH.

Jlema. Hexaii K € Co,, K(t) >0 ma R, K(0) > 01ty € R. Toxi cpyrkiionas

™

wmz/ﬁwKa—mw

—T
€ pospusanM Ha npoctopi (Cor, T,).

Jlosederns. 3HaiiieMo Taky TOUKY a € [—m,7), mo tg = a + 2m7 jig JesiKoro mijioro m.
Hexait n = %0). Ouesnro, mo 0 < n < K(0). Ockinbku dyukiis K HerepepsHa B HYJI, TO
icaye Take d > 0, mo a+0 < 71 K(t) > n, ax tinekn a < t < a+ 6. st KOKHOrO HOMEpa 1

MOKJIQIEMO b,, = a—i—% i posrisiaemMo GyHKI0 g, € Cor, rpadikoM gKol Ha BiIPI3KY [—7, 7] €
bp—a
2

gn(t) — 0 mast xoxuoro t € R, 60 b,, — a npu n — oo. Aze, ockinbru K(t —tg) = K(t — a)

JaMaHa 3 BepiuHamu y Toukax (—m,0), (a,0), (a+ ,n), (bn,0) Ta (m,0). OueBuHO, 1O

st KoxkHoro t € R, To

™ m

ﬁwz/%@mwmwz/%@mvww

—T —T
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bn by
N /g"(t)K(t —a)dt > 77/91~L(lf)dt = nw _ %77 .

st koxkaoro n. Orke, ®(g,) - 0. Lle i nokasye Ham, mo dyukiionan ¢ — pospuBHUii B
TonoJIoril 7, HOTOYKOBOI 3012KHOCTI. O

3Bijicn JIETKO BUBOJUTLCS HACTYIIHA TEOPEMA.
Teopema 6. Oneparopu Qetiepa F,, He € pp-HenmepepBHUMH, a OT¥Ke, 1 pu-HEIEePEePBHUMH.

Josedernna. OckiabKkn
™

(Fug)(a) = = [ 90Ky - 2)d,

—T

n+1

5— >0, T0 3riJiHO 3 JIEMOTO, JIIst

dyukiig K = %Kn HastexKuTh 710 npocropy Cor 1 K(0) =
koxkHOro = € R dynkiionas

™

D,(g) = (Fug)(x) = / 99 Knly — 2)dy

—T

e € p-nenepepBHuM Ha Co,. Tomy i omeparop F),, — He pp-HemepepBHUiA, ajiKe HOro pp-
HEIlePEPBHICTh PIBHOCHIbHA, pP-HEllepepBHOCTI Beix dyHKIoHATIB P, a y HAC KOJIEH 3 HUX
HE € TaKUM. O

4  ONEPATOPU J[XKEKCOHA

Poszi6’emo Bimpizok [0, 27] Ha 1+ 1 piBHUX YaCTHH TOYKAME Ty = %:71 Hexaii 0 < ag < 1
iay=ay+kdupuk=1,...,n, ned= nQ—L Touku ag, ay, ... ,a, — PIBHOMIPHO PO3MO/IiIEH]
Ha Biapisky [0,27], apr1 —ar =d iz, < ap < xpypqy upu k=0,1,...,n.

Hnsa dyukmil g € Cor, HOMepa n 1 unciaa r € R mokaagemo

2
n+1

(Jng)(z) = > g(a) Ku(z — ay),

ne K, — aapo Deitepa. Ockinbku K, — 11e TPUTOHOMETPUUIHUNA MOJIHOM, TO i J,g — TexK
TPUTOHOMETPUYIHUN MOoTiHOM. TakuM YuHOM, MU BU3HAYWIN BimoOpaxkenus J, : Cor — T,
sIKi, OUeBUIHO, Oy 1y Th jiHiftHuMu. Binobpaxkennd .J, — 1ie onepamopu ocexcona, a GyHKIiil
Jng — noairomu Jocexcona g eyukiil g. Bigomo, mo J,g = g na R j1j1s KoxKHOT PyHKITT
g € Cyr [4, ¢.36]. lle moBoauThCs 3a JOMOMOIOK IHTErPAJBLHOIO 300payKeHHsI OlepaTopiB
Jlxxekcona 4epes inTerpasn CtinT’eca

(Jng)(x) = % / 9(Y) Kn(y — 2)dwni1(y),

—T

27

e wyi1(y) = kd, axkmo ay <y < apy, 1 d= 25
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Teopema 7. a) Oneparopu JIxekcora J,, : Cor — T yTBOPIOIOTH pu-alpoKCUMYIOTy MOC/Ti-
JoBHICTE st 1.
6) [Lnst nosineHOro Tomosorianoro mpocropy X ta koxkaol ¢pyHKIil f € CCy(X X R)
yHKIIT
fa(@,y) = (Juf*)(y)

¢ cykymHo HerepeppHUMH 1 Hajgexars jo npocropy CT(X x R), npuaomy f* = f* ma R
JIJIsT KO>KHOTO « € X.

Jlosedenns. a) Jljist MOBUIBHUX TOYOK Y1, ..., Y, 3 R 1 dyHKIH @1, ..., @, 3 npocropy Coyr
dopmyioo

(Ag) () = 9(ue)ee(y)
k=1

BusHadaeTbest pyukiisgs Ag € Cor, 1 Mu orpumyemo omeparop A : Cy, — Cy,, aKuUil, 09€BU-
JiHO, € miHiftauM. s koxk#aOrO g € Cor MaeMo

[Agll <~ max [g(y)| =~ max g,(g),

ey = Y. |l¢kll. 3Biacu BunmBae, o oneparop A € pu-HenepepsauM |5, ¢.12].
k=1

3posymiso, mo omeparopu /xkekcona J, HaIeKaTh 10 PO3TJITHYTOrO Hamu Tuiy. OTxKe,
BoHU — pu-nHemnepepsHi. Ockinbku J,g = ¢ Ha R mra koxxuoro g € Cor 1 imJ, C T, TO
TBEP/IZKEHHsI &) JIOBEJICHE.

TBepzkennsi 6) BUILINBAE 3 TBEP/ZKEHHsI &) 1 TeopeMmu 4. 0

5 3ACTOCYBAHHA OINEPATOPIB BEPHIIITENHA

Y 11bOMY PO3IiIi MI TTOOYIYEMO Pu-alpOKCUMYIOTY HOCIi J0BHICTE ontepaTopiB Gy, : Cy —
T nna T, Buxonstan 3 MHorowienis Bepumrreiina B, : C[0, 1] — C[0, 1] (qus. 1.1). IIpn nmpomy
MU TIPOCTO TIEPEKJIaIeMO Ha OIIepATOPHY MOBY JIOBEJIEHHs Jpyroi Teopemu Beliepmrpacca 3
kuuru |8, c. 398].

Hexait Pla,b] — npoctip ycix anrebpaidnux moiHoMiB Ha BiIpi3Ky [a, b]. Oneparopu B,
miors 3 C[0,1] B P[0, 1] i € pu-uenepepsanmu. Ilpu mpomy B, f = f #a [0, 1] mag koxHOTO
f e Co,1].

Mg miniitaol dynkuii ¢ : [0,1] — [—1,1], p(z) = 2x — 1, po3risiHeMO OIEepaTop KOM-
nosunii U : C[-1,1] — C[0,1], Uf = f o . Oyukuia y = p(r) mae obepueny dyH-
Kiio = ¢~ (y)

= %(y + 1), ska Tex € siniitHO©0O, a ToMy U Mae obepHeHWii oreparop
U':C[-1,1] — €0, 1], sikuit gie 3a upasuiom U~tg = g o o~ L. Tloktanemo

C,=U"'B,U.

Ockinbku 3aMina 3MinHEX — Jiniitna, o U~Y(P[0,1]) € P[-1,1], orxe, im C,, C P[—1,1].
IIpu unomy oneparopu U i U™! € omnouacno pp- i uu-nenepepsuumu, orzke, C, — e pu-
HerepepsHi oneparopu, gki giors 3 C[—1,1] B P[—1,1]. Kpim Toro, C,,f = U~'Uf = f na
[—1, 1] ana koxuoro f € C[—1,1], 6o oneparop U~! € uu-nenepepsunmM.
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[oznauumo uepes Cof (02 ) nijpoctip Beix napuux (Henapaux) dyHkiii 3 Cy,. He-
xait (t) = arccost. Bigobpaxenust ¢ : [—1,1] — [0, 7] € romeomopdizmom 3 obepreHUM
Bio6paskenusim ¢~ (z) = cosz. Hexait Vf = f o). Oneparop V : C[0,n] — C[—1,1]
Mae obeprenuit. Hum 6yne oneparop V~=lg = g o=t O6umsa oneparopu V i V=1 — pp-
i wu-nenepepsni. Kpim Toro, skmo g € P[—1,1] i f = Vlg, ro f(z) = g(cosx) npu
0 < x < 7. 3BiJKH JIETKO BUBECTH, 10 y LOMY BHUIIQJKY [ — 1€ 3BY?KEHHs JEeIKOTO MapHO-
IO TPUTOHOMETPUIHOIO MHOrOUIeHa Ha Biapisky [0, 7] , To6To enement npocropy 1T1[0, 7],
110 3a O3HAYEHHSAM CKJIQJIA€ThCd 3 ycix 3By:Kenb dynkuiit 3 T N Cy . Posrisnemo oneparop
syxents R : Cor — C[0,7|, Rf = f|ox 1 oneparop npomosxkennsa P : C[0, 7] — Co,
KU CTaBUTH y BiANOBIHICTh KOXKHIN dyHKIil g € C[0, 7] Ty eauny dyukiio f € C;;” 110
flio, = g. Obupa oneparopu R i P € pp- i uu-nenepepsuumu, npudomy PRf = f, akmo
[ € Cy . Tloknayemo

D, =PV 'C,VR.

Omneparop D,, : Cyr — Cyr € pu-aenepepsanM, 60 oneparop VR : Cyr — C[—1,1] — pp-
nenepepenuit, oneparop C,, : C[—1,1] — C[-1,1] — pu-nenepepsuuii i oneparop PV~ :
C[—1,1] — Cyr — uu-wenepepsnwuii. [Ipu mpomy

im D, C PV '(imC,) C PV *(P[-1,1]) C P(T*[0,7]) C T NC;
i st koxknoro f € Cyf
D,f = PV 'VRf = PRf = f na R.

Baejemo onepatopu K : Cor — Cff i L: Cop —

f(@) + f(=7)
2

BU3HAYUBIIIN

(K f)(x) = (Lf)(z) = w

st poButbHEX f € Cor 1 € R. 3posymisio, mo K + L = I, e I — TOTOXKHMIA OmtepaTop.

271>

Omneparopu K i L € pp- i uu-uenepepsunmu. Hexait M : Cs, — Cy, — oneparop MHOXKEHHS
Ha cunyc, a N : (o, — Cy,; — oniepaTop MHOXKEHHsI Ha KOCUHYC, TOOTO

(Mf)(x) = f@)sinz 1 (Nf)(2) = f(z)cosa

g f € Cyr ix € R, Oneparopu M ta N Texk 0HOYACHO pp- 1 uu-HeIepepBHi. 3ayBaXKuMO,
wo M(T)C T i N(T)C T, upuuomy M(C, ) C C5- . Tlokmamemo Terep

E, =MD, K + MD,ML.

3posywmiso, mo E, : Cor — Ch,;, — 1ie pu-HenepepBHMIi omnepaTop, npudomy im F, C T. ns
koxxnoro f € Cor Gynemo maru, mo K f € Cif i MLf € Cyf . Tomy

E.f = M*D,Kf+MD,MLf = MKf+MMLf=M*(Kf+Lf)=Mf naR.

Posrianemo oneparop W i Cyr — Cor, ansa axoro Wf = foo, ne o(r) = v+ 3, i
oGeprenuii 10 Hporo oneparop W', s skoro Wlg = goo™!, ne 07! (z) =  — 5. 3po-
3ymijio, mo oneparopu W i W~ e pp- i uu-nenepepsuumu, npuaomy W(T) C T i WYT) C
T'. Iloknamaemo

E, =W 'E,W.
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Ouesuno, mo im F, € W=1(imE,) C W~Y(T) C T. Oueparopu F), € pu-HenepepBHUMH i
i KoxkHoro f € Cor

F.f =WI'EWf=W ' M*W/f naR,

aJie
WIMAW f(z) = WM f (o + g) = W f(x + g) sin? 2]

= flr =5+ 5)sin’(x = 3) = f(2)cos’a = N> f(a).

Orxe,

F,f = N°f maR.

HapermmTi nokagemo
G,=FE,+F,.

Omneparop G, € pu-menepepsuuMm, 60 FE, i F, € takmmu. 3posymijno, mo imG, C T, 60
imkE, CT raimkF, CT.
Haui, nyasa koxkuoro f € Cy,

Guf =E f+Fof 2 M°f+ N> f=(M>+N*)f=f naR,

60 M? + N? = I, amxe sin?z + cos? & = 1 ma Beix « € R.
TakuM 4MHOM, MU BCTAHOBUJIM TAKUH PE3yJILTAT.

Teopema 8. Omeparopu G, : Co — T yTBOPIOIOTH Pu-ampoOKCHUMYIOTY TOCIITOBHICTD
st T

Hikaso Bunucaru sBHYy (GopMmyJsy, ska Bupakae oreparopu (, depes omeparopu Bepn-

mreitHa B,,. Maemo:

= M*D,K +MD, ML+ W 'M*D,KW +W'MD,MLW
= M*PV'C,VRK + MPV'C,VRML + W M*PV~'C,VRKW
+WtMPV'C,VRMLW = M*PV'U'B,UVRK
+MPV U 'B,UVRML + W 'M?*PV'U B, UVRKW
+WTMPV'U'B,UVRMLW.

[Ipu mpomy
E,=M?PV U 'B,UVRK + MPV U 'B,UVRML

G,=E,+W'E,W.

Baysaxumo, 1o B |7, ¢.698] nasejeno inme joBejeHHsi Teopemu Beifiepinrpacca mpo
nabsmkenas QyHkiit 3 Cor TPUTOHOMETPUIHUMU TIOJIHOMAMHM, 0 BUKOPUCTOBYE O3HAKY
Hipixye-2Kopaana piBromipHoi 36i2kHOCTI psaiB Pyp’e, ajie #Oro He BIAETHCS TPUCTOCYBATH
JIO JIOBEJIEHHSI ICHYBaHHSI PU-alpOKCUMYIOU0] MOC/IiTIOBHOCTI ontepaTtopiB A, : Cor — T
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AHAJIOT JIEMU BEPHCAMNIA OJ1d CKIHYEHHOI IHBEPCHOT
CUMETPUYHOI HAIIIBIPYIIN

Bosomuna T.B. Ananoe aemu Beprcatida 0as ckinuennoi iH8epcHOl cumempuunol Hanieepy-
nu // Kapmnarceki matemarnani my6Guikanii. — 2010. — T.2, Nel. — C. 15-23.

OTrpumano aHajor jemu DBepHcaiiia jisd TPAH3UTUBHUX IIiJCTAHOBOYHUX IIPEICTABIIEHD
CKIHYEeHHOI iHBEPCHOI CUMETPUYHOI HAIlBIPYIIH.

Boryi

Hexait S — imBepcua mamiBrpymna. Uepes w OyjaeMo mo3HaYaTU TaK 3BAHUN npupodruil

V= ab™? & ala = a'b. dna spyunocti inomi

yacmrosuli nopsdox Ha S: awb < aa”
Oy/IeMo BXKHUBATH JIjId w no3HadeHHd <. amuxannam Hw mmoorcunu H C S HazuBaeTbCs
muoxuna Hw := {h € S: Ir € H wwh}. dxmo Hw = H, o H Ha3UBa€THCS 3AMKHEHOIO
MHONHCUHOI0.

HamiBrpymy BciX 9acTKOBUX B3a€MHOOIHO3HAYHUX BilOOpasKeHDb JIEsIKOT MHOKUHH X B
camy cebe OyJIeMO HA3UBATHU (HBEPCHOI0 CUMEMPUYHON HANIG2ZPYNO0I0 HaA MHOACUHE X 1 TTO3HA-
qatn [S(X) abo 1S, axmo | X| = n. Exemenrn namisrpynu [S5(X) HazuBaorh wacmrosu-
Mu nidemanoskamu muoorcuny X . Ilidemanosounum 306pasicenmnam IHBEPCHOT HAIIBIPYIIH
S Ha3MBAETHCsI JOBLIBHMIT 11 roMoMopdi3M ¢ B iHBepcHy cumverpudny Hamsrpymny 1S(X) Ha
nesikiit MEOKIHI X . OCKIIbKE KOXKHe eeKTHBHe 300parKeHHsT IHBePCHOI HAINBIPYIIM €KBi-
BaJIEHTHE TPAMiil CyMi TPaH3UTUBHUX, CIOYATKY NPUPOTHO PO3TJIAHYTH JIUIIE TPAH3UTUBHI
ITiJICTAHOBOYHI 300PaKeHHs.

Jlnst samMKHEHOT iHBepCHOT miHamBrpynu H iHBepCcHOT HABrpynu S po3rIsTHEMO YaCTKO-
BY IIpaBy KOHI'PYEHINIO Ty ‘= {(s, t)ye Sx S ’ sttt e H } Knacamu eKBiBaJI€HTHOCTI 1THOTO
BigHomenns € Muoxkunu (Hs)w, ne ss™! € H, axi 6yJeM0 Ha3UBaTH NPaGUMU w—KAACAMU
3a 3aMKHEHO010 THEEPCHOM0 nidnanieepynoto H. Ha muokuui X npaBux w-kKjaciB 3a H mist
©(S) BusHAMaeThea mpasuoM: aag ¥ € X i s € S 2%4) = (1s)w. Bobpaxenna ¢ : S —
IS(X) 6ymemo HazuBaTu 300pasicennam Haniéepyny S Ha4 NPABUT W—KAACAT 34 3GMKHEHOIO

2000 Mathematics Subject Classification: 20M18, 20M20, 20M30.
Karwuosi caosa i Ppasu: tema BepHcaiina, iHBepcHA HAIIBrpyIia.

@ Bostommnua T.B.,; 2010
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ineepcroro nidnanisepynoto H.Y pobori [1] 1oBiB, 1m0 koxkHe epeKTHBHE TPAH3UTHBHE 300pa-
JKeHHsT iIHBepPCHOI HamiBrpynu S eKBiBaJleHTHe 300parKeHHIO HAIIIBIPYIIN Ha MHOXKUHI IIPABUX
W—KJIaCIB 3a JIETKOI0 3aMKHEHOIO iIHBEPCHOIO ITiTHAIIIBI'PYTIOIO.

Hexait N = {1,2,...n}, IS, — iHBepcHa cuMeTpWyYHa HAIIBrpyrna Ha MHOXKHUHI N,
S(M) — cumerpuuna rpyna na muoxuui M. nga m € IS, gepe3 domm i ran 7 nosnaqu-
MO BiIIOBiZHO 00/1aCTH BU3HAUEHHA Ta 00JIACTD 3HAYEHL YACTKOBOI IIACTAHOBKU 7. Panzom
YaCTKOBOI IJICTAHOBKHU 7 Oy/IeMO Ha3WBATU TOTYXKHICTH 11 00/1acTi BU3HAUEHHS, a dedex-
MoM — KIJIbKICTh TOYOK Ha SIKUX 7 He BU3HadeHa. PaHr i gedeKT 1acTKOBOI IiACTAHOBKH T
OyaemMo ro3HadaT rank w i de f m BiAmOBiAHO.

Ornuc ycix 3aMKHEHMX 1HBEPCHUX ITIHAIIBIPYI iHBEPCHOI CHMETPUYHOI HAIIIBIPYIIU JIA€
TeopeMa.

Teopema 1 ([1]). s xoxuol mipmuoxkuan M C N i nigrpynn G < S(M) nignamiBrpyna
H = G @& ISy 6yne 3amkHeHOIO IHBEpCHOIO HifHAIMBrpymnoro B 1S,. 3 iHmmoro 60Ky, KoxKHa

3aMKHEHa IHBepCHa IigHaImiBrpymna B 1S, Mae Takmuil BUTJISLT.

Mg 3amkuenol imBepcHol mimmamisrpymn H = G & ISy nosmaunmo |[M| = k,
! . . . .
|G| = m, [S(M):G] = % = r. Kispkicts npaBux w-KiaciB Hamsrpymu IS, 3a 3aMKHe-

HOIO 1HBepCHOIO mijHamiBrpymnow H mosxaunmo [1.S, @ H].

Teopema 2 (|1]). Koxknuii npasuii w—k1ac inBepcHoi Hamirpyiu 1S, 3a 3aMKHEHOIO IHBEPC-

roro migaamiBrpynoro H = G @& 1Sy mae urisin (Hg)w, ne g € S(N), i micturs npabmii

kac cymixnocti Ag rpymm S(N) 3a miarpynoro A = G @ S(M), npmaoMy 1151 BiAIOBiHICTS

MIXK MpaBAMH W—KJacaMi 1 KjacaMi CYMIXKHOCTI 3a HIJTPYIION A € B3a€MHO OJHO3HATHOIO.
n!

— = CF.[S(M): G| =CF .

e = O[S 16 = )

Bci npaBi w—kJtacu piBHOIOTY>KHI miHamiBrpyi H.

1S, : H]=[S(N):Ga S(M)] =

[MousTTs, sIKi BUKOPUCTOBYIOTHCS O€3 O3HAUEHHs, MOYKHA 3HaiiTu B [3].

Hexait ¢ : 1S, — [S(X) — nixcranoBoune 300pakents HamiBrpynn /.S, Ha MHOXKAHI X
IpaBUX w—KJIACIB 32 3aMKHEHOIO 1HBepCHOIO HimHamiBrpymnoo /. Bymemo posrigmaTi KoH-
rpyentio @ o o' = {(x,y) € IS, x IS,|¢(z) = ¢(y)} Ha MHOXKUHI eJleMEHTIB HAIIBrpyTIH
1S,,. KinpkicTh Kj1aciB €eKBIBAJIGHTHOCTI Ii€1 KOHI'PYEHIIT I PI3HUX 3aMKHEHUX 1HBEPCHUX

migramisrpyn H obuuncieno B [2].

Teopewma 3 ([1]). 3obparkennst inBepcHOI cumerpudnol HaBrpynu 1S, HA MHOKHHI IIPABHX
W-KJIACIB 3a 3aMKHEHOIO iHBepcHoo mijHamisrpymoro H = G @& 1S3; 6yzne Touynum Toxai i
rinbku Toi, Ko | M| = 1. Koxkae TouHe eheKTHBHE TPAH3UTHBHE 300PAyKEeHHST HAIIIBIDYITH

1S,, exBiBasIeHTHE CTaHAPTHOMY 300paskeHHIO 1S, 4acTKOBIMU IICTAHOBKAMH HA MHOYKHHI
{1,2,...,n}.

Y oy Bunaaxy [o(18,] = |15, = 3 (C1)* -l

=0

Jlema 1 (|2]). Amsa szamkrenol imBepcroi mimmamisrpymu H = G & 1Sy, ne |M| = k,
muO)kmHHA [, = {7 € IS,|rankm < k} ckmagae oquH Kaac eKBIBaJE€HTHOCTI KOHTDYEHI]
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p ot Jlna xoxnoro enementa t € I, iioro obpas ¢(t) — Hige HeBH3HAaYeHA HACTKO-
Ba MiJICTAaHOBKa Ha MHOXKHHI MPaBUX W—KJIACIB 38 3aMKHEHOIO IHBEPCHOIO IITHAIIIBIDYIIOIO

H=GaoIS;.

BayBakenusi. [Ipuk =n, M =N iH =G < S(N). Ba emoro 1, yci Herpynosi eseMeHTH
IS,, gitors sik nopoxust migcranoBka. Tomy o(1S,) — rpyna mijacTaHoBOK 3 HyJIEM.

1 AHAJIOT JIEMU BEPHCAIIJIA

[Tosnaunmo vepes x(7) KiIbKICTh HEPYXOMUX TOYOK YACTKOBOI IiJICTAHOBKU .

Jlema 2. /li1s inBepcHOl cumerpudHoi HarmiBrpymnu 1S, BUKOHYETHCST PIBHICTD

Z X(ﬂ')—i-% Z defrm =|IS,]. (1)

welSh welSy

n
— k)2 1
Jlosedenna. Cnodarky saysaxumo, mo |1S,| = > (CF)"-kl. O6uncimmo £ 3 def w. dna
k=0 melS,
OO PO3IVIAHEMO OKPEMO eJIeMEeHTH PIi3HuX pamris. B emementa panry k nedekr popisrioe

n — k. KiibkicTs esiementis panry k y wanisrpymi I.S,, J0piBHIOE (C’,,’f)2 - k!. Tomy

%Z defw:%i > defW:%i(n—k)(C’fj)Qk!.

T€lSy k=0 m€lSn k=0

rankrt==k

s obuncsiennst Y x(7) pO3IVIAHEMO OKPEMO €JIEMEHTH PI3HUX DAHTiB. Y eJIeMeHTIB
TelSy,

panry k objiacTh BusHadents Moxkua subpatu C* criocobamu. st nanisrpymu 1.S,, MHOKUHY
eJIEMEHTIB paHry k 3 OJIHI€IO 1 Ti€l0 K 00JIaCTIO BUBHAYEHHS — PIBHONOTYKHI. ToMy MOxKHA
Bubpary i 3adikcyBaTn sKych ofny miamuokunay L C N nmoryzkuocTi k i 3maiitn > x ().

welSn
dom =L

[Mosuaunmo St(i) = {m € IS,| domm = L, w(i) =i}. Toni

> x(m) = S Ist(0)| = L] |St(0)| = k- Ot - (k=11 = = k1

wEISn 1€l
domm=L

Ockinbkn mipvuoxury L € N moxna subparn CF crocobanm, To

IRCED NG

welSy, k=0
Tomi
1 n n .
dYoxm+= > defw:zﬁ-(df)?-k!jtzn u (C*)? - k!
welSy n welSy k=0 n k=0 n
Sy B R ey = 3T (CR)? R = 1S,
k=0 n k=0
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Bynemo Tenep posriisiiaTu 1mijcTaHOBOYHI 300parkeHHs HAIBrpymnu 1.5, Ha IpaBuUX w-—
KJlacaxX 3a 3aMKHEHUMHM iHBepcHMMU migHauiBrpynamu suiy H = G @ 1.S3;. 3a Teopemoro 3,
Take 300parkeHHs Oyjie TOYHUM TOJ 1 TibKu Tosi, Koau |M| = k = 1. Ilpu npomy BoHO Oy 1e
eKBIBaJIEHTHE CTaHJIAPTHOMY 300pazkeHHI0 HamiBrpynu 1.S,. Tomy 1yis ToUHOrO 300parkeHHsd
© pisricTh (1) HAOyBae TaKOrO BUIJISIILY

> Mt 2 defm=leUSy).

TE€P(ISh) mEP(ISn)

[loBejieMO OCTaHHIO PIBHICTD JjIsi HETOYHUX ITICTAHOBOYHUX 300pazKeHb Ha MPABUX W—
KJlacax 3a 3aMKHEHUMU iHBepcHUMUE HigHamisrpynavu sugay H = G@ 1Sy . Taki 306pazkenns

— TPAH3UTHUBHI.

Jlema 3. Yacrrosa mizcranoska (t), t € 1S, Busnadena na npasomy w—kiaaci (Hx)w, jge
domx = M, roxi i Tijibku 1O, Koyt domx O M&.

Jlosedenns. Hexait ey — naitmenmmii inemmorent H. Toxi domey = M i ey = xx~!.
(Hr)w?® # @ & att™'z~' € H, mo pisHocuabno ztt'a~' > ey. 3 immoro 6oky,
att te7! < za7! = ey. Tomy att 'az~! = xa~—'. Ila piBHicTb y cBOIO Yepry piBHOCHIBbHA
r tatt tr e = v tr. OckinbKu igeMnoTenTH B iHBepCHiit HAIIBIPYIi KOMYTYIOTb, TO

(z o) (tt™) = (') (e o) () = (a7 ) (¢t ) (27 ) = 27 M
Orxe, tt~! > 2712, Tomy domt = domtt~! O domz~'x = ranx = M?®. O

Jlema 4. fkio yacrkoBa mijgcranoBga p(t), t € IS, dikcye npasuit w—kiac (Hr)w, ge

domx = M, todomt D M*, (M*)'=M*i eEG", e G* =z

1t‘Mz -G-:E|M—Ho;u’6ﬂa

MZ
g0 G rpyna migcraHoOBOK Ha MHOXKHHI M™.

Jlosedennsa. Brmouenns domt O M? punmsae i3 nonepeannoi gemu. (Hx)w?® = (Hz)w <
zte~' € H. Orxe, M** " = M. Toxi M* = M*= "= = ((Mx)t)r_lm. OCKiIbKY 11eMIIoTeHT
x~'x ToTOXKHO BigoOparkae cBolo obacTh BusHavenuss M® wa camy cebe, o (M*) = M*,

1|M € Ga6ox‘M~t‘Mz~x_1|MI eq.

-G-x’M. O

I3 Toro, mo xtx~' € H = GHISy; Bunusae, mo rtr™

3Bincn t’MI € xil‘Mz

Teopema 4. Hexaii ¢ — mijicranoBodte 3006pakeHHst HaiBrpynu 1S, Ha MHOKUHI IPABUX
W—KJIaCIB 3a 3aMKHEHOIO IHBepCcHOIO minHariBrpymnoro H. Toxi

> MO+ 3 defw= oS, @)

TEQ(1Sy) wEQ(1Sy)

Jlosederns. Pishicrs (2) y Bunajky k = 1 BukoHyeThesi, 60 BiIOBiIHE 300paskeHHsI TOTHE.
Armo k=0, o M # @i H = 1S,. OdeBuaHo, 110 TIPHU IIOMY YCi €JIeMEeHTH HaIliBIpyIn
IS, micTaThest B OJIHOMY TPaBOMY w—KJjaci, skuii (ikcye mijgcranoBka (1) Jyisd KOKHOIO
t € IS, Tlpu 1poMy KOHIDYyeHIIist ¢ o ¢~ ' Mae oun Kjaac eksisajgentnocti i [p(1S,)| = 1.V
[[POMY BHUIAJIKY PiBHICTH (2) TakoK BHKOHYyeThcst. Hexait remep k > 1.
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1) Posruistremo criouatky BumaJok, ko k =n i H = G < S(N). Toxi, 3a TBep/zKeHHIM
. _ n! _ o o . . .
513 [2], [p(ISp)| =1+ 2 =147, ne m = |G|, r = [S(N) : G]. 3a Teopemoro 2 KilTbKicTh
paBUX W—KJACIB 1pu oMY JopiBHIOE 7. 3a jemoro 4 i3 [2| o6pa3 KOXKHOrO TpyHoBOro
esieMeHTa HamiBrpynu /.S, BU3HaUYeHnil Ha BCIX IIpaBUX w—KJjacax, a 00pa3 KOKHOIO HErpyIIo-
BOI'O €JIeMEHTa — IIOPOXKHSI I1i/ICTAHOBKA HA MHOYKUHI IpaBUX w—KJacis 3a jemowo 1. Tomy

Z x(m) + [IS H Z defm = Z X(W)—i-%-?”:l—i- Z

TE€Q(1Sn) wE€Q(I1Sy) TE€P(Sn) TEP(Sn)

3& aemoro 4 i3 (2], xia 06pa3iB rpYyIOBUX eHeMeHTiB 1S,, Ha MHOXKHHI IIpaBUX w—KJIaciB

S(N) za miarpynoo G. Tomy mis obuumciaenus y, x(7) MOKHA CKOPHCTATHCS JIEMOIO
Bepucaitna pis rpyn. ist rpynu S(N) Ha MHOXKUHI TpaBuX Kjacis cymizkaocti rpyrmu S(N)

3a miarpynoo G TpansuTuBHa. Tomy

S x@) =1-1p(S)| =[S,/ G| =

TEP(Sn)

Otxe, piBHICTH (2) BUKOHYETHCH.
2) Hexait tenep 1 < k <n i G = S(M). Toni, 3a TBep/zKennsaM 5 i3 [2]| Maemo

p(ISa) =1+ (CR* + Y (Ch)

1=k+1

[Ipu 1poMy 3a TeopeMmoio 2 KidbKicTh NpaBux w-KJjacis jopisuioe CF. Koxknuit npasuii
W—KJaC MICTUTL BCi €JIeMEeHTH, IO TepeBojiaTh Muoxkuny M B akych ommy 3 CF
k—enementnux minmuoxkua mHOKuHU N. 3a Jjiemoro 1 yci enementn 1.5, panry menre k
CKJIQJIAIOTh OJIMH KJIAC eKBiBaJeHTHOCTI KOHTpYyeHIil ¢ o ¢~ L. Ix obpas zie, sk MOpOXKHS
nijieranopka na CR—eemenTniit MHOKHHI.

3’scyeMo, dK JHIOTh HA MHOXKUHI NpaBuX w-KJjaciB ejgementu paury k. Hexait X; —
[paBuii w—KJac, BCl eJIEeMEHTH AKOI'O IepeBOJISITH k—ejeMeHTHY MHOXKUHY M B jesaxky M.
Ba jsemamu 3 1 4 naa enemenrta t € 1S, panry k dacTkoBa mijcTaHoBKa ¢(f) BE3HAUEHA
Ha X Toxi i Tiibku Toi, kosm domt = M’ i wacrkosa mifcranoBka (t) dikeye X rogi
i Tiibku toi, ko domt = rant = M’'. Tomy s Koxxuoro enemenra t € 1S, panry k
"acTKOBA MijicTaHoBKa ¢(t) BusHAaYeHa piBHO Ha oqHOMY i3 CK npasomy w-knaci i def o(t) =
Ck — 1. Ockinbkn o/H K/Iac eKBiBaJeHTHOCTI KOHTPyeHItii ¢ o ¢~ ! ckaagaioTs Ti i e Ti
eJIEMEHTHU PAaHTy k, y AKHX OJIHAKOBI 00JIaCTi BU3HAYEHHS 1 OJIHAKOBI 00JIACTI 3HAYEHDb, TO
KOKeH npaBuil w—kiaac X; (ikeyerbest piBHO onHUM ejieMenToM (t) 13 ¢(I.S,,), 1 aKoro
domt =rant = M'.

Posriignemo rerep enement t € 1S, paury k + 1. B IS, icnye CF 1 = k+ 1 erement
panry k, MeHIIWii 32 ¢ BIJHOCHO IPUPOJHOTO YaCTKOBOrO TOpsAIKY. Tomy (1) BusHadeHuit Ha
C’k +1 = k+1 npasomy w—xkiaci. Ilofidni MipKyBaHHsI IPUBOAATDH JIO TOT'O, IO Jlsl €JIeMEHTa,
t € IS, paury i, k+1 < i < n, obpas ¢(t) Buznauennit na CF npasux w-knacax i mae
nedext CF — CF.
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Tomy Jpyruii J10JJaHOK Y PIBHOCTI (2) Ma€ BULJISL;:

% ST defm= g (CE () (G — 1) + (CE)? (k+ 1)1 () — O )

-
wEQ(1Sy) Cn

o (G (= DH(CE = CEL) + (€ () (CE = C))
- iN2: 1 - i .
=1+ (CH*+ D (Co)il - Cf — o (C)2 il CF,
i=k+1 n k41
OGuucMMOo Telep 3arajbHy KilbKicTh HepyxoMux Touok . x(7). Koxken iz C* npa-

mwEP(ISn)
BUX w—KJaciB Moxke Gyt Hepyxomor Toukow. Hexait me ximac Xj. [osmaunmo St(X;) =

{m € p(I1S,)|XT = X1}. Knac X; dikcyerbes enunnm eementom ¢(t) i3 ¢(1.S,,), s skoro
rankt = k. 3a semoro 3 i3 2] yci enementu .S, panry GLIbIIOro 3a k yTBOPIOIOTH OJIHO-
eJIeMeHTHI KJIach eKBiBaJeHTHOCTI KoHrpyeHil oo~ 1. Hexaii t mae panr ¢ > ki X7 ® = x 1-
Toni 3a siemoro 4 maemo (M')t = M'. Tenye k! ciocobiB 3amaru i ¢t Ha k—egeMenTHiit MHO-
»kuui M'. Ha pemri ¢ — k eemeHTax, siki MOyKHa BHOpaTh Cfl’_lz crocobaMm, Jiio ¢ MOXKHA
3a/1aTH, BUOpaBIIN C’;’_’Z criocobamMu ix 0Opa3u, a MOTIM 3a/IaBIINA B3a€MHO OJIHO3ZHAYHY BiJl-
nosijHicTs Mixk Humu (i — k)! criocobamu. Tomy

[SHXD)[ =1+ > (Cih)? - (i — k)KL
i=k+1

Orxe,
n

3 x(m) = CE-ISHX)| = CE- (1 + Y (€ i k) k!).

mEP(ISn) i=k+1
[licisg neck/IaIHUX TIEPETBOPEHb MOXKHA OTPUMATH, IO

n

S am =l o S (G

w€p(ISn) i=k+1

Omrxke, piBHICTD (2) B IBOMY BHUIIQJIKY TAKOXK BUKOHYETHCSI.
3) Hexait Teniep 1 < k < n i G — Baacna nopmasbHa miarpyna S(M) ingekcy r. 3a
TBep/KeHHIM 5 i3 [2] Maemo

[o(IS)| =147 (CE>+ Y (Ch)?-il.

i=k+1

KinmpkicTs mpaBux w-KJaciB Mpu IIbOMY JIOPiBHIOE 7° - Cﬁ. Bci enementu, 1mo mnepeBodTh
vuoxuay M B akych omny 3 CF k—ememenTnux migmMuoxkun Muoxkunn N, MicTaTbes B 7
IpaBuX w-KJjacax. Bes MHOKUHA TIpaBUX w—KJacip posbuta na C* migmuoskun Ly, . .., Ley
110 7 KJIACIB Y KOXKHIIA.

3a jemoro 1 yci enementu S, panry Menine k yTBOPIOIOTH OJINH KJIAC €KBiBaJEHTHOCTI
KOHTpyeHrii ¢ o ¢~ L. Ix 0bpas mie sIK TTOPOZKHS T1i/ICTAHOBKA Ha. 7T - Cﬁ—eﬂeMeHTHiﬁ MHOZKWHI.
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3’scyeMo, dK JIHIOTh HA MHOXKUHI NpaBUX w-KJjaciB ejgementu paury k. Hexait X; —
paBuii w—KJjac, BCl eJleMeHTH SIKOro mepeBojsitb M B nesky M'. 3a nemamu 3 1 4 s
esementa t € IS, pamnry k dacTkosa mijcraHoBka (f) Bu3HadeHa mHa X TOml 1 TiNbKH
Tozi, komu domt = M’', i wacrkoBa mijcranoBka @(t) dikcye X Jmrie Toji, KOJIH
domt = rant = M’'. Tomy jjist KoKHOrO ejiementa t € 1S, panry k dacrkoBa Irijicra-
HOBKa (t) BU3HAUCHA DIBHO Ha T MPABUX w—KJjacax, IO BXOAATH B OJHY IIJIMHOKUHY
L;. Ockinbku ejeMeHTH panry k, y SKUX OJHAKOBI 00J1aCTi BU3HAYEHHS 1 OJTHAKOBI 00JIa-
CTi 3HaYeHb, YTBOPIOIOTH I' PIBHOMOTYKHUX KJIACIB €KBIiBAJEHTHOCTI KOHI'PYEHIIii ¢ o ¢~ 1,
TO Ha KOXKHIN MiMHOXKUHI L; 13 TIpaBuX w—KJaciB BU3HAYEHO PIBHO 7 ejeMeHTiB 3 ¢(1S),).
Y punagky G = A(M), r = 2 i oxgumH i3 mmx JBOX ejieMeHTIB dikcye obujBsa mpasi
W—KJacu, a iHmMu X nepectapige. Y BUnaJky, ko k = 4 1 G = Ky, KiIbKicTh mpaBux
w-KJaciB r = 6 i MoKHa IIepeKoHaTucs, 1o 6 exeMenTis i3 ¢(1.5,,) IUK/IIYHO epecTaBIAITh
6 mpaBux w-kKiaaciB. Tomy KoXKHUT MTpaBuil w—KJac (PIKCYEThCA PIBHO OJIHUM €/IEMEHTOM 3
©(1S,,), nug sikoro domt = rant = M'.

AHaJIorivHO 10 MOTEPeIHBOIO BUITAKY MOXKHA MMOKA3aTH, IO Jjid eaementa t € 1S,
panry i, k+ 1 < i < n obpas ¢(t) susnadenuit na r - C¥ npasux w-xiacax i Mae jgedexr
r-(CF—CF).

Toni cymu 3 J1iBOT YacTUHU PIBHOCTI (2) MATUMYTh BUTJISA;

n

e 1 ko202 (K N2k ik
o ;(;S )defw = (rCk+ r2(ChCs) + ‘;—&-1(0”) itr(Cl — Ch)
TP n 1=

n

n . 1 .
=147(CH7+ Y (CL)Pil —rCh - o > o (Ci?-it-Cf

i=k+1 i=k+1

OGuncmMo Telep 3araibHy KidbKicTh Hepyxommx Touok — ».  x(mw). Koxken iz rCF
mEP(1Sn)
paBUX w-KJaciB Moxke OyTm wHepyxomoio Toukoio. Hexait me kmac X;. Ilozmaummo

St(Xy1) ={m € o(15,)|XT = X1 }. Knac X, dircyernea enunnm exementoM ¢(t) i3 ¢(1S,),
st ikoro rankt = k. 3a jemoro 3 i3 [2| yci enementu IS, panry 6iibinoro 3a k yTBOpIO-

I0Th OJIHOCJIEMEHTHI KJIacH eKBiBaJeHTHOCTI KoHrpyentii ¢ o ¢!, Hexail t mae panr ¢ > k i
t . .
X" = X,. Toni 3a nemoro 4 maemo (M)t = M’ i t e

| .. .
M’ moxna |G®| = |G] = m = & cnocobamn. Ha pemri ¢ — k enementax, siKi MoHa BuGpa-

T™H C’fl’_lz criocobamMu, JIilo ¢ MOXKHa 3a/1aTh, BUOPABIIN Cff_’z criocobaMu 1X o0pa3u, a IMOTIM

€ G*. 3anaTu niro ¢t Ha MHOXKUHI

3aJIaBIIN B3AEMHO OJIHO3HAYHY BiNMoBiaHicTh Mizk HEUME (i — k)! criocobamu. Tomy

S =1+ 37 @2 -y 2

r
i=k+1

Orxe,

£ =) =k (1 3 -1 4)

,
T€P(ISy) i=k+1

n

=rCk +

n Cﬁ

(CiY2 -4 - CF.

i=k+1
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¢k 6aaumo, piBHICTE (2) 3HOBY BHKOHYETHCSI.
4) Hexait Tetep 1 < k < n i G — menopmasibHa abo oxuHu4Ha miarpymna rpymnu S(M)

inyiexcy r. 3a Teopemoro 4 i3 [2] maemo |¢(1S,)] = 1+ >_(C?)?-4!. 3a Teopemoio 2, KiIbKicTb
i=k

MpaBUX W—KJAaCiB IIPU IMHOMY JIOPIBHIOE 7T - ij. Bci entemenTn, mo nepeBogsaTh MHOXKUHY M
B AKych oany 3 CF  k—enemenTrux mimvuoxua MuOKuEE N, MiCTATBCA B 7' MIPABUX W
KTacax. Bes MHOXKHHA MpaBuX w-Kaacis posouta na CF mimvmoxum Ly, . .., L¢y 1o 1 knacis
Yy KOXKHI.

Amnasioriuno, 3 jemu 1 BuUILIMBae, Mo BCi ejleMenTH 1S, paHry Meiie k yTBOPIOIOTH
OJIMH KJIAC €KBiBAJICHTHOCTI KOHIpyeHIii ¢ o ¢! Ix obpas Jie, SK MOPOKHS I ICTAHOBKA Ha
rC*—enemenTHift MHOKUHI.

3’sgacyemMo, dK JIi0Th HAa MHOXKHHI IpaBuUX w-KJaciB ememenTtu panry k. Hexait X; —
paBwii w—KJjac, BCl eJleMeHTH SIKOTO TepeBojsitb M B nesky M'. 3a nemamu 3 i 4 s
esementa t € IS, pamnry k dacrtkosa mijcraHoBka (t) BusHadena ma X; Toml 1 TinbKH
Toai, koo domt = M’ 1 wacrkoBa mimcranoBka o(t) dikcye X Jmrme Toji, KOJIH
domt = rant = M’'. Tomy s KoxkHoro ejementa t € 1.5, panry k JacTkoBa IiJCTaHOBKA
©(t) BU3HAUEHA PDIBHO HA ' IPABUX W—KJIACAX, 10 BXOJATH B OJHY MIAMHOXKUHY L;.

AHaJIOrigHO J10 IolepeIHIX BUIIAIKIB MOXKHA IOKA3aTH, 10 s ejeMenTa t € 1.5, panry
i, k+1 < i < n obpas p(t) Busnadenuit na r-CF npasux w—k/acax i mae gedext r-(CF—CF).
Tomy

n

1 L oh oM cF D21 (CF — O
o 3 defr= o <rCn+(Cn) Rr(CE— 1)+ Y (Ch)2itr(CY q.))

r€p(ISn) i=k+1

n n
) 1 )
_ k\2 i\2: k i\2 k
=1+ kNCY)* + g (C) z!—k;!C’n—a- E () -al - CF.
i=k+1 o i=k+1

EnementiB panry k, y akux oJHaKOBI 00/1acTi BU3HAYEHHS 1 OJTHAKOBI 00JI1acTi 3HAYUEHD,
6yze k! i Bci BOHM MiCTATBHCA B OJJHOCJIEMEHTHIX KJIacaX eKBiBaJeHTHOCTI KOHI'PYeHTIii ¢op L.
Ha koxwuiit miamuoxkuni L; i3 r npaBux w—KJjaciB BusHadeHo k! pisnux enementis 3 ¢(1.5,),
y upoobpasiB gakux k—ejaemenTHa 00j1acTh BusHadeHHsa M’ 36iraerbeda 3 00J1aCTIO 3HAUEHD.
3 TouHicTiO 10 TOMIOHOCTI MOYXKHA BBazkKaT, MO cuMeTpudHa rpyma S(M') TpaHsuTuBHO
Jlie Ha MHOXKHHI 3 7 eJIeMeHTIB. 3a (OpMyJIOl0 OpOIT /I TPaBoro w—kmacy Xi KiIbKICTb

enementis t € IS, panry k, takux mo X7 ® — X1, nopiBHIoE % = |G| = m. Kinbkicrs

(®)

enementis ¢ € 1S, panry Ginbiioro 3a k, i Takux, mo X, = X, 0GUUCIIOETHCS AHAJIOTYHO

JI0 TIoTepeTHBOro Bumaaky. OTiKe, 3arajbHa KiJbKICTh HEPYXOMUX TOYOK JIOPIBHIOE

> xm)=rCy (m + Xn: (CihY2 (i — k) - m>

TE€P(ISn) i=k+1

1
:k!ijJra- Y (G-t CF.

i=k+1

PiBHicTb (2) BUKOHYETBHCS 1 B IOMY BHIIAJIKY. O
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GAVRYLKIV V.M.

ON REPRESENTATION OF SEMIGROUPS OF INCLUSION
HYPERSPACES

Gavrylkiv V.M. On representation of semigroups of inclusion hyperspaces, Carpathian Mathe-
matical Publications, 2, 1 (2010), 24-34.

Given a group X we study the algebraic structure of the compact right-topological semi-
group G(X) consisting of inclusion hyperspaces on X. This semigroup contains the semigroup
A(X) of maximal linked systems as a closed subsemigroup. We construct a faithful represen-
tation of the semigroups G(X) and A(X) in the semigroup P(X)P(X) of all self-maps of the
power-set P(X). Using this representation we prove that each minimal left ideal of A(X) is
topologically isomorphic to a minimal left ideal of the semigroup pT':’T7 where by pT we denote
the family of pretwin subsets of X.

INTRODUCTION

After discovering a topological proof of Hindman theorem [8] (see [10, p.102], [9]), topo-
logical methods become a standard tool in the modern combinatorics of numbers, see [10],
[11]. The crucial point is that any semigroup operation * defined on a discrete space X can
be extended to a right-topological semigroup operation on 3(X), the Stone-Cech compacti-
fication of X. The extension of the operation from X to G(X) can be defined by the simple
formula

AoB={ACX:{zeX a2 'Aec B} e A}, (1)

where A, B are ultrafilters on X. Endowed with the so-extended operation, the Stone-
Cech compactification 5(X ) becomes a compact right-topological semigroup. The algebraic
properties of this semigroup (for example, the existence of idempotents or minimal left ideals)
have important consequences in combinatorics of numbers, see [10], [11].

The Stone-Cech compactification B(X) of X is the subspace of the double power-set
P(P(X)), which is a complete lattice with respect to the operations of union and intersection.
In |7] it was observed that the semigroup operation extends not only to 3(X) but also to the
complete sublattice G(X) of P(P(X)) generated by 3(X). This complete sublattice consists
of all inclusion hyperspaces over X.

2000 Mathematics Subject Classification: 20M30; 20M12; 22A15; 22A25; 54D35.

Key words and phrases: binary operation, semigroup, right-topological semigroup, representation, self-linked
set, twin set, pretwin set, minimal left ideal.
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By definition, a family F of non-empty subsets of a discrete space X is called an inclusion
hyperspace if F is monotone in the sense that a subset A C X belongs to F provided
A contains some set B € F. Besides the operations of union and intersection, the set
G(X) possesses an important transversality operation assigning to each inclusion hyperspace
F € G(X) the inclusion hyperspace

Fr={ACX:VFeF (ANF +# o)}

This operation is involutive in the sense that (F1)+ = F.

It is known that the family G(X) of inclusion hyperspaces on X is closed in the double
power-set P(P(X)) = {0,1}P™) endowed with the natural product topology. The induced
topology on G(X) can be described directly: it is generated by the sub-base consisting of
the sets

Ur={FeGX):UcFtandU ={FeGX):UecF'}

where U runs over subsets of X. Endowed with this topology, G(X) becomes a Hausdorff
supercompact space. The latter means that each cover of G(X) by the sub-basic sets has
a 2-element subcover. Let also No(X) = {4 € G(X) : A C At} denote the family of all
linked inclusion hyperspaces on X and A\(X) = {F € G(X) : F = F*} the family of all
maximal linked systems on X.

By [6], both the subspaces A\(X) and No(X) are closed in the space G(X). Observe that
U N AX) = U NAX) and hence the topology on A\(X) is generated by the sub-basis
consisting of the sets

Ur={Aec\NX):Uc A}, UCX.

The extension of a binary operation * from X to G(X) can be defined in the same
manner as for ultrafilters, i.e., by the formula (1) applied to any two inclusion hyperspaces
A, B € G(X). In [7] it was shown that for an associative binary operation x on X the space
G(X) endowed with the extended operation becomes a compact right-topological semigroup.
The structure of this semigroup was studied in details in |7]. In particular, it was shown
that for each group X the minimal left ideals of G(X) are singletons containing invariant
inclusion hyperspaces. Besides the Stone-Cech extension, the semigroup G(X) contains
many important spaces as closed subsemigroups. In particular, the space A\(X) of maximal
linked systems on X is a closed subsemigroup of G(X). The space A(X) is well-known in
General and Categorial Topology as the supereztension of X, see [12].

We call an inclusion hyperspace A € G(X) invariant if xtA = A for all x € X. It follows

from the definition of the topology on G(X) that the set G(X) of all invariant inclusion

hyperspaces is closed and non-empty in G(X). Moreover, the set G(X) coincides with the
minimal ideal of G(X), which is a closed semigroup of right zeros. The latter means that

AoB=Bforall A B e G(X).

The minimal ideal E(X) contains the closed subset ng(X) = Ny(X)N E(X) of invariant
linked systems on X. The subset max N 2(X) of mazimal invariant linked systems on X is
denoted by (X(X ). It can be shown that K(X ) is a closed subsemigroup of N 2(X). By [2,
2.2|, this semigroup has cardinality ]K(X )| = 22 for every infinite group X.
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The thorough study of algebraic properties of semigroups of inclusion hyperspaces and
the superextensions of groups was started in [7] and continued in [1], [2] and [3]. In this
paper we construct a faithful representation of the semigroups G(X) and A(X) in the semi-
group P(X)P™X) of all self-maps of the power-set P(X) and show that the image of A(X) in
P(X)P™X) coincides with the semigroup A(X,P(X)) of all functions f : P(X) — P(X) that
are equivariant, monotone and symmetric in the sense that f(X \ A) = X \ f(A) for all
A C X. Using this representation we prove that each minimal left ideal of A(X) is topo-
logically isomorphic to a minimal left ideal of the semigroup pTP', where by pT we denote
the family of pretwin subsets of X. A subset A of a group X is called a pretwin subset if
xA C X\ AC yA for some z,y € X.

1  RIGHT-TOPOLOGICAL SEMIGROUPS

In this section we recall some information from [10] related to right-topological semi-
groups. By definition, a right-topological semigroup is a topological space S endowed with
a semigroup operation x : S x S — S such that for every a € S the right shift r, : S — 5,
Ty @ X — T *a, is continuous. If the semigroup operation % : S x S — S is (separately)
continuous, then (S, x) is a (semi-)topological semigroup.

From now on, S is a compact Hausdorff right-topological semigroup. We shall recall some
known information concerning ideals in S, see [10].

A non-empty subset I of S is called a left (resp. right) ideal if ST C I (vresp. IS C I). If
I is both a left and right ideal in S, then [ is called an ideal in S. Observe that for every
x € S the set SzS = {sat : s,t € S} (resp. Sz = {sz:s € S}, S ={rs:s e S})is
an ideal (resp. left ideal, right ideal) ideal in S. Such an ideal is called principal. An ideal
I C S is called minimal if any ideal of S that lies in I coincides with I. By analogy we define
minimal left and right ideals of S. It is easy to see that each minimal left (resp. right) ideal
I is principal. Moreover, I = Sz (resp. I = z5) for each x € I. This simple observation
implies that each minimal left ideal in S, being principal, is closed in S. By [10, 2.6], each
left ideal in S contains a minimal left ideal.

We shall use the following known fact, see [3, Lemma 1.1].

Proposition 1.1. If a homomorphism h : S — S’ between two semigroups is injective on
some minimal left ideal of S, then h is injective on each minimal left ideal of S.

2 THE FUNCTION REPRESENTATION OF THE SEMIGROUP G(X)

In this section given a group X we introduce the function representation ¢ : G(X) —
P(X)P) of the semigroup G(X) in the semigroup P(X)PX) of all self-maps of the power-
set P(X) of X. The semigroup P(X)P™) endowed with the Tychonov product topol-
ogy is a compact right-topological semigroup naturally homeomorphic to the Cantor cube
({0, 1}X)PX) = {0, 1}X*P(X) " The sub-base of the topology of P(X)P(X) consists of the sets

(2, A)t ={f e P(X)"M 1z € f(A)},
(@, A)” ={f e P(X)PX) 1z ¢ f(A)}.
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Given an inclusion hyperspace A € G(X) consider the function
Py:P(X) = P(X), Oq(A)={reG:a'Ac A}
called the function representation of A.

Proposition 2.1. A function ¢ : P(X) — P(X) coincides with the function representation
® 4 of some (invariant) inclusion hyperspace A € G(X) if and only if ¢ is

1) equivariant in the sense that ¢(xA) = xp(A) for any A C X and x € X;
2) monotone in the sense that ¢(A) C ¢(B) for any subsets A C B of X;
3) ¢(2) =2, p(X) = X (and o(P(X)) C {@, X}).

Proof. To prove the “only if” part, take any inclusion hyperspace A € G(X) and consider
its function representation ® 4.
It is equivariant because

Py(rA)={ye Xy 'zAc Ay ={ay:y 'Ac A} = 2D (A)

for any x € X and A C X.
Also it is monotone because

PuA)={reG:2'Ac A} C{z€G :27'Be A} = dy(B)

for any subsets A C B of X.

It is clear that ®4(@) = @ and P 4(X) = X.

If A is invariant, then for every A € A we get ®4(A) = X and for each A € P(X)\ A
we get P 4(A) = 2.

To prove the “if” part, fix any equivariant monotone map ¢ : P(X) — P(X) with p(@) =
@ and ¢(X) = X and observe that the family

A, ={z7"A: AC X, 7€ p(A)}

is an inclusion hyperspace with ® 4, = ¢. If p(P(X)) C {@, X}, then the inclusion hyper-
space A, is invariant. O

Remark 2.1. If X is a left-topological group and A is the filter of neighborhoods of the
identity element e of X, then the functional representations ® 4 and ® 4. have transparent

topological interpretations: for any subset A C X the set ® 4(A) coincides with the interior
of a set A C X while ® 41 (A) with the closure of A in X!

The correspondence ® : A +— &4 determines a map ® : G(X) — P(X)P™X) called the
function representation of the semigroup G(X).

Theorem 1. The function representation ® : G(X) — P(X)P™) is a continuous injective
semigroup homomorphism.
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Proof. To check that ® is a semigroup homomorphism, take any two inclusion hyperspaces
X, Y € G(X) and let Z = X o). We need to check that ®z(A) = ®y o Py (A) for every
A C X. Observe that

Pz(A)={z€G:z7"AcZ}={zcG:{xcG:27'27'AcY}c X} =
={2€G :Py(zrA) € X} ={2€G: 27 Dy(A) € X} = Dr(Dy(A)).

To see that ® is injective, take any two distinct inclusion hyperspaces X,) € G(X).
Without loss of generality, X \ ) contains some set A C X. It follows that e € ®x(A) but
e ¢ ®y(A) and hence Oy # Py.

To prove that ® : G(X) — P(X)PX) is continuous we first define a convenient sub-base of
the topology on the spaces P(X) and P(X)P¥). The product topology of P(X) is generated
by the sub-base consisting of the sets

rt={AcCcX:reAlandz  ={ACX:z¢ A}

where € X. On the other hand, the product topology on P(X)P) is generated by the
sub-base consisting of the sets

(2, A\t ={f e P(X)"™M 1z € f(A)} and (z,A)” = {f € P(X)"N) 1z ¢ f(A)}

where A € P(X) and z € X.
Now observe that the preimage

P (2, AN ={AcG(X):z e Dy (A)} ={AcCG(X):2'Ac A} = (27 A)*
is open in G(X). The same is true for the preimage
P2, A7) ={AeG(X):x¢ D (A)}={AcGX):a7'A¢g A} = (X \z7'A)”
which also is open in G(X). O

3 THE SEMIGROUP A(X,P(X)) AND ITS PROJECTIONS A(X,F)

Since for a group X the function representation ® : G(X) — P(X)PX) is an isomorphic
embedding, instead of the semigroup A(X) we can study its isomorphic copy A(X,P(X)) =
P(AN(X)) € P(X)PX). Our strategy is to study A(X,P(X)) via its projections A(X,F) onto
the faces P(X)F of the cube P(X)PX)| where F is a suitable subfamily of P(X).

Given a subfamily F C P(X) by

pre : PP — P(X)T, pre: f = fIF,
we denote the projection of P(X)P™X) onto its F-face P(X)F. Let
dp = preo @ : A\(X) — P(X)F

and
AMX,F) = @e(AM(X)) = pre(AMX, P(X)) = (pre o @)(A(X)).

Now we detect functions f : F — P(X) belonging to the image A(X,F). Let us call a
family F C P(X)
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o X-invariant if xF" € F for every F' € F and every z € X
o symmetric if for each A € F we get X \ A € F.

Theorem 2. A function f : F — P(X) defined on a symmetric X-invariant subfamily
F C P(X) belongs to the image A\(X,F) = ®(A(X)) if and only if

1) f is equivariant;
2) f is monotone;
3) f is symmetric in the sense that f(X \ A) = X \ f(A) for each A € F.

Proof. To prove the “only if” part, take any maximal linked system £ € A(X) and consider
its function representation f = &, : P(X) — P(X).

By Proposition 2.1, the function f is equivariant and monotone. Consequently, the
restriction f|F satisfies the items (1), (2). To prove the third item, take any set A € F and
observe that

fX\A)={zecX: 2 (X\A)ell={reX : X\o'Ac L} =
={reX:z'A¢ L} =X \{rc X v tAc L) =X\ f(A).

This completes the proof of the “only if” part.
To prove the “if” part, take any function f : F — P(X) satisfying the conditions 1)-3)
and consider the family

Li={z"A:A€F, ze f(A)}

We claim that this family is linked. Assuming the converse, find two sets A, B € F and
two points z € f(A) and y € f(B) with z7'ANy'B = @. Then yz'A C X \ B and
hence yz='f(A) C f(X \ B) = X\ f(B) by the properties 1)-3) of the map f. Then
7 f(A) € X \ y'f(B), which is not possible because the neutral element e of the group
X belongs to x7Lf(A) Ny L f(B).

Enlarge the linked family £; to a maximal linked family £ € A(X). We claim that
®,.|F = f. Indeed, take any set A € F and observe that

fAc{zeX v 'AcLyyc{zeX a7 tAc L} =D (A).

To prove the reverse inclusion, observe that for any = € X \ f(A) = f(X \ A) we get
Y X \A) =X \z'Ae Ly CL. Since L is linked, z7'A ¢ £ and hence z ¢ ®.(A). O

A subfamily F C P(X) is called C-incomparable if for any subset A, B € F the inclusion
A C B implies the equality A = B. In this case each function f : F — P(X) is monotone,
so the characterization Theorem 2 simplifies as follows.

Corollary 3.1. A function f : F — P(X) defined on a C-incomparable symmetric X-
invariant subfamily F C P(X) belongs to the image A\(X,F) = ®g(A(X)) if and only if f is
equivariant and symmetric.
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A subfamily F C P(X) is called A-invariant if ®,(F) C F for every maximal linked system
L € M(X). In this case A(X,F) C FF is a subsemigroup of the right-topological group FF of
all self-maps of F.

Now we see that Theorem 1 implies

Proposition 3.1. For any A-invariant subfamily F C P(X) the map
P =prpo®: AN(X) — AX,F) C FF

is a continuous semigroup homomorphism and \(X,F) is a compact right-topological semi-
group.

4 SELF-LINKED SETS IN GROUPS

Our strategy in studying minimal left ideals of the semigroup A(X) consists in finding
a relatively small A-invariant subfamily F C P(X) such that the function representation
®r : A(X) — A(X, F) is injective on some (equivalently all) minimal left ideals of A(X).

The first step in finding such a family F is to consider the family of self-linked sets in X.

Definition 4.1. A subset A of a group X is self-linked if tANyA # @& for all x,y € X.

Self-linked sets in (finite) groups were studied in details in [1]. The following simple
characterization can be easily derived from the definitions.

Proposition 4.1. For a subset A C X the following conditions are equivalent:
1) A is self-linked;
2) the family of shifts {xA: x € X} is linked;
3) AA™! = X;

4) A belongs to an invariant linked system A € No(X);

N

5) A belongs to a maximal invariant linked system A € \(X) = max ]T}Q(X).

The following proposition was first proved in [3, 4.1]. Here we present a short proof for
completeness.

Proposition 4.2. For any invariant linked system L, € ]HVQ(X) the upper set
TLo={LeXNX): LD Ly}

is a closed left ideal in A\(X).
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Proof. Let A, B € A(X) be maximal linked systems with £, C B. Then for every subset
L e Ly we get
L= U r(z'L)e Ax Ly C AxB
veX

which means that £y C A * B.

To show that 1Ly is closed in A(X), take any maximal linked system £ € A(X) \ 1L
and find a set A € Ly with A ¢ L. Since £ is maximal linked, X \ A € £. Consequently,
(X \ A)* is an open neighborhood of £ that does not intersect L. O

Observe that any linked system £ € Ny(X) extending an invariant linked system Ly €

Ny(X) lies in the inclusion hyperspace £p-. It turns out that sets from £g-\ £, have a specific
structure described in the following theorem.

Theorem 3. For any maximal invariant linked system Ly € X(X ) and any A € L\ Lo
there are points a,b € X such that aA C X \ A C bA.

Proof. Fix a subset A € L \ Lo. We claim that
aANA=0 (2)

for some a € X. Assuming the converse, we would conclude that the family {zA : x € X}
is linked and then the invariant linked system Lo U {zA : x € X} is strictly larger than Lo,

which impossible because of the maximality of L.
Next, we find b € X with
AUDA = X. (3)

Assuming that no such a point b exist, we conclude that for any z,y € X the union rtAUyA #
X. Then (X \ zA) N (X \yA) = X \ (AU yA) # &, which means that the family
{X\zA : x € X} is linked and invariant. We claim that X \ A € £;. Assuming the
converse, we would conclude that X \ A misses some set L € L£5. Then L C A and hence
A € Ly which is not the case. Thus X \ A € L3 and hence {X \ 1A : 2 € X} C L because
Ly is invariant. Since Lo U {X \ zA : x € X} is an invariant linked system containing L,
the maximality of £y guarantees that G\ A € £, which contradicts A € L.
Unifying the equalities (2) and (3) we get the required inclusions

aA C X\ A CDbA. B

5 TWIN AND PRETWIN SETS IN GROUPS
Having in mind the sets appearing in Theorem 3 we introduce the following two notions.
Definition 5.1. A subset A of a group X is called
e a twin subset if X \ A =xzA for some z € X;

e a pretwin subset if tA C X \ A C yA for some z,y € X.



32 GAVRYLKIV V.M.

By T and pT we denote the families of twin and pretwin subsets of X, respectively.
Proposition 5.1. The families pT and T are A-invariant.

Proof. Take any maximal linked system £ € A\(X) and consider its function representation
f = &, : P(X) — P(X), which is equivariant, monotone, and symmetric according to
Theorem 2.

To show that the family pT is A-invariant, take any pretwin set A € pT and find two
points z,y € X with zA € X \ A C yA. Applying to those inequalities the monotone
equivariant symmetric function f we get

rf(A) = fzA) C f(X\A) = X\ f(A) C fyA) = yf(A),

which means that f(A) is pretwin.
If a set A is twin, then X \ A = xA for some x € X and then X \ f(4) = f(X \ A) =
f(zA) = xf(A), which means that f(A) is a twin set. O

Propositions 5.1 and 3.1 imply that A(X,T) and A(X,pT) both are compact right-
topological semigroups. The importance of the family pT is explained by the following

Theorem 4. For every maximal invariant linked system Ly € A(X) the restriction ®,7|1Lo :
1Ly — AX, pT) is a topological isomorphism of the compact right-topological semigroups.

Proof. Since ®,7 is continuous and the semigroups A(X) and A(X,pT) are compact. It
suffices to check that the restriction ®,7|TLy is bijective.

To show that it is surjective, take any function f € A(X,pT), which is equivariant,
monotone, and symmetric according to Theorem 2.

By the proof of Theorem 2, the family

Li={x"A: AepT, v f(A)}

is linked. We claim that so is the family £y U L;. Assuming the opposite we could find
disjoint sets A € L; and B € L. Since A is pretwin, zA C X \ A C yA for some z,y € X.
Now we see that

BCc X\AcCyAcC X\yB,

which is not possible as B is self-linked and hence meets its shift yB.
Now extend the linked family £y U L to a maximal linked family £ € A(X) and show
that ®,|pT = f (repeating the argument of the proof of Theorem 2).

Next, we show that the restriction ®,r|TLy is injective. Take any two distinct maximal
linked systems X,) € 1Ly. It follows that there is a set A € X\ ). This set belongs to
Li\ Ly and hence is pretwin by Theorem 3. Now the definition of the function representation
yields that e € ®x(A) \ ©y(A), witnessing that ®pr(X) # Ppr (D). O

Since the function representation ®,r is injective on the left ideal 7L, of A(X), it is
injective on some minimal left ideal of A(X') and hence is injective on each minimal left ideal
of A\(X), see Proposition 1.1. In such a way we prove
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Corollary 5.1. The function representation ®yr : AN(X) — A(X,pT) is injective on each
minimal left ideal of A\(X). Consequently, each minimal left ideal of A\(X) is topologically
isomorphic to a minimal left ideal of the semigroup A(X,pT).
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o6y noBano Toune 306pazents mamisrpyn G(X) ta A(X) B mamisrpymi P(X)P(X) scix Bigobpa-
JKeHb cTeriHb-MHOKUHK P(X) B ceGe. BukopucroByoun 1e 306paskeHHs JI0BEJIEHO, M0 KOXKEH
MminiMaabauil JiBuil imean manisrpynu A(X) Tonosoriuno izomopduuii MiHIMAILHOMY JIBOMY
ineany mamisrpymm pTP'.

Tappunkus B.M. O npedcmasaeruu noayepynn eunepnpocmpancms exarouenus // Kapnar-
ckue Maremarudeckue myonukamun. — 2010. — T.2, Nel. — C. 24-34.

B pabore usy1aercs anarebpantdeckast CTPYKTypPa KOMIIAKTHOW TPABOTOIOJIOTUIECKO TTOTY-
rpynmbl G(X), KOTOpasi COIEP:KUT BCe TMIEPIPOCTPAHCTBA BKJIIOUEHHUs! Ha rpyiie X. Sta
HOJIyIpyna cofep:kut noayrpyiry A(X) Bcex MAKCUMAJIbHBIX CIEIIEHHBIX CUCTEM B KAYECTBE
BaMKHYTOH Hoanosayrpynnsl. Ilocrpoeno tounoe npencrasienue noayrpynn G(X) m A(X)
B moayrpymme P(X)P(X) peex oroGpaskenmii cremenb-mmoxecrsa P(X) B cebs.  Mcmomb3ys
9TO TIPEJICTABJIEHNE JTOKA3aHO, UTO KAaXKJblii MUHUMAJbLHBIH JIeBbli uieas mouayrpymibl A(X)
TOIOJIOTIIECKH H30MOPGhEH MIHIMAILHOMY JEBOMY HI€Ay MOIyTpyImst pTP .
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ANALYTICITY AND UNIFORM STABILITY IN THE INVERSE
SPECTRAL PROBLEM FOR IMPEDANCE STURM-LIOUVILLE
OPERATORS

Hryniv R.O. Analyticity and uniform stability in the inverse spectral problem for impedance
Sturm—Liowville operators, Carpathian Mathematical Publications, 2, 1 (2010), 35-58.

We prove that the inverse spectral mapping reconstructing the impedance function of the
Sturm-Liouville operators on [0, 1] in impedance form from their spectral data (two spectra or
one spectrum and the corresponding norming constants) is analytic and uniformly stable in a
certain sense.

1 INTRODUCTION

The main goal of this paper is to establish analyticity and uniform continuity of solutions
to the inverse spectral problems for a certain class of Sturm-Liouville operators on [0, 1] in
the so-called impedance form. Namely, the spectral problems of interest are

—(a*(2)y(2))" = Aa*(z)y(z), = €10,1], (1)

subject to suitable boundary conditions, e.g., the Neumann ones

y(0)=y'(1)=0 (2)

or Neumann—Dirichlet ones

y'(0) =y(1) =0. (3)
Here a > 0 is an impedance function, which will be supposed to belong to the Sobolev space
W}(0,1), so that the logarithmic derivative 7 := (loga)’ (called the logarithmic impedance
below) is in L9(0,1). Without loss of generality we may assume that a(0) = 1, so that
a(x) = exp( fom 7($) ds). Such spectral problems arise in many applications, e.g., in modelling
propagation of sound waves in a duct [44], torsional vibrations of the earth [17] or longitudinal
vibrations in a thin straight rod [13].
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Key words and phrases: inverse spectral problems, Sturm—Liouville operators, impedance, analyticity, uni-
form stability.
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The corresponding differential operators Sy and Sp given by the differential expression
{(y) := a~?(a*y’)" and boundary conditions (2) and (3) respectively are self-adjoint in the
weighted Hilbert space Lg((O, 1);a® dm) and have simple discrete spectra accumulating at
+00. We denote by 0 = Ay < A; < --- the eigenvalues of Sy and by 0 < pg < pg < ---
those of Sp. The inverse spectral problem is to reconstruct the impedance function a or its
logarithm 7 from the spectra of Sy and/or Sp.

For the standard Sturm-Liouville operators, i.e., those generated by the differential ex-
pression

d2
T dr?
with ¢ a real-valued locally integrable potential, it was proved by Borg [7] in 1946 that,

+4

generically, knowledge of the spectrum corresponding to one set of boundary conditions (e.g.
Neumann ones or Neumann-Dirichlet ones) does not allow to unambiguously determine g.
(An exceptional situation where this is possible was pointed out by Ambartzumyan [5] in
1929.) However, two such spectra do uniquely determine g.

The same holds true for the inverse spectral problem of reconstructing the impedance
function a of the operators Sy or Sp. In fact, these operators are unitarily equivalent to self-
adjoint operators Ty and Tp acting in Lo(0, 1) and generated by the differential expression

0=~ =~ ) (- o
and the boundary conditions
y(0) = (1) =0 (5)
and
y(0) =y(1) =0 (6)

respectively. Here and hereafter f(x) := /() — 7(2) f(z) shall denote the quasi-derivative
of a function f. Moreover, for a € W2(0,1) the differential expression £(7) can be recast in
the potential form ,
1) = —% + 7+ 72

with potential ¢ = 7/ + 72. For a € W3 (0,1) the reduction to the potential form is still
possible, but the potential ¢ becomes a distribution from W, (0, 1) [39]. Sturm-Liouville and
Schrodinger operators with singular potentials (that are, e.g., point interactions, measures,
or distributions) have been widely studied; we refer the reader, e.g., to the books |1, 3|
and to review paper [40| where additional references can be found. Inverse problems for
distributional potentials in the space W, *(0,1) have also been successfully treated; see,
e.g., [24,41].

This suggests the following method of solving the inverse spectral problem for impe-
dance Sturm—Liouville operators under consideration: first, one recasts the problem (1) in
the potential form, then uses one of the algorithms reconstructing the potential ¢ from
the spectral data (()\n), (un)) of Ty and Tp, and, finally, finds 7 by solving the Riccati
differential equation 7’ 4+ 72 = ¢q. However, this equation may not possess global solutions on



UNIFORM STABILITY IN THE INVERSE PROBLEM 37

0, 1], whence it is desirable to find a way to reconstruct the impedance a or its logarithmic
derivative 7 directly from the spectral data for the operators Ty and Tp.

In the papers [2,6,8,32,35| several approaches to reconstruction of the impedance a €
W5(0,1) were suggested and the corresponding spectral data were completely described.
These necessary and sufficient conditions require that the spectra (\,) and (u,) must

(i) interlace, i.e., that A\, < p, < A,4q1 for all n € Z, , and

(ii) satisfy the asymptotic relations

V )\n = TN + Pon, V Hn :77(”+%)+P2n+17
where the sequence (p,,) belongs to /.

Moreover, the induced mapping from the spectral data ((),), (i4,)) into the impedance
function a providing a solution to the inverse spectral problem was shown in [6] and [32] to
be locally continuous in a certain sense. In particular, this yields local stability of the inverse
spectral problem; see also similar stability results for the related problem of reconstructing
the potential ¢ in [4,7,16,19-21, 31, 33, 34,36-38,46|. Here we introduce a metric on the
set of the spectral data (()\n), (un)) by e.g. identifying such data with the sequence (p,) in
the representation of item (ii) above. Typically, this local stability states that, for a fixed
M > 0, there are positive ¢ and L with the following property: if potentials ¢; and ¢
(resp., logarithmic impedances 71 and 73) are such that ||¢1]l. < M and ||g|l« < M (resp.,
|71]|« < M and |7, < M) and the corresponding spectral data vy := ((A1n), (1t1,,)) and
vy i= ((A2n), (p2,n)) satisty |lvn — vs|| < e, then

g1 — @2« < Ly — vy (7)

(resp., then
I71 = 72l < Lllvr —1nf) (8)

for a suitable norm ||-||.. For instance, local stability results with respect to the Ly(0, 1)-norm
were established in [32,38] in the regular case ¢ € Ly(0,1), and in [6,8, 32| for impedance
Sturm-Liouville operators. In [16,33] the case L (0, 1) was treated; earlier Hochstadt in |20,
21| proved stability if only finitely many eigenvalues in one spectrum are changed. The
papers [19, 36| studied to what extent only finitely many eigenvalues in one or both spectra
determine the potential, and the latter problem in the non-self-adjoint setting was recently
discussed in [31]. Also, stability of the inverse spectral problems on semi-axis was proved
in [30,37], and the inverse scattering problem on the line was studied in [10, 18].

However, the above results cannot be considered satisfactory, as they refer to the norm
of the potential ¢ (resp. of the logarithmic impedance 7) to be recovered and thus specify
neither the allowed noise level € nor the Lipschitz constant L. Therefore we need a global
stability result that asserts (7) whenever the spectral data v, and v, run through bounded
sets 4" and with L only depending on .4".

Recently, such a uniform stability in the inverse spectral problem for Sturm-Liouville
operators on [0, 1] was established by Shkalikov and Savchuk [43]. They considered operators
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with real-valued potentials from the Sobolev spaces W5 (0,1) with s > —1. (For negative
s, such potentials are distributions; see [40] for the review on Sturm-Liouville operators
with distributional potentials.) Their approach for solving the inverse spectral problem was
based on the so called Priifer angle and used extensively the implicit function theorem. In our
work [22] analyticity and global stability of the inverse spectral mapping for s € [—1,0] was
established using a different approach that generalizes the classical method due to Gelfand
and Levitan [12] and Marchenko [29] and has been successfully applied to reconstruction of
Sturm—Liouville operators with singular potentials in |24, 25].

The main aim of this paper is to prove analyticity and Lipschitz continuity on bounded
subsets of the inverse spectral mapping ((/\n), (un)) — 7 for the class of the Sturm-Liouville
operators in impedance form with logarithmic impedance 7 € Ly(0,1). To this end we use
the approach of [2| to the inverse spectral problem for impedance Sturm-Liouville operators
based on the Krein equation [27] and further develop the methods of [22]. Also, we discuss the
analogous properties in the inverse spectral problem of reconstruction of 7 from the Neumann
spectrum (\,) and the corresponding norming constants «,, defined in Subsection 2.1.

We mention that the methods of [2] could be used to treat logarithmic impedances 7
belonging to L,(0,1) with p € [1,00). However, apart from some technicalities caused by
more complicated properties of the Fourier transform in L,(0,1) for p # 2, the approach
would remain the same and we decided to sacrifice the generality to simplicity of presentation.
See Section 5 for discussion of possible generalizations.

The paper is organised as follows. In the next section, we state the main results of the
paper and recall the method of reconstructing the impedance Sturm-Liouville operators from
their spectral data using the Gelfand-Levitan—-Marchenko and Krein equations. In Section 3,
we show analyticity and uniform continuity in the inverse problem of reconstructing the
logarithmic impedance 7 from the spectrum of the operator Tx(7) and the sequence of the
corresponding norming constants. Reconstruction from two spectra (those of Tx(7) and
Tp (7)) is discussed in Section 4; there the problem is reduced to the one studied in Section 3
by showing that the norming constants depend analytically and Lipschitz continuously on
these spectra. The last Section 5 discusses some ways of extending the results to a wider class
of operators. Finally, three appendices contain auxiliary results on some related nonlinear
mappings in Ly(0,1), on relation between some analytic functions of sine type and their
zeros, and on the special Banach algebra that were used in the proofs.

2 PRELIMINARIES AND MAIN RESULTS

In this section we state the main results of the paper and recall the method of solution of
the inverse spectral problem based on the Gelfand-Levitan-Marchenko [28] and Krein [27]
equations. All the missing details can be found in [2].

2.1 Spectral data

Throughout this subsection, 7 designates a fixed real-valued function in Ly(0, 1). We denote
by A, and p,, n € Z, the eigenvalues of the operators Tx(7) and Tp(7) respectively defined
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via (4)—(6) and recall that these eigenvalues interlace, i.e., A\, < p, < A\py1 for all n € Z,,
and satisfy the relations

V Ap =Tn + P2n, vV Hn = 7T(7”L + %) + Pan+1 (9>

with some l5(Z, )-sequence p = (py,).
For A = w? € C, the equation ¢(7)u = w?u subject to the initial conditions «(0) = 1 and
ul(0) = 0 has the solution

c(x,w) = coswz +/ k(x,t)coswtdt, (10)
0

where k is the kernel of the so called transformation operator. Clearly, coswx is a solution
of the “unperturbed” equation ¢(0)u = w?u with 7 = 0; it is mapped into the solution c(-,w)
for a generic 7 by means of the transformation operator via (10). The function k vanishes
for a.e. (z,t) € [0,1]* with < ¢ and, for every = € [0,1], k(z,-) belongs to L,(0,1) and
the mapping x — k(x,-) is continuous from [0, 1] into L(0,1). Also, there exists a kernel k;
with similar properties such that

Mz, w) = —wsinwz — w/ ki(z,t) sin wt dt; (11)
0

we recall that fl! := f/ — 7 f is the quasi-derivative of a function f.

Set wy, = VA, and wo, 1 = VHn, n € Zy. Then c(-,wsy,) is an eigenfunction of
the operator Tx(7) corresponding to the eigenvalue A\, = w3, , and we call the number!
= 1/(2||e(+,wa2n)]|?) the norming constant for this eigenvalue. It is known [2] that

o, =1+ By, (12)

where the sequence 8 := (0,)nez, belongs to ¢;. Moreover, the norming constants a,
can be determined from the spectra of the operators Tx(7) and Tp(7) as follows. We set
C(w) = ¢(l,w) and S(w) := (1,w); due to (10) and (11) these are entire functions of
exponential type 1 with zeros =4/, and ++/)\,, respectively. The Hadamard canonical
products for S and C' are

0 2 2 0 2
_ 2 Wop, — W _ Wony1 — W
Sw)=u? [] o Cl)= [ ] 212 (13)
n=1 n=0

so that S and C' are uniquely determined by their zeros. Then we have (cf. [2])

where the dot denotes the derivative in w.

Here and hereafter, || f|| shall stand for the L(0,1)-norm of a function f.
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2.2 The main results

We introduce the set .4 of pairs ((An)neer, (Nn)neZ+) with the following properties:
e the sequences (\,) and (u,) strictly interlace, i.e., A, < p, < Apyq for all m € Z;

e the sequence p = (pi)rez,, With pa, := VA, — mn and popi1 = /b — m(n + %),
belongs to /.

In this way every element v := ((A,), (1n)) of 4" is identified with a sequence (p,) in
thus inducing a metric on .4". Namely, if v and v, are elements of 4" and p; := (p1,,) and
p2 = (p2,,) are the corresponding fy-sequences of remainders, then

diSt,/V(VhVZ) = le - PzHZz-

In what follows, v shall stand for the element of 4" corresponding to p = 0; then we get
diStJV(Va VO) = ||(pn)H42

According to [2], every element of .4 gives the eigenvalue sequences of the operators
Tn(7) and Tp(7) for a unique real-valued function 7 € L9(0,1) and, conversely, for every
real-valued 7 € L(0,1) the spectra of the corresponding Sturm-Liouville operators Ty(7)
and Tp(7) form an element of .4". When the logarithmic impedance 7 varies over a bounded
subset of L(0,1), then the corresponding spectral data ((A,), (14,)) remain in a bounded
subset of .4”. Moreover, the Priifer angle technique (cf. [41,42]) yields then a positive d such
that all the corresponding spectral data (()\n), (,un)) are d-separated, i.e., that p, — X\, > d
and A\,y1 — pn, > d for every n € Z,. Summarizing, we conclude that the uniform stability
of the inverse spectral problem we would like to establish is only possible on bounded sets
of spectral data in .4 that are d-separated for some d > 0.

This motivates the following definition.

Definition 2.1. For d € (0,7/2) and r > 0, we denote by A'(d,r) the set of allv € A
that are d-separated and satisfy dist_y (v, vy) < r.

In these notations, the first main result of the paper reads as follows.

Theorem 1. For every d € (0,7/2) and r > 0, the inverse spectral mapping
N (d,r) > v— 1€ Ly(0,1) (15)
is analytic and Lipschitz continuous.

See [9] for analyticity of mapping between Banach spaces. In fact, as in [22], we prove
first the analyticity and Lipschitz continuity of the inverse spectral problem of reconstructing
7 from the Neumann spectrum (A,) and the norming constants («,) (see Theorem 2 below),
and then derive Theorem 1 by showing that the norming constants depend analytically and
Lipschitz continuously on the two spectra.

More exactly, we denote by .2 the family of strictly increasing sequences X := (A, )nez,
such that py, := /A, —7n form an element of ¢, and pull back the topology on .# from that
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of {5 by identifying such A with (pa,) € ¢2. For d € (0,7) and r > 0, we denote by Z(d,r)
the closed convex subset of .Z consisting of sequences (A, )nez, such that ||(p2,)|le, < 7 and
Ani1 — Ay > d for all n € Z,. Next, we write &7 for the set of sequences o := (v, )nez of
positive numbers such that the sequence (3,) with 3, := «a,, — 1 belongs to ¢5. This induces
the topology of /5 on «7; we further consider closed subsets 7 (d,r) of o/ consisting of all
(av,) satisfying the inequalities oy, > d for all n € Z and the relation ||(3,)]s, < r.

It is known [2] that, given an element (A, ) € £ X &7, there is a unique real-valued
T € Ly(0,1) such that A is the sequence of eigenvalues and « the sequence of norming
constants for the Sturm—Liouville operator Tx(7). Some further properties of the induced

mapping are described in the following theorem.

Theorem 2. For every d € (0,7) and d' € (0,1) and every positive r and ', the inverse
spectral mapping

L(d,r) x (d,7") 3 (A o) — 7 € Ly(0,1)

is analytic and Lipschitz continuous.

2.3 Solution of the inverse spectral problem using the Krein equa-
tion

The classical algorithm of reconstructing the potential ¢ = 7/ + 72 of a Sturm-Liouville op-
erator uses the so called Gelfand-Levitan-Marchenko (GLM) equation relating the spectral
data (A, @) and the transformation operator K, see e.g. the monographs [28,29] for details.
The derivation of the GLM equation sketched below follows the reasoning of [24], to which
we refer the reader for further details.

First we notice that due to the asymptotics of A\, and «,, the series in
h(s) :==1+2 Z (v, cos(2way,s) — cos(2mns)] (16)
n=0

converges in Ly(0,1) (in fact, h is an even function on (—1,1)). Next, denote by F' an integral
operator in Ly(0, 1) with kernel

Flot) = Sn(252) + h(752)]. (17)

Starting with the resolution of identity for the operator Ty(7),

I = Qi (-, en)en,
n=0

with ¢, = ¢(-,ws,) being the eigenfunction corresponding to the eigenvalue \, = w2 , and
using the relations (10) and the definition of F, after straightforward transformations one
arrives at the equality

I=(I+K)I+F)(I+K".
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Actually, the above equality rewritten in terms of the kernels £ and f of the operators K
and F' produces the GLM equation,

k(z,t) + f(x,t) + /03«“ k(xz,s)f(s,t)ds =0, T > t. (18)

Given the spectral data and thus the kernel f, one solves the GLM equation for the kernel
k and then determines the potential ¢ from the relation

q(z) = Z%k(x,x). (19)

However, this approach does not work for impedance Sturm—Liouville operators under
consideration since formula (19) is then meaningless: indeed, the kernel & is not regular
enough to have a well-defined restriction k(x, z) to the diagonal and the potential ¢ = 7'+ 72
is a distribution rather then a regular function. Instead, one can use the method of Krein
that reconstructs the function 7 € Ly(0,1) directly. The original method was suggested
by Krein [27] for smooth functions 7 and was further developed for the class of impedance
Sturm-Liouville operators with 7 € L,(0,1), p € [1,00) in [2].

Namely, with the function & of (16), one considers a different GLM-type integral equation
(called the Krein equation)

r(x,t)+h(a:—t)—i—/xr(a:,s)h(s—t)ds:O, O<t<uz<l, (20)

of which the GLM equation (18) is the even part (in the sense that if r is a solution to (20),
then the function
Ko t) = Lo, 259 + r(o, =50)]

solves (18)). It can be proved (see the next section) that equation (20) possesses a unique
solution r and, moreover, the function 7 satisfies the equality

T =r(-0). (21)

This formula will be the basis of the reconstruction algorithm and stability analysis.

3 STABILITY OF THE INVERSE SPECTRAL PROBLEM: NORMING CONSTANTS

In this section, we prove Theorem 2 on analytic and Lipschitz continuous dependence of
the logarithmic potential 7 determining the impedance Sturm-Liouville operator Tx(7) on
its eigenvalues ), and norming constants av,.

We shall study the correspondence between the data (A, a) € Z(d,r) x &7 (d',r") and
the functions 7 through the chain of mappings

A a)—h—re—rT

in which A is the function of (16), r is the kernel solving the Krein equation (20), and, finally,
7 is given by (21).
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Lemma 3.1. The mapping

Ld,r)x (d,r") > (A a)— he Ly0,1)
is analytic and Lipschitz continuous.

Proof. We have h =1+ hx + hy o, Where

Z cos(2wsy, s) — cos(2mns)], hxa(s) =2 Z B cos(2wapS);
n=0

recall that the numbers py, = ws, — mn and 3, := «,, — 1 form sequences in ¢, that induce
the topology of . and 7.
Introduce the function fx € Ly(0,1) whose Fourier coefficients are fx(0) = 0 and

fA(n) = —fA(—n) = P2n

for n € N; then we have hy = ®1(fx) with the mapping ®; of Lemma A.1. Therefore the
function hy depends analytically and Lipschitz continuously on fy in bounded sets. Since
the mapping sending (ps,,) € ls into fx € Ly(0,1) is linear and quasi-isometric in the sense
that || fa]l = v2||(p2n)||, We conclude that the mapping A — hy is analytic and Lipschitz
continuous on bounded sets.

Next, let go be the function in L(0,1) whose Fourier coefficients are

for n € Zy. Then hxa = Po(fr,ga) With ®y being the mapping of Lemma A.2. The
properties of ®, and of the mapping (3,) — g then establish the required dependence
of hya on (A, o). The lemma is proved. O

Solubility of the Krein equation crucially relies on the following property of the convolu-
tion operator H = H (X, ) defined via

1
(H)w) = [ bz =00
0
with the function h of (16).
Lemma 3.2. For every d € (0,7), d € (0,1), and positive r and r', there exists € > 0 with

the following property: if (X, &) is an arbitrary element of £ (d,r) x <7 (d',r") and h is the
function of (16), then for the corresponding convolution operator H we have I + H > 1.

Proof. Observing that

1 1 1
/ cos2mn(x — t) f(t) dt = cos 27rnx/ cos 2mnt f(t) dt 4 sin 27m:v/ sin 27t f(t) dt
0 0 0
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and that the functions 1, V/2sin 2mnx, V2 cos 2mnx, n € N, form an orthonormal basis of
L5(0,1), we find that

k
((I+ H)fa f) = (f7 f) + QI}LIgozanU(fa C082w2n8)|2 + |(f7 Sin2w2n3)|2]
n=0
k

= (£, D = 2 lim Z;[\<f, cos 2mns)|* 4 |(f, sin 2mns) ]

=9 Zan[](f, 08 2wo,8) |2 + | (f, sin 2way,s)|?]

n=0

=200/ (f, )] + Y an[[(f, 722 2 | (f, %) ).
n=1

It follows from the results of [14, Ch. VI|, [45, Ch. 4] that the system
53\ = {6721‘}2"18}”61\] U {1} U {62w2"is}neN

is a Riesz basis of Ly(0,1). Moreover, it was shown in [23| that there exists m = m(d,r) > 0
that gives a lower bound of & for every A € Z(d,r). Since the inclusion a € &/ (d', 1)
implies that «,, > d’ for all n € Z, we get

(L +H)f f) =200l (f, P + D an[l(f,e7225) P + |(f,e*) ] = d'm| f|?,
n=1

and the proof is complete. n

To study solubility of the Krein equation (20), we shall regard it as a relation between
the corresponding integral operators. To this end we recall several notions that will be used.
The ideal S5 of Hilbert—Schmidt operators in Ly(0,1) consists of integral operators whose
kernels are square integrable on 2 := [0,1] x [0,1]. The linear set G5 becomes a Hilbert
space under the scalar product

11
(A, B)2 = tr(AB") == / / a(z,y)b(z,y) dz dy,
o Jo
where a and b are the kernels of A and B respectively; in particular, [|A| s, := (A4, A)3/* is
the corresponding norm.
As an example, the inequality

1 1
|| e =)o dy < 210?
0 JO

implies that the convolution operator H belongs to &, and, moreover, ||H||%, < 2|[A[.
Denote by &3 the subspace of &, consisting of all Hilbert—Schmidt operators with lower-
triangular kernels. In other words, A € &, belongs to &5 if the kernel a of A satisfies



UNIFORM STABILITY IN THE INVERSE PROBLEM 45

a(x,y) =0 for a.e. 0 <z <y < 1. For an arbitrary A € &, with kernel a the cut-off a™ of
a given by
n [ oa(z,y)  for x>y,

a’(@,) {O for z <y
generates an operator AT € &7, and the corresponding mapping P+ : A — AT turns out to
be an orthoprojector in &, onto &3, i.e. (PT)? = P and (PTA, B)s = (A, P*B), for all
A, B € Gy; see details in [15, Ch. 1.10].

With these notations, the Krein equation (20) can be recast as

R+P*H+P"(RH) =0 (22)

or

(Z+Pf)R=—-P"H,

where Py is the linear operator in &y defined by PLY = PH(Y X) and 7 is the identity
operator in G,. Therefore solubility of the Krein equation and continuity of its solutions
on H is strongly connected with the properties of the operator Pj.

Lemma 3.3. For every X € 4, the operator Py is bounded in &,. Moreover, for every
convolution operator H from the set

§={H=HMXa)|(Aa)e.2dr)xd,r)}C&

the operator Z + P}, is invertible in (&3 ) and the inverse (Z +P;;)~" depends analytically
and Lipschitz continuously on H € §) in the topology of G,.

Proof. Boundedness of Py is a straightforward consequence of the inequality
IPxY e < Y Xle, < IXN2]Y e,
cf. [14, Ch. 3]. Assume next that I + X > el in Ly(0,1); then for Y € &5 we find that
(T+PHY,Y)s = (V.YV} + (VX V) = (Y (I + X)V7).
Since Y (I + X)Y* > ¢YY™ and the trace is a monotone functional, we get
(Z+PRY.Y)2 2 (YY),

e, I+ Py >¢elin &7,

Applying now Lemma 3.2, we conclude that for every H € § it holds Z + P}, > £Z with
e of that lemma depending only on d, ', r, and r’; therefore, Z + P}; is boundedly invertible
in 8(67) and

||(I+79§)_1 <e !l

2(65)

Since P}, depends linearly on H, it follows that the mapping H +— (Z +P};)~" from &, into
A(&7) is analytic and Lipschitz continuous on the set §). The proof is complete. O



46 HrynNiv R.O.

Corollary 3.1. For every H € §), the Krein equation (22) has a unique solution
R:=—(ZT+P})'P"H € &5;
moreover, R depends analytically and Lipschitz continuously in &5 on H € § C G,.

It follows that the kernel r(z,t) of R is square integrable in the domain €2 and depends
analytically and Lipschitz continuously in Ls(2) on H. However, we need to know that
r(-,0) is well defined and belongs to Ly(0, 1).

To this end we use the Krein equation to find that

r(z,t) = —h(zx —1t) — /0 r(z,s)h(s —t)ds

as a function of z depends continuously in Ly(0,1) on ¢ € [0,1]. Indeed, since the shift
f(:) — f(- —t) is a continuous operation in Ls(R), h(- — t) enjoys the required property.
Next, since the kernels r and h belong to Ly(€2), we find that

/Oll/olr(x,s)h(s—t) ds‘zdx
< /01 dx/ol Ir(z, s)\2d3/01|h(s—t)|2ds (23)
< 2/01 \h(s)\st/()l/Ol Ir(z,5)|* ds do < oc.

/0 r(z,s)h(s —t)ds (24)

of the variable z € [0, 1] belongs to Ly(0, 1); moreover, continuity of the shifts h(- — ¢) and
estimate (23) show that function (24) depends continuously in L9(0,1) on ¢ € [0,1]. We
thus conclude that indeed r(+,t) depends continuously in Ly(0,1) on ¢t € [0,1]. In particular,
r(z,0) is a well-defined function in Ly(0,1).

Finally, we again use the Krein equation and (21) to get the relation

Thus the function

7(z) =r(z,0) = —h(x) —/0 r(z, s)h(s) ds.

The integral on the right-hand side is a bilinear expression in h and r. In view of the analytic
dependence of r on h stated in Corollary 3.1 and estimates (23), this yields analyticity and
Lipschitz continuity of r(z,0) on h € L5(0,1). On account of Lemma 3.2, the proof of
Theorem 2 is complete.

4 RECONSTRUCTION FROM TWO SPECTRA

We recall that the norming constants «,, for the Sturm-Liouville operator Tx(7) can be
determined from the spectra (\,) and (u,) of Tx(7) and Tp(7) by the formula (14),

Wan
Ay = T,

S (WQn) C (u)gn)
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where the entire functions S and C' are given by the canonical products (13) over \, = w3,
and p, = w3, 41 respectively. This induces a mapping v +— o from the spectral data v :=
((An), (1n)) € 4 into the norming constants o := (a,,) € «/. In this section, we shall
establish Theorem 1 by proving the following result.

Theorem 3. For every d € (0,7/2) and r > 0, the mapping
N(d,r)sv—aed (25)

is analytic and Lipschitz continuous; moreover, there exist positive constants d' and r’ such
that the range of this mapping belongs to </ (d',1").

By definition, ./ consists of elements of the commutative unital Banach algebra A intro-
duced in Appendix C. We observe that the metrics on & agrees with the norm of A, and
thus the results of Appendix C yield the following statement.

Proposition 4.1. For every positive d and r, the set </ (d, r) consists of invertible elements
of A. Moreover, the mapping o — a ' is analytic and Lipschitz continuous in A on </ (d, ),

and its range lies in <« ((1+7)~, rd™").
In view of Proposition 4.1, it suffices to prove Theorem 3 with « replaced by a™!.
The elements of the sequence a™! are a;,;! = —S(wa,)C'(wayn)/wan. We shall show that the

sequences
7= (C)" S o) fwan) ez 8= (21" Cw) g,

form elements of /. Thus Theorem 3 will be proved if we show that the mappings
N(d,r)dvi—>yeE A, N(d,r)dvi—d €A (26)

enjoy the properties required therein for the mapping (25).
To begin with, integral representations (10) and (11) of the solution ¢( -,w) and its quasi-
derivative c'( -, w) yield the formulae

1
S(w) = —wsinw — w/ k1(1,t) sinwt dt, (27)
0

1
C(w) = cosw +/ k(1,t)coswtdt (28)
0

for the functions S and C. Therefore both expressions —S(way,)/wa, and C(ws,) can be
recast in the form

1
COS Wy, + / g(t) coswa,t dt
0

with g(t) = tky(1,t) for the former expression and g(t) = k(1, ) for the latter. The sequences
~ and § have therefore similar structures; namely, their n-th element equals

1
COS Pay, + (—1)"/ g(t) coswa,t dt (29)
0
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for respective g; here, as usual, py, := wo, — TN.

Clearly, the mapping (p2,) +— (cosps, — 1) is analytic in ¢5. Its Lipschitz continuity
follows from the inequality |cosz — cosy| < |z — y|; also, the inequality 1 — cosz < x?%/2
yields the estimate

€05 pan — Dlles < Sll(on) 2, (30)
Set

i(s) = {g(l —2s), se€l0, %),

Clg2s—1), seli1);

then straightforward transformations give

1
Uy 1= (—1)”/ g(t) coswapt dt = elwzn(1=29) g
0 0 (31)

/ (S) ipan(1—2s) —27rms ds.
0

Therefore the above number v,, gives the n-th Fourier coefficient of the function u := W( fx, §),
where W is the mapping of Lemma A.3 and f, is the function introduced in the proof of
Lemma 3.1. It follows from Lemma A.3 that the sequence (4(n))nez of Fourier coefficients
of u depends analytically and boundedly Lipschitz continuously in /5 on fy and g. We prove
in the lemma below that the functions k(1, -) and ki(1, -) (and thus the corresponding
transformates ¢) depend in the same manner on v = (A, ) € A (d,r).

Lemma 4.1. The mappings

A(d,r) D (A, p) — k(1, -) € Ly(0,1),
N (d,r) 2 (A, p) — ki(1, ) € Ly(0,1)

are analytic and Lipschitz continuous.

Proof. Since both mappings can be treated similarly, we only consider the second one. By
definition, we have S(ws,)/wa, = 0, and thus the numbers wsy, = 7 + po,, n € Z, are
zeros of the odd entire function S(w)/w of (27). The required properties of the mapping
A — ki(1, -) follow now from the results of [26]; see Appendix B. O

The above reasoning justifies the inclusion ™! € &7 as well as analyticity and Lipschitz
continuity of the mappings of (26). It remains to prove that there exist positive d’ and 7’
such that, for every v € A (h,r), the corresponding elements « and & belong to <7 (d', r’).

Existence of such an " follows from the uniform estimates of the fo-norms of the sequences
(cos pa,, — 1) of (30) and the fact that

Do el < (D)1

TLEZ+

see (31) and the discussion following it. Indeed, in view of Lemma A.3 the function u =
U(fx,g) remains in the bounded subset of Ly(0,1) when fy and g vary over bounded subsets
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of Ly(0,1), and the latter is the case when v runs over .4 (d,r) by the definition of the
functions fx and g and Lemma 4.1.

Next, in view of formula (13) and the interlacing property of A, and p,, the numbers
Yo = (=1)"S(wan) /wan and 8, = (—1)"C(wyy,) are all of the same sign and thus are all
positive in view of the asymptotic relation (29). The uniform positivity of 7, and ¢, (and
thus existence of a positive d' such that 1/a,, = 7,6, > d') follows immediately from the
lemma below.

Lemma 4.2. For every d € (0,7/2) and r > 0 we have

sup sup log|S(wan)/waa| < 00, sup sup log|C(wa,)| < oo,
(M) n€Zy (A p) €L

where S and C' are constructed via (13) from the sequences A and p, and the suprema are
taken over (A, ) € A (d,r).

Proof. We assume first that n # 0. By (13), we have

) 2w w2, — w?
S(wan)/wan = — = H —21; 2,

Dividing both sides by

dsin z k% —n?
cosTn = = -2 H R
dZ zZ=mn
kEN, k#n
we conclude that ) ) )
. w Why — W
2n 2k 2n
|S(wan) fwan| = H )
202 T2 (k2 — nz)’
kEN, k+

for n = 0 the direct calculations give

2
. > w2k
i%|5(w)/w|:2| | 22

s
keN
Recall that pop := wor — mk and set
a _ Pon F Dok
n,tk - 7T<7”L T k) )

with apo =1 and a,,, = 0 if n € N; then

2 2
Wor, — Way,

2y = (o) (L an i)

and?

| (wan) fwan| = [ [ (1 + ana).

keZ

In what follows, all summations and multiplications over the index set Z will be taken in the principal value
sense and the symbol V.p. will be omitted.
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Since the sequence (A,,) is 2d-separated for every (A, pu) € A'(d,r), we have 1+ ay, > 2d/7
for all n € Z, and all k € Z. Therefore, with

log(1+z)—x
x? ‘

K = max
x>—142d/m

‘logH 1+ ang) ’ < ’Za"k

provided the two series converge.

< o0,

we get the estimate

+KD al,, (32)

kEZ

Clearly,

1
Zn—k:O’

k#n

DICHE I R

by the Cauchy-Bunyakovski-Schwarz inequality (recall that ), _, p2. < r? by the definition
of the set A (d,r) and 37, (k —n)~* = 7?/3). Next, the inequality

and thus

2p2 2p2
Gk = B H—n2 T 2k —n)?

for k # n yields

47?2
Zank<4fr 271'2 F—n) :?.

keZ k#n
It follows from (32) that

’10g T[]+ amk)‘ < (V3r + 4Kr?)/3,

kEZ

where the constant K only depends on d.
Similarly, we find that

C(w ‘H W2k;+1 Wzn
2n
m2(k +

and then mimic the above reasoning to establish the other uniform bound. The lemma is

2 2

B Wop41 — Wapn

- l l 2 1 2,2

m2(k+32) — mn
kEZJr ( + 2>

proved. Il

Proof of Theorem 8. Combining the results of Lemmata 4.1 and 4.2, we conclude that the
mappings (26) enjoy all the properties stated in Theorem 3, and thus so does the mapping
(A, ) — a~ . In virtue of Proposition 4.1 this completes the proof of the theorem. Il

Proof of Theorem 1. Analyticity and Lipschitz continuity on bounded sets of the inverse
spectral mapping
N v T€E Ly0,1)

is the direct consequence of those for the mappings (25) and (15) established in Theorems 3
and 2 respectively. O]
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5 SOME EXTENSIONS

The results proved above for the class of impedance Sturm—Liouville operators with real-
valued impedance functions a € W3 (0,1), i.e., for Sturm-Liouville operators Tx(7) and
Tp(T) with 7 = d + a® € Ly(0,1) allow quite a straightforward generalization to wider
classes of operators.

Firstly, it is not important that the boundary conditions considered are of Dirichlet or
Dirichlet—Neumann type. In fact, the analysis proceeds in much the same way for generic
Robin-type boundary conditions at one or both endpoints.

Secondly, as in [2| one can treat the case 7 € L,(0,1), with p € [1,00). The asymptotic
representation of the eigenvalues and norming constants become then as in (9) and (12),
but the sequences of remainders (p,) and (/3,) form now sequences of sine or cosine Fourier
coefficients of functions in the respective L, (0, 1) space, see details in [2,26].

Finally, also the 7 in the Sobolev space scale W5 (0, 1) can be treated; see similar results for
the potential Sturm-Liouville inverse problem in [25,41]. Again the sequences of remainders
(pn) and (5,) are then sine or cosine Fourier coefficients of functions in the same space,
and they form Banach algebra under multiplication with properties similar to those of the
algebra A discussed in Appendix C.

For such more general settings the above-described approach is applicable and, save for
some more involved technicalities, proceeds in much the same way and establishes analytic
and Lipschitz continuous dependence of the impedance function a on the spectral data for
the impedance Sturm—Liuoville operators considered.

Acknowledgements. The author thanks A. A. Shkalikov and Ya. V. Mykytyuk for
stimulating discussions. The research was partially supported by the Alexander von Hum-
boldt Foundation and was partially carried out during the visit to the Institute for Applied
Mathematics of Bonn University, whose warm hospitality is sincerely acknowledged.

A SOME AUXILIARY RESULTS

We recall that the convolution f * g of two functions in Ly(0, 1) is a function in Ls(0,1)
given by

(f % g)(x) = / f(x — t)g(t) dt,

where f is extended to (—1,0) as a periodic function with period 1. The (discrete) Fourier
transform f of f € Ly(0,1) is a function over Z given by

Fn) = /0 F(#)e2t gt

It is well known that the Fourier transform is a unitary mapping from Ly(0,1) to ¢5(Z) and
that f * g(n) = f(n)g(n); as a result, we have the inequality

1 gl < [I£1lllgll
for all f,g € Ly(0,1).
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Lemma A.1. For a function f € Ly(0,1), set

e}

O1(f)(w) = Vop. Y [z — qJe?mic,

n=—0oo

Then the series determines a function in Ly(0,1), and the mapping
L2(07 ]-) > f = Cbl(f) € L2(07 1)
is analytic and Lipschitz continuous on bounded subsets.

Proof. We start with observing that the series ), f¥(n)e¥™is is the Fourier series for the
function f%*) the k-fold convolution of f with itself, and that ||| < ||f||*. Developing
ef(™is into the Taylor series, we find that

2\ e fR(n)(2is)* .
Oi(f)=Vp. Y [Z %}&

00 k o
_ Z (2]1:‘) Vp Z fk(n) 27nis
k=1 n=-—oo
=, (2is)*
- Z k! o

The change of the summation order in the second equality above is justified by the fact
that, for k& > 1, the summands in the double series are dominated by C*f2(n)/k! with
C := 2max,ez{|f(n)|} + 1. Therefore the double series over the index set {(n, k) | n €
Z,k > 1} converges absolutely and the Fubini theorem applies. This formula represents
®,(f) as an absolutely convergent series (which is a Taylor series expansion of ®;(f) in the
variable f) and thus proves the analyticity in Ly(0,1) of the mapping f — ®1(f).
Lipschitz continuity of that mapping on bounded sets follows from the estimate

o0~ e = [ 35 2;5 o )|
k=1
S;( ) Hfl f2H(Hf1||+”f2H)k—1 SeXp{4T}||f1—f2H,

which is valid as soon as the Lo-norms of f; and f; are not greater than r. The proof is
complete. ]

Lemma A.2. For f and g in Ly(0,1), set

Dy(f,g) := V.p. Z §(n) exp{2[rn + f(n)]is}.

n=—oo

Then the function ®o(f, g) belongs to Ly(0,1) and the mapping
D, : L2<Oa 1) X L2(07 1) - L2(0> 1)

is analytic and Lipschitz continuous on bounded subsets.
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Proof. Transformations similar to those used in the proof of the above lemma show that

@5(f, 9) :Z
k=1

The mapping @ is linear (and thus analytic) in g, and its analyticity in f as well as Lipschitz

. 0
k' * g

continuity on bounded subsets is established in the same manner as for the mapping ®; of

Lemma A.1. O

Lemma A.3. For f and g in Ly(0,1), set

U(f,g):=V.p. Y (-1 / t) exp{[mn + f(n)]i(1 — 2t)} dt >

Then the function V(f, g) belongs to Ls(0,1) and the mapping
v L2(07 1) X LQ(O, ].) — LQ(O, ].)
is analytic and Lipschitz continuous on bounded subsets.

Proof. The coefficient of e*™"* in the above series for ¥ can be written as

/0 g(t) exp{i(1 — 2t)f(n)}e_2”i”t dt (33)

and gives the n-th Fourier coefficient of the function A := Zio hi/k!, with hg := g, hy :=
f%) % MFg for k > 1, and M being the operator of multiplication by the function i(1 — 2z).
In other words, we have ¥(f,g) = h. Since ||f = g|| < ||f]|llg|| for every f and g in Ly(0, 1),
the functions hy belong to Ls(0, 1) and their norms there obey the estimate

il < LI gl < 11 £1* 19

Thus the series for h converges absolutely and, since every hy is a multi-linear function of f
and ¢, the mapping ¥ is analytic. Its Lipschitz continuity on bounded subsets is established
in the usual manner, and the proof is complete. Il

B ANALYTICITY OF SOME RELATED MAPPINGS

Here we give a brief account on the results of [26] and also establish some of their
extensions needed to prove Lemma 4.1. It was shown in [26] that for every f € Lo(0,1)
there exists a unique function g € Ly(0, 1) such that all zeros (counting multiplicities) of the
entire function

1
Gy(z) ==sinz —|—/ g(t)e* 172D gt (34)
0

are given by the numbers mn + f (n), n € Z. Such pairs of f and g in fact satisfy the relation

X MFa) 5 O
H(f.g) = s(f) + g+ 3 PO g, (35)
k=1 ’
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here
<2k+1)

Z 2k+ ’

k=0

%) is the k-fold convolution of f with itself, and M is the operator of multiplication
by i(1 — 2x). The function H is analytic from L9(0,1) x L9(0,1) into Ls(0,1), and its
partial derivatives ¢ H (f, g) and 0,H(f, g) are given by

H(f,9)(h) = ( +i f<k 1>)*h1, (36)

k=1

H(f, ) (hs) _h2+ZM

(37)

with o
— (—1)Ff
o

elf) = (2k)!

k=0
Using the implicit function theorem, it was shown that the induced mapping ¢ : f — g
is analytic. In order to establish its Lipschitz continuity, we shall study the above partial
derivatives in more detail.

Namely, we assume that f € Ly(0, 1) is such that the corresponding sequence w = (wy, )nez
with w, := mn + f(n) belongs to Z(d,r) and that ¢ = ¢(f). Set S, to be the canonical
product of (13); then S, (2)/z can also be represented as (34). Direct calculations show that
the n-th Fourier coeflicient of the function of (36) is equal to

1
(=1)"h1 (n) [coswn—i— / i(1 = 20)g(t)ein(1-20 dt] = (—1)"h (1) S (wn)-
0
By Lemma 4.2 there are positive numbers k; and ks such that
ki < |Sw(wn)/w2n| < ks

for all w € Z(d,r) and all n € Z. Therefore the partial derivative 0;H(f,g) is a bounded
and boundedly invertible operator in Ly(0, 1); moreover, for every fixed d > 0 and r > 0, the
norms of 0;H(f,g) and their inverses are uniformly bounded for all f € Ly(0,1) generating
the sequences w in the set Z(d, ).

Similarly, the n-th Fourier coefficient of the function of (37) is equal to

1
(—1)"/ ho(t)e“n(1=2D gt
0

By the results of [23|, there exist positive m; and msy such that, for all w € Z(d,r), the

sequences (e“»(1=22)) _, form Riesz bases of Ly (0, 1) of lower bound m; and upper bound m.
Therefore the operator H, := 0,H(f,g),

1wn 1 2x 2mnix
H,: hy — § (- )) e2mmiz

neL
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is bounded and boundedly invertible in Ly(0,1), with ||H,|| < m;ﬂ and [|[H, | < ml_l/2.

We now use the implicit mapping theorem to conclude that the mapping ¢ : f +— g is
analytic in Ly(0,1). The uniform bounds on the inverses of the partial derivatives 0y H (f, g)
and 0,H(f,g) established above imply that, for every d € (0,7) and > 0, this mapping
is Lipschitz continuous on the set of functions f € Ly(0,1) generating the sequences w €

Z(d,r).

C THE BANACH ALGEBRA A

The space ¢y = (5(Z,) is a commutative Banach algebra under the pointwise multiplica-
tion () (Yn) = (Tn-yn). Its unital extension A consists of elements of ¢, of the form a1 +x
with a € C, the unity 1 € /. having all its elements equal to 1, and x = (z,) € f5. The
norm in A is given by

a1 + x4 = [a] + x]].

An element al + x is invertible in A if and only if @ # 0 and a + x,, # 0 for all n € Z; in
this case the inverse is equal to a~'1 +y, where y = (y,,) with y, := —z,/a(a + z,,). Since
under the above assumptions we have inf, |a + z,,| > 0, we see that y indeed belongs to fs;
moreover,

(a1 45074 < Jal ™ (1 + ]/ inf a + ]

1

The mapping X — X~ is analytic on the open set of all invertible elements of A; in addition,

it is Lipschitz continuous on the sets

Se={al+x||a| > ¢, infla+z,| > e}
n
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T'punis P.O. Anarimuunicms i pienomipra cmitikicmo 6 obepreniti 3adawi 0asn imnedanHcHur
onepamopie Imypma—Jliyeuans // Kapuarceki maremaruuni ny6uikamii. — 2010. — T.2, Nel.
— C. 35-58.

JoBeneno, mo obepHeHe CrieKTpaJibHe BiTOOpaXKeHHs, [0 BiTHOBIIIOE IMIIeTaHCHY (DYHKITIIO
oneparopis Irypma—JliyBmwiia wa [0,1] B iMuenadcuiii dbopmi 3a ClekTpajbHUME JAHUMUI
(zBOMa crekTpaMu ab0 OIHHUM CIIEKTPOM Ta HOPMIBHMME MHOXKHHKAME) € AHAJITHYHUM Ta
PIBHOMEPHO CTIiKMM B IIEBHOMY CEHCI.

Tpunue P.O. Anaaumuunocms u pasnomepras ycmotuusocms 6 obpamnotli 3adaue 0as uM-
nedancnoxr onepamopos IlImypma—JTuysuans // Kapnarckue maremaTuyecKue IryOGJIMKAIUH.
— 2010. — T.2, Nel. — C. 35-58.

Hokazamo, 9To 0OpaTHOE CIHEKTPAJIbHOE OTOOparKeHNe, BOCCTAHABINBAIONIEE NMIIEIAHCHY O
dyukimo oneparopos Hltypma—JInysmwiis va [0, 1] B ummenancHo# (hopMe Mo CreKTpaJbHBIM
JIAHHBIM (ZIByM CIIEKTpaM WJIM OJJHOMY CIIEKTPY U HOPMHDPYIOUIUM MHOXKHUTEJISIM) sIBJISIETCSI
AHAJIUTUYECKIM U PABHOMEPHO YCTONYUBBIM B HEKOTOPOM CMBICJIE.
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CUMETPUYHI ITIOJITHOMM HA JOBYTKAX BAHAXOBUX
ITPOCTOPIB

3aropoguaiok A.B., Kpasuis B.B. Cumempuuni nosinomu na dobymraxr 6anarosur npocmopis
// Kapnarcoki maremaruani mybmikarii. — 2010. — T.2, Nel. — C. 59-71.

B poGoti onmcano MHOXKUHU TBIpHUX €JEMEHTIB ajredp OJIOYHO-CUMETPUIHUX TOJIHOMIB
Ha 106yTKax GaHAXOBUX MIPOCTOPIB Ta OTPUMAHO 3aCTOCYBAaHHS JI0 OIHUCY MOMOMOPMI3MIB 1ux
ayredp.

Boryn

CumeTpudHi MOJIHOMHE BiJl 6araTboX KOMILIEKCHUX 3MIHHUX € KJIACHYHUM 00 €KTOM aJire-
Opu i anatizy. Busuennsi cuMeTpUvHUX MTOJTIHOMIB HA HECKIHICHHOBUMIPHUX OAHAXOBUX IIPO-
cropax BijHOCHO [iT oBHOI rpymm cumeTpii S(N) MHO)KMHE HaTypasbHuX dncea N modaso-
cst y pobori A.C. Hemmposcbkoro ta C.M. Cemenosa [3]. Bonn mokaszasu, mo cuMeTpudHi
HOJTIHOMH Ha ITPpocTOpax £, BUPasKaloThcs Uepes ajredpaidny KoMOiHaIlio eJleMeHTapHuX CH-
MeTpuanux mnosrinoMis. i pesynbratu Oys0 y3arajbHeHO Ha JiilicHi OaHaXoBi mpocTopu 3
JIESIKOIO CUMETPHYIHOIO CTPYKTYpoto y poboti |7] M. lonzaseca, P. Tonzana i X. Xapawminia.
Aurebpn cumerprunux anamitHaHux dyHnkuiil Ha f, gocaipkysaauca B 5] 1 B inmmx pobo-
tax (maus. wamp. [4]). [Ipu gocsigzkerHi KOHKPETHOT KOMYTATHBHOI areGpu JIy7Ke BazKJIMBO
BMiTH onucaru i1 cnekTp (MHOXKHUHY MaKCUMAaJIbHUX ijeasiB). s omucy crekTpy anrebp
CUMETPUYHUX aHATHIHUX (DYHKIH B [4, 5| BUKOPUCTOBYBAIOCH ICHYBaHHS 1 SIBHUIT BULJISI]L
ajireOpaIyHOro 0a3mcy y BIJIMTOBIHUX TPOCTOpAX CUMETPUYHUX MOJIHOMIB. ¥ Iiif poOOTI MU
JIOCJIJIZKYEMO TIOJIIHOME Ha JIEKAPTOBHUX JI00YTKaxX OaHaXOBHUX IIPOCTOPIB i3 cUMeTPUYIHUM Oa-
31UCOM, $Ki € IHBapiaHTHUMHU BifHOCHO il jeskol npupoarol miarpynun S(N) (mu Gymemo ix
HA3UBATH OJIOTHO-CUMETPUIHUAMH).

Ommc TBipEUX enementis anre6bpu PY(C") mosrinOMiB Ha CKiHIeHHOBEMiPHOMY MPOCTOPI,
sIKi € iHBapiaHTHUMU BiJIHOCHO JiesiKol rpy1im cuMeTpil (G, € KJIaCHIHOIO 3a/1a9€ei0 B ajredpaid-
Hili reomeTpii Ta Teopil imBapiantis [2, cr. 102-105]. 3okpema y Bigowmiii 14-riit nmpobsemi
2000 Mathematics Subject Classification: 46-02, 4630, 46J20.

Karuosi crosa i pasu: 6JI0IHO-CUMETPUYHI ITOJIIHOMU Ha 100y TKax 6aHAXOBUX IIPOCTOPIB, TBIPHI €JIEMEHTH,
roMoMopdizMu.

(©) Baropommiok A.B., Kpasuis B.B., 2010
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linb6epra |1] crasurbes nuranns, au PY(C") saBxkiau Mae CKiHUeHHY cuCTeMy TBIpHUX?
Ak mokaszye npuksag Haratu [2, c1.74-81], B 3aragpHOMY BHIIAJKY Iie He Tak. [Ipore, icHye
mmpokuit Knac rpyn G, mo ommcyeThea Teopemoto limb6epra-Hararn, mas axoro PY(CM)
Ma€ CKiHYeHHY CHCTeMY TBIPHUX eJIeMEHTIB, IKi MOXKYTb OyTH aJireOpaiaHo 3aJIeKHUMU.

1 IIONEPEJHI BIJOMOCTI

Hexait X i Y — 6anaxosi npocropu Haj nojsem K, A(zq,xs,...,2r) — cumerpudanuii k-
AiHiftHmit omepaTop, AKuUit mie 3 mpoctopy X* B mpoctip Y. 3pobusmm 3aniny T, = x id
6yab-sikoro j = 1,..., k, orpumaemo omneparop Py(x) = A(z,x,..., ), sKuil i€ 3 MpoCTO-
py X B mpoctip Y. Oneparop Py(x) HasuBaeThest k—o00nopidnum noaiHomom creneHs k.
Omnepatop P : X — Y, akuii Mmae BUTJIAT:

P(x) = Py(z) + Pi(x) + ... + Py (2),

HA3UBAETHCA NoATHOMOM cmenens m. Hepes P(X) moszHaunmo aiarebpy BCiX HellepepBHUX
noJiinomiB Ha X .

Hexait X — xowmmiekcHuit banaxiB mpocTip i3 cuMeTpudHUM 6a3MCOM. 3ayBarKMMO, IO
6asuc (e,) y 6araxoBomy mpocTopi X HA3UBAETHCSA CUMEMPUUHUM OA3UCOM, KO JJisT Oy Th-
AKol 1epectaHoBKN 0 Ha N 6a3ucu (€,(m)) 1 (€,) exBiBanenTni. OueBnno, 1o X MOXKHA PO3-
DJISJIATH, SIK POCTip YucaoBuX nocaigosrocreil. [losnaunmo Py(X) anrebpy mosiHOMIB Ha
X, gki € cumerpuaHuME (IHBapiaHTHUMHI) BiJTHOCHO [IEPECTAHOBOK €JIEMEHTIB IUX TIOC/II0B-
HOCTeH.

[MocaimosHicTs (.S;) Ps(X) mosiHOMIB HASUBAETHCA AA2€0PATHHO HEZANEHCHOIO, STKIIO

o0
21 € Po(X)
3 Toro, mo ¢(S1(x),...,Su(x)) =0 asa geskoro n € N i ¢ € P(C"), Buminsae mio:

q(z1,...,2,) = 0.

Y iHIIOMY BHNIAJIKY I TOCJIJIOBHICTh HA3UBAETHCA AA2€0paivmo 3aieocroro. MHoXKuHa, 11o-
JIHOMIB € cucmemoro meiprur eaemenmie st anredbpu Pg(X), sSKIMo KoXKeH HOJTIHOM 3 Tiiel
ajreOpu MOKHA TI0JIaTH, AK CKIHYEHHY aJjreOpaldHy KOMOIHAIIO eJIeMEHTIB 3 JaHOI MHO-
Kuun, 10070 111 KoKHOTO P € Py(X) icmye nominom ¢ € P(C") rakwmit, mo P(zr) =
q(S1(z), ..., Su(x)) msa neskoro n. IocsimoBHicTs moinoMmis (5;)5°, HA3UBAETHCA an2e0Pai-
num bazucom Ps(X), Ao Bona € cucremoro TBipHux 1171 Py (X)) 1 anrebpaldio He3aaeKHowo.
BayBaxKnuMo, 110 aJredpaldauii 6a3uc He 3aBXK/IM ICHYE.

Y crarri [7] moBejeHo, MO CHMETPUYH] TOJIHOME BULJISILY:

oo
F, = Ty, Vn e N

k=1
YyTBOPIOIOTH ajrebpalanuii 6asuc B Py (ly).

[ammy npukiaom anrebpaiaaoro 6asucy B Ps(fq) € 6a3uc “eeMeHTapHUX’ CHMETPUY-
HUX TTOJIIHOMIB:

k1<...<k;
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2 CHUMETPUYHI [TOJIITHOMU HA TITPOCTOPI BEKTOPHUX ITOCJIIJOBHOCTEN

Harmmmwm 3aBaanusiy € omuc ajrebpaiunoro 6asucy (a6o MHOKMHU TBIpHUX (DYHKIIIi) cume-
TPUYIHUX TOJIHOMIB Ha IIPOCTOPI 8eKmMopHux 1ocijgosHocTeil. Touninre, Hexaii:

= <Z X)zl = ®ad,

100670 X € CcKiHueHHOI abo HecKindeHHOIO {1-cymoio Komiii banaxooro mnpocropy X. Toumi
KOYKEH eJIeMEHT T € X' MOXKHa, MOJIATH Y BUIJIA] HOCTIOBHOCTI T = (X1, ..., Tp,...), € Ty €

o0
X, 3 nopmotwo ||Z]| = > ||wx]|. Bysemo kazaru, mo nosinom P Ha npoctopi X HazuBaeThes

OAOUHO-CUMEMPUIHUM (BEKMOPHO-CUMEMPUNHUM,), AKIIIO:

P(l‘l,,...,l‘n,...) ZP(ZL‘U(l),,...,IU(n),...)

JIst Oy ib-1KO1 67109HOl nepectanoBku . [losnaummo udepes P,s(X) anrebpy 6s109HO-crMe-
TPUYHHX IOJTiHOMIB Ha npocrtopi X. Mn 6ynemo nosnavgarn: X)) = @'C", m =1,...,00 —
l1-cyma m xomiit npocropy C" i XY — HeckindenHna {1-cyma mpoctopy f;.

TBepmxkenns 2.1. Amrebpa P,s(X") Mae CKiHUeHHY CHCTEMY TBipHHX.

Hosenenns BumumBae 3 Toro Gakty, mo rpyma cumerpil mpoctopy Ps(X”) ckinuenHa, i
3 Hacsiaky B [6, cr. 26].

B sarajpHOMY BHITAJIKY, TOCTABJIEHA 33/1a49a OINCY TBIPHIX P,s(XY) € 10CuTh CKIIa/IHOIO,
TOMY MM pO3rigHeMo JBa unajaku: Xg = C" @ C" i X2 = @C2.

2.1 'TBipHi eleMeHTH cHMeTPHYHUX HOJIiHOMIB Ha npoctopi Xyt = C" ¢ C?

TBepmxkenns 2.2. Hexaii P,s(Xy') — aarebpa 6.,109HO-CHMETPUIHUX ITOJIHOMIB H& IPOCTOPI
3, e Xyt = C™ @ C™. Toxi teipHuMHE eieMenTaMu ajreopu P,s(Xs') 6yayTh moiHOME:

w; + Vg, Vi, 1 <1< n;
u? + vZ, Vi, 1 <1< n; (1)
uiu + vvj, Vi, 5,1 <i<j<n;
uf +oF, VEk > 2,Vi, 1 <i<n,
Jie Bektopu (Uy, ..., Uy), (V1,...,v,) Hajexarb npocropy C". Ili mojiiHOMEH HE YTBODIOIOTH

aJirebpaiaHoro basucy.

Jlosederns. Criouarky mokazkemo, 1o nosinomu (1) He yTBOPIOIOTEH ajrebpaidHoro Gasucy
s no > 1, ToOTO moKaxKeMo, 10 BOHH € ajrebpaldno 3ajexxkaumu. Hexait mis dikcoBaHOol

napu i, j, i # j :

m = u; + v,
N2 = uj + vy,
N3 = uf + 07, (2)

.2 2
774 — 'LL] + Uj’
N5 = UU; + V;0;.
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Tomi
1 1
§m%+§mﬁ—mm50- (3)

ToToxKHICTDH JIETKO ITEPEBIPUTH IIPH IiCTAHOBIN 3HAYEHDb N, k = 1,5 y 1eil moJriHoM.

N — Mnans +

3ayBazkuMo, 110 1moJiiHoMHE (2) — aarebpaivaHo 3aj1eKHi, ajie JKOJIEH 3 HUX He BUPAKAEThCSI
wepes inmmit anrebpaiuno. e BummmBae 3 Toro, Mo nojiHOMU BUIALY uf + vF cumerpuyni
BiJITHOCHO Oy/1b-51KOI IIepeCTaHOBKH 1 aJIredpaldHo He3a IeKHi, a HOJIIHOM )5 = ;U +v;V; CHMe-
TPUYHAIT BIAHOCHO OJHOYACHO! EPECTAHOBKE (U;, U;) 3 (V;,V;), 1 TOMy He MOXKE BEPasKaTHC
IEPE3 11, 12,113, 4.

auti mokarkemo, 110 yci 6/I09HO-CUMETPUYHI OTIHOMHU aareOpaiiHO BUPaXKalThCs depe3

TBipHi enementn (1). BiodHo-cuMerpudHi moiHOME BUTVISTY:
ol rol . .
u;u; + vy, 1<i<jy<n, l+7r<n,

(cTenens He MeHINE HizK 3) MOYKHA OTPUMATH 3 PEKYDPEHTHOI (popMyJu:

'8 IS — IS — 1 /l" T
uuﬁ—i—vivéz(uiug 1+viv§- 1)(uj+vj)—§ ((uj—i-vj)z—(u?—i-v?))( l 2 4ol 2).

Tyt 6e3 BTpaTu 3arajbHOCTI, MU BBaxkaeMmo, 1mo [ > 2. g dopmysia Jerko m0BOIUTHCS
METOJIOM MaTeMaTUIHOl 1HTYKIIil.
Bouno-cuMeTpudHi OJIHOMHY Uy . . . Uy + V1 . .. Uy VN > 2 BUPAXKAIOTHC Yepe3 MOJIIHOMM
BiJI MEHIIOI KLJILKOCT1 3MIHHUX 38 (POPMYJIOI0:
1

Up .. Uy F V...V = 5[(u1...un_1+vl...vn_1)(un+vn)

F(Up o Up—oUy + V1 - V2V ) (U1 + Vp1) — (Ug oo U+ V1 oo Up2) (U1, + Vp 1y, )],

JE Up— 1V, + Vp1Uy = (Up—1 + Vpe1) (Un + Un) — (Up—1Upn + Vp10p).
k

Taxkum YUHOM, 6JIO‘{HO—CI/IMeTpI/I‘{H1 [IOIIHOMH O1JIBII 3araJILHOIO BUIJIATY Ull Ce Un"

—I—vlfl ... 0P MoxHA oTpUMATH 3 peKypeHTHUX hbopMy.I:

1
k1 k k1 kn k1 kn—1 k1 kn—1 k k
uyt e ot = 5[(111 R e S A Rl | (T ST

Uy o) () )
—(uft g ) (e 1v’“"+vn Tupm],
ne w3 ok oS ul = (w5 o) (w4 ok = (ke 4 o ok,
Kpim Toro,

2 2 2 2 2
E uzll...u;"v?...v;”:§g ((uf w0t ) = (i Z"—i—v”...vnl")),
(%) (%)

ne ingekc (i) = (iy, ..., 4,) € MyabraiagekcoM. OTxe, yci 6JI09HO-CUMETPIYHI TOJIHOMHE, sIKi
YTBOPIOIOTH JIiHIfHWI 6a3uc B pocTopi X', BupazxKaroTbcsa depes mosairomu (1). [

BayBazkKnuMO, 10 KiJIbKICTh TMOJIHOMIB BUIJIsTY (3), sIKi OKA3yIOTh aJrebpaidHy 3a/1ex-

. . . . -1
HicTh TBIpHEX esieMenTiB (1), mopiBHIOE %



CUMETPUYHI ITOJIHOMU HA JOBYTKAX BAHAXOBUX ITPOCTOPIB 63

2.2 TsipHi eJleMeHTH cUMETpUIHUX 10JTiHOMIB Ha 1poctopi X2 = (> C?),,

PosristHeMo TIpocTip BeKTopHuX nociigosHocteit X2 = ®TC?. Hexait BekTop (14, 7;) € C2.
Jliniftnuit 6a3uc npocTopy HOMiHOMIB Ha X2 yTBOPIOIOTH MOJIHOMHI BUTJISILY:

k1 k r1 r
TV Y Y
[IpocumeTpusyBaBIm iX, OTPUMAEMO TTOJIHOMU, AKi YTBOPIOIOTH JIHIHUI O0a3uCc CUMETpUY-

HUX TI0JTiIHOMIB Ha mpoctopi X2. A came:

k, Eo(m) To To(m
Do wd My ™ = Qu (e, y), @)

O'GSn

ae (i) = (k1, oo ka1, o), Ty € X, (2,y) = (21, Ty Y1y -+, Ym) 1 S, — Tpyma
mijicTaHoBOK Ha MHOXKuHI {1,...,n}.

BJiouHo-cuMeTpuYHi T10TiHOMH Ha TIpocTopi X2 MOKHa YTBOPHTH 3 CUMETPHYHHX IOJIi-
womiB Ha (1. Hexait P(z) € Ps(¢1). Posrmanemo nominom G(z,y) = P(ax + by), (z,y) €
X2 . Ouesngno, mo G € 6JIOIHO-CUMETPUYHUM. 3 IHIIOro GOKY, OCKIIBLKA P MOXKHA HOJIaTH
y Bursiii ajarebpaidnol KoMmGiHaril 6asucHux nosinomis Fy, 1o G(r,y) MoXHa nojartu y
BUIJIsA asrebpaianoi koMmOinarii Fy(ax + by).

Teopema 1. Hexait P, (X?2) — anre6pa 67109HO-CHMETPHYHIX ITOJIHOMIB Ha TpOCcTOpi X2,
e an@ = @T(C2. Tosi TBipHUME eJleMeHTaMu aJireopu PUS(X%) OV/IyTh MOJIIHOMH BHUIJISIJLY:

Yajy, 0<r<n (5)

ge (x;,y;) € C* in < m. Ii nosinoMn € ajrebpaiiHo 3aeKHIMH.

Josedenna. Ilokaxkemo, CIIOYATKY, MO HOJIHOME Q(i)(x,y) (4), gkl yTBOPIOIOTDH JIiHIHMII
6a3mc, BUpayKalThCs depe3 ajrebpaidny KoMmOiHario moinoMis suriany P(ax + by) mis
neskoro P € Py(C™), Tobro:

Qu(z,y) = s (Pi(aixy + b1y, ... a1 + 01Ym), - - -, Po(@ers + beyr, - - ., @ + b))

= s (@ (Fi(aiw 4+ b1y), ..., Fp(air +b01y)), ... qe(Fi(aee + bey), . .., Fy(aw + bey)))

JJIsI JeIKAX CUMETPUYIHHUX HoJiHOMIB Py, ..., Pp.

JloBejieHHs TPOBEIEMO METOJOM MaTeMaTUYIHOI 1HAYKIHT 1m0 crenensax. CrovaTKy MmoKa-
JKeMo, 1o nojtinomu Q) (4), ne deg(Q;)) = 2, BUpazkaroThcd depes ajredpaiuny KoMOiHaIIiIo
nosinomis Py (z,y) = Py(agr + bgy), k = 1,...,¢. Hexait k; = 1 i r; = 1. Jlerko nokasaru,

m

IO CHUMETPUYHUI ToMHOM Q(11) = Y ¥;}; BUPAsKAEThCH 3a HOPMYIIOI0:

Qu(:9) = F@)Fi(9) + 5(Fala) + Fyfy) — Fyfa +)),

Jie nojiHoMu Fj € 6asucHUMM CHMETPUYHHMH TojiHOMaMu. fkimo k; = 2 abo r; = 2, To mi
HOJIHOME MOKHA oTpuMaTh sk cymy Fy(z) + Fy(y).
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[Ipumycrumo, 1mo Kozken nosinom Q) (z,y) (4), ne deg(Qe(x,y)) = n — 1, Bupazkaerbcs
4yepe3 ajrebpaldHy KoMOiHAIi0 6109HO-cuMeTpudHuX mosiHoMiB Py(x,y). [Tokaxkemo, 1o
JIJIS TIOJTIHOMIB CTeTIeHs 11 TAKOXK BUKOHYETHCS T8I BJIACTUBICTD.

He Brpagatoun 3arajibHOCTI, MOXKHA MPUITYCTUTH, 10 k1 7 0. [TosiroM

o(1 ka To(1 To
Qe () }:x W) | ghoyfo®) ot

oESy

3aIUIIEMO Yy BUATIS/IL

_ ki ko (2) ko(ny To(2) To(n)
Q(i)($7y)—x1 yl(E Ty .. Tn Yo ... Un )

OGSTL
ko’(2) ko‘(S) ko‘(n) To(2) To(3) To(n)
—1—1:2 y2 < E Ty T Xg o Tn Yy Y %
UESn
k1 }: ko(2) Ko(s) ko(ny, To(2), To(3) To(n)
+...+ IL’ yn < Il 132 e l’n,1 yl y2 L ynfl .
UESn

VY 1yKKax oTpUMaEMo OGJIOTHO-CHMETPHYHI MTOJITHOMM 110 Yeix 610Kax, Kpim 010Ky (24, ¥;)
TP MHOXKHUKAX xfly: ! BiamosijgHO. 3BIBIIM MOJIHOMEI Y JIY2KKaX JI0 OJIOYHO-CUMETPUIHUX
1o ycix OJ10Kax, OTPUMAaEMO HACTYIIHE MPEJICTaBJICHHS ITOJTIHOMa, Q(i) (z,y):

— gkiym E ’ ko (2) Ko(n), Ta(2) To(n)
Q(z)(«r;y>—l’1 Y1 ( Ty N P ) . UYn

UESn
ka 2 ka 3 ka To(2 To(3 To ka 2 ka 3 ka
+ g P N R VA T T ST g 2" P
oESy oESy
To(2), o) To(n) k1, 1 ko(2) ko(3) Eo(n) To@) To(3) To(n)
XY Yo o Yn—1 >—$1 Y1 < E Ty T3 - Tn Yy Yz T UYn
O’ESn
ko2) ko(3) ko(n) Te2) To(3) To(n) ky
.+ E Ty Ty T, Y Y Yoy ) Tty
O'ESn
ka2 kcrn To(2 To(n ko’? ko’S ko’n To(2 To(3 To(n
X ( E Ty (>...xn(>y2<)...yn(>+ E Ty ()x3 ()...xn()yl ”yg()...yn()—l—...
O'GSn O'GSn
ko‘(2) ka‘(3) cr(n) 0'(2) 0'(3) U(n) k r ko‘(2) kv‘(n) To'(2) ro‘(n)
+§ R N T Y1) T Yy E Ty Yy Y
O'GSn UES’n
kcr 2 ka 3 ka n To(2 To(3 To(n
+§ 1‘1()wg()--'wn()yl(>y3<)---yn(>
g€Sy
ka(nfl) ko(n) To(2) To(n—1) To(n)
.+ E 331 Xy T Xp Yy o Yp_o Yn
ogESy
—( ok k ko (2) ko), To(2) To(n)
= (2 sy + +w1yn)<§ S L 7

oES,

ko2) kg(3) kotn) To@) To(3) To(n) ko2) ko(3) ko(n)
—i—E Ty Ty T Y Y3 e Yn g Ty Xy T,y

O'ESn UESn
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To(2) 0(3) To(n) k1 71 ko2) koz) ko(n) To2) To(3) To(n)
XYy Y2 “Yn—1 >_I1 Y1 <§ Ty Ty T Tn Yy Yz - Un

G’GSTL
ko(2) ko3 ko(ny, To(2), To(3) To(n) ki, 71 ko(2) ko (n)
.+ g Ty Xy T Y Yy Yy ) e XYy, E Ty ... Tn
ocESh o€ES,
To(2) To(n) ko2) ko(3) ko(n) To(2) To(3) Ta(n)
XYy o Yn o+ Ty T3 T Yy Y3 o Yn
(J’GSn
k k k r
o(2) o(n—1) o(n) 0'(2) To(n—1) o(n)
.+ E o7 xS e My Y yn ), (6)

UESn

JIe TIOJIIHOM

ko (2) ko), To(2) To(n) ko(2), Fo(3) ko), To(2), Ta(3) To(n)
E Ty 7. Xpn Yy . Yn E Ty Xy e Y Y3 . Un

UESn UESn

k k-

a(2), ko(3) ko(n) To(2) To(3) To(n)

-+§:371 Lo " Ty 1Y Yo “Yn—1
UGSn

Ma€ CTeIllHb MEHIINN HIXK n

Hami y ayx)kax Oiis 91: 'yt POBIVITHEMO JIOJIAHKN BUTJISILY:

ko Ko(3) ko) ko(it1) ko(n) rq 0(3) ko (i) kd(1+1) To(n)
e N A S R DA T 8 S Yy
koiy Koi k k k
0(3) o (1) o(i+1) o(l) o(l+1) o(n)
+. —l—x C X Ty T Ty T
Tos) ko (i ka(i+1> To(l) To(l+1) To(n)
XY; Yo Yi1 Yt YUY - Yn

0(3) ko) ko(it1) a(n) To(®) ko) ko(iv1) To(n)
+. —I—a: iy Tipr e T LYt Ys Y1 Y1 - Yn—1-

3 KOXKHOI'O 3 TUX ,HO,H,aHKlB BHMHECEMO MHOXKHHK 2? yz s i y plBHOCTI (6) OTpuUMaeMO J10-
JaHOK BUIJISAY:

k1+k2y?1"1+r2 ( x§°<3) y .xﬁ”‘")ygf’“) 3 _y;om) T+ 2a(3> 40(4) 3 .;c,’i"<"> y;”(3>y20<4) N 'y;aw)
N x’;ow) N :oulz Y@ g7 ) kit <x§"‘3> - 'xﬁdmyga@ Ly
—|—x’f”(3)xi”(4) o IZ”(")yI”(?’)yZ”“) 3 'y;rr(n) +o x’fa(s)xlga«x) 3 'xiﬁ)y?@ y;om) y -Z/:Li(? )
T xl;ﬁkgy;ﬁrg < x’;om)x’;a(zl) y -xﬁ”_(?)y;”(”y o) yncr(vlw)
) O Py e O e Ry s ) ()

3BeJIeMO TMOJIIHOMU Y JIy2KKaxX i€l PiBHOCTI JI0 OJIOYHO-CUMETPUYHMX II0 BCiX OJIOKax
(x;,;). Toni piBuicTs (7) Habyae BUTISLY:

ki+ka, ri+ra ki+ka, ri+ra ki+ka, r1+r2
( [ + Ty Yo +...+T, Yn )
o(a OGN ko(i) , Koi+1) ko (n)
( g E S A P P i S T B it
g€Sy 1,j=1

i#j
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Ta(3) To(i), To(i+1) To(4), To(i+1) To(n)
XY Yir Yir Y0 Y Y )

E1+k2 r1+r2 a<3> kot Ko(it1) ko), Ko(i+1) Ko (n)
—g x ( E E RPN NP S il o v S %

g€Sy t,j=1
il
To(3) 0() To(i+1) To(3), To(i+1) To(n)
Xyl e Y i+1 "'yj—l ]+1 ...yn ),

nexg=1iyy=1.

[TposiBiy Ha i OCTAaHHIMU JIOJJAHKAMU Y JIy?KKaX IT€l PIBHOCTI Ti XK cami orepariii n — 2
pasnu, Tak sK i B IIOIEpPeHBOMY BHIIQJKY, OTPUMAEMO OJMH 3 JIOJAHKIB HoainoMa Q) (z, y)
(4), sikuit MaTHMe BULJISIL:

k1,1 ki, 71 k1 0'(2) o-() ko’(i+1) ko(n)
(' +a5'yy' 4. 2ty (E E Ty Ty Xy T

oc€S, i=1
0(2) Vo (4) U(H-l) To(n) ki+ka, r1+r2 ki+ko, r1+72 ki+ka, ri+ra
Xy Ui yz+1 - Yn > - ( W + Lo Y +...+ Ty Yn, )
ko) Ko Kot ko(i) ) Ko(i+1) Ko (n)

( E E P A IS R i 4 Sk A o
gESy ’L,J Al
i#£]

To(3) To (i) Cr(H—l) To(5), To(i+1) To(n)
XY "Y1 Y Y 1Yie1 T Un )+

- ki+...4+kn— n— k ko — R
+<_1)n2<x11++ 1, r1+...+7r 1+SEl++ 1, r1+...+7r 1—|—...+l‘k1+ +kn_1

o Ys . yprtetre-n )

x (airy 4+ ahryr + . akry )

+(_1)n—1 (:B]f1+"'+k”y?+'"+m +$12<:1+...+kn rtedre _i_xicll-i-...-i-kn rit..+rn ) _

y2 yn

3pobuBIm aHa OTivdHI omeparii HaJI 10 IaHKaMU BUTJISLY:

k k k T T
0(2) o(s) o(s+1) o(n) T 0‘(2) To(s) o(s+1) o(n)
( E E ...I371$S+1 P 7% Y Yq yslys+1 .o Yn >,
€Sy s=1,8#1
n—1
ki+ky, 1+ Z Z km Ko (2) ko (i), Ko(it1) ko), Ko(i+1) Ko (n)
iL'q yq ( qu x4 Ty iL‘Z-Jrl ...23];1 .ij+1 R 7%
€Sy i,j=1
i<y
i#j#
T 0(2) To(i) To(i+1) To(3) To(j+1) To(n)
XYy" Y Yic1 Yiyr Y1 Y41 - Yn ),

OTpUMaeMO 300pazkeHHA HoaiHoMa () (7, y) (4) Yepes MOTiHOME HUXKYOrO cTereHd i TBipHi
enementn (5). Orxe, noninomn Q) (2,y) MOXKHA OTPUMATH, K ajrebpaiuny KOMOiHAIIiO
nosiHoMmiB Py (z,y) ms neskux Py (z,y) € Ps(C™) i rBipHuX esementis (5).

Tenep mokazkemo, 10 TBIpHI esleMeHTH (5) BHPAKAIOTHCS Yepe3 TMOJIHOMU BUTJISLY:

P(az + by), P e P, (CM).
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Hawm Bizomo, mo koxken cumerpudnuii nojinom P € P (C™) Bupazkaerbes depes ajire-
OpaluHy KOMOiHAIliI0 OAa3MCHUX CUMETPUIHUX ITOJIIHOMIB:

)

Toni koxken P(ax + by) MOXKHa 3alICATH Y BUTVISIL:

P(ax + by) = P(ax1 + by, . .., azm + bym,).

Posriisinemo
F.(azx + by) = é(awk + byp)" = a"F(x) + 0" F,(y) + i nz:l alat b —lyn!
— a"Fy(z) + b'F, ()+201 albn i g o
Hexait a =11b € {0,1,...,m}. IlocraBusmu b; = j, 3 pisuocti (8) orpumaemo:
Fao+in) = St in)t = S+ g+ £ Cl Salg O

Y miit piBrOCTI, 3pobuBINN HAacTYHHY 3aMiHy 2, = y Chz}”"y), IpU PI3SHUX 3HAYEHHIX
=1

j€40,1,...,n} orpumaemo cucremy n piBHSHB 3 N HeBiomux z;, ¢ € {0,1,...,n} :

Fn(l’) = Zo(l‘,(ﬂ),
Fn( Y) = %o ( y) + 21<CC y) +.oo+ Zn—Q(xay) + Zn—l(x>y) + Zn(l‘,y),
2

+
Fn( + y) - ($7y) + 221(‘T’ y) + e + 2n_22n72($’ y) + 271—1Zn71(x7y) + ann(xvy)a

8 8

Fo(z+ny) = 20(z,y) + nzy(x,y) + ... + 0" 22, oz, y) + 0"z, 1 (2,y) + 02, (2, y),
(10)
aen < m.
Cucremy piBastEB (10) MOXKHA 3aICATH Y MATPUIHOMY BUIVISII:

Fo(x) 10 -~ 0 0 0\ [z
F.(z+y) 1 1 1 1 1 2
Flz+2y) | =11 gn=2 gn-l 9n 2 (11)
F,(z + ny) 1 n n"2 prolopn Zn

OcCKiTbKM BUSHAYHUK MaTPUITL

1 0 0 0
11 111
A= |1 gn=2 gn-l on
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MIiCTUTBH MIHOD, AKUI € BU3HAYHUKOM BamHjiepMoH/1a i He JOpPIBHIOE HYJIIO, TO MOXKHA 3HANTH
obepueny matpuio A~ o marpuni A. Toxi 3 pismocri (11) sierko 3naiiTu Heijomi z;,
i€{0,1,...,n}, 3a dopmyoro:

20 F,(x)
z1 Fn (x + y)
-1
o |=a| Bt oy (12)
Zn F.(x + ny)
m . . . m . .
Ockinmbku z; = Y Clxp 'yy, TO NOJIHOMU BUIVISILY » . X 'Yj MOXKHA 3HAifiTH 3a (Hop-
k=1 k=1
m ] ; 1 . . . .
MYJIOIO Y X Yj = &rZi, OTKe, IX MOXKHA NOJaTH AK aarebpaidmy KomGinariio mosinomis
k=1 "

P(ax + by). Tomy, nominomu Q) (z,y) 3 (4) MoxKHa oTpuMaTH, 9K anrebpaluny KOMOIHAIIIO
nostinomiB Burisiny P(ax + by).

Ockisnbku KozkeH moiinoM P(ax+by) mogaerbest y BUNIA] aaredpaiaHol 060I0HKY Gasuc-
HUX CUMETPUYHMX IMOJIIHOMIB cTerneHs < 1M, TO JIOCTATHBO MTyKATH TBIPHI €JIEMEHTHU CTeleHs
<m.

3 piBHOCTi (9) BUIIHBaE, M0 JOBLIbHII O109HO-cuMeTpryHEi moainom G(z,y) = Plaz+
by) MOXKHA OTpUMATH K aiarebpaidny KombiHanito mosinoMis (5). OTKe, TBIpHUMHU eJIeMeH-
TaMu 6JI0IHO-CUMETPUYHUX TIOJIIHOMIB Ha rpoctopi X2 = @'C? € noainomu (5).

Bigomo [2, cr. 103-105], mo h + 1 oxHopiauuii mosiHoM Bijg h 3MiHHEHX € ajreGpaldHO
sasiexkaumMu. Tomy 6GosouHO-cuMeTpudHi nosinomu (5) € anrebpaidaHo 3ajesKHUME, ajie He
BUPAXKAIOThCA depe3 ajaredpaldHy KOMOIHAIIO OJUH OJIHOTO. 0

BayBaxkenust 2.1. [losinoME 11,12, M3, N4, N5 BULILY (2) MOXKHA 3allucaTH SIK:

m(z) = Fi(x),

n2(y) = F1(y),

n3(x) = Fy(x), (13)
na(y) = Fa(y),

ns(z,y) = F2($+y)—F22($)—F2(y)’

ge (x) = (x1,22), (y) = (y1,y2) i (7, y;) € C*. Toxi cuissiguomenns (3) mokaszye ajredpaidmy
zasiexkuicTh TBipHHX enementis Fy(z), Fi(y), Fa(x), Fa(y), Fo(x + y) B mpocropi X3.

. . . . . . 2
BayBaKnMo, Mo KilbKiCTh TBIpHIX eteMenTiB (5) Oyze He Gimbrme mix TS 4 2,

3 TOMOMOP®I3MU AJITEBPU P, (X")

3 oTpuMaHUX pPe3yJIbTaTiB Ta 3arajbHOI Teopil iHBapiaHTiB [2| BUILIMBAE, 10 MHOXKUHA
KOMILJIEKCHUX TOMOMODPdi3miB anredpu P,s(Xs') 3a/1aeThest DYHKIIOHATIBHUMEI 3HAYCHHSIME
B TOYKaX aJiredpaiqHOro MHOIOBUJLY, IO € siAPOM IoJiiHOMa (3) Jist KOKHOTO 4, ] = 1,...,n,
T00TO ¢ € romoMopdizmonm 3 Pys(AX3") B C Toxi i Timpku Toi, Ko iciye Touka z € C" G C™,
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z = (Up,...,Up,V1,...,0,), KOODIAUHATH SKOI 33/J0BOJIbHSIOTH PiBHICTH (3) s BCIX 4, Ta
©(P) = P(z) na koxkuoro P € P, (Xy). ¥V punanky anrebpu P,s(X2) Mu He Ma€MO sIBHOTO
BUDJISIJLYy 3aJI€2KHOCTI MizK TBIDHUMH eJIEMEHTaMM, TOMY HE MOYKEMO 3aIlUCATH 3arajbHOro
BUIJISALY KOMILJIEKCHOrO ToMoMopdizmy. IIpore, MoykHa BCTAHOBUTH JEAKi CIIiBBITHOIIEHHS
Mizk romomopdizmamu Py (X2) Ta romomopdizmamu iHmux ajareop.

Bynemo BBaxkaru, 1mo anrebpu nosinomiB Pys(X) 1 P(¢1) € 31i9eHHO HOPMOBAHUMHE
BijiHOCHO cucremu HopM || Pl = sup |P(z)|, r € Q.

[zl <r

Teopema 2. Icuye nenepepBuuii roMmoMopgizm:
wa : P’L}S(XOZo) - P(€1>7
rakuii 1o it Koxkaoro P(x,y) € Pus(X2), Ya(P(z,y)) = P(z,a).

Jlosedenna. Ockinbku P(x,a) € P(l1), 1o (P (x,y)) € P(f1). Tomy v, € BiobpazkeHHAM
3 anre6pu Pys(X2) B anredpy P(f). [lokazkemo, mo BigobpazkeHns 1, € ToMoMOPGhIZMOM.
Ile BUILIMBAE 3 HACTYIIHUX PIBHOCTEIL:

ba(P(z,y) + Qz,y)) = P(x,0) + Qz,a) = ¢a(P(z,y)) + ¢a(Q(z,y));

Va(P(z,9)Q(z,y)) = P(7,0)Q(7,a) = Yo (P(z,9))a(Q(x, y));
Va(BP(z,y)) = BP(x,a) = BYa(P(x,y))).

Hexait z,a € Iy, ||a]| < r ||z|| < r. Toxi |[(z,a)|| = ||z|| + ||a| < 2r. 3sixcu:

[Ya(P(x,y))| = [P(z,0)] < sup |P(z,a)| = [P

l(z,a)l|<2r

Otke, ToMmomMopdism 1), € HEellePepPBHUM. O

Hacainok 3.1. Koxen xapaxrep o Ha P({1) MOMKHa IIPOJOBXKHTH JIO JIesIKOTO XapaKTepy
@ Ha P,s(X2) 3a dopmyioro:
P = @ o,

g€ 1, — romomopdism 3 anredpu P,s(X2) y amrebpy P(ly).

OkpeMum BUIQJIKOM € icHyBauHsa romoMopdiszmy v, npu a = 0. CupaBegmuBum Oyie

HACTYIIHE TBEP/ZKEHHS.
TBeppxkenns 3.1. Icaye HerepepBHUit roMoMoppizM:
w : va(XOQO> - Ps(gl)u

rakuii mo P(x,y) € P,s(X2), ¥(P(x,y)) = P(z,0). Tomomopcpizm 1 € npoexkTopom Ha
Ps(ty).
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Jlosedenma. Ockinbku P(x,0) € Py(l1), ro (P(x,y)) € Ps(f1). Tomy 9 € BigobparkenHsiM 3
anre6pu P,s(X2) y anrebpy Ps(£1). loseenns Toro, mo BijgobpazkenHs ¢ € romoMpdizmMom
ITPOBOJNTHCS aHAJIOTIIHO 0 JOBEJICHHS TEOPEMH 2.

Hexait x € ¢y i ||z]| < r. Toxi:

[W(P(z, )| = |P(2,0)] < sup |P(z,0)] = [| P[],

llzll<r

Ot2ke, ToMmoMopdism 1) € HellepepBHIM.

Ockimbrn (¢ (P(x,y))) = ¢(P(x,0)) = P(x,0), 10 () (P(x,y))) = Y(P(z,y)). Ssiacu

BUILJINBAE, IO 1) € TTPOEKTOPOM. O

Hacainok 3.2. Koxen xapakrep ¢ Ha Ps({1) MOXKHA IPOJOBXKHUTH JI0 JESKOTO XapaKTepy
@ Ha Py (X2

2 ) 3a popmyiioro:

p=por,
Jste 1 — romomopizm 3 anredpu P,s(X2) v airebpy Ps({y).
OueBuiHO, MOXKHA CHOPMYIIOBATH AHAJOI'M TEOpeMH 2, TBep/iKeHHs1 3.1 1 BiamosiaHmx
HaCJIJIKIB JUid m < 00. B 1boMy BHIIAJKY JIOBeJeHHS OyJie aHaJoridyHuM. TaKoxK, roMo-
Mopdizmu Y, i ¥ 3 Teopemu 2 Ta TBEPJKEHHS 3.1 MPOIOBKYIOTHCA 3a HEIEePEePBHICTIO J0

romomopdizmis anre6p Dpere, sxkuMu € nonosHeHHs Py (X2) Tta P,(f1) y Bianosiguux
METPHKAX.
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CUMETPUYHI ITOJIHOMU HA JOBYTKAX BAHAXOBUX ITPOCTOPIB

Zagorodnyuk A.V., Kravtsiv V.V. Symmetric polynomials on the product of Banach spaces,
Carpathian Mathematical Publications, 2, 1 (2010), 59-71.

The paper contains a description of sets of generators of algebra of vector-symmetric poly-
nomials on products of Banach spaces. Some applications to complex homomorphisms of these
algebras are obtained.

Saropoaniok A.B., Kpasuus B.B. Cummempunuckue nosunoms, Ha npoudsedenusx 6aHaro6wir
npocmpancme // Kapnarckue maremarudeckue myoaukamun. — 2010. — T.2, Nel. — C. 59-71.

B pabote cienano onucanme MHOXKECTBA 00Pa3yIOIIUX €JIeMEHTOB ajiredp BeKTOPHO-CUMMe-
TPUYEUCKUX IIOJUHOMOB Ha ITPOM3BEIEHNIX OAHAXOBBIX IIPOCTPAHCTB U ITOJIyYE€HO ITPUMEHEHUE
K OIMCAHWIO TOMOMODP(U3MOB ITUX aJredp.
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ITEPIOANYHI PEKYPEHTHI JTPOBM TPETHOTI'O ITOPA/IKY

Baropcekuii P.A., Cemenuyk A.B. Ilepioduwni pexypenmui dpobu mpemvozo nopadky // Kap-
narchKi MaremarndHi mybsikarii. — 2010. — T.2, Nel. — C. 72-81.

3a IOMMOMOrOI0 MAPAEPMAHEHTIB TPUKYTHUX MATPHUIL JOCIIKYIOTHCHA HePIOAuYHi peKy-
pPeHTHI Ipo0U TPETHOI'O MOPSIKY.

Boryn

OpHiero 13 HAROLIBIT aKTya IbHAX 33Ja9 UNCeTLHOTO aHAJIZy € 3a/ada PO PAIlOHATIb-
Hi HaOJIMKeHHS aaredpaldHux ippartioHaabHocTeir. /st KBaapaTudHuX ippallioHaJbHOCTei
I 3a/a49a BUPINIYETHCA 3a JIONOMOI0I0 PAIIOHAJILHIX BKOPOYEHDb MEPIOINTHUX JIAHITIOTOBIX
JpobiB. s pariona/bHUX HAOJMXKEHDL 1pPAIiOHAJILHOCTEl TPETHOTO Ta BUINUX IMOPSIKIB
OyJ10 110OYI0BAHO P&/l AJITOPUTMIB, IO y3arajbHIOITh JAaHIIOTOBI apodu. [Ipu mobyaosi Ta-
KX aJIFOPUTMIB BUKOPHCTOBYBAJIUCS JIiHIWHI ojiHOpiaHI hopmu, japodbu Papes, MaTpudaHUii
nigixif romno. [Ipore Haitblibin npupoaauM BusiBuBcs aaroputy Ooperenay [3|, possunenuii
B [1].

B crarTi BUBYAIOTHCA pariioHaIbHI HAOIMKEHHs KyOIYHIX ippallioHa/IbHOCTEN 3a, JOITOMO-
roi0 MEPIOIUYHUX PEKYPEHTHUX JIPOOIB TPETHOrO TOPSJIKY, MOOYJIOBAHUX HA OCHOBI aJiro-
putmy Propcrenay. 3ayBazKIMO, 10 BHIIAIOK OHOIEPIOIMTHIX PEKYPEHTHUX JIPOOIB JTOBL/Ib-
HOTO TIOPAJIKY jocizkeHo B [1]. Edexrusnuii aaropury o64uc/ieHHs 3HaU€Hb PAIIOHATIBHAX
BKOPOYEHb MEPIOJINTHAUX PEKYPEHTHUX JIPOOIB TPEThoro mopsijiky modyaosano y [2]. Tomy B
CTATTI JOCIIKYBATUMYThCs JBOTIEPIOAMTHI Ta TPUIEPIOINIHI peKypeHTHI Jpodu. 30Kpema
Oy/le BCTAHOBJIEHO 3B’S30K 3HAYEHDb MIMAHUX MEPIOJMIHUX PEKYPEHTHUX JpPOOIB i3 3HaYECH-
HeMH BIJITOBIIHUX MTEPIOAUIHAX PEKYPEHTHHUX JIPODIB.

Hagesemo J1esiki OCHOBHI MOHATTH, 9K1 Oy/IyTh BUKOPUCTAHI HUKYIE.

2000 Mathematics Subject Classification: 15A15.
Karwuosi caosa i @pasu: mepiouvHi peKypeHTHI J1podu.

(©) Baropcobkwuit P.A., Cemenuayk A.B., 2010
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1 OCHOBHI ITOHATTS IIPO ITAPAIIEPMAHEHTU TA PEKYPEHTHI APOBU

Hexait K — pesgke 4nucjaoBe MoJIe.

Osnavenns 1.1 ([4|). Tpukyrny rabauio

11
Q21 A22

A= 7 T (1)
ap1 Ap2 - Ann

n

qUceJI 13 YUCJIOBOrO 10JIsT K Ha3zBeMO Mpukymmoo Mampuyero, eJIeMeHT (11 — GEPTHIM ele-
MEHMOM IieT TPUKYTHOI MaTpHIli, a 9ucjao n — i1 nopadkom.

Osnauenns 1.2 ( [4]). Hexaii A — tpukyrna marpurs (1). Ilapademepminarmom ma napa-
NEPMAHEHMOM TPHUKYTHOI MaTpuIli A Ha3HBAIOTH BIJIIOBIIHO THCIA:

T

ddet<A) = Z Z (_1)nfr H{&m+...+ps,p1+...+ps—1+1}

r=1 p1+...4+pr=n s=1

Ta

PPGT(A)ZZ Z H{am+...+ps,p1+...+p571+1}>

r=1 p1+...+pr=n s=1

Jie CyMYBaHHSI IIPOBOJIUTHCS 38 MHOXKHHOIO HATYPAJIbHUX PO3B SI3KIB DIBHSTHHS
pr+p2+...+pr=mn,

a cuMBoJIOM {a;; } Ho3HaYeHo pakTOpia bHIIl JOOYTOK eJIeMEHTa ;j, IO 33/a€ThCST PIBHICTIO

i
{ai} = H Qik-
k=j

Osznauennsa 1.3 ([1]). Hexaii a;j, (1 < j <4 < 00) — geski mii qucita. Anrebpaidni 06'exTn
BHIVISLILY
a11

a2

a
a1 12

an—1,n—1 an—2 n—1

_ an—2n—1 an—3,n—-1 a17n_1 2
a = Qn,n an—1,n a2.n a ( )
an—1,n an—2n e ail,n l’n
0 An n+1 az n4+1 a2 n+1 a
P cee g 2 1,n+1
n ,n+1 2,n+1 1,n+1
0 0 A4 n+2 A3 nt+2 A2 n42 a
e 1,n+2

az n+2 a2 n+2 aln42
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Ta
an
az2
—= a
a1 12
Qn,n n—1,n
_n,n n—Ln a
Pm o an—1,n an—2.n l’n
Q - O An,n+1 a3 n+1 Cl1 1 9
m An—1,n+1 Ta2,nt1 nt
O 0 aq4.n+2 A3,n+2 a
© G3mt2 G2nio CLmt2
O 0 O an,m an—1,m aq
. m
| Gn—1,m Qn—2m " dm
e
a1
a2
—== a
ais 12
an,n an—1,n
> > a
P _ an—1,n an—2n 1n
m an n+1 a3 n+1 9
0 . a1 n+1
an—1,n+1 a2 n+1
0 O a4 n+2 QA3 n+2 a
Ca3ni2 G2,n42 1,n+2
0 O O An,m an—1,m a/l
. m
L an—1,m GQGn—2m ’ dm
a2
az3
—== a
a3 13
an—1,n An—2,n
n—Ln n—sn a
an—2.n an—3,n Lin
Qm - An n+1 an—1,n+1 a2 n+1
. A1n+1
an—1,n+1 OGn—2n+1 a1,n+1 ’
0 An n+2 az n+2 A2 n+42
. A1 n+2
An—1,n+2 a2 n+2 Qai1n+2
an,m An—1,m
0 0 0 —r —===n q
L an—1,m Qan—2m 1’m_ m—1

— mapaliepMaHeHTH BIJITOBIJHAX TPUKYTHHX MaTpHIlb, HA3BEMO BIJITOBIJIHO DPEKYPEHMHUM

S3ATorPCbKUl P.A., CEMEHYYK A.B.

dpobom n-20 nopadky Ta HOTO M-MUM PAYIOHANOHUM 6KOPOUEHHAM.

2 IIEPIOJIMYHI PEKYPEHTHI JIPOBU

Osnauvenns 2.1 ([1|). Pexypenrnuii api6 n-ro nopsiyiky (2) HazuparoTh k-mepioguaHuM,
SIKIO HOro eJIeMeHTH 3a/[0BOJIbHSIOTH PIBHICTH
Qi rk+j = Qi 5, 1 = 1,2,...,71; j = 1,2,...,]{.
BeranoBumo 3B’sI3KM 11€PIOIMYIHUX PEKYPEHTHUX JIPODIB TPETHOI'O MOPSJIKY 13 JiiCHUME
JIOMATHIMEA KOPEHAMU KyOIYHUX PiBHAHD.
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Posrisgremo nepioguanuii pekypeHTHU JIpid TPeThOro MOPSIKY 3 HepiojgomM 2

qQ

Z—;Ch

0;—22—2612 ,
OO%%ql
000;—22—;(12

Jie @; Ta p; — JIoJaTHi yucsa. Po3kiageMo 9uceibHUK IIBOr0 JIpO0y 3a eJIeMEHTaMU IePIIIoro

CTOBIIIISA
n n—1 1t n—2+7T n— r
[(11] _ q1 [Q2] 1 p2[Q1] 2 1[Q2] 3 _ o+ b2 I 1 . (3>
[q2]n71 [q2]n71 [g2]n—1 [g2]n—1 | [q1]n—2
l[q1]n—2 l[giln—2 [g2]n—3

B mi#t piBnocTi napanepMaHeHT -0 HOPSAJIKY 3 BepXHIM ejleMeHToM ¢j, j = 1,2, rnosnaue-

HO depe3 [¢;];. AHAJIOTIYHO PO3KIAIAEMO YUCEIBHUK JIPOOY Eﬂ—”’; 3a eJleMeHTaMH MEePITOro
n—

CTOBIIIIA
- T
[%]n 1_ 0 + P1 T 2 . (4>
[q1]n72 [q1]n—2 [@1]n—2 | [g2]n-3
[q2]n—3 [2]n—3  [g1]n-a
Hexait
lim [Q1]m =z, lim g2)m
m—oo [ ] m—0oo [q1]m71
Toxi, cipsimoBytoun B piBHOCTSAX (3), (4) N 10 HECKIHYEHHOCTI, OTPUMAEMO CHCTEMY DIBHSIHb
T=q+ p2 + ;L,
Y=qa+ ”1 + 2
3 gKO1 3HaXOINMO, IO
_ DPex 1
22— qa’

a & € JOJIaTHIM KOpeHeM KyOiqHOro piBHSHHSA
(q2p2 + 72)2° = (q1g2p2 + Py + 20172 — Paps — qar1)2”

+(qipip2 + q1qar1 — 2par1 — o2 — p1r1)T + T1(qupr + 1),

abo 3a JOITIOMOTI'OIO HapanepMaHeHTiB

q1
q2 D1
[Q ]xi”: 5‘3 72 _[—qwz ]—7’1[(]2] x’
p2 p2 T2 Do P2

0
b2
q1 q1
— r+r - .
B2 CI2] [p1}> ! o p1]

q2

51
+ | 5 m +r1<
0 B2 g
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Ilpuknan 2.1. Hexait g1 = 3, @@ = 2, p1 = 3, po = 2, vy = 3, ro = 2, TOJi peKypeHTHUT
JIpib6 MaTuMe BHUTJISIT

O O O wlwnin W
O O nIwlw DN
O wlwniy L

[\

[JISIS Y
oo QO

a palfioHa/IbHI BKOPDOYEHHSI, sIKI HAOJIMXKYIOTh JIIHCHUE KOPIHb

1
T = 1_8(16 + {/30664 + 162v/26118 + 6/30664 — 162v/26118) =~ 3,941055084

KyOIYHOIO DIBHSTHHS
62° = 162* + 21z + 36,

JIOPIBHIOIOTH
S PO S
0y = % ~ 3,916, 045 = % ~ 3,942, O = 120—7868 ~ 3, 9420,
07 = %ﬁgi ~ 3,9407, Js= % ~ 3,9411, d9 = % ~ 3,94106,
0= 13465941722 ~ 3,941048, 411 = ?ggigg ~ 3,941055

019 = % ~ 3,94105519, 613 = % ~ 3,94105501,

04 = % ~ 3,941055102, 415 = % ~ 3,94105508,

16 = % ~ 3,941055082, 617 = % ~ 3,941055084,

01 = % ~ 3,941055084.

Tenep posriisineMo MepioJInIHUI pEeKyPEeHTHUI JIpid TPeThOoro MOPsJIKY 3 1mepiojiom 3:

q1

g_; qz

p—i %’—g g3

0 p_i % Q1 ,

0] 0 2 2 g

p2 q2

0] 0 0 & B g

p3 q3
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Jie @; Ta p; — JoJaTHI ducia. Po3KIageMo 9uce/bHAK IIHOr0 JIPO0Y 3a eJIeMEeHTaMH IePIIoro

CTOBIIIIA
(1)1 @ilge]n + p2lgsln +3(@i)no o+ D2 T3
N - [a2]n lg2]n . [g3ln—1 "
2 2] [g3]n—1 [@3]ln-1  [@1]n—2
[QQ]n

POBKJI&,ZLGMO YHCEJIbHUK ,H‘p06y [a3] 3a eJIeMeHTaMU IEPIIOTr0 CTOBIIILA
n

-1

[@o]n @lasln1 + pslgino +11l@)ns o+ D3 T
B B [93]n—1 [g3]ln—1  [g1]n—2"
[Q?’]n_l [QS]n—l [g1]n—2 [giln—2 lg2ln—3
POBKHaﬂeMO YU CEJIbHUK 'H‘p06y {gﬂ—n:; 3a eJIeMEHTaMM IIePIIOIr0 CTOBIIIA
[@3]n1  @lai]n2 + pilge]n-s +Talgs]n-a n D1 T2
[q1]n—2 o [q1]n—2 — BT e [q1]n—2  [g2]n-3"
lg2]n—3 lg2]n—3  lg3ln—a

Hexait icuytoTh rpanuri

lim (s =z, lim g2l =y, lim 951 =z,
n—o0 [go], n—00 (g3, 1 n—00 [q1]pn—2
TO/Il OCTaHHI TPU PIBHOCTI 3aNANIYTHCA Y BUTJISAI CUCTEMH PIBHAHD
- P2 4 3
r=aq + y + yi’
y=q@+2+2, ()

z=q3+ 2+ ;—z
3Bijcu Maemo KyOituHe piBHSIHHS
(4203D2p3 — G59373 + qapsTa — qopsrs + pop3)x®

= (q19243P2P3 — q2d3PaTs — Q1454573 — G24sPaTs + q3P3Ps + G3P1Ts — GaP1P2Ps
+2q1Gapsrs — Q27172 + GaTaTs + PapsTs — 1GaPsTs 4 GaT1Ts — GaTs + GLP2P; + PapsTs
—2papsr1) 2’ 4 (q1G2q3P2r1 + G3P3T1— Q@P1P2T1— QLA3PITS + (1G2P1P2Ds — q2P1Pars
+P1P3Ps + 201027172 — G1GaPsT2 — Q1GaTTs — Q1P2P3T2 + Par1T2 — ParaTs — 1GaT1Ts
+2q1papsr1— pari+ parirs)x + r1i(quepiPa — 1@ + PID3— Qipara + ipar),

abo 3a JOITOMOTI'OIO HapanepMaHeHTiB

qQ1
q2 p2 q2
@3 3 " 32 o D 32 2
q3 — 3 P3 _ | p P3
RN T=1 | psg®B 0 =@z p, T g B X
P2 002 py p2 0 22py
O 0 *1127‘3])3 p2 0 T2 *Q2T3p3 D2
D3 000 ﬂps q2 p3
L p3 -
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q1 q q
P 1 1
q_;ih o 0 B e

- 02 m +r1 E,ﬁqg —| o D T+ q02r_1 .

—qir —qir

002 p, et | [0amy, e
00 = =@, p2 12 pa 12
L @ p3 13

Ilpuknan 2.2. Hexaii ¢y =3, g2 =2, 3 =1, p1 =3, p2o =2, p3=1,r1 =3, 10 =2, r3 = 1,
TOJI PeKYPEHTHHI Ipib MaTHMe BUTJIS]]

O O wlwri= N
O NIV W[wW =
=IO

=i DN

O O ORIy W

a palfioHa/IbHI BKOPDOYEHHSI, sIKI HAOJIMXKYIOTh JIHCHUE KOPIHb

1
T = 6<1 + </1630 + 45v561 + 6/1630 — 45v/561) ~ 3,863421135

KYOIYHOIO DIBHSIHHSI
4a3 = 2% + 38z + 54,

abo
22% = 2% + 192 + 27,

JIOPIBHIOIOTH

S BPOP S
5y = % ~ 3,833, 5= % ~ 3,8696, &5 = % ~ 3, 8626,
57 = % ~ 3,86364, 05 = % ~ 3,863451, Oy = % ~ 3,863399,
b1 = % ~ 3,8634278, &pp = 13224393136 ~ 3,86342127,
1o = Egégg ~ 3,8634206, &3 = %;‘9700 ~ 3,86342133,
b4 = % ~ 3,863421125, &5 = % ~ 3,863421121,
16 = % ~ 3,863421141, &7 = % ~ 3,863421135,

353382159

%18 = 510176068

~ 3, 863421135.
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3  MIIIIAHI TTEPIOJIUYHI PEKYPEHTHI JIPOBU

79

Posriisinemo wmimanuii rnepioguynnii peKypeHTHHUN Jpid TPeThoro IMOpsIKy 3 Iepeje-

piosom 4 i epiogom 3

%
20
K
Ta | P2 x
v |0 02
Ts P3 %
0p§q§q3
rn pi
00p1q1Q1
r2 p2
OoopquQQ )
rs p3
00001)3(13%
r pi
OOOOOplqlql
T2 P2
000000p2q2q2
0/0 0 00 0 0 =B g
Ps a3

e q;f, ¢; Ta p; — 1oaTHI Yncyia. Po3KIa/1eMo 9UCeTbHUK 1THOTO JIPpO0Y 3a eJIeMeHTaMU BIICAHOT

upsaMokyTHOT Tabsuni T'(5), a snamenunk — 3a ejxemenramu tabsuni 7'(4). Orpumaemo,

[qa‘]n+4: [46)4(q1 [@2)n—17D2 @3] n—otrs[qa)n—3)Ha5 |3 (D1 [@2)n—1772 (3] n—2 )45 ]271 [G2) -1

[Qﬂ n+3

[a1]3(@1 [@2)n—1D2[a3]n—otr3(qaln—3)Hai]o (P1 (@2 n—1Fr2las)n—2 Hat i1 [g2)n—1

B 4uncesbHuKy 1 3HAMEHHUKY BUPa3 y HEPINUX JIy’KKaX € PO3KJIAJIOM HaparnepMaHeHTa [,

3a eJIeMeHTaMU IIEPIIOTr0 CTOBIIILA

(454l ]nHag)s (01 [@2)n—1+r2[as]n—2)H a5 )21 [g2] -1
[qt]s[ar ] nHat]o(p1 g2l n—1tralas)n—2 ) Hathiri [ge)n—1

[Ieperpyryemo J1oganKm

[g5]ala1]nt([g5]3P1H g5 )21 ) [galn—1H g5 |372[g3]n—2
[ ]sa1]nt([ai]2piH T |11 ) [geln—1H T lar2[ga] n—2

Y

HOJIIMMO IHCEJIbHIK 1 3HAMEHHUK Ha [¢3],_2, OTPEMAEMO

[QI]n q2

Hexait icnyrors rpanuii

[ lagr st Haglspatas]er) = Hag s

g )s il Lozl (g Hgg )y ) 2= Hgg oy
lim —[qg]n+4 =2, lim (1)n =z, lim G2)n—1 =.
n—00 [ql]n+3 n—00 [Q2]n—1 n—00 [C]3]n—2

Tosi ocranuiit BUpa3 3alUIIEThCA y BUTISI

o = Lao)azy + ([@5)sps + [@6)ar1)y + [a5]ar2
[ai]szy + ([ailepr + [grhir)y + [gi]ars
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Jie x, y — po3B’a3ku cucreMu (5) jisi HEPIOMIHOrO PEKYPEHTHOIO JIPODyY

a1

5—5‘12

0| & B o

OO%%QQ
0001%5_;‘]3

IIpuknan 3.1. Hexait g5 = 3, ¢f =2, ¢ =3,q; =2, p] =4, p5 =3,p;3 =4, 15 =1,
T§:17 Q1:2; Q2:37 93:17191:27]92:37193:1; 7,)1:27 T2:37 7,)3:17 TO,leMjHIaHHﬁ
PEKYPEHTHHIT Jpib MaTHMe BHTJISLT

w

O OO OO OO OwNke W
S OO OO ORI=ww N
[\

O O O O Ok W
O O O O wwnin N

O O O rFIFwlw DN

O O IR

O WlWNIN =

==l

L - oo

3HavyeHHsT MIIMAHOIO MEePIOUIHOrO0 PEKYPEHTHOTO JIpO0y 30Ira€ThCsl JI0 IHC/IA

. 1272y + 100y + 120
O 2Twy + 22y +27

e

1
T = 9 (</1630 +45 - V561 + 6/1630 — 45 -v/561 4+ 4) ~ 2.9089474235938
— KOpIHDb KYOIYHOIO PIBHSIHHS
92° = 122% + 33z + 24,
abo
32° = 42” + 11z + 8,
JIBa 1HII KOPEHI SIKOTO — KOMITJIEKCHI, a

6

y:x2—x—4'

Orxe,
x* &~ 4.5462675971938.
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BHaiizemMo palfioHaJIbHI BKOPDOYEHHS I[OI0 JIPOOY, OTPUMAEMO

51=§:5, 52:%0:4,44, 53:%:4,555,
0y = % ~ 4,503, 05 = % ~ 4,5446, ¢ = % ~ 4,54670,
67 = % ~ 4,54642, g = % ~ 4,546225, g = % ~ 4,546281,
10 = 13770401706 ~ 4,546271, 411 = :g;;gg ~ 4, 5462665,
19 = g?g;i ~ 4,54626798, 013 = % ~ 4,54626767,
014 = % ~ 4,546267570, 015 = % ~ 4, 54626761,
16 = % ~ 4,5462675990, 017 = % ~ 4, 5462675965,
18 = % ~ 4,54626759747.
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Komna4y M.I., ObiiTAa A.®., [IIyBAP B.A.

3ACTOCYBAHHA ITEPAIIIMHNX AJITOPUTMIB TA TI'JIJISICTUX
JIPOBIB B.4. CKOPOBATATBKA J1J1d AITPOKCUMAIIIT KOPEHIB
ITOJITHOMIB ¥ BAHAXOBUX AJITEBPAX

Komaa M.I., O6mira A.®., Illysap B.A. 3acmocysarha imepauitinur ai2opummisc ma 2iaisi-
cmuzx dpobis B.A. Ckopobazamvka 0aa anpokcumayii Kopenie nosiHomie y 6anaxrosur arzebpax
// Kapnarcoki maremaruani mybmikarii. — 2010. — T.2, Nel. — C. 82-86.

Hocmimkeno itepartifiai agropurmMu s HaOJMKEHOT (PaKTOPU3aIlil OKpeMuX KJIaciB moJTi-
HOMIB 3 KoedirienTamu 3 6aHAXO0BOI aJIredpu, K BOJTHOYAC € AJITOPUTMAMU TTOOY/IOBU aHAJIOTIB
riyutsicrux apobis B.4. Ckopobararbka y baHaxoBux ajredpax.

st nogaTabOTO JiHitHOrO HemepepsHoro oneparopa A : H — H (H— rigsbepriB mpo-
crip), B [9] BecTaHOBIIEHO iICHYBAHHS JJOMATHROTO JIIHIHHOTO HellepepBHOro onepatopa B : H —
H, sxuit 3a10B0/1bHs€ piBHicTs B? = A, a B [5| 06rpynToBano fioro eaunicts. JJokaaany iH-
dbopmaliiio 3 1pOro NpuBoay MOXKHa 3Haiitu B [2]. Oneparop B Ha3uBaiOTh KBaJpPaTHUM
Kopeneu omepatopa A i nosmauaiors B = A2. JlocTaThi yMOBU iCHYBAamHSI KOPEHiB m-ro
crenens (m > 2) 3 ejemeHTiB GanaxoBoi asnrebpu E 3 opumHmieo BeraHoBseri B [6]. 3a-
crocoBaHa B 6] Mero/iKa He MICTUTH KOHCTPYKTUBHOTO aJTOPUTMY JJisl 3HAXOJZKEHHST IIIX
KopeHiB. oc/iKeHHAM MeTOJIIB 3HaXO/XKEHHS KOPEHIB 3 MaTpUYHUX MOJIHOMIB Ta IX 3a-
CTOCYBaHHAM TIPUCBsTUeH], 30KkpeMa, mororpadii [1]-[3]. V [7]| sanpononosano meroauky st

OOT'PYHTYBaHHs ICHYBaHHs Ta MPAKTUIHOIO 3HAXO/?KEHHsI KOPEHIB OJIIHOMIB BUTJIS LY

F(s)=s™ + Z A;st (1)

i=0

Ta -
F(s) =s"t + Z s' A, (2)

=0

3 Koedimiearamu A;, sIKi HaJiexkaTh 10 baHaxopol ajarebpn F 3 oauauUIE0. 3a3HAUEeHa METO-
JIKa, BUKODHCTOBYE iTepariiiHuii aaropuTs Jijist alfpoKCHMaIiil KopeHis mosinoma F'(z).

2000 Mathematics Subject Classification: 41A65, 30B70.

Karuosi caosa i Ppasu: banaxosa ajarebpa, KOpeHi MOJIHOMA, ITepaIiifHi aJIrOPUTMHU, TIJISICTI POOH.
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Y uponoHoBaHiit 3aMiTIi jocstiKeni iTepariiini ajaropurmu i mosisomis (1) Ta (2).
OrpuMani pe3y/IbTaTH OXOILIIOIOTE pe3ynbrard i 3 7] (aus. Takox [4]). fk gacTkoBuil Buma-
JIOK OTPUMAaHO YMOBH ICHYBAHHS Ta CIOCIO HAOJIMKEHOIO 3HAXO/KCHHS KOPEHIB IOJIiHOMA
F(s) Burusy

F(s) = s™ — Ay,

ne Ay € E. Bonn ze BunmBaiors 3 pesynsraris [9]-[6]. ITepaumHl AJITOPUTMU [l 3HAXO/[2Ke-
s AT He KOPEeCHOHJyIOThCS 31 CHIOCOBOM 3HAXOIKEHHs A3 | sKiil BUKODHCTOBYETHCS B

[2].
Hexait A; (i =0,1,...,m) € etementamu 6anaxoBol ajrebpu F 3 ogunuieio I i HyJIbOBUM

eneMeHTOM 6. Po3ryisineMo piBHSHHS
F(s) =90, (3)

BBaKAIOUIN 3a/1si KOHKPETHOCTI, 10 F(s) € mosiromom Burysaay (1). 3azamo nomapHo pisui
KOMILJIEKCHI ducia «; (j = 1,m) upuiycTUBIIM, MO BOHU BigMinui Bijg Hyss. [lozHadumo
4yepe3 M MHOXKMHY TaKuX eJIeMEHTIB s € F/, 1o 4nciia o He € BJIaCHUMU YiC/IaMy €JIeMeHTIB
s € M. Tnmumu cioBamu M € MHOXKHHOIO e€JIeMEHTIB i3 F, Jiid dKUX ICHYIOTb OOepHeHi
exementn (s — a;I) ™! € E. 3a nux obcraBul piBHICTD (3) MOXKHA 3alMCATH Y BUIIISAI

s=50— F(s)® '(s) (4)

Ay osibioro s € M, ne ®(s) = [[;_5:(s — a;I). Pisuicrs (4) nogamo rakox y surss

s =80— Z Ki(s — o)t (5)

i=1m

OueBuIHO, 110 MA€ MiCIle TOTOXKHICTH

s=F) ([ s—aD)) " =s0— Y Kils —aiI)™". (6)

j=1m

Enementu K; (i = 1,m) ta sg € M 3HaAX0AUMO 3 TaKUX MIpKyBaHb. 3adikcyeMo iHIeKC j i
HOMHOKUMO 00u/1Bl wacTunu pisaocti (6) na (s — o;f). Orpumaemo

s(s—ajl)—F(s) H (s—o;I) " =sp(s—ayl)— K; — Z Ki(s—a; D) (s —ajl). (7)

Jj=1m i:l,m,i;éj

Pismicts (7) cupasmxkyerbes gt Beix s € M, ae muoxuny M; orpumano 3 MuoKuHI M
IpueHAHHSM 10 Hel eeMenTa s = oy /. 3 piBHocTi (7) mpu s = ;] 3HAXOAUMO

1
K.

j= WF(%'I)~

!/ _ : .
Tyr @'(;) = [[,o17m.42 (@) — i) Ocxinbku o MHOXKHHM M HAJIEXKUTD HYJILOBUIL €JleMeHT
6, To 3 pisrocti (6) nmpu s = ¢ BuIUIMBa€E pPiBHICTH
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_ AO _ F(ozl])
0= 11 (—ay) 2 o [] = Q) ®)

i=I,m i—Tom i=1,m,i#j (Oéj
st o69uc/IeHHsT Sg MOYKHA CKOPUCTATHUCST TAKOXK (POPMYJIOIO
Sp — —(Am+] E O./i>,
i=1m

Ky MOXKHA OTPHMATH, SIKITIO MiCJIs JIOMHOXKeHHs piBHOCTI (6) cupasa Ha P(s), npupiBadTH
koedinientu pu s
Orzke, piBusans (5) MOXKHA IIOJATH y BHIVIST

s=—(An+TY a)- ¥ ﬁF(aiI)(s D)

1,m i=1m

Hexait Ty € B, Ty # I (i = T,m)i M = {s : ||s— Ty|| < 1,s € E}. Ho6yayemo
iTepaliiftHuii mporiec 3a JOIOMOroi0 (hopMy.I

T =50~ Y KTy — i)™ (9)

i=1m

Teopewma 1. IIpumycrumo, 1o

Ty = So. Ty € M, # 1, | F(auD)|| < k;® (o) (10)

Toni icaye eamamnii B Kymai M poss’si3ok s* piasiaast (3) 3 ozHadennm 3a (1) nominomom F(s) i
J10 §* 30iraeTbcsi He MOBLIBHIIIE 38 TeOMETPUIHY MPOrPECIIO 31 BHAMEHHUKOM (¢ ITOCJIJJOBHICTH
{T},}, nobyroBana 3 gomomororo dopmymu (9).

Jlosedenns. Ha migcrasi pisrocti (5) i3 Toro, mo ¢, s” € M, orpumaemo

§'—s" = 2Ki((s”—ail)’l—(s’—aiI)’l) = —(s'—5") 2Ki((s'—ai[)’l(3”—0@-[)’1. (12)

i=1m i=1m
Tomy cuiBsinmomenns (9)-(12) npusBoAATH 10 HEPIBHOCTI
[Tns1 = Toll < gl|T = Toal

3 ymosn (11) BumumBae Takoxk, mo 1, € M prs gosiieHoro n = 0,1, .... OTxe, mepeTBo-

peHHA

T(s) = so— Z Ki(s —a;I)™*
i=1,m

e cruckoMm B M. Ile rapanrye icayBanss lim, .., 1T, = s* € M. Exement s* € po3B’si3KOM
piBusnng (3) 3 o3nadennm 3a (1) mominomom F(s) i meit po3s’s30k € enuanm B M. O
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fK HACTIZIOK 3 1Ii€l TeOpeMU OTPUMYEMO HACTYITHE TBEP/IZKEHHS.

Teopema 2. Hexaii

a = min |o4], k = max K. (13)
i=1,m
Armo T,,T) € M Ta
km

(a—1)

To nocagosaicts {T),}, mobymoBaHa 3a JOIOMOrOR0 GopMyIH
Tn = S9 + k(Tn — Oé[)il

30Ira€TbCst JI0 €IMHOTO PO3B’SI3KY S* € M piBHsIHHS (3) He MOBiJbHIIIE BIJ N€OMETPHIHOL
rporpecii 31 3HAMEHHUKOM ¢, O3Ha4YeHHM 3a joromMororo ¢opmys (13), (14). Koncrpykiriro
ayropurMmy (9) MOXKHA PO3IJISIIATH SIK aJrOpUTM 1100y 108U riiscroro apody B.5. Ckopo-
baraTbka, sIKAI OTPHMYETHCS HOCTJOBHIM BKJIajeHHsIM (n + 1)-of ireparii B n-ty. B Tomy
pasi, ko F'(s) € mosinomom y anciaoBomy noi E, 30kpema, y moJii komiitekcaux qmces C
OTPUMYIOTHCST TL/IJISICTI JIPOOH 3 IHCIOBUMH KOMIIOHCHTAMH.

Ipukaan 1. 3acrocyemo ajropursm (9) go marpuanoro pipusuus X2 — Ax = 0, je

2,1000 0, 3000
0,1000 2,2000 /)’

0 0
0= :
Hexait o = 2, Toi

2,1000 0, 3000 10 0,1000 0, 3000
so=—A—al = -2 =
0,1000 2,2000 0 1 0,1000 0,2000
flal) = 2 0\ (21000 0,3000 2 0\ (0,2000 0,6000
S\ 0 2 0,1000 2,2000 0 2/ \ 0,2000 0,4000
—0,0624 —0,1186 T _ 0,0194 0,168
—0,0023 —0,0114 )’ ~ \ 0,0139 0,0998 )’

T _ 0,0036 —0,0001
~\0,0000 0,0000

Ty = 307T(1) = (

Ipuknazn 2. /s noninoma F(s) = (s —2)(s — 4)(s — 10) norsagemo a; = 1,8, ag = 4, 5.
Tomi sp = 16 — ay — ay = 9,7. 3acrocoByrouun ajgropurm (9), 3HAXOAUMO TakKi HAOJIHIKEHHSI:
s1 = 10,020521; s9 = 9,998686; s3 = 10, 000084 17151 koperst s = 10 1IbOro pPIBHSHHSI.

IIpukmazng 3. Bacrocyemo ajsropurym (9) jist itepalliiiHoro yToYHeHHsI KOPEeHsI § = 21 I10JIi-
noma F(s) = (s*+1)(s* +4). Ipuiivemo o = —0,9i, a5 = 0,9, a3 = —2, 1i. IIpu so = 2, 1i
repiii JBI iTepalil 1aloTh Taki HabmxKeri yrounenns sy = 2,00753314, so = 2,00061707 0
IIbOT'0 KOPEHSI.
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LOPUSHANSKY O.V., OLEKSIENKO M.V.

A POISSON TYPE FORMULA FOR HARDY CLASSES ON
HEISENBERG’S GROUP

Lopushansky O.V., Oleksienko M.V. A Poisson type formula for Hardy classes on Heisenberg’s
group, Carpathian Mathematical Publications, 2, 1 (2010), 87-95.

The Hardy type class of complex functions with infinite many variables defined on the
Schrédinger irreducible unitary orbit of reduced Heisenberg group, generated by the Gauss
density, is investigated. A Poisson integral type formula for their analytic extensions on an open
ball is established. Taylor coefficients for analytic extensions are described by the associated
symmetric Fock space.

INTRODUCTION

Hardy type spaces H? for irreducible representations of locally compact groups were
introduced in [4]. In this work we concentrate on an important partial case of such spaces,
defined by the Schrodinger irreducible unitary representation of reduced Heisenberg group.

The Hardy type space H? on the reduced Heisenberg group H, which acts irreducibly
and unitarily over the complex Hilbert space L?(R) with the help of Schrédinger’s represen-
tation, is associated, in according to its definition, with a Gauss type density A on R and
the Haar measure on H. The Schrodinger representation of H contains the complex cyclic
subgroup T = {7’ =e: 9 € 0,2m) }, which means that the essential assumption of the work
[4] is satisfied. We consider the Poisson type integral representation of analytic functions,
belonging to H?, on the open ball

Qrem) = {5 € L*(R): [|€]l 2wy < 2ﬁ}.

The Hilbert space of Taylor coefficients for the space H? is unitary equivalent to the
Hermitian dual I'*(R) of the symmetric Fock space I'(R), generated by the complex Hilbert
space L?(R). The corresponding isometry I'*(R) ~ H? is described in Theorem 2.

We establish in Theorem 3 the Poissson type integral formula

PLIE) = / PlE, .y 7)) Sy 7) dedydr, €€ Q.

2000 Mathematics Subject Classification: primary 46G20; secondary 46E50, 46J15.
Key words and phrases: Infinity-dimensional holomorphy, Poisson kernels, Heisenberg groups.

(©) Lopushansky O.V., Oleksienko M.V., 2010
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which for corresponding functions f € L?*(H), defined on H, produces their unique analytic
extensions P[f] on Qp2(w).

A theory of Hardy spaces HP with p > 1 of infinitely many variables was advanced in [2].
Many Hardy type spaces on infinite-dimensional Banach domains important in applications
have been studied in [6]. Hilbertian Hardy type classes H?, being reproducing kernel spaces,
have been investigated in [5].

We refer for infinite dimensional holomorphy to [3| and for Heisenberg groups to |7].

1 PRELIMINARIES AND DENOTATIONS

Consider the complex space LZ(R) of all quadratically integrable functions on R with
the scalar product (£ | ¢) 72, = [L&(t)((t) dt and the norm |||l L2r) = (£ | €>1/2 , where
£,¢ € LA(R). In L*(R) we consider the orthonormal basis

6_t2/2 €(t) de ,
t) = ’ t) = (—1)ye" —e teR, jeZ
0= gy SO eT teR ety

where ¢; denotes the Hermite polynomial of degree j.
Let L*(R") = @; L*(R) = spanc{& @ ... @ & &, ..., & € LA(R)} be the n-folds
Hilbert tensor product of L*(R) endowed with the scalar product

<fl ®...0& ‘ (1®...0 Cn>®2 L2(R =& ew - n | ) 2w)

and the norm ||w|lgnr 2@m) = (W | w)(lg/)il 2w With w € &} L*(R). Then the set of elements

{gpil ® ... Q@ (i1,...,1,) € ZZLF} forms the Hermite orthonormal basis in @) L*(R). If
s: {1,...,n} —— {s(1),...,8(n)} runs through all n-elements permutations, then the
codomain of the orthogonal projector

n 1
Spt ®hL2(R) 9€1®®5n'_>€1®®€n = Ezsgs(l)(g@gﬁ(n)v

called a symmetric Hilbertian tensor power of L?(R), we denote by (O L*(R). A symmetric
Fock space is defined as the orthogonal sum

=P OL®].  ONLAR) =

neEZy

with the scalar product and norm, respectively

Wlwr =Y W lwdgrrem, Il = o)

neZy

where ¢ =3 ¥, w=>" w, €' and ¥, w,, € O L*(R). We will use the following short
denotations

=@, . @fe OILAR) with ¢e L(R),
(k) == (v, ko) €27, |(K)| = ks 4+ ko (K) =kl k.
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Consider the systems of elements
k n . n
@, ={¢()" € OLLAR): (), (W) € ZL, |(W)| =nf, @ ={®u: nELsf,

where we denote wggk) = go?ikl ©...0 gpﬁk” and goggk) =1 for all (j) if n=|(k)| =0. As is

known (see e.g. [1, 2.2.2]), the system ® forms an orthogonal basis in the symmetric Fock

k
|20 )HF(R) = /() |(k)|! (see e.g. [1,2.2.2]).
In what follows H = R x R x T will stands for a reduced Heisenberg group with the

space I' such that

multiplication
(7,y,€") - (u,v,e") = (z +u,y + v, TV ellvumm)/2)

endowed with the Haar measure dx dy dr, where 2nwdr = dv.

Let L?(H) be the space of all quadratically Haar integrable complex functions f on H
with the norm || f|l2a0) = (fix |f (2,9, 7)[?dedydr)'? and let L*(H) be the space of all
essentially bounded complex functions on HI.

The Schrédinger representation U from H into the C*-algebra .Z (L*(R)) of bounded
linear operators on L*(R) has the form

Uy yr&(t) = 7e™2e¥e(t 4+ 1), z,y,t R, 7€T, ¢eclL*R).

It is unitary and irreducible. Easy to see that its codomain U(H) = {UM,T: (x,t,7) € ]HI}
contains the cyclic group T. Moreover, due to the Stone-von Neumann Theorem every irre-
ducible unitary representation U of H on a Hilbert space H, such that U(0,0,7)¢ = 7€ for
all 7 € T and £ € H, is unitarily equivalent to the Schrodinger representation U.

Lemma 1.1. The Gauss density function

At) = Ve 2, teR
has the property h € L*(R)()L*°(H) and each basis element goggk) € & generates the
continuous function

n k k1 kn
H> (z,y,7) — <<Uw,y,Tﬁ)® ’ @gg )>F = (Usy-h| 90j1>L2(1R) o AUs gyt | @jn>L2(R) (1)

which belongs to L*(H) and for all (j) € Z" and (k) € Z7 such that |(k)| = n,

y

Proof. We have h € L*(R) () L>(H), since

2nﬂ-2+n

) 1/2
on |, @)
<(Ux,y,‘rﬁ) | () >F ‘ dx dy dT) < n

) 222\ 12
[l = iy =sup )| = =, il = ([ |“5=| @) =1

Applying the Fourier transformation by the variable t € R, we can define a linear mapping
fix: L*(R) — L?(H) in the following form
Telry/2
hxp)(r,y,7) .= (Upyrh | ©i) o = —F——
( ‘PJ)( Y, T) < Y, }90J>L(R) %\/ZJ_j' e

: ()2 42
it [e (@+1)2/2,—t /2€j(t)} dt

— /o (_1)3 (x _ iy)Je—J»’ [2+(z—1y)*/

/2]
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for any ¢, € ®; and j € Z,. For all (k) such that |(k)| = n it follows

(@t |50 [ < vy emeto T[22

|
=1 2]1 (.]l)

For any v > 0 and j € Z, we have

ultm wltm

L u m (7 +m)! _
et— = (=)™ < m2”m— <e
j! m§+ jlm! (j+m)! m§+ (7 +m)!

Since |(k)| = n it follows that

Substituting above instead of u the polynomial (2 + y?)/2 we obtain

)Jz ky

‘<(Ux,y,rﬁ)®n | ¢§Sk)>r’2 < (Qﬁ)nﬁ [ — (24> )/2&

i 2 (51)!

(2\/—> —n(a:2+y

As a consequence, the functions (1) belong to L?(H). The estimation (2) we immediately
obtain by integrating the last inequality on H. O]

2 THE MAIN UNITARY ISOMETRY

Since the Schrédinger unitary representation of H over L?(IR) contains the complex cyclic
subgroup T, we can apply the general result of [4] to the case of reduced Heisenberg group.

Definition 2.1. The closure in L*(H) of the complex linear span of all functions (1), ge-
nerated by the Fock symmetric basis ® (respective]y by ®, with n € N), we will denote by
H? (respective]y by Hi)

Now we consider the unitary representation of the diagonal form

U™ H > (z,y,7) — USl € Z(OpL*(R)) with UZ' :=@®"Usy,, nE€ Ly,

T,Y,T T,Y,T

where U®" is the unit in C and £ (O}, L*(R)) denotes the C*-algebra of all bounded linear
operators on () L*(R).
The next axillary statements immediately follow from [4] and the previous Lemma 1.1.

Lemma 2.1. (i) The unitary representation U®" is irreducible for any n € N.

(ii) For any g@%k) € ® with |(k)| = n the constants

~1/2
,_ (k)! (k)] | B 2
s H’<(Ux,wﬁ) | o8 >F’ dz dy dr (4)

are dependent on an index n € N but independent of indexes (j), (k) € Z.
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iii) For any element 1, € ()} L?>(R) uniquely corresponds the function
h

"Zn: H > (.I',y,’]') — {Zf\n(l',y,’/_) = Nn <(Ux’y77—ﬁ)®n ‘ wn>F7

which belongs to H?, and the equality
/@n(%va)En(xay?T) dr dydr = <Wn | 1/171>1"7 VY, wn € @ZLQ(R)a (5>
H

holds. The mapping of the form
h: ORLA(R) 3 o — G € H,, (6)

is an antilinear unitary equivalence between Oy L*(R) and H?2. The following inequal-

ity holds for all ¢y, w, € ©O; L*(R),

/ <<Ur,y,7h>®n ’ ¢n>r<(Um,y,Tﬁ)®" ’ wn>Fdx dy dt
H

< nl(n — 112" 2| r[|lwn e

(7)

Proof. Elements ¢,,w € (D) L*(R) present in the form of their Fourier decompositions on
the orthogonal basis ®,,,

(k) _ (m) _®m) T
" Z O‘J )' wn= Y Bl e (m)!
k), GZ"

with the Fourier coefficients agf)) ﬁ((”)l) € C, where |(k)| = |(m)| = n. Hence,

DRIGI |w > ((Upy, 1) ‘wn>rdx dy dr

= Z ‘O‘f )! /<(Ur,y7 & | ‘P®(k >F<<Ux,y,rﬁ)®‘(k)| ‘ 90((8;)(m)>rdx dydr|.
H

Applying the Cauchy-Schwarz inequality, we obtain

|2
> Jals J (Wb 50 (Voo By 0N | 57 ey
H

|
(k),(5) (m)

(m),(3)
(K)(5),(m), (@

i)
9 1/2 9 1/2
X (/ <(U$7y77ﬁ>®” | Sof%k)>r‘ dz dy d¢> (/ ‘ <(Ux7y77ﬁ)®n | wggm%‘ dx dy d¢> :
H H

Applying the inequality (2) and the Cauchy-Schwarz inequality one more, we have

n!?

(k) g(m) :
< 2 1w i

7 (2y/7)" my
<=2 ’a§f§5§i>)|m

< T (Sl ) (S )

/ <(Um7y77ﬁ)®|(k)\ | ¢n>r <(Ux7y7Tﬁ)®\(k)| ‘ wn>Fd-T dy dr
H
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n! K2 n!
It follows (7), as max — = max —— = n! and ||¢,||? = PP w2 =
2 n!

)y |ﬁ((gb)‘ ()1’ So, the integral [ <(Ux,y77ﬁ)®|(’“)‘ | ¢n>r<(Ux,y7Tﬁ)®|(k)| | wn>rdx dydr is a
(m),(0) mj:
Hermitian bounded form on () L*(R), which is antilinear by ¢, € (y L*(R) and linear by

wn, € O L*(R). Therefore, the statements (i) and (iii) directly follow from [4]. O

Let us consider properties of the systems

~

b= {Funez ),  Bo={3l: ()W ez k) =n},
which is generated by the orthogonal basis ® of the Fock space I', and where is denoted

ST B B k e
Puy =% with o @y, 7) =Ry Uagrh | 030) gy - Usrli | €5.) 1oy

with 8y = 1. Using that the Schrédinger representation U of H contains the cyclic subgroup
T, we similarly to [4] obtain the following.

Theorem 1. The system ® forms an orthogonal basis in ‘H? and the subsystem (IADn does
so in H2. If m # n then H2, is orthogonal to H2 in L*(H) and the orthogonal Hilbertian
decomposition

H =P H., H=C,

TZGZ+

holds. The surjective mapping (Which is a linear extension of (6))

h:To¢=EPvnr—d=> et (8)

TLGZ+ TLGZ+

where 1?0 =1y € C, realizes an antilinear unitary equivalence between the Fock space I and
the space H?. Moreover, the following equality holds

/QZ(I,y,T)E(I,y,T) dz dydr = <w ‘ w>r, Y, weTl. 9)
H

3 INTEGRAL FORMULAS FOR ANALYTIC EXTENSIONS

Lemma 3.1. For any function f = Y. f, € H?* with f, € H?2 its integral transform
neEZy

eLfIE) = /H S, (0,y. 7)) flay,7) dedydr, € € Qe (10)

with the Cauchy type reproducing kernel of the form
n i iyt —(t+)> "
ClE, (z,y,7)] = 1+ZW [76 y/Rﬁ(t)@yt (o) /zdt} . (zy.7)€H, (11)
neN

is a unique analytic extension of f on r2w) with the Taylor coefficients at the origin

dpelf)(€) n w222 |
n! - 21+n7rl+3n/4/H Te y/Rf(t)eyt (t+a)/ dt fn(ﬂf,yﬂ') dxdydT’ (12)

where ¢ € L*(R) and n € N.
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Proof. Applying the property that X, is independent on indexes (j), (k) € Z% and after the
formula (3) at j = 0, we conclude that these constants can be calculated by the formulas

| /_2 ) 2n
N = / (U )" [ 95| dar dy dr = / T et e A g dy
H
27

e |

" _”y2/2\/27r or \" 2r  ltnglin/2
() [—FTe=(F) -

It follows that the radius of convergence of the power series (12) is the inverse of

n 1
/T T -
nhjf)lo VR, = nhj{}o Qltngltn/2 — 3 /1
Therefore the power series of the form

n n
Cly (g, 7)) s =1+ ) n1in2 (€| Usyrh) 1o )

neN
n Ty : 2 "
=1+ E [ /E(t)e‘yt(t”) /2 dt
S [

is an analytic L°°(H)-valued function by the variable £ € Q2(r). For any function f € L?(H)
the linear functional F': L*(H) 3 g — [ fgdzdydr is Contmuous. Since €[f](§) =
Fo(£,-), the function €[f], determined by the formula (10), is analytic by £ € Qp2(g) in
view of [3, 3.1.2]. Therefore, differentiating €[f] in the formula (10) at the origin, we obtain

dg €[f](€)

n!

~ i | (7 | Wa)™Yy fula7) dodydr = SLLE)

for all £ € Q2®). By the Cauchy-Schwarz inequality

€L < g /H (€5 | (Usgeh)®™) (i, 7)| dwdy dr

n n
< WHfHH(R)anHLi(H) forall &€ L*(R).

Hence, every element f, € H2 has a unique continuous extension to a n-homogenous poly-
nomial €[f,] defined on L?(R), which takes the form (12). As is known [3, 2.4.2|, continuous
Taylor coefficients uniquely define the analytic function €[f] on §72(®). So, uniqueness of the
analytic extension €[f] is proved. O

Definition 3.1. Following to [4] we mean the space of analytic functions
H (Qew) = {€[f]: f e H*},

defined by the formula (10) with the finite norm

1/2
1e[f] e = sup ( / €Uy ) dxdyd¢> |

rel0,1)

the Hardy type space associated with the Heisenberg group H and the Gaussian density h.
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Applying Lemma 3.1 similarly to [4] we can prove the following statement.
Theorem 2. The following is an antilinear surjective isometry
(€ob): T3 r— Cl] € 1 (Ueqw) -

Now consider an analogue of analytic extension in a Poisson form. For this purpose we
need the positive function

n n
) =1+ srrrlélBm €€ Qe

neN

where the series is convergent by Lemma 3.1.

Theorem 3. The integral transform

PO = [ By ) fo.r) dedydr, e
H
with the Poisson type reproducing kernel

e @y )P
e(E. <)

EB [5? (Z’,y,T)] : > 07 6 S QLQ(R)a (:Cay77—) € H

satisfies the equalities
BlI=<lf],  PRef]=Rel[f].

€ (,y,7)]
€(¢,¢)

is uniformly bounded by the variables (z,y,7) € H for any fixed

Proof. 1t we put g(z,y,7) :=

¢lE (z,y,7)]

¢(¢,¢)
element § € Q2 via Lemma 3.1. For instance, we obtain €[f](§) = €[g](&). Therefore,

f(z,y,7) with £ € Qr2g), then g € H?, since

the function

eLfI(E) = /H CIE, (@9, 7)) gle,y,7) dx(e,y,7)
- /H BIE, (@,9,7)] fla,9,7) dx(e,y,7) = BUIE)

via Theorem 3.1, that it was necessary to prove. [
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Jlonymancekuit O.B., Onekcienko M.B. @opmyaa muny Iyaccona daa xaacie Xapdi na epynax
Xetizenoepsia // Kapnarceki maremarnani my6uikanii. — 2010. — T.2, Nel. — C. 87-95.

HoctiKyeTbest Kaac TUILY Xap/i KOMILUIEKCHUX (PYHKIH HeCKIHYeHO! KLIBKOCTI 3MIHHUX,
BU3HAYEHUX Ha YHITApHiit opbiTi MOpOMKeHill TaycciBChKOO (DYHKINEIO TYCTUHHU IPU HE3BITHO-
My npeacrasienti [peminrepa peaykoBanol rpynn Xeiizenbepra. Bcramosieno interpaabmy
dopmyny tumy Ilyaccona s iX aHaJITHYHAX PO3IIMPEHb Y BiAKpuTy Kyio. KoedirierTn
Teitmopa aHAITHYHIX PO3NINPEHD OIKUCAHO 3a JIOIOMOI'OI0 CHMETPUYHUX IpocTopiB Poka.

Jlonymanckuit O.B., Omnekcuenko M.B. @opmyasa muna I[lyaccona das waaccos Xapou wa
epynnax Xetsenbepea // Kapuarckue maremarnueckue mybuukamuu. — 2010. — T.2, Nel. — C.
87-95.

Uccnemnyercs kirace tuma Xapaum KOMILIEKCHBIX DYHKITH OECKOHETHOTO INC/Ta TIePEMEHHBIX,
OIIPE/IEJIEHHBIX HA YHUTApHON OpOWTe MOPOJIKJIEHHOI TIayCCOBCKON (YHKIMEN IJIOTHOCTU
Ipu HEIpHUBOAUMOM TupejicTapiennn IIpéauarepa perypoBanHoll Ipynnbl Xeitsenbepra.
YcranoBseno murerpaiabuyio dopmyiny tuna llyaccona st nx aHAJUTUYECKUX PACIIMPEHUIT
B OTKpPBHITYIO Ky/aio. Koadbdunmenrsr Teitopa amaanTuvecHUX pPaCIIUPEHUN OMUCAHBI MPU
ITIOMOIIY ACCOIMUPOBAHBIX CUMMeTpudecKuX mnpocrpancts Poka.



Kapnarceki maremaruwasi Carpathian Mathematical
my6srikamii. T.2, Nel Publications. V.2, Ne.1

VIK 515.124+512.58

PRYKARPATSKY A.K.!', ARTEMOVICH O.D.2, Porowicz Z.2, PAvLov M.V.*

RIEMANN TYPE ALGEBRAIC STRUCTURES AND THEIR
DIFFERENTIAL-ALGEBRAIC INTEGRABILITY ANALYSIS

Prykarpatsky A.K., Artemovich O.D., Popowicz Z., Pavlov M.V. Riemann type algebraic struc-
tures and their differential-algebraic integrability analysis, Carpathian Mathematical Publica-
tions, 2, 1 (2010), 96-108.

The differential-algebraic approach to studying the Lax type integrability of generalized
Riemann type equations is devised. The differentiations and the associated invariant differential
ideals are analyzed in detail. The approach is also applied to studying the Lax type integrability
of the well known Korteweg-de Vries dynamical system.

1 INTRODUCTION

Nonlinear hydrodynamic equations are of constant interest since the classical works by
B. Riemann in the general three-dimensional case, having paid special attention to their one-
dimensional spatial reduction, for which he devised the generalized method of characteristics
and Riemann invariants. These methods appeared to be very effective |21, 15 in investi-
gating many types of nonlinear spatially one-dimensional systems of hydrodynamical type
and, in particular, the characteristics method in the form of a "reciprocal" transformation
of variables has been used recently in studying the so called Gurevich-Zybin system |6, 5] in
[13] and the Whitham type system in [17, 2, 19]. Moreover, this method was further effec-
tively applied to studying solutions to a generalized [4] (owing to D. Holm and M. Pavlov)
Riemann type hydrodynamical system

DNu=0, D;:=030/0t+ud/0x, N €Z,, (1)

where u € C*°(R?;R) is a smooth function. The case N = 2 was recently analyzed in detail
in 2, 4] making use of the standard symplectic theory techniques. In particular, there was
demonstrated that the Riemann type hydrodynamical system (1) at N = 2, looking upon
putting z := D,u equivalently as

ut:z—uum}’ @)

Zp = —UZg

2000 Mathematics Subject Classification: 13N15, 12H05,12H10,37K10.
Key words and phrases: Differential-algebraic structures, Lax type integrability, invariant differential ideals,
generalized Riemann type equations.

(© Prykarpatsky A.K., Artemovich O.D., Popowicz Z., Pavlov M.V., 2010
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allows the following Lax type representation

Of 0z = lu, z Alf, Of/ot=p(0)f,  p((): —ufuzAHQ(A)

= (0 ) o= (50),
p(l) = ( _;\g/\% —Aux )’

where f € C)(R?,C?) and A € C is an arbitrary spectral parameter. Making use of a
method devised in [16, 11, 7] and based on the spectral theory and related very complicated
symplectic theory relationships in [4, 2, 14] the corresponding Lax type representations for
the cases N = 3,4 were constructed in explicit form.

In this work a new and very simple differential-algebraic approach to studying the Lax
type integrability of the generalized Riemann type hydrodynamic equations at N = 3,4 is
devised. It can be easily generalized for treating the problem for arbitrary integers N &€
Z., . The approach is also applied to studying the Lax type integrability of the well known
Korteweg-de Vries dynamical system.

2 THE DIFFERENTIAL-ALGEBRAIC DESCRIPTION OF THE LAX TYPE INTEGRABILITY
OF GENERALIZED RIEMANN TYPE HYDRODYNAMICAL EQUATION AT N =3 AND 4

2.1 The differential-algebraic preliminaries

Take the ring K := R{{x,t}}, (z,t) € R?, of convergent germs of real-valued smooth func-

tions from C(*)(R2?;R) and construct [18, 9, 20, 3| the associated differential polynomial

ring C{u} := K[Ou] with respect to a functional variable u, where © denotes the standard

monoid of all operators generated by commuting differentiations 9/0x := D, and 9/0t. The

ideal I{u} C K{u} is called [18, 9| differential if the condition I{u} = ©I{u} holds.
Consider now the additional differentiation

Dy : K{u} — K{u}, (4)

depending on the functional variable u, which satisfies the Lie-algebraic commutator condi-
tion

[Dac’Dt] = (Dmu)Dza (5>

for all (z,t) € R?. As a simple consequence of (5) the following general (suitably normalized)
representation of the differentiation (4)

=0/t + ud/0x (6)

in the differential ring K{u} holds. Impose now on the differentiation (4) a new Riemann

type algebraic constraint
DNu =0, (7)

defining some smooth functional set (or "manifold") MW) of functions u € R{{z,t}},
and which allows to reduce naturally the initial ring K{u} to the basic ring K{u}|r, C
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R{{z,t}}. In this case the following natural problem of constructing the corresponding rep-
resentation of differentiation (4) arises: to find an equivalent linear representation of the
reduced differentiation Dy|a ., : RFNV{{x,t}} — RF{{z t}} in the functional vector
space RPN Lz )} for some specially chosen integer dimension p(N) € Z..

As it will be shown below for the cases N = 3 and N = 4, this problem is completely
analytically solvable, giving rise to the corresponding Lax type integrability of the generalized
Riemann type hydrodynamical system (1). Moreover, the same problem is also solvable for
the more complicated constraint

Dyu — D3u = 0, (8)

equivalent to the well known Lax type integrable nonlinear Korteweg-de Vries dynamical
system.

2.2 The generalized Riemann type hydrodynamical equation: the case N=3

To proceed with analyzing the above formulated representation problem for the generalized
Riemann type equation (7) at N = 3, we first construct an adjoint to the differential ring
K{u} and invariant with respect to differentiation (6) so called "Riemann differential ideal"
R{u} C K{u} as

R{u} = {/\ Z fH Dy, — Z A D, DM + Z f3D2DMy : D¥u =0,

’VLEZ+ TLGZ+ ’VLEZ+

fO e K{ul,k=1,3,n¢ Z+} C K{u}, 9)

where A € R is an arbitrary parameter, and formulate the following simple but important
lemma.

Lemma 2.1. The kernel Ker Dy C R{u} of the differentiation D, : K{u} — K{u}, reduced
modulo the Riemann differential ideal R{u} C KC{u}, is generated by elements satisfying the
following linear functional-differential relationships:

th(l) = O) th(2) = Af(1)7 th(3) = f(2)7 <1O>

where, by definition, [® = f®(\) =Y €N € K{u}m,, = R{{z.t}}, k =13,
and A € R is arbitrary.

It is easy to see that equations (10) can be equivalently rewritten both in the matrix
form as

(11)

o O O

0 0
0 1

where f = (f0), f@, fONT € K3¥{u}|um,
in the compact scalar form as

5 A € Ris an arbitrary "spectral" parameter, and

D}fs=0 (12)
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for an element f; € K{u}|r, . Here it is worth to note that the Riemann differential ideal
(9), satisfying the D;-invariance condition, is in this case maximal. Now we can construct
by means of relationship (12) a new invariant, the so-called "Lax differential ideal" L{u} C
K{u}, isomorphic to the Riemann differential ideal R{u} C K{u} and realizing the Lax type
integrability condition of the Riemann type hydrodynamical equation (1). Namely, based
on the result of Lemma 2.1 the following proposition holds.

Proposition 2.1. The expression (11) is an adjoint linear matrix representation in the space
R3{{z,t}} of the differentiation D; : K{u} — K{u}, reduced to the ideal R{u} C K{u}.
The related D,- and Dy-invariant Lax differential ideal L{u} C KC{u}, which is isomorphic to
the invariant Riemann differential ideal R{u} C K{u}, is generated by the element f3(\) €
K{u}, A € R, satisfying condition (12), and equals

L{u} = {g1f3(X) + g2Dif3(A) + 93D} fs(A) : D f3(A) = 0,
A € R,g; € K{u},j=1,3} C K{u}. (13)

We now construct a related adjoint linear matrix representation in the functional vector
space R¥{{z,t}} for the differentiation D, : K{u} — K{u}, reduced modulo the Lax differ-
ential ideal L{u} C K{u}. For this problem to be solved, we need to take into account the
commutator relationship (5) and the important invariance condition of the Lax differential
ideal L{u} C K{u} with respect to the differentiation D, : K{u} — K{u}. As a result of
simple but slightly tedious calculations one obtains the following matrix representation:

)\Uz —Ug Zy
Dof = v, 5 N f, Cu,v, 2\ = BN 2w, e | (14)
6% r[u,v, 2] =3\ Au,

where, by definition, v := Dyu,z = Dw, (...); = Dg(...), a vector f € R*{{x, t}},
A € R is an arbitrary spectral parameter and a smooth functional mapping r : M) —
R{{x,t}}, M3) := M_, D! M), solves the following functional-differential equation

Dyr +rDyu=1. (15)

Moreover, the matrix £ := f[u, v, z; \] : R¥3{{x,t}}— R*{{x,t}} satisfies the following deter-
mining functional-differential equation:

Dyl + €D,u = [q(N), 4], (16)

where [, -] denotes the usual matrix commutator in the functional space R3*{{z,t}}. The
following proposition solving the representation problem posed above, holds.

Proposition 2.2. The expression (14) is an adjoint linear matrix representation in the
space R3{{x,t}} of the differentiation D, : K{u} — K{u}, reduced modulo the invariant
Lax differential ideal L{u} C K{u}, given by (13).
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Remark 2.1. Here it is necessary to mention that the matrix representation (11) coin-
cides completely with that obtained before in the work [4] by means of completely different
methods, based mainly on the gradient-holonomic algorithm, devised in [16, 11, 7]. The
presented derivation of these representations (11) and (14) is much easier and simpler that
can be explained by a deeper insight into the integrability problem, devised above using the
differential algebraic approach.

To proceed further, it is now worth to observing that the invariance condition for the Lax
differential ideal L{u} C K{u} with respect to the differentiations D,, D, : K{u} — K{u}
is also equivalent to the related Lax type representation for the generalized Riemann type
equation 1 in the following dynamical system form:

Up =V — Ully
v =2z—uv, p:=Klu,v,zl, (17)

2 = —UZy
Namely, the following theorem, summing up the results obtained above, holds.

Theorem 1. The linear differential-matrix expressions (11) and (14) in the space R*{{z,t}}
for differentiations Dy : K{u} — K{u} and D, : K{u} — K{u}, respectively, provide us with
the standard Lax type representation for the generalized Riemann type equation (1) in the
equivalent dynamical system form (17), thereby implying its Lax type integrability.

The next problem of great interest is to construct, making use of the differential-algebraic
tools, the functional-differential solutions to the determining equation (19), and to construct
the corresponding differential-algebraic analogs of the symplectic structures characterizing
the differentiations D,, D, : K{u} — K{u}, as well as the local densities of the related
conservation laws, which were derived in [4, 14].

A was shown above and in [4, 14], the dynamical system (17) possesses the following Lax
type representation:

fx = g[uava z; A}f? ft = p(€>f7 p(ﬁ) = _ug[uava Z3 )‘] + Q()\)a

AUy, —Uy 2z 0 0 0
lu,v,2; ] = 32 2y Mg |, gAN) =1 X0 0 |,
6% r[u,v, 2] =3\ Au, 010 (18)

— AUty UV, —UZy
p(l) = =3uN+ XN 2w,  —Auv, |,
—6X\*ru, v, 2Ju 14 3ul  —Auu,

where f € Lo(R;E?), A € R is an arbitrary spectral parameter and a function r : M — R
satisfies the following functional-differential equation:

Dir +rDyu =1 (19)
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under the commutator condition (5).

Notwithstanding a slightly complicated form of the functional-differential equation 19,
making use of the differential-algebraic approach devised above, one can easily derive the
next supplementing theorem, describing its exact solutions on the corresponding functional
manifold M(g).

Theorem 2. The following set of functional expressions

vy u? ud o uyu, N 3 / Uy v cR
To =—=— — —— Tq = —_— _ _—
T 22,0 622 222 4z, Zy 222

solves the functional-differential equation (15) on the corresponding manifold M(g).

The set (20) coincides exactly with that constructed before in [4, 2, 14| by means of
completely different techniques.

2.3 The generalized Riemann type hydrodynamical equation: the case N=4
Now consider the generalized Riemann type differential equation (1) at N =4
D}u=0 (21)

on an element v € R{{x,t}} and construct the related invariant Riemann differential ideal
R{u} C K{u} as follows:

R{u} := {)\3 S VDR =N fPD DI+ A Y fP DD (22)

n€Z+ HEZ+ TLGZ+

= fODIDu : Diu=0,XeR, fP e K{u} k=T14n¢e Z+}

nEZ+

at a fixed function v € R{{z,t}}. The Riemann differential ideal (22), satisfying the D,-
invariance condition, is in this case also maximal. The corresponding kernel Ker D, C R{u}
of the differentiation D, : K{u} — K{u}, reduced upon the Riemann differential ideal (22),
is given by the following linear differential relationships:

DifM =0, Dif® = AfW, D f® = AfP, D f@ = Af, (23)

where f®) = fB() = 3 o A € K{u}lm, = R{{z.t}}, k = T4 and X € R is
arbitrary. The linear relationships (23) can be easily represented in the space R*{{z,¢}} in
the following matrix form:

Dif =qN)f, q(A) =

o O > O
S > O O
> O O O
o O O O
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where f := (fM), f@ O fA)T € RY{z,t}}, and A € R. Moreover, it is easy to observe
that relationships (23) can be equivalently rewritten in the compact scalar form as

DifY =0, (25)

where an element f; € IC{u}. Thus, now one can construct the invariant Lax differential
ideal, isomorphically equivalent to (22), as follows:

L{u} = {91f<4) + gDy fY + 93Dt2f(4) + 94D£0’f(4) ; fo(4) =0,
g; € IC{’LL},] = m} - /C{u}, (26)

whose D, -invariance should be checked separately. The latter gives rise to the representation

—\u, v, —Aw,, Za
—4)\? 3Nu,  —2\%0, w,

D.f = ; A = 2
th E[U,U,’LU,Z, )\]fa K[u,v,w,z)\] —10>\5T1 6)\4 —3>\3U$ )\2’01; ) ( 7)
—20X\ry 10MN%r;  —4X* N,
where we put, by definition,
Dy = v, Dy = w, Dyw = z, D;z := 0, (28)

(u,v,w,2)T € M(4) C R*{{x,t}}, and the mappings 7; : M(4) — R{{z,t}},j = 1,2, satisfy
the following functional-differential equations:

Diri +riDyu=1, Dyro +roDyu = 11, (29)

similar to (15), considered above. The equations (29) possess many different solutions,
amongst which are the functional expressions:

ww?  vwd vw? Tw® wb

—- DM - , 30

& Sz 37 Yo T oo T 1) (30)
ww?  vwt 3w vw® w’

- D, _ _ .
"2 (35 ~ 621 T 805 T 1205~ 12050

Whence, we obtain the following proposition.

Proposition 2.3. The expressions (24) and (27) are the linear matrix representations in
the space R*{{x,t}} of the differentiations D; : K{u} — K{u} and D, : K{u} —
KC{u}, respectively, reduced upon the invariant Lax differential ideal L{u} C K{u} given
by (13).

Based now on the representations (24) and (27) one easily constructs a standard Lax
type representation, characterizing the integrability of the nonlinear dynamical system

Uy =V — Ul
R g Klu,v,w, z], (31)
Wy = 2 — uw,

2 = —UZg

equivalent to the generalized Riemann type hydrodynamical system (21). Namely, the fol-
lowing theorem holds.
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Theorem 3. The dynamical system (31), equivalent to the generalized Riemann type hy-
drodynamical system (21), possesses the Lax type representation

fo = Lu, v, z,w Alf, fi=p0)f,  p(l) == —uwllu,v,w, 2z A] + q(}), (32)

where f € R*{{z,t}}, A € R is a spectral parameter and

—\u, v, —\w, Zs 0 0 00
4\ 3N, —2X\%u, A\w A0 00
14 PA = v z x A) =
[, vy, 23 A C10Xr 60 —3u, Az, | 1Y 0Xx00 |
—20\%75 10X°1r;  —4X* Nuy, 00 X0
AU, —\uv, AUW,, —UZy

A+ 40w =3Nuu,  2\%uv, = uw,
10X%ur; A —6X ' 3Nuu,  —Nuw,
20\ury  —10MN%ur; A+ 4\ —Nuuy,

p(f) =

so it is a Lax type integrable dynamical system on the functional manifold M(4).

The result obtained above can be easily generalized on the case of an arbitrary integer
N € Z,, thereby proving the Lax type integrability of the whole hierarchy of the Riemann
type hydrodynamical equation (1). The related calculations will be presented and discussed
in other work. Here we only do the next remark.

Remark 2.2. The Riemann type hydrodynamical equation (1) as N — oo can be equiva-
lently rewritten as the following Benney type [1, 10, 15] chain

D™ =" D, =0/t +uV0 /0, (34)
for the suitably constructed moment functions u™ := Dru® u©) .=y € R{{x,t}},n € Z,.

This aspect of the problem is very interesting and we plan to treat it in detail by means
of the differential-geometric tools elsewhere.

3 THE DIFFERENTIAL-ALGEBRAIC ANALYSIS OF THE LAX TYPE INTEGRABILITY OF
THE KORTEWEG-DE VRIES DYNAMICAL SYSTEM

3.1 The differential-algebraic problem setting

We consider the well known Korteweg-de Vries equation in the following (8) differential-
algebraic form:

Dyu — D3u =0, (35)

where u € K{u} and the differentiations D; := 0/0t + ud/0x, D, = 0/0x satisty the
commutation condition (5):
ID,. D] = (D,u)D,. (36)
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We will also interpret relationship (35) as a nonlinear dynamical system
Dyu = Dyppu (37)

on a suitably chosen functional manifold M C R{{x,t}}.

Based on the expression (35) we can easily construct a suitable invariant KdV-differential
ideal KdV{u} C K{u} as follows:

KdV{u} := {Z Z W DEDry, e K{u} : Dyu — D3u =0,
k:@nEZ.,_

f® e K{u},k=0,2,ne€Z,} C K{u}. (38)

n

The ideal (38) proves to be not maximal, that seriously influences on the form of the reduced
modulo it representations of derivatives D, and D; : K{u} — K{u}. As the next step we
need to find the kernel Ker D, C KdV{u} of the differentiation D, : K{u} — K{u}, reduced
upon the KdV-differential ideal (38). We obtain by means of easy calculations that it is
generated by the following differential relationships:

DO = A0, Dif® = -Af® +2fPD,u,
th(l) — _)\f(l) +f(1)D$u+f(2)Dmu, (39)

where, by definition, f® := f®(\) = 3,5, "N € K{u}ln = R{{z,t}},k = 0,2, and
A € R is an arbitrary parameter. Based on the relationships (39) the following proposition
holds.

Proposition 3.1. The differential relationships (39) can be equivalently rewritten in the
following linear matrix form:

(40)

Dof = gV, q(A)zz(Dﬂ”“‘A Dz )

0 2D, u — A\

where [ := (fi, fo)T € R*{{z,t}}, X € R, giving rise to the corresponding linear matrix
representation in the space R*{{x,t}} of the differentiation D; : K{u} — K{u}, reduced
upon the KdV-differential ideal (38).

3.2 The Lax type representation

Now, making use of the matrix differential relationship (40), we can construct the Lax
differential ideal related to the ideal (38)

L{u} = {<g,f>pcK{u}:Dif =qNf,
frg € KYu}} CK{u}, (41)

where < -, - >p2 denotes the standard scalar product in the Euclidean real space E2. Since
the Lax differential ideal (41) is, by construction, D;-invariant and isomorphic to the D,-
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and D, -invariant KdV-differential ideal (38), it is necessary to check its D, -invariance. As
a result of this condition the following differential relationship

(42)

Dof = 0fus N f, s N] = ( Dy 2D, )

-1 —-D,a

holds, where the mapping a : M — R{{z,t}} satisfies the functional-differential relation-
ships
Dya =1, Dyu — D3u = 0, (43)

and the matrix £ := f[u; ] : R*{{z,t}} — R*{{x,t}} satisfies for all A € R the determining
functional-differential equation

Dl + ¢Dyu = [qg(N), €] + Dyq(N), (44)

generalizing the similar equation (16). The result obtained above we formulate as the fol-
lowing proposition.

Theorem 4. The derivatives D; : R{{z,t}} — R{{x,t}} and D, : K{u} — K{u} of
the differential ring K{u}, reduced upon the Lax differential ideal L{u} C K{u}, which
isomorphic to the KdV-differential ideal KdV{u} C K{u}, allow the compatible Lax type
representation (generated by the invariant Lax differential ideal L{u} C K{u})

Dif = o/, ) :=(D"’”“‘A Dazt )

0 2D, u — A
D.a 2D,.a. >

(45)

Dt = sy, o= (2 20t

where the mapping a : M — R{{x,t}} satisfies the functional-differential relationships (43),
f € R*{{x,t}} and X € R.

It is interesting to mention that the Lax type representation (45) strongly differs from
that given by the well known [12] classical expressions

D,u/6 —(2u/3 —4\)
Dif = qa(N)f, qa(A) = | Dyu/6— (u/6—\)x ,
| l % (2u/3 — 4)) —HD:u/6
0 1

where, as above, the following functional-differential equation (equivalent to the nonlinear
dynamical system (37) on the functional manifold M)

Dtgcl + ECleU — [QCZ(A)a gcl] + Dchl(A)J (47>

holds for any A € R. This fact, as we suspect, is related with the existence of different D;-
invarinat KdV-differential ideals of form (38), which are not maximal. Thus, a problem of
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constructing a suitable KdV-differential ideal KdV {u} C K{u} generating the corresponding
invariant Lax type differential ideal L{u} C IC{u}, invariant with respect to the differential
representations (46), naturally arises, and we expect to treat this in detail elsewhere. There
also is a very interesting problem of the differential-algebraic analysis of the related symplec-
tic structures on the functional manifold M, with respect to which the dynamical system
(37) is Hamiltonian and suitably integrable. Here we need also to mention a very interesting
work [22], where the integrability structure of the Korteweg-de Vries equation was analyzed
from the differential-algebraic point of view.

4  CONCLUSION

The results presented provide convincing evidence that the differential-algebraic tools,
when applied to a given set of differential relationships based on the derivatives D; and D, :
K{u} — K{u} in the differential ring {u} and parameterized by a fixed element u € {u},
make it possible to construct the corresponding Lax type representation as that realizing the
linear matrix representations of the derivatives reduced modulo the corresponding invariant
Riemann differentail ideal. This scheme was elaborated in detail for the generalized Riemann
type differential equation (1) and for the classical Korteweg-de Vries equation (37). As these
equations are equivalent to the corresponding Hamiltonian systems with respect to suitable
symplectic structures, this aspect presents a very interesting problem from the differential-
algebraic point of view, which we plan to study in the near future.

5 ACKNOWLEDGEMENTS

The authors are very appreciated to the Organizing Committee of the Workshop "Mod-
ern problems in probability theory and mathematical analysis", held in Vorokhta, Ukraine,
on 25-28 March 2010, for the invitation. The authors are also much obliged to Profs.
Zbignew Peradzyniski (Warsaw University, Poland), Jan Stawianowski (IPPT, Poland) and
Denis Blackmore (NJIT, New Jersey, USA) for very valuable discussions. A.K.P. is cordially
thankful to Dr. Camilla Hollanti (Turku University, Finland) for the invitation to take part
in the "Cohomology Course-2010", to deliver a report and for the nice hospitality. M.V.P.
was in part supported by RFBR grant 08-01-00054 and a grant of the RAS Presidium "Fun-
damental Problems in Nonlinear Dynamics". He also thanks the Wroclaw University for the
hospitality. The last but least thanks go to Referees, whose many instrumental comments,
suggestions and remarks made the exposition strongly improved.

REFERENCES

1. Benney D.J. Some properties of long nonlinear waves, Stud. Appl. Math., 52 (1973), 45-50.

2. Bogolubov N. (jr.), Golenia J., Popowicz Z., Pavlov M., Prykarpatsky A. A new Riemann type hydro-
dynamical hierarchy and its integrability analysis, Preprint ICTP, IC/2009,/095, 2010.

3. Crespo T., Hajto Z. Introduction to Differential Galois Theory, Preprint IMUJ, Cracow, 2007.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

DIFFERENTIAL-ALGEBRAIC INTEGRABILITY ANALYSIS 107

Golenia J., Pavlov M., Popowicz Z., Prykarpatsky A. On a nonlocal Ostrovsky- Whitham type dynamical
system, its Riemann type inhomogenious reqularizations and their integrability, SIGMA, 6 (2010), 1-13.

Gurevich A.V., Zybin K.P. Large-scale structure of the Universe, Analytic theory Sov. Phys. Usp., 38
(1995), 687-722.

Gurevich A.V., Zybin K.P. Nondissipative gravitational turbulence, Sov. Phys. JETP, 67 (1988), 1-12.

Hentosh O., Prytula M., Prykarpatsky A. Differential-geometric and Lie-algebraic foundations of investi-
gating nonlinear dynamical systems on functional manifolds, Lviv University Publ., 2006 (in Ukrainian).

Kaplanski I. Introduction to differential algebra, NY, 1957.
Kolchin E. R. Differential Algebra and Algebraic Groups, Academic Press, 1973.

Kupershmidt B.A., Manin Ju.l. Long wave equations with a free surface. II. The Hamiltonian structure
and the higher equations, Funktsional. Anal. i Prilozhen., 12, 1 (1978), 25-37.

Mitropolsky Yu., Bogolubov N. (jr.), Prykarpatsky A., Samoylenko V. Integrable dynamical system:
spectral and differential-geometric aspects, Kiev: “Naukova Dumka”, 1987 (in Russian).

Novikov S.P. Theory of Solitons, Moscow, Nauka Publ., 1980 (in Russian).
Pavlov M. The Gurevich-Zybin system, J. Phys. A: Math. Gen. 38 (2005), 3823-3840.

Popowicz Z., Prykarpatsky A. A. The non-polynomial conservation laws and integrability analysis of
generalized Riemann type hydrodynamical equations, arXiv:submit/0044844 [nlin.SI], 21 May 2010.

Prykarpatsky A.K., Blackmore D., Bogolubov N.N. (jr.) Hamiltonian structure of Benney type hydrody-
namic systems and Boltzmann-Viasov kinetic equations on an azis and some applications to manufac-

turing science, Open systems and Information dynamics, 6 (1999), 335-373.

Prykarpatsky A., Mykytyuk I. Algebraic integrability of nonlinear dynamical systems on manifolds:
classical and quantum aspects, Kluwer Academic Publishers, the Netherlands, 1998.

Prykarpatsky A.K., Prytula M.M., The gradient-holonomic integrability analysis of a Whitham-type
nonlinear dynamical model for a relazing medium with spatial memory, Nonlinearity, 19 (2006), 2115—

2122.

Ritt J.F. Differential algebra, AMS-Collogium Publications, vol. XXXIII, New York, NY, Dover Publ.,
1966.

Sakovich S. On a Whitham-Type Equation, SIGMA, 5 (2009), 101.

Weil J.-A. Introduction to Diffeerential Algebra and Differential Galois Theory. CIMPA-UNESCO-
VIETNAM Lectures: Hanoi, 2001.

Whitham G.B. Linear and Nonlinear Waves, Willey-Interscience, New York, 1974.

Wilson G. On the quasi-Hamiltonian formalism of the KdV equation, Physics Letters, 132:8/9 (1988),
445-450.



108 PRYKARPATSKY A.K., ARTEMOVICH O.D., Popowicz Z., PAvLOV M.V.

! Ivan Franko State Pedagogical University, Drohobych, Ukraine and
AGH University of Science and Technology, Cracéw, Poland
pryk.anat@ua.fm

2 Vasyl Stefanyk Precarpathian National University,
Ivano-Frankivsk, Ukraine

artemoQusk.pk.edu.pl

3 University of Wroclaw, Poland

ziemek@ift.uni.wroc.pl

4 Lebedev Physical Institute,
Moscow, Russia

m.v.pavlov@lboro.ac.uk

Received 26.07.2010

IIpukapnarcekuit A.K., Apremopuu O./1., ITonosiu 3., ITaBmos M.B. Anzebpaiuni cmpyxmypu
muny Pimana ma dudepenuiarvho-aszebpainnui anaria ix inmeeposhocmi // Kapnarcbki ma-
Temarnani mybstikamii. — 2010. — T.2, Nel. — C. 96-108.

PosBuBaeThest nudepeniiaabHo-aaredpaltHmii miaxia 10 iHTerpoBHOCTI y3arajJbHEeHUX PiB-
HsHb Uy PiMana. AHaji3yerbes cTpyKTypa JudepeHIiioBaib Ta acoliioBaHnX 3 HUMU iHBapi-
AHTHUX audepeHIiaabauX igeasis. I1iaxim Tako:K 3aCTOCOBYETHCA IO BUBYEHHS iHTETPOBHOCTI
3a Jlakcom Bimomoi aunamiunoi cucremu Kopresera-me @pisa.

IIpukapnarckmit A.K., Apremoua O./., ITomosuu 3., ITaBmos M.B. Axzebpauueckue cmpyx-
mypo. muna Pumana u duddeperyuanrvro-aseebpauieckul aHaiu3 UL UHMeE2PUpyemocmuy //
Kapnarckue maremarnaeckue mybsmkanuu. — 2010. — T.2, Nel. — C. 96-108.

PaspuBaercst juddepenimaibHo-aarebpandeckuii Moaxo K U3yUYeHUI0 UHTErPUPYEMOCTH
0000IIeHHBIX ypaBHeHuil Tuna Pumana. Awnanusupyercst crpykrypa jauddepeHupoBanmii u
ACCOIMMPOBAHHBIX C HUIMU WHBAPUAHTHBIX Tuddepennuaabubix naeanos. [lomaxon Takxke mpu-
MEeHsEeTCs K HCCJIEIOBAHNIO NHTETPUPYEMOCTY N3BECTHOM JUHAMIYECKOI cucteMbl Kopresera-jie
®puza.
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IMPSIMI AHAJIOTY HEPIBHOCTI BIMAHA AJ1d ®YHKIIIN
AHAJIITUNYHNX B OIMHNYHOMY KPYVY3I

Cxkackis O.B., Kypuisik A.O. IIpami anasozu nepiehocmi Bimarna das GyHruit aHaAimusHuT
6 odunuuromy kpysi // Kapnarceki maremaruani my6sikanii. — 2010. — T.2, Nel. — C. 109-118.

Hexait f(z) = Y..°,an2z" — anmamiruuna bynkuis B {z : [z| < 1}, h € H i Qf(r) =
Yoo o lan|r™. Axmo

TOJI BUKOHY€ThCsI HepiHicTh Bimana My(r) < pug(r) Int/2+° pg(r) ms Beix r € (ro, 1)\E(9),
ne h —meas F < +o00.

1 BCTVII I ®OPMVJ/IFOBAHHA PE3VJIbTATIB

Binoma teopema Bimana-Basipona ctsepiikye, 110 718 KOKHOT 111101 (DYHKIIIT
oo
fz) =) anz" (1)
n=0

i st koxkHOrO € > 0 icHye muOKuHa E C [1;+00) ckindennoi jiorapudmianoi mMipu (10610
[pdInr < 400) raka, mo (¥ r € (1,400)\E) :

My (r) < pug(r) '/ g (r).

Y 1929 — 1930 pp. II. JleBi j10BiB, 10 Maii?Ke HAIIEBHO Y JIEAKOMY WMOBIPHICHOMY CEHC1
nokasHuk 1/2 y miit mepiBHocTi Mokna 3aminnTé Ha 1/4.

VY nopasbiiomy, K cama HepiBaicTh Bimana, tak i edexT Busiienuii JIesi nepenocunch
Ha pisHi kiracu anasmiTnanux ¢yskiii. 3okpema, H. M. Cyneitmanos ([3]) BcranosmoBas
aHasiorn HepiBHOCTi Bimana y kiaci anamituaanx B oguamaHomy Kpysi D = {z : |z| < 1}
dyukuiit, a I1. B. @inesny ([2]) gocaimpkyBas y 1ux Buna/Kax HagBHicTb edekTis Tuiry Jlesi.

2000 Mathematics Subject Classification: 30B20.
Karwuosi caosa i ¢pasu: HepiBHicTh BiMaHna, aHaiTuaHi QyHKITIL.

(©) Cxackis O.B., Kypusak A.O., 2010
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Teopema. ([3]) Hexaii f — anamitnana ¢yrkiis surasy (1) 3 pagiycom 36ixuocti R(f) = 1.
Srmoh € H : By, > 0,10 (V6 > 0) (3E(, f,h) = E C (0,1)) (3ro € (0,1)) (V7 € (10, 1)\E)

My(r) < %lnl/“‘;%@ Ta /16?7, < 4o00.
E

Pazom 3 TuMm, y 1ux J0C/KEHHAX BiJCYyTHI NpsiMi aHajiorn HepiBHOcTi Bimana, Tomy
IIPOBEJIEH] Y CTATTI JOCIIZKEHHsT MTOK/JIMKAHI 3all0BHUTH 110 porajuHy. OTxKe, MeTOIo i€l
CTATTI € BCTAHOBUTH, 38 AKX YMOB Yy KJaci anamituanux B D dyHKIii npaBuibHa HEPIBHICTH
Bimana i goctiuTu HagBHICTD y 1TbOMY BUNAJKY edekTy JIesi.

Hexait f — anamiTudHa B OMMHIYIHOMY KPY3i, IKYy MOKHA mojaTn y Buriisz (1) 3 pasaiycom
s6ixkuocTi R(f) = 1. Ilpumycrumo, mo f mae makcumyMm momyns My(r) = max{|f(2)] :
|z| = r} i makcumanbunit wien pr(r) = max{|a,|r" : n > 0}. Yepes H mosnadmmo Kjac
HerepepsHuX Jojgaraux Ha (0, 1) dyskiiii, Takux mo h(1—0) = +oo 1 s gesikoro g € (0, 1)

/1 h(r)dr = +oo.

L]

Tlozmauumo

+oo
. . InInQ(r) —— InInQ(r)
Qf(r)znzzolanlr, o= k) 0 T k)

r—1 r—1

Teopema 1. Hexaii f — anamitmana ¢yuknis surasgy (1) 3 R(f) = 1. Sxkmo h € H
B> 0,10 (¥ 6 > 0) (BE(, £.h) = E € (0,1)) (Bro € (0,1)) (¥ 7 € (10, )\E)

Me(r) < h(r)pp(r) In'?% pe(r) 1a /h(r)dr < +00. (2)

Bokpema, gxmo h € H ta (B, = +oo, o Inh(r) = o(lnlnQs(r)) (r — 1), Tomy iy
nepiiii HepiBHocti (2) MHOXKHUK h(r) mMoxkHa omycruTu. To6To, nMpaBHILHUM Oyje Takuii
HACJI JOK.

Hacninok 1.1. Hexaii f — ananirnuna ¢pyrkmis surasyry (1) 3 R(f) = 1. Sdxmo h € H -
Bn = +oo, To (V0 > 0) (IE(9, f,h) = E C (0,1)) (Fro € (0,1)) (V7 € (ro, 1)\ E)

My(r) < pp(r) I pe(r) ma /h(r)dr < +o00.

E

Y Bunajxy, ko 0 < ay, < 400, OyAyTh CIpaBeIJIMBIMU TaKi TBEPIZKCHH.

Teopema 2. Hexail f — anamirmuna $yukuis surasgy (1) 3 R(f) = 1. Sdxkmo h € H
0 <ap <+oo, 10 (Vd>0)3ES,fh)=EC(0,1)) (Froe€ (0,1)) (Vr € (r,1)\E)

M(r) < h(r)pp(r){In h(r) In(h(r)ps(r)) }/?70 a /h('r’)dr < +00.

E
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Yepes K(f, Z) nosnauumo kjiac pyHKINH BUDIISILY

Fzt) = anZa(t)2", (3)

ne f — anamituana dyskuis surasny (1) 3 R(f) = 1,1 Z = {Z,(t)} — nocainoBHicTb
BUITJIKOBUX BEJIMYNH, 33JaHuX Ha fiMoBipaicHoMy mipoctopi [Ireiinraysa (2, A, P). Tyt Q =
[0,1], A — o—anrebpa Bumipnux 3a Jleberom mimmuoxkun ), P — mipa JlebGera Ha mpsiMiii.
MaremaTraHe CIIOMIBAHHS 1 JUCIIEPCist BUIAIKOBOI BeJIUIUHA £, = X, + 1Y; 00UUCIOIOTHCS
3a bopmyIamMu

MZ, = / X, P(dt) +z‘/ Y,P(dt), DZ,=M(|Z,~MZ,).
QO Q

Biamosisso OyjemMo roBopuTH, MO JiedKa BIACTUBICTH BUKOHYETHCA MaUdHCe HAMEEHO 6
K(f,Z), axmo Jleberosa mipa tux t € (0,1), nupu sskux f(z,t) BOJIOJIE TI€I0 BJIACTUBICTIO,
JIOPIBHIOE OJIMHUATI].

[TocnitoBricTh X JificHUX BUIIAIKOBUX BEJIMIUH HAZUBAETHCA MYAOMUNAKAMUCHOIO CUC-
memoto (MC), axmo MX; X,, ... X;, = 0 ana gosinbaux i < 9 < ... < ix,k > 1, a
nociainosuicts Z, = X, + 1Y, wasuBacthca MC, axkmo X = (X,) i Y = (V,) € MC.
[Toznaunmo

My(r, ) = max{| (2 )], 2] = r}.

Teopema 3. Hexaii f — ananitnana ¢yuxnis surasgy (1) 3 R(f) =1, Z e MCi|Z,] <1
qrst maiioke Beix t € (0,1). HAxmo h € H : B, > 0, To maiixe nanesuo B K(f, Z) (V € > 0)
(3 E(e,t) = E C (0,1)) (3ro(t) € (0,1)) (Vr € (ro(t),)\E) :

M(r,t) < /h(r)up(r) In " e (r)  1a /h(r)dr < 4o00.

E

Hacainok 1.2. Hexaii f — anamirnana Gynkmis sursygy (1) 3 R(f) =1, Z e MC1i|Z,| <1
st matike Beix t € (0,1). Axmo h € H : By, = +00, 10 Maiike HanesHo B K(f, Z) (Ve > 0)
(3 E(e,t) = E C (0,1)) (3ro(t) € (0,1)) (Vr e (ro(t), )\E) :

My(r,t) < pp(r) In/** () 1a /h(r)dr < +00.
E

Hpuitassum B Teopemi 3 h(r) = In Qf(r), mpu r > 1y, >0, orpumaemo Fp, = 1/0 >
0 ta Mg(r,t) < pp(r)In'/*F2% 1 (). Orxe, Mu oTpUMAaTH TaKHi HACTITOK.

Hacainok 1.3. Hexaii f — ananitnana ¢ynkmis sursiay (1) 3 R(f) =1, Z e MCi|Z,| <1
st maiike Beix t € (0,1). fkmo h € H @ By, > 2, To Maiizke namesno B K(f, Z) (Ve > 0)
(3 E(e,t)=FE C (0,1)) (3ro € (0,1)) (V7 € (ro(t), D\E) :

My(rt) < pup(r)In'/2% pp(r)  1a /h('r’)dr < +00.

E
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2 JIOBEAEHHSI TEOPEM 1 1 2.

osedenna meopemu 1. Hexait g(x) = > 00 |a,|e™, v < 0, 1 £ — BUnagKOBa BEIMYUHA 3
g n=0

PO3TOTITIOM
1
P E = Nn)=——-—
&=n) g(x)

Tomi M¢ = gi(x) 1 DE = g/ (x), ne g1(x) = Ing(z).
3a mepisuictio Yeburmosa orpumyemo P(|€ — g1 (x)| < /2¢](x) ) > 1/2, To6T0

g(x) <2 > |anle™. (4)

In—g1 ()| <+/297 (z)

[Ipuitmemo x = Inr < 0 y HepiBrocTi (4) i orpuMaemo

g@) <2u,r) YL

In—g1 (z)|<+/29 (z)
Ockinbku gi(z) — /29)(x) < n < g (x) + \/2¢{(x), To

> 1= [g1(2) + V297 (2)] — [91(x) — V297 (2)] < 2/2¢](x) + 1.

In—g1 ()| <4/ 297 (x)

Orxe,
g9(x) < 2up(r)(2v/29:" () + 1). (5)
Hexait V e1 > 0,V g5 > 0

={z <0:g{(z) > h(e")g:/'(z)(In gy ()", gi(z) > 2},

By = {2 <0: g\(x) > h(e")(g: (@), gu(a) = 1},
. gi(@) g
/&M”M/El e </2 DB

(
[EQ hle)dr < / (g1 ( lgflﬁz dr < /joo tit@ < +o00.

h
/ h(e®)dx = / ﬁdr < 00,
E U Es E T

ne B— 06pa3 muoxunu Ey | J Ey upu Bimobpaxenni r = e*. OuesuHo, mo h — measEl =
= [y h(r)dr < +oo.
To;u 3 (5) mpu r ¢ E orpumaemo

Toi,

g(nr) < 2p;(r)(2v/2g{(2) +1) < 2#]”(7")(2\/5\/}1(61)9/1(5” n' gy (2) + 1)

< dpiy(r (VW (e7)g1 % (@) In" =" (h(e*)g} 2 (a >>+1>
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1+4eq

£ (h(r)g= () + 1)

=Aps(r) <h(r) 29172 (z) In

1+2eq

< 1605 (r)h(r)g2 " (2) (h(r) + (1 + &) In gy () 7 (6)

Bpaxysasum, mo 3eg > 0: Inh(r) < (Bp, — £0) ' In g1 (x), orpumaemo

9(x) < Cler, 20, Bp)h(r)g ()g? = (@) (I g1 (2)) 545 < Coh(r)pp(r)g? (@), (7)

g1(z) =lng(z) <InCi +Inps(r)+Inh(r) + (0,54+¢)ln g (z)
<InCi+1Inps(r) + Colngi(z).

Orxke, g1(x) —InCy — CoIngy(x) <Inpp(r), gi(z) < 2Inps(r), r — 1.
Toni 3 (7) orpumaenmo

g(x) < CLh(r)pg(r)(21n g (r) 2 < A(r g (r) In=* g (r).

Ockineku My (r) < g(Inr), T0

My (r) < h(r)ps(r) In2*° g (r).
]

Jlosederns meopemu 2. Anamnoriuno, sik i y moBejieHHi Teopemu 1, npu r ¢ E orpumyemo
HePiBHICTh

€ 1427

g(Inr) < 16p(r)h(r)g? 7 () (nh(r) + (1 + ) n gy (2)) 2

Bpaxosytotun, mo Jep > 0: Ingy(x) < (afn + €0) In h(r), orpumaemo

14e 1+e

g(z) < Cler, 2, apm)h(r)us(r)gy® (x)(Inh(r))2*= < Ch(r)(Inh(r)= s (r)g, (x).

gi(x) =Ing(x) <InC+1Inps(r)+ (1 +eo) Inh(r)+0,5(1 +¢) In g (2).

Orxe,
g1(z) —InC — (0,54 ¢)Ingi(x) <lnpp(r)+ (14 ¢eo) Inh(r),

g1(z) <2(Inps(r) +Inh(r)) = 2In(h(r)pe(r)), r — 1.

g(x) < Ch(r)(In h(r)? = up(r) 2 In(A(r)ps(r)) 7 < () s (r){In(r) In(h(r) s (r) /27,

Tomy

M;(r) < h(r)pg(r) (i A(r) In(h(r)py (1) } /257,
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3 JIOTIOMI?KHI PE3VJIBTATU

Jlema 3.1. Hexaii go(s) — gonarHa, jaucgepenniiiopHa, HecriaiHa Ha (So, ) d)yHKuiﬂ a p(z)

— JloJlaTHa, HelepepBHa, 3pocraioda Ha [0, +00) (yHKIIisI, Taka 110 f;oo oy < oo ko

heH, ro(3EC (0,1) (Vre (e, 1)\E)

gb(nr) < h(r)p(go(lnr)) ra / h(r)dr < +o0o.

Jlosedenna. Hexait E C (0,1) — MHOXKWHA, Ha sIKiii

go(lnr) > h(r)p(go(Inr)).
Hosuatmmo F'={re E:r>e*}, H={z:e" € F}. Toai

go(Inr)dr

h—measE:/h(r)drgC—i—/h(r)drgC—i—/

J J J ¢(go(Inr))r

:C+!% O+/d—x<+oo.

Hozmaumnmo gy (z) = InQp(e”).

Jlema 3.2. Hexaii py(x) 1 po(x) — momarHi, HenmepepsHi, 3poctatodi gyrkiii Ha [0, 400) :

Jo d(x) < +00, h € H. Toxi (3E C (0,1)) (Iro € (0,1))(V 7 € (ro, 1)\ E)

gi(Inr) < h(r)ps(h(r)ei(gi(lnT))) Ta /h(r)dr < +o00.

E

Jlosedenna. Ouesnnno, mo byskuil g;(Inr) i ¢} (Inr) 3agoBoabusaiors ymosu jgemu 3.1, Tomy

V€ (ro, D\Ei : /h(r)dr <400 gi(lnr) < h(r)e(gi(lnr)),

Eq

Vore(ro,1)\Es: /h(r)dr <+oo  g{(lnr) < h(r)p(gy(Inr)).

Orxe, s r ¢ Ey|J Ea : h —meas Ey | Fy < +00 orpumaemo

gi(Inr) < h(r)ez(h(r)e(gi(Inr))).

[osnauumo g1 (x) = InQg(e?),

dIn Q¢( n|a |r <= n2|ay|r"
A — 1 f n — 1/1 — —n_AQ )
(r) = gi(tnr) = T2 Z B(0) = gilnr) = 3 "G 4
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Jlema 3.3. (Ve >0) (3E C (0,1)) (Fro € (0,1))(V 7 € (19, 1)\ E)
A(r) < h(r)In s (r)(Inln g (r))*e,

B?(r) < h*(r)Inpp(r)(Inln iy (r))** Ta / h(r)dr < 400,
E
K TIJIBKH BUKOHY€TbCsT yMoBa (g, > 0.

Jlosedenna. Bubepemo B semi 3.1 p(x) = (z +2)In' (2 4+ ) i npu r > ry orpumaemo

gi(Inr) = A(r) < h(r)p(gi(Inr)) < A(r)gi(Inr) In"*= gy (Inr),
A(r) < h(r)gi(Inr) In**=* g, (In 7). (8)

Tenep Bubepenmo B jemi 3.2 @1 (z) = (2+2) In' 7% (24 ) Ta @o(z) = (24+2) In' (2 + 1),
1 pu r > r9 OTPUMAEMO

B*(r) < h(r)ga(h(r)e1(g1(Inr))) < B*(r)gi(lnr) In'** gy (In )

< {In(h(r)ga (10 ) (g2 (10 7)) ) P40 < B2(r)gn (In ) I+ gy (1)
x (max{In h(r),2In g;(Inr)})+=. 9)
Tenep, BuKopucrasim TeopeMy 1, MaeMo
gi(Inr) =InQp(r) <Ilnh(r)+Inps(r)+ (0,54 ¢) Inln ps(r)

<ClnlnQg(r)+ (14 o0(1))Inpy(r), npur — 1 —0.
InQs(r) <Cilnpp(r) = gi(Inr) < Cylnps(r), InlnQs(r) < Colnln ps(r). (10)

[Tigcrasusmm (10) B (8), orpumaemo mepry HepisuicTs semu. 3 (9), Bpaxysasumu (10),
OJIEPZKIMO

B*(r) < C3h*(r) In pos(r) (lnlnuf(r))1+€2(max{04 Inln Qf(r),Zlnln,uf(r)})HE“,

B*(r) < h*(r)Inpp(r) (Inlnpp(r))>te.
O]

Jlema 3.4. ([1]) X e MC, sixa piBaoMipHO 0bMmezkera ancaom 1. Toni ¥ {by} CZ iV >0

1
ik 1/2 _—
<Uglpagﬂ g bre™ Xy (t ‘ > AgSnIn N) < N N > 2,

Ag — crama, sanexmua sin 3, S% = Yor, bkl

Jlema 3.5. ([2]) Hexaii l(r) — memepepHa, 3pocratoda ;o +oo Ha (0, 1) ¢yHKIis, a BigkpuTa
muoxknHa E C (0,1) taka, mo icaye 0 <p; <..<p, — 1 (n— +o0) soBui E. Toxi icaye
HecKinvyeHHa mocaigoBaicts 0 < r; < ... <71, — 1 (n — +00) :

(1) (VYneN): r, ¢ E;
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(2) (VneN): Inl(r,) > %;

(3) (T Tng1) VE # (Thy o), Hrngn) <el(ry).
Jlema 3.6. V r € (0,1) Q(r) < (3V3B(r) +3/2)us(r).

Josedenna. 3a mepiBaicTio Yebumona g gesakoro C' > 0 orpuMaemMo

U< mor X lal” < g () (ACVTBG - (A VOB ),
n—A(r)|<\/CB2(r)

TOOTO

C
Q(r) < 5= @VCB() + Dy (r).
BasmurraeTbest Bubpatn B ocraHHiil HepiBHocTi C' = 3. m
4 JIOBEJEHHS TEOPEMU 3

Jlosedenms meopemu 3. PO3IyistHEMO BHIIAJKOBY BeJMUHHY & 3 PO3MOJALIOM HMOBIpHOCTE
P(& = n) = |ay|r™/Q(r). Jlerko mepesipurn, mo Maremarndne cruogisamns ME = A(r), a
mucnepcist DE = B?(r). Hexait C(r) = A(r)h(r)In s (r). 3a nepisuictio Mapkosa

lan|r™ . Mg _ A(r) _ 1
Z =P{{>C(r)} < C(r) C(r) h(r) hl/Lf(T). (1)

Hexait maoxxnna E — MHO2KHHAa, 30BHI SIKOI BUKOHYIOTbBCA HepiBHOCTi 3 BUIIIC HaBEICHUX

e i mepiBHicTs Teopemu 1. 3a semoto 3.3 B2(r) < h2(r)(In uy(r))>4, Tomy 3a memoro 3.6
MaEMO
B 2
D anlr < Qp(r)  _ (BV3B(r) +3/2)p(r) < ?//;f(r) < Capis (1),
n>C(r) h(r)In gy (r ) h(r)Injuz(r) In*"® g (r)

Ba ngemoro 3.3 mpur — 1 (r ¢ E)

C(r) = h(r)A(r) In gy (r) < B3(r) I g () (i n g () 45 < B2 () I g (r) < Cu (),

e € > 0. Tpuitnssmm C; (1) = max{Cy (r),In® us(r) + In? h(r)}, orpumaenmo

D lanlr™ < Y lanlr < Cug(r).

n>C1(r) n>C(r)

Bubepemo renep y jsemi 3.5

,/ ]n4 7 qu

Axmio (ry) — mocstigoBHicTh 3 jiemu 3.5, To Hexail F), — mHOKuHa Tux ¢ € [0; 1], qas gaxkux

max ‘ > anT"ei”an(t)‘ P 0<y < 2#} > AgSi, ey () I [Cr (1)),

n<[C1(ry)]
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Baysaxino Tenep, mo Inl(r) < In*? u(r) + Inh(r) mrs seix r > 7, Tomy Cy(r) >
In® pis(r) + In* h(r) i Ci(r) > 0,50 1(ry,) > 0,5(k/2)? mst Beix k > ko. Toxi 3a semoro 3.4
npu 3 = 1, oTpuMaeMo

+o0 1 +o0 9
;%P <2 G = 2 Tap =

3Bijcu, 3a jiemoro Bopens-Kanreni cepen moziit F), 3 fiMOBIpHICTIO, 110 JTOPIBHIOE OIMHMUII,
BiZIOYBa€eThCA JIUIIEe CKiHYeHHa KUIbKicTh nosiit. Hexait ' — mojis, sgka mojdrae B TOMY IO,

400 +00
cepe mofiiit F, BiOyBaeThest HecKinuenHa KiabKicTsh nofiit. Tomi F' = (] |J Fy, i 3a remoro
Bopess-Kanreni P(F) = 1. Baysaxumo, mo F = |J () Fy i P([0;1]\ F) = 0, T06T0 a5t
n=1k=n

Maitzke Beix ¢ € [0;1] maemo t € F. Tomy icnye Taxe ko(t), mo t € ﬂ;zozo(t) F},, 3Binku, mis
BCix k > ko(t) orpumaenmo t € Fj,. Otske s Maiizke Beix ¢ € [0;1] mpu k > ko(t)

W (ry) ' max ‘ Z anrneman(t)‘ 0<y < 27r}
n<[C(rp)]
< A1SCW ](rk) lnl/Q[C'l(rk)].

OckinpKu
N

Sx(r) =Y lanlr® < pup(r) Y lanlr® < pp(r)Qy(r),

k=0 k=0
TO, BPAXOBYIOYH HEPIBHICTD (3), OTpUMYEMO

W (r) < Av (g () () 2 /2 O (i) < Ay (i) /() In/ 4572 1y (i) 2 G ().
BayBaxKuUMO, 110 JJIsi JOBLIBHOIO JOCUTH MaJjoro o > 0
InCy(r) = max{2In h(r) + (2 +¢) Inln e (r), In(In® g (r) + In® h(r))}
<2mnh(r) +3InInpur(r) < ClnlnQp(r) + 3Inln ps(r) < In® pp(r) (r —1).
Bubupaioun 0 < ¢, npu k — +00 0TpUMaemo
W () < Aupep(re) V/h(re) I+ pug(r).
Ockinbku My(r, 1) < W(r)+32, 56y lan|r™, To nis maiike eix ¢ € [0; 1] 1 s Beix k > k(t)

1,2
My (ry,t) < Ai/h(ri) s (re) 33 pp(rg) + Cpap(ry)
1, 6e
< Vh(re)ps (re) a7 o (re).
Hexait Tenep r > 1), 15 ¢ E. Toni icnye p, mis axoro r € (rp,7p+1). Bpaxysasim,
mo (rp,rpH) NE # (rp,7p41), TO 3a memoio MaeMo, 3.5 [(r,41) < el(r,) < el(r). Ockinbkn,
= V/h(r)pp(r)(In s (r) Y487 npu r — 1 (r € (1, 7p41)) OTPUMYyEMO

My (r,t) < Mf(?np+l,f) <U(rps1) < el(r)

= ex/h(r)pg(r) 4T () < V/R(r) pp (r) In/4FE g (r).

Teopemy 3 moBeseHo. ]
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JIbBiBChKUI HamioHAMBbHMI yHiBepcuTeT iMeni IBana Dpanka,

JIbBiB, YKpaina

Haditiuno 05.07.2010

Skaskiv O.B., Kuryliak A.O. Direct analogues of Wiman’s inequality for analytic functions in
the unit disc, Carpathian Mathematical Publications, 2, 1 (2010), 109-118.
Let f(z) = Y.,7,anz" be an analytic function on {z : |z| < 1}, h € H and Qs(r) =
Yool o lan ™. If
. InlnQg(r)
= 1 _—
Brn rljni In h(r)
then Wiman’s inequality M¢(r) < pr(r) In'/2+° wyp(r) is true for all r € (ro,1)\E(J), where
h —meas E < +o0.

= “FOO,

Cxackus O.B., Kypuisk A.O. IIpamuie anarozu nepasencmsea Bumana das dynrxuyut anaiumau-

weckur 6 edunuwnom xpyee // Kapunarckue maremarudeckue nybiukamuu. — 2010. — T.2, Nel.
— C. 109-118.

Hycrs f(z) = Yoo ganz" amamatudeckas dynkuus B {z : |z| < 1}, h € H u Qg(r) =
Yoo o lan|r™. Ecom
. InlnQg(r)
= 1 _— =
Brn i Inh(r) +oo;

1/2+6

TOI/la IMeeT MecTo HepaBeHcTBO Bumana My (1) < py(r)In g (r) mist Beex r € (rg, 1)\ E(9),

rae h — meas F < +o0.
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TOPOLOGICAL MONOIDS OF ALMOST MONOTONE INJECTIVE
CO-FINITE PARTIAL SELFMAPS OF POSITIVE INTEGERS

Chuchman 1.Ya., Gutik O.V. Topological monoids of almost monotone injective co-finite partial
selfmaps of the set of positive integers, Carpathian Mathematical Publications, 2, 1 (2010),
119-132.

In this paper we study the semigroup foz/ (N) of partial co-finite almost monotone bijective
transformations of the set of positive integers N. We show that the semigroup .#2"(N) has
algebraic properties similar to the bicyclic semigroup: it is bisimple and all of its non-trivial
group homomorphisms are either isomorphisms or group homomorphisms. Also we prove that
every Baire topology 7 on .7 (N) such that (#2'(N),7) is a semitopological semigroup is
discrete, describe the closure of (£ (N),7) in a topological semigroup and construct non-
discrete Hausdorff semigroup topologies on .7 (N).

INTRODUCTION AND PRELIMINARIES

In this paper all spaces are assumed to be Hausdorff. Furthermore we shall follow the
terminology of [6, 7, 10, 27]. By w we shall denote the first infinite cardinal.

An algebraic semigroup S is called inverse if for any element z € S there exists the
unique 2! € S such that 227 'z = 2 and 27 'zz~! = 2!, The element z~! is called the
inverse of v € S. If S is an inverse semigroup, then the function inv: S — S which assigns
to every element x of S its inverse element 27! is called an inversion.

If S is a semigroup, then by FE(S) we shall denote the band (i. e. the subset of idempo-
tents) of S. If the band F(S) is a non-empty subset of S, then the semigroup operation on
S determines the partial order < on E(S): e < f if and only if ef = fe = e. This order is
called natural. A semilattice is a commutative semigroup of idempotents. A semilattice E is
called linearly ordered or chain if the semilattice operation admits a linear natural order on
E. A mazimal chain of a semilattice E is a chain which is properly contained in no other
chain of E. The Axiom of Choice implies the existence of maximal chains in any partially
ordered set. According to |25, Definition I1.5.12] chain L is called w-chain if L is isomorphic

to {0, —1,—2,—3, ...} with the usual order <. Let E be a semilattice and e € E. We denote

2000 Mathematics Subject Classification: 20M20, 20M 18, 22A15, 54E52, 54H15.
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le={feFE|f<etandTe={fe€ E|e< f}. By (Z.,(N),C) we shall denote the free
semilattice with identity over the set of positive integers N.
If S is a semigroup, then by Z, £, 2 and . the Green relations on S (see [7]):

ab if and only if aS' = bS*;
a.Zb if and only if S'a = S'b;
D=L oRR=XoL,
H=LNX.

A semigroup S is called simple if S does not contain proper two-sided ideals and bisimple if
all elements of S are Z-equivalent.

A semitopological (resp. topological) semigroup is a topological space together with a
separately (resp. jointly) continuous semigroup operation.

Let .#\ denote the set of all partial one-to-one transformations of a set X of cardinality
A together with the following semigroup operation: x(af) = (za)f if z € dom(af) = {y €
doma | ya € dom g}, for a, f € #,. The semigroup %, is called the symmetric inverse
semigroup over the set X (see [7]). The symmetric inverse semigroup was introduced by
Wagner [29] and it plays a major role in the theory of semigroups.

We denote £ = {a € £, | ranka < n}, for n = 1,2,3,.... Obviously, .#" (n =
1,2,3,...) is an inverse semigroup, .#" is an ideal of .#, for each n = 1,2,3,.... Further,
we shall call the semigroup #\' the symmetric inverse semigroup of finite transformations
of the rank n.

Let N be the set of all positive integers. By #{(N) we shall denote the semigroup of
monotone, non-decreasing, injective partial transformations of N such that the sets N\ dom ¢
and N\ rank ¢ are finite for all ¢ € £ (N). Obviously, #{ (N) is an inverse subsemigroup
of the semigroup .#,,. The semigroup £ (N) is called the semigroup of co-finite monotone
partial bijections of N [19].

We shall denote every element a of the semigroup .%, by ( v s T )
mi; Mg M3 My
and this means that o maps the positive integer n; into m; for all 7+ = 1,2, 3,.... We observe

that an element a of the semigroup .#, is an element of the semigroup .#{ (N) if and only
if it satisfies the following conditions:

(1) the sets N\ {ny,no,n3,ny,...} and N\ {mq, mg, mg,my, ...} are finite;
(1i)) ny <ng<ng<mng<...andmg <mg<mzg<mg<....

A partial map a: N — N is called almost monotone if there exists a finite subset A of N
such that the restriction « [y\a: N\ A — N is a monotone partial map.

By .27 (N) we shall denote the semigroup of monotone, almost non-decreasing, injective
partial transformations of N such that the sets N\ dom ¢ and N\ rank ¢ are finite for all
¢ € 7 (N). Obviously, .#7(N) is an inverse subsemigroup of the semigroup ., and the
semigroup .#Z (N) is an inverse subsemigroup of .#7(N) too. The semigroup .7 (N) is
called the semigroup of co-finite almost monotone partial bijections of N. We observe that
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an element « of the semigroup .7, is an element of the semigroup .#7(N) if and only if it
satisfies conditions (i) and (z4i):

(731) there exists a positive integer i such that n, < n;1 < mio < niyg < ... and
My < Migpg < My < Mygpg < ...

Further by I we shall denote the identity of the semigroup £ (N).

The bicyclic semigroup % (p, ¢) is the semigroup with the identity 1 generated by elements
p and ¢ subject only to the condition p¢g = 1. The bicyclic semigroup is bisimple and
every one of its congruences is either trivial or a group congruence. Moreover, every non-
annihilating homomorphism h of the bicyclic semigroup is either an isomorphism or the
image of € (p, q) under h is a cyclic group (see |7, Corollary 1.32]). The bicyclic semigroup
plays an important role in algebraic theory of semigroups and in the theory of topological
semigroups. For example the well-known result of Andersen [1] states that a (0-)simple
semigroup is completely (0-)simple if and only if it does not contain the bicyclic semigroup.
The bicyclic semigroup admits only the discrete topology and a topological semigroup S
can contain % (p,q) only as an open subset [9]. Neither stable nor I'-compact topological
semigroups can contain a copy of the bicyclic semigroup |2, 21]. Also, the bicyclic semigroup
does not embed into a countably compact topological inverse semigroup [18|. Moreover, in [3|
and [4] the conditions were given when a countable compact or pseudocompact topological
semigroup does not contain the bicyclic semigroup. However, Banakh, Dimitrova and Gutik
constructed with set-theoretic assumptions (Continuum Hypothesis or Martin Axiom) an
example of a Tychonoff countable compact topological semigroup which contains the bicyclic
semigroup [4].

Many semigroup theorists have considered a topological semigroup of (continuous) trans-
formations of an arbitrary topological space. Beida [5], Orlov [23, 24|, and Subbiah [28] have
considered semigroup and inverse semigroup topologies of semigroups of partial homeomor-
phisms of some classes of topological spaces.

Gutik and Pavlyk [14] considered the special case of the semigroup .#y": an infinite
topological semigroup of A\ x A-matrix units B,. They showed that an infinite topological
semigroup of A X A-matrix units B) does not embed into a compact topological semigroup
and that B, is algebraically h-closed in the class of topological inverse semigroups. They
also described the Bohr compactification of By, minimal semigroup and minimal semigroup
inverse topologies on B).

Gutik, Lawson and Repovs [13] introduced the notion of a semigroup with a tight ideal
series and investigated their closures in semitopological semigroups, particularly inverse semi-
groups with continuous inversion. As a corollary they showed that the symmetric inverse
semigroup of finite transformations .#* of infinite cardinal A is algebraically closed in the
class of (semi)topological inverse semigroups with continuous inversion. They also derived
related results about the nonexistence of (partial) compactifications of classes of considered
semigroups.

Gutik and Reiter [16] showed that the topological inverse semigroup .#}" is algebraically
h-closed in the class of topological inverse semigroups. They also proved that a topological
semigroup S with countably compact square S x S does not contain the semigroup .#)
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for infinite cardinals A\ and showed that the Bohr compactification of an infinite topological
semigroup .#" is the trivial semigroup.

In [17] Gutik and Reiter showed that the symmetric inverse semigroup of finite trans-
formations .#)' of infinite cardinal A is algebraically closed in the class of semitopological
inverse semigroups with continuous inversion. There they described all congruences on the
semigroup ;" and all compact and countably compact topologies 7 on .#;" such that ()", 7)
is a semitopological semigroup.

Gutik, Pavlyk and Reiter [15] showed that a topological semigroup of finite partial bijec-
tions .#" of infinite set with a compact subsemigroup of idempotents is absolutely H-closed.
They proved that no Hausdorff countably compact topological semigroup and no Tychonoff
topological semigroup with pseudocompact square contain .#' as a subsemigroup. They
proved that every continuous homomorphism from topological semigroup .#}" into a Haus-
dorff countably compact topological semigroup or Tychonoff topological semigroup with
pseudocompact square is annihilating. Also they gave sufficient conditions for a topological
semigroup .} to be non-H-closed and showed that the topological inverse semigroup .#,! is
absolutely H-closed if and only if the band E(.#)) is compact [15].

In [19] Gutik and Repovs studied the semigroup .#{ (N) of partial cofinite monotone
bijective transformations of the set of positive integers N. They showed that the semigroup
#{ (N) has algebraic properties similar to the bicyclic semigroup: it is bisimple and all
of its non-trivial group homomorphisms are either isomorphisms or group homomorphisms.
They proved that every locally compact topology 7 on £ (N) such that (£ (N),7) is
a topological inverse semigroup, is discrete and describe the closure of (.#{(N),7) in a
topological semigroup.

We remark that the bicyclic semigroup is isomorphic to the semigroup (7, o) which
is generated by partial transformations m and o of the set of positive integers N, defined as
follows:

mr=n+1 ifn>1, and (njo=n—1 1if n>1.

Therefore the semigroup .#{ (N) contains an isomorphic copy of the bicyclic semigroup
%(p. q).

In the present paper we study the semigroup .7 (N) of partial co-finite almost monotone
bijective transformations of the set of positive integers N. We show that the semigroup
#7(N) has algebraic properties similar to the bicyclic semigroup: it is bisimple and all of its
non-trivial group homomorphisms are either isomorphisms or group homomorphisms. Also
we prove that every Baire topology 7 on £ (N) such that (.7 (N), 7) is a semitopological
semigroup is discrete, describe the closure of (£ (N),7) in a topological semigroup and
construct non-discrete Hausdorff semigroup topologies on .77 (N).

1 ALGEBRAIC PROPERTIES OF THE SEMIGROUP £/ (N)

Proposition 1.1. (i) An element o of the semigroup .7 (N) is an idempotent if and
only if (z)a = x for every € dom a, and hence E(.#) (N)) = E(.%{ (N)).

(ii) Ife,. € E(#7(N)), then ¢ < ¢ if and only if dome C dom .
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(iii) The semilattice E(.#) (N)) is isomorphic to (2, (N),C) under the mapping (¢)h =
N\ dome.

(iv) Every maximal chain in E(.#7 (N)) is an w-chain.
(v) Foreverye,. € E(.#7(N)) there exists « € £ (N) such that aa™! = ¢ and a o = .
(vi) Y (N) is a simple semigroup.
(vii) aZB in £7 (N) if and only if dom o = dom 3.
(viii) a3 in 7 (N) if and only if rank a = rank 3.
(i) aB in #7(N) if and only if dom o = dom 8 and rank a = rank 3.
() #Y(N) is a bisimple semigroup.

Proof. Statements (i) — (iv) are trivial and their proofs follow from the definition of the
semigroup .77 (N).

(v) For the idempotents ¢ = ( N ) and ¢ = ( holy s by )

my Mg M3 My ... i Iy I3 1y ...
mip Mgy M3 My
bl I3 Uy
(vi) Let a = < R ) and 3 = (kl Ra kg ko ) be any el-
my Mg M3z My ... Loy I3 1y ...
ements of the semigroup £ (N), where n;,m; ki, l; € N for i = 1,2,3,... . We put
v o= (kl ko ks Ky ) and § = (ml Mz Mg T ) Then we have that
ny Ng N3 Ng ... LWl I3 Iy ...

yad = B. Therefore .#7 (N)-a- £ (N) = #7(N) for any a € £/ (N) and hence £ (N)
is a simple semigroup.

(vii) Let o, 8 € £7(N) be such that aZf3. Since a7 (N) = 3.2 (N) and .7 (N) is
an inverse semigroup, Theorem 1.17 [7] implies that a2 (N) = aa"'.Z7(N), .27 (N) =
BB 177 (N) and aa~! = 837L. Hence dom o = dom 3.

Conversely, let «, € JOZ/(N) be such that doma = dom 3. Then aa™! = 837!, Since
#7(N) is an inverse semigroup, Theorem 1.17 [7] implies that o) (N) = aa 1.7 (N) =
LY (N) and hence a.?” (N) = 377 (N).

The proof of statement (vii7) is similar to (viz).

Weputa:( '”).ThenaalzgandozlozzL.

Statement (iz) follows from (vii) and (viii).
(x) By statements (vii) and (viii) it is sufficient to show that every distinct idempotents of
my Mo Mg My ... )

the semigroup £ (N) are Z-equivalent. For idempotents ¢ = (
my Mo Mg MMy

and 1 = bty ls by we put o = M e s T . Then by statements
by Iy I3 1y ... R > SR VR

(vii) and (viii) we have that eZa and a.Zt, and hence € Z.. O
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Proposition 1.2. For every o, € #£Y(N), both sets {x € ZZ(N) | a-x = B} and
{x € Z(N) | x - a = 8} are finite. Consequently, every right translation and every left
translation by an element of the semigroup .#7 (N) is a finite-to-one map.

Proof. Wedenote A ={xy € 7 (N)|a-x=8}and B={x € £V (N) |at-a-x =a 1. 3}.
Then A C B and the restriction of any partial map x € B to dom(a™!-«) coincides with the
partial map a~!- 3. Since every partial map from the semigroup .#”"(N) is almost monotone
(i. e., almost non-decreasing) and co-finite, the set B is finite and hence so is A. ]

For an arbitrary non-empty set X we denote by S..(X) the group of all bijective transfor-
mations of X with finite supports (i. e., @ € S (X) if and only if the set {z € X | (x)a # z}
is finite).

The definition of the semigroup .77 (N) implies the following proposition:

Proposition 1.3. Every maximal subgroup of the semigroup .7 (N) is isomorphic to
Seo(N).

The semigroup £ (N) contains .#{ (N) as a subsemigroup and Theorem 2.9 of [19]
states that if S is a semigroup and h: £ (N) — S is a non-annihilating homomorphism,
then either h is a monomorphism or (.#Z (N))h is a cyclic subgroup of S. This arises the
following problem: To describe all homomorphisms of the semigroup £ (N).

The definition of the semigroup .#7 (N) implies the following proposition:

Proposition 1.4. For every v € £ (N) there exists n, € N such that i —n., = (i)a— (n,)«
for alli > n,, 1 € N.

Lemma 1.1. For every v € #7(N) there exists an idempotent ¢ € éy(m,0) such that
v e, € Gn(m, o). Consequently, for every idempotent 1 € £) (N) there exists gy €
E(én(m,0)) such that 1 - ey = eg - L = &o.

Proof. Let n,€N be such as in the statement of Proposition 1.4. We put m.,=max{n., (n,)vy}

and define
. my my+1 m,+2 -
N my my+1 m,+2 '

Then we have that v -, -y € én(m,0).

Let ¢ be an arbitrary idempotent of the semigroup .77 (N). By the first assertion of the
lemma there exists ¢ € F(%y(m,0)) such that ¢ - & € Gy(m, o). Since the semigroup .#7 (N)
is inverse Theorem 1.17 [7]| implies that g = ¢-& = ¢ - ¢ is an idempotent of 6y(7m, o). Hence
we have that ¢-cy =¢¢ -t = &g. O

Lemma 1.2. Let S be a semigroup and h: .7 (N) — S be a non-annihilating homomor-
phism such that the set (E(éx(m,0)))h is singleton. Then (2.7 (N))h = (¢i(r,0))h.

Proof. Suppose that (E(%én(m,0)))h = {e}. Since .#7(N) is an inverse semigroup and
E(#7 (N)) = E(%n(m,0)) we conclude that e is a unique idempotent in (.#.7'(N))h. Fix
an arbitrary element + of .#7(N). Let ¢ be such as in Lemma 1.1. Then we have
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(Mh=0H-7Dh=Nh- (v Nh=(h-()h = (v-e)h € (6u(r,0))h,
the assertion of the lemma holds. O
We need the following theorem from [19]:

Theorem 1 (|19, Theorem 2.9]). Let S be a semigroup and h: #{(N) — S a non-
annihilating homomorphism. Then either h is a monomorphism or (%4 (N))h is a cyclic
subgroup of S.

Lemma 1.3. Let S be a semigroup and h: £ (N) — S be a homomorphism such that
the restriction h|g(ro): €n(m,0) — (én(m,0))h C S is an isomorphism. Then h is an
isomorphism.

Proof. Suppose to the contrary that the map h: .7 (N) — S is not an isomorphism. Then
by Theorem 1 we have that the restriction h| ;- IL(N) — (FL(N))h C S is an iso-
morphism. Since .#7'(N) is an inverse semigroup we conclude that if (a)h = (3)h for some
a, 3 € Y (N) then aZ3. Otherwise if a and 3 are not J#-equivalent and (a)h # (8)h
then (a')h # (371 and therefore either (aa™')h # (867 1)h or (a ta)h # (B718)h, a
contradiction to the assumption that the restriction h|f§>(N) : L (N) — (FL(N))h C Sisan
isomorphism. Thus by the Green Theorem (see |7, Theorem 2.20]) without loss of generality
we can assume that (I)h = (a)h for some o € H(I). Since the group S, (N) has only one
proper normal subgroup and such subgroup is the group A, (N) of even permutations of N
(see [22] and [12, pp. 313-314, Example|) we conclude that (A (N))h = (I)h. We denote

5 1 2345 .« n - nd o 345 .. p ...
“\23145 - n - 2=\1 45 .. n .. )"
Then € Ao (N). Therefore we have that

(6172)h = (8172 . ]I)h = (6172)h . (H)h = (6172)h . (5)h = (6172 . ﬁ)h

and similarly (e12)h = (5 - £12)h. Since

29 4 5 o . 345 .. o o
5'8172_(3 45 ... n ) and 5172'6_(1 45 ... n )

we conclude that 8- ¢e19,612 - 3 € #L(N). Hence by Theorem 1 the set (.#£ (N))h contains
only one idempotent and therefore the assertions of Lemma 1.2 hold. This completes the
proof of the lemma. O

Theorem 1 and Lemmas 1.2 and 1.3 imply the following theorem:

Theorem 2. Let S be a semigroup and h: .7 (N) — S a non-annihilating homomorphism.
Then either h is a monomorphism or (£ (N))h is a cyclic subgroup of S.
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2 TOPOLOGIZATIONS OF SOME CLASSES OF COUNTABLE SEMIGROUPS

Definition 2.1. We shall say that a semigroup S has:
e an S-property if for every a,b € S there exist c¢,d € S such that c-a-d = b;

e an F-property if for every a,b,c,d € S* thesets {x € S | a-x =b} and {x € S | x-c = d}
are finite or empty;

e an FS-property if S has F- and S-properties.
Remark 2.1. We observe that
1) every simple (resp., left simple, right simple) semigroup has S-property;
2) every free (Abelian) semigroup has F-property;
3) #7(N), #/(N) and the bicyclic semigroup have FS-property.

Lemma 2.1. Let S be a Hausdorff semitopological semigroup with FS-property. If S has
an isolated point then S is the discrete topological space.

Proof. Let t be an isolated point in S. Since the semigroup S has the FS-property we conclude
that for every s € S there exist a,b € S* such that a-s-b =t and the equation a-x-b =1
has a finite set of solutions. Therefore the continuity of translations in (.S, 7) implies that
the element s has a finite open neighbourhood, and hence Hausdorffness of (S, 7) implies
that s is an isolated point of (S, 7). This completes the proof of the lemma. [

A topological space X is called Baire if for each sequence A;, As, ..., A;,... of nowhere

dense subsets of X the union U A; is a co-dense subset of X [10].

i=1
Theorem 3. Let S be a countable semigroup with FS-property. Then every Baire topology
7 on S such that (S, 7) is a Hausdorff semitopological semigroup is discrete.

Proof. We consider countable cover I' = {s | s € S} of the Baire space (5, 7). Then there
exists an isolated point ¢ in S. By Lemma 2.1 the topological space is discrete. O

A Tychonoff space X is called Cech complete if fot every compactification ¢X of X the
remainder c¢X \ ¢(X) is an F,-set in ¢X [10].

Since every Cech complete space (and hence every locally compact space) is Baire, The-
orem 3 implies the following:

Corollary 2.1. Every Hausdorff Cech complete (locally compact) countable semitopological
semigroup with FS-property is discrete.

A topological space X is called hereditary Baire if every closed subset of X is a Baire
space [10]. Every Cech complete (and hence locally compact) space is hereditary Baire
(see [10, Theorem 3.9.6]). We shall say that a Hausdorff semitopological semigroup S is an
I-Baire space if either sS or Ss is a Baire space for every s € S.
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Remark 2.2. We observe that every left ideal Ss and every right ideal sS of a regular
semigroup S are generated by some idempotents of S. Therefore every principal left or right
ideal of a regular Hausdorff semitopological semigroup S is a closed subset of S. Hence every
regular Hausdorff hereditary Baire semitopological semigroup is the I-Baire space.

Theorem 4. Let S be a countable semilattice with F-property. Then every I-Baire topology
7 on S such that (S, 7) is a Hausdorff semitopological semilattice is discrete.

Proof. Let s be an arbitrary element of the semilattice S. We consider a countable cover
I'={e| e € sS}of sS. Since (S,7) is an [-Baire space we conclude that there exists an
isolated point ¢ in sS. Since S is a semilattice we have that s-¢ =¢. Then 7,4t = {x € sS5 |
x-t =t} is a finite subset of S which contains s and by Proposition VI-1.13 [11] we get that
T4st is an open subset of sS. Hence there exists an open neighbourhood U(s) of s in S such
that U(s) NsS = {s}. The continuity of translations in S implies that there exists an open
neighbourhood V'(s) C U(s) such that V(s) C {z € S| z-s = s}. Since the semilattice S is
Hausdorff and has F-property we have that s is an isolated point of S. O]

Theorem 4 implies the following:

Corollary 2.2. Every [-Baire topology T on the countable free semilattice F'SL,, such that
(F'SL,,T) is a Hausdorff semitopological semilattice is discrete.

3 ON TOPOLOGIZATIONS AND CLOSURES OF THE SEMIGROUP £ (N)

Theorem 3 implies the following two corollaries:

Corollary 3.1. Every Baire topology 7 on .7 (N) such that (#7 (N),7) is a Hausdorff
semitopological semigroup is discrete.

Corollary 3.2. Every Baire topology 7 on .4 (N) such that (.#{(N),7) is a Hausdorff
semitopological semigroup is discrete.

We observe that Corollary 3.2 generalizes Theorem 3.3 from [19].
The following example shows that there exists a non-discrete topology 77 on the semi-
group £/ (N) such that (.#7(N), 7x) is a Tychonoff topological inverse semigroup.

Example 3.1. We define a topology 7r on the semigroup .#.Y (N) as follows. For every
a € £ (N) we define a family

PBr(a) ={U,(F) | F is a finite subset of dom o},
where
Uy(F)={8 € #7(N) | doma = dom 8,ran o = ran # and (x)3 = (z)o for all z € F}.

Since conditions (BP1)-(BP3) [10] hold for the family {%r(a)}
the family {Br(a)}

acsl (v We conclude that

(v 18 the base of the topology 7r on the semigroup I (N).

aeﬂg
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Proposition 3.1. (£ (N), 7x) is a Tychonoff topological inverse semigroup.

Proof. Let o and 3 be arbitrary elements of the semigroup .#7" (N). We put v = o3 and let
F = {nq,...,n;} be a finite subset of dom~. We denote m; = (n)a,...,m; = (n;)o and
ki = (n1)7,..., ki = (n;)y. Then we get that (my)8 = ki,...,(m;)8 = k;. Hence we have
that

Us({n1,...,n:}) - Us({ma,...,m;}) CU,({n1,...,n;})

and
-1

(Uy({n1,-..,n})) " CU~({k,... . ki}).
Therefore the semigroup operation and the inversion are continuous in (£ (N), 7p).

We observe that the group of units H(I) of the semigroup .7 (N) with the induced
topology 7r(H (I)) from (£Y (N), 1) is a topological group (see [12, pp. 313-314, Example]
and [22|) and the definition of the topology 77 implies that every J#-class of the semigroup
#7 (N) is an open-and-closed subset of the topological space (£ (N), 7). Therefore Theo-
rem 2.20 [7] implies that the topological space (.#7 (N), 1) is homeomorphic to a countable
topological sum of topological copies of (H(I), 7(H(I))). Since every Ty-topological group
is a Tychonoff topological space (see |26, Theorem 3.10]) we conclude that the topological
space (£ (N), 1) is Tychonoff too. This completes the proof of the proposition. O

Remark 3.1. We observe that the topology 7 on £ (N) induces discrete topologies on
the subsemigroups .#{ (N) and E(.#) (N)).

Example 3.2. We define a topology Twr on the semigroup £ (N) as follows. For every
a € 7Y (N) we define a family

PBwr(a) = {U(F) | F is a finite subset of dom a},
where
Ul(F)={8 € #7(N) | dom 8 C doma and (z)3 = (z)a for all z € F}.

Since conditions (BP1)—(BP3) [10] hold for the family {%Wp(a)}aejy(N) we conclude that
the family {Pwr(a)},c v g is the base of the topology Twr on the semigroup JY(N).

Proposition 3.2. (£ (N), 7yr) is a Hausdorff topological inverse semigroup.

Proof. Let a and 3 be arbitrary elements of the semigroup .7 (N). We put v = a3 and let
F = {ny,...,n;} be a finite subset of dom~. We denote m; = (n1)a,...,m; = (n;)a and
ki = (n1)y,...,k = (n;)y. Then we get that (my)3 = kq,...,(m;)3 = k;. Hence we have
that
Us({n1,...,n:}) - Usg({ma,...,m;}) CU,({n1,...,n;})
and
(U, ({n1, ;)" C U (ks Ki))
Therefore the semigroup operation and the inversion are continuous in (.Z7 (N), Tz ).

Later we shall show that the topology mwr is Hausdorff. Let o and ( be arbitrary distinct
points of the space (£ (N), 7wr). Then only one of the following conditions holds:
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(1) doma = dom f3;
(77) dom «a # dom S.

In case dom av = dom 3 we have that there exists € dom « such that (z)a # (z)3. The
definition of the topology Twr implies that U, ({z}) N Us({z}) = @.
If dom a # dom 3, then only one of the following conditions holds:

(a) doma & dom 3;
(b) dom 8 G doma;
(¢) doma \ dom 3 # @ and dom 3\ dom «v # @.

Suppose that case (a) holds. Let z € dom 8\ dom« and y € dom . The definition of
the topology mwr implies that U,({y}) N Us({z}) = @.

Case (b) is similar to (a).

Suppose that case (¢) holds. Let z € dom( \ doma and y € doma \ dom 3. The
definition of the topology mywr implies that U, ({y}) N Us({z}) = @.

This completes the proof of the proposition. n

Remark 3.2. We observe that the topology Twr on £ (N) induces non-discrete topologies
on the semigroup %4 (N) and the semilattice E(.#. (N)). Moreover, every -class of the
semigroup (Y (N), 7wr) is homeomorphic to every J#-class of the semigroup (£ (N), )

The proof of the following proposition is similar to Theorem 3:

Proposition 3.3. Every Hausdorff Baire topology T on a countable group G such that left
(right) translations in (G, T) are continuous is discrete.

Theorem 5. Let S be a topological semigroup which contains an infinite dense discrete
subspace A such that every equations a - x = b and y - ¢ = d have finitely many solutions in
A. Then I = S\ A is an ideal of S.

Proof. Suppose that I is not an ideal of S. Then at least one of the following conditions
holds:
1) IAZ I, 2) AI ¢ I, or 3)IT ¢ I

Since A is a discrete dense subspace of S, Theorem 3.5.8 [10] implies that A is an open
subspace of S. Suppose there exist a € A and b € I such that b-a = ¢ ¢ I. Since A is
a dense open discrete subspace of S the continuity of the semigroup operation in S implies
that there exists an open neighbourhood U(b) of b in S such that U(b) - {a} = {c}. But by
Proposition 1.2 the equation x - a = ¢ has finitely many solutions in A. This contradicts the
assumption that b € S\ A. Therefore b-a = ¢ € I and hence TA C I. The proof of the
inclusion Al C [ is similar.

Suppose there exist a,b € I such that a-b = c ¢ I. Since A is a dense open discrete
subspace of S the continuity of the semigroup operation in S implies that there exist open
neighbourhoods U(a) and U(b) of a and b in S, respectively, such that U(a) - U(b) = {c}.



130 CHUCHMAN [.YA., GuTik O.V.

But by Proposition 1.2 the equations = - ay = ¢ and by - y = ¢ have finitely many solutions
in A. This contradicts the assumption that a,b € S\ A. Therefore a-b = ¢ € I and hence
I1C1. O

Theorem 5 implies Corollaries 3.3 and 3.4:

Corollary 3.3. Let S be a topological semigroup which contains a dense discrete subsemi-
group SV (N). If I = S\ £7 (N) # & then I is an ideal of S.

Corollary 3.4 ([19]). Let S be a topological semigroup which contains a dense discrete
subsemigroup 9 (N). If [ = S\ #{(N) # & then [ is an ideal of S.

Proposition 3.4. Let S be a topological semigroup which contains a dense discrete sub-
semigroup .#7 (N). Then for every c € .Y (N) the set

D(A) = {(z,y) € ZL(N) x L (N) |z -y = ¢}
is a closed-and-open subset of S x S.

Proof. Since .#7'(N) is a discrete subspace of S we have that D.(A) is an open subset of
S xS.

Suppose that there exists ¢ € 7 (N) such that D,(A) is a non-closed subset of S x S.
Then there exists an accumulation point (a,b) € Sx.S of the set D.(A). The continuity of the
semigroup operation in S implies that a-b = c. But #7(N) x .27 (N) is a discrete subspace
of S x S and hence by Corollary 3.3 the points a and b belong to the ideal I = S\ .27 (N)
and hence p-q € S\ £Z(N) cannot be equal to c. O

A topological space X is defined to be pseudocompact if each locally finite open cover of
X is finite. According to [10, Theorem 3.10.22] a Tychonoff topological space X is pseudo-
compact if and only if each continuous real-valued function on X is bounded.

Theorem 6. If a topological semigroup S contains £/ (N) as a dense discrete subsemigroup
then the square S x S is not pseudocompact.

Proof. Since the square S x S contains an infinite closed-and-open discrete subspace D.(A),
we conclude that S x S fails to be pseudocompact (see [10, Ex. 3.10.F(d)] or [8]). O

Remark 3.3. Recall that, a topological semigroup S is called I'-compact if for every x € S
the closure of the set {x, 2% x3,...} is a compactum in S (see [21]). Since the semigroup
I (N) contains the bicyclic semigroup as a subsemigroup the results obtained in [2], [3],
[4], [18], [21] imply that if a topological semigroup S satisfies one of the following condi-
tions: (z) S is compact; (i7) S is ['-compact; (i77) the square S x S is countably compact;
(iv) S is a countably compact topological inverse semigroup; or (v) the square S x S is a
Tychonoff pseudocompact space, then S does not contain the semigroup .# (N) and hence
the semigroup .77 (N).

The proof of the following theorem is similar to Theorem 6:

Theorem 7. If a topological semigroup S contains .#4 (N) as a dense discrete subsemigroup
then the square S x S is not pseudocompact.
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Yyaman L., Tyrik O.B. Tonoaoziuni monoidu matiorce MOHOMOWHUL TH EXKMUBHUL KOCKIH-
YEHHUT YACTNKOSUT NEPEMBOPEHD MHONCUHY HAMyparbHut wucen // Kapnarcpki maremarndmni
nybmikarii. — 2010. — T.2; Nel. — C. 119-132.

V crarti Buuaerhes namiprpyna #7 (N) Maiize MOHOTOHHUX iH'€KTHBHIX KOCKIHUEHHIX
YaCTKOBHUX II€PETBOPEHb MHOXKUHU HATypaJbHHUX 4uces. JloBeseHo, 1o HamiBpyna JOZ/ (N)
Mage ajirebpaldHi BJIACTUBOCTI OJIM3BKI 0 BJIACTHBOCTEN OMIMKJINYHOI HAIIBIPYyIU: BOHA € Oi-
mopdizmanu. Jloseseno, 1o koxua 6episebka Tomosoris T wa £ (N) raka, mo (£7 (N),7) -
HATIBTOIIOJIOT YA HAIIBIPYA € JMCKPETHOIO Ta olmucano 3aMukanns Hamisrpymn (.£7 (N), 1)

B TOIOJIOTiYHIN HaIiBrpyIi.

Yyuman W.5A., T'yrux O.B. Tonosoeuueckue mornoudve noumu MOHOMOHHBIT UHBEKMUSHHLT
KOKOHEUHDT “ACTUNHOIT NPeobpadosanutdl muodicecmsea wamypasvhux wucesa // Kapuarckue
maremarndeckue mybiukarun. — 2010. — T.2; Nel. — C. 119-132.

B pa6otre mzyuaercs noayrpymma .#.7 (N) 09T MOHOTOHHBIX MHBHEKTHBHBIX KOKOHETHDHIX
YACTUYHBIX MMPEOOPA30BAHUI MHOYKECTBa HATYPAJIbHBIX dncesl. J[oOKaszaHo, YTO MOJIyrpyIna
fg (N) umeer anreGpamdeckue CBoiicTBa OIM3KHE K CBOHCTBAM GUIMKIMIECKOH MOIYTPYIIIIbL:
OHa OWIIPOCTA U BCE €€ HeTPUBHAJbHBIE TOMOMOP(MU3MBI ABJIAIOTCS WU N30MOP(MU3MAME, WU
rPyHnoBbIME TOMOMOpduU3MamMu. Jloka3zaHo, 9T0 Kaxk1as 63IPOBCKasi TOMOJIOTHUS T Ha ﬂoz/ (N)
takas, ato (Y (N), T) — HOJTyTONOIOTIYecKast TTOIyIPYIIIIa JUCKPETHA I OIIACAHO 3aMBIKAHIE
nomyrpyrmer (.77 (N),7) B TOmoIOrIYecKoit moTyTrpyITe.





