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1 Introduction

XX 3 where () and

Our purpose in this paper is to evaluate the partial sum ) X, s

k
7=0
(X ,(12)),162 are any two Horadam sequences, r, s, m, t and k are any integers and z is any complex
variable. Our results are related to those from [2-5,7-10].

*Statements and conclusions made in this paper by Robert Frontczak are entirely those of the author. They do
not necessarily reflect the views of Landesbank Baden-Wiirttemberg.
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The Horadam sequence [6] (w,,) = (wy(a, b; p, ¢)) is defined, for all integers, by the recurrence
relation
wy=a, w; =b, W, =pwWy_1—qWp_o, N >2,
with
_ (ap — b)un — aqun
— q(bu, — aqu,_1)

or, equivalently,

w_, =q "“(av, — wy),
where a, b, p and q are arbitrary complex numbers, with p # 0 and ¢ # 0; and (u,(p,q)) =
(wn(0,1;p,q)) and (v, (p, q)) = (wn(2,p; p, q)) are Lucas sequences of the first kind and of the
second kind, respectively. The most well-known Lucas sequences are the Fibonacci sequence
(Fy) = (un(1,—1)) and the sequence of Lucas numbers (L,,) = (v,(1,—1)).

The Binet formulas for u,,, v, and w, in the non-degenerate case p* # 4q are
a — [" b—aB , aa—0>
BT a—B" " a=B

where o and f3 are the distinct zeros of the characteristic polynomial 22 — px + g of the Horadam

n n
Up = & +57 Wy =

g,

and Lucas sequences,

N LVt TR T/t
2 ’ N 2 '

The following power reduction formulas, which we require later, can be easily established by
induction:
" = Up@ = qUn_1, B" = unf — qup-1 . (D
Partial sum of Horadam numbers with subscripts in arithmetic progression for integers r, k
and s and arbitrary z can be evaluated as [1, 10]

k k+2 k41
i _ qrwrk—i-sz — Wrk4r4s2 B qus—rz + ws o)
Wyrjys” = 2 . ( )
— q" 2 —vz+1
]:

In particular,

Y

k k+2 k41
j qrurk—f—sz = Urk+4r4s% + qsur—sz + Us
Urj4s2” = 2
0 q"z* — vz + 1
‘77

k k+2 k+1
i _ qrvrk—&-sz = Urk4r4s? B qsvr—sz + Vs
Urjtsz” = .

g2 —vz+1

§=0
The generating function of the Horadam sequence with subscripts in arithmetic progression
for integers r and s is [1]

(o]
rj+s - .
= / gz —v.z+1
In particular,
(o) o
j qsurfsz + Us j _qsvrfsz + v

E Urjts2” = —5 > E Urj+s?’ = —5 .
oy q 2 —vz+1 = q 2 —vz+1
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Further results on Horadam sequence can be found in the survey paper [13]. Properties of
Lucas sequences can be found in [14, Chapter 1].

2 Main results

Theorem 2.1. Let (X)) = (w,(X{", X{Vip1, 1)) and (X)) = (wa(X§?, X1V p2, 42)) be
two non-degenerated Horadam sequences. Let

{(Ug)) = (wn(0,15p1,q1)), (US)) = (wn(27P1;P1>Q1))},

{(w?) = (wa(0,1;p2,42)), (vF) = (wn(2, P2 P2, 42)) }
be the respective Lucas sequences associated with (X\") and (X\*). Then

Zk: YO @ i X @EG + psFG + FH) + XP(EH — FG)
rotsTmytt G2 + H? + p,GH ’

where
B = qurk+s 77213€+2m+t2k+2 - Xﬁlil—r+sug3g+m+tzk — quS P U m)ﬂz + X ut ), 3)
2 k 2 k
= Xﬁkls £n3€+2m+t 17 +2+X1Ek)+r+s fnzﬂ+m+t Tah
@ ,,@ 1), (2) “4)
+qIXS rUmpt—1% — X U1
G = qiusnz® — ol ufl) 5)
and
H = _Q{CDU&?@AZZ + Q2U,("1)u£,21),12 + 1. (6)

Proof. Let a; and i, oy # (i, i € {1;2}, be the zeros of x* — p;z + ¢;, the characteristic
polynomial of the sequence (u,(f )). Then
X0 = A + BB, i€ {12},

where

A — X1 - Xg"8; B Xy a; — X"
' a =B ’ a; — B '
In (2) make the identification w,, = xM , replace z with 'z and multiply both sides by o,
to obtain
S, = ZXTHS mitt
(1) mk+2m+t k+2 (1) - mktmet k1 (1 m+t (1) ™
— 7”)(r‘kJrs " erJrrJrs * rXS* zZ+ X 0[2
a2mz? —opMamz 41
Similarly,
_ (1) gmitt j
- Z X455
rx (D gmk+2m+t k2 1) mk+m-+t k+1 ry (1) mett (1) ®)
a1 X, B9 — Xt 2 — i X2, 2+ X/ Bt

‘1152 2?2 — Url)ﬂglz +1
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Using the power reduction formulas (1), identities (7) and (8) can be written as

Fas + F
— X mert ] 2
S1 = Z sy = S ©)
and
EﬁQ + F
S _ E X m]+t J 10
”J“S Gﬁg +H’ (10)

where F/, F', G and H are as given in (3)— (6). Now
k
AsSy + By Sy = ZXW (A0 + Bofyi )l =3 X0 X2 20
7=0

But from (9) and (10) we have

EO{2+F EBQ—FF

A BySy = Ag——— ——.
251 + B25; ‘Gay + H 2G52 +H

Thus,
ZX ¥ @ j_AQ(Eaz+F)(G52+H)+BQ(GCY2+H)(E52+F)
ri+smy+t? (Gas + H)(GPs + H) ’
from which the stated identity follows after multiplying out the right-hand side and some
algebra. [
3 Examples

We will draw illustrations of Theorem 2.1 from six well-known second-order sequences, namely
the Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, and Jacobsthal-Lucas numbers. First we give
a quick review of the sequences.

The Fibonacci numbers F;, and the Lucas numbers L,, are defined, for n € Z, as usual,
through the recurrence F,, = F, 1+ F,, o (n > 2), Fp =0, Fy =1land L, = L, 1+ L, >
(n>2),Ly=2,L; =1, with I, = (—1)""'F, and L_,, = (—1)"L,,. Exhaustive discussion
of the properties of Fibonacci and Lucas numbers can be found in [11,16].

The Jacobsthal numbers J,, and the Jacobsthal-Lucas numbers j,, are defined, for n € Z,
through the recurrence relations J, = J, 1 +2J, o (n > 2), Jy = 0, J; = 1 and
Jn = Jno1 + 2n_e 0 > 2), jo = 2,51 = 1, with J_,, = (=1)"'27"J, and j_,, = (=1)"27"j,.
The entries A001045 and A014551 from [15] conclude good reference materials on the Jacobsthal
and Jacobsthal-Lucas numbers, respectively.

The Pell numbers P, and Pell-Lucas numbers (),, are defined, for n € Z, through the
recurrence relations P, = 2P, 1+ P, o (n > 2), b =0, P, = 1and Q, = 2Q,,_1 + Q,_»
n>2),Q =2,Q =2, with P, = (=1)""'P,and Q_,, = (—1)"Q,. [12] and [15] (entries
A000129 and A002203) are useful source materials on Pell and Pell-Lucas numbers.

For reference, the first few values of the six sequences are given in Table 1 below.
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n| 5 [ 4 [ 3] -2[-1]o[t]2[3[4]5[6]7][8 |
F,| 5 -3 2 [ =1 [ 1 Jolt]1[2]3]s5] 8 [13] 21
L,| -11 7 —4 [ 3 [ =1 [2f1[3]al7 1] 18] 2 | 47
P, | 29 —12 | 5 | =2 1 Jo|t]2]5 |12]29] 70 | 169 408
Q.| -3 34 | —14] 6 | —2 [2]2]6]14]34]82]198]478] 1154
J. | 11/32 | =5/16 | 3/8 | —1/4| 1/2 [o]1]1 5 [11] 21 | 43 | 85
gn | —31/32 [ 17/16 | —7/8 | 5/4 | —1/2 2|1 |5 | 7 [17[31] 65 | 127 257

Table 1. Terms of F,,, L,,, P,, Q,, J,, and j,

3.1 Sum of the products of Fibonacci numbers
with subscripts in arithmetic progression

Let (X)) = (F,) and (X?) = (F,). Then (u) = (F,), () = (L,), (u{?) = (F,) and
() = (L,). Thus p; = ps = 1, 1 = qo = —1. We therefore have:

E = (_1)TFrk+ska+2m+tzk+2 - Frk+r+ska+m+tZk+1 - (_I)TFS—’I‘FW-th + FsFt ) (1 1)

F = <_1)TFrk+ska+2m+t—lzk+2 - Frk+r+ska+m+t—12k+1 (12)
- <_1)TFs—rFm+t—lz + FsE—l )
G = (—1)"Fyn2* — L Fpz (13)
and
H=(-1)"Fyn_12*> — L, Fp_1z+ 1. (14)
Theorem 3.1. Let r, s, m, t and k be integers. Then
k
, EFH — FG
JZ_; Fravebmin® = p o om
where E, F, G and H are as given in (11)—(14).
In particular, we have
Z F2,0 — (FiFpp22" 2 + F2 25— 2)(1 = 22) + FpFpa2¥(2 + 22)? 7
par il (z+22) = (1-22)2+ (2 +2%)(1 - 2?) 15)

(BB 4 FR 28— 2) (2% = 1) = FrFy 28 (2 + 2°)°
B (1—=3z+22)(z2+1)? ’

which at z = 1 gives the classical result
k

Y F}=FiFi,

J=0

and from which we also get the generating function of the squares of Fibonacci numbers

2
z—z
FQJ:
Z § — 222 4 237
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Evaluation of (15) at = = —1, with the aid of L’Hospital rule gives

K
Z (—1)F? = _g(kJr 1)+ (_1)kaz+1Lk '

J=0 g

3.2 Sum of the products of Fibonacci and Lucas numbers
with subscripts in arithmetic progression

Let (X3V) = (F,) and (X\?) = (L,). Then (u\) = (F,), (0) = (L), (u¥?) = (F,) and
= (L,). Thus p; = ps = 1, ¢1 = @2 = —1. We have
(

E= _1)rFrk+ska+2m+tZk+2 - rk+r+ska+m+t2k+l - (_1)rFs—rFm+tZ + FsFt P (16)

F= <_1)TFrk+ska+2m+t—lzk+2 - rk+r+ska+m+t—lzk+1 (17)
- <_1)TFs—rFm+t—1Z + FsFt—l )
G = (=1)"Fyn2® — L Fpz (18)
and
H=(-1)"Fyp_12*> — L Fp_12+1. (19)
Theorem 3.2. Let r, s, m, t and k be integers. Then
i » . _2FH-EG)+EH+FG
Jz:; rj+stimj+tZT = o2 _ G2+ GH )
where E, F, G and H are as given in (16)—(19).
In particular, we have
k
. A+ B
F.L.27 = 20
JZO A S ey ) ey pepragesy T e 20)

where
A= 2(FF1 2" (14 2)(1 = 22) + (FpFipo2™? + 225 = 2) (2 + 27)),

B = (=FpF 02" — F2 28+ 2)(1 = 22) + By Frp 2" P2 (1 + 2)2

Two special evaluations are
k

> FjLj= Py — 1,

Jj=0
which is also a classical result and

k F}L] _ 2Fk2+1 —|—Fka+3 _9

o 27 2k

Applying L’Hospital rule twice to the right hand side of (20) at z = —1 and making use of
Cassini’s identity, we find

k
Z (_1)ijLJ’ = (_1)kaFk+1 .

J=0
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3.3 Sum of the products of Fibonacci and Pell numbers
with subscripts in arithmetic progression

Let (X\V) = (F,) and (X\?) = (P,). Then (u}) = (F,), (0) = (L), (u}?) = (P,) and
(vg)) = (Qn). Thus, p; =1, ¢ = —1, py = 2 and g, = —1. We therefore have

E = (_1)TFrk+stk+2m+t2k+2 - Frk+r+stk+m+tZk+1 - (_1>Tster+tZ + FsPt ) (21)

F= <_1)TFrk+stk+2m+t—lzk+2 - Frk+r+spmk+m+t—lzk+l (22)
- (_1)TFs—er+t—1Z + FsPt—l )
G = (=1)"Pyn2* — L, P,z (23)
and
H=(-1)"Pyp_12> — L Pp_1z+1. (24)
Theorem 3.3. Let r, s, m, t and k be integers. Then
k
, EFH — FG
;o FriesPnge? = o e oG
where E, F, G and H are as given in (21)—(24).
In particular, we have
iF-P’Zj _ FkPka+4 + (Fk+1pk_1 — FkPk+1)Zk+3
/ 24 =223 — 722 -22+1
(25)

_ (BiPrya + Fon P)2" 7 + By P 2 42 — 2
24 =223 — 722 -22+1 '

of which we can mention the special values

k
FyPyiy + PpFip
ZFJPj - 3

and

W EP; = (—1)*(Pes1 Fy — Fri Pr) -

Mw

]:0
Note that from (25), it follows that the generating function of the product of Fibonacci
numbers and Pell numbers is
3

> - z2—z
FPy2i — .
Z_; iti® 1—22—722 223424

3.4 Sum of the products of Fibonacci and Jacobsthal numbers
with subscripts in arithmetic progression

Let (X\V) = (F,) and (X)) = (J,,). Then (u$) = (F,), () = (L), W'?) = (J,) and
() = (ju). Thus py = 1, ¢t = —1, po = 1 and go = —2. We therefore have
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E = (_1)rFrk+stk+2m+tzk+2 - Frk+r+s<]mk+m+tzk+l - (_1)rFs—er+tZ + Fth ) (26)

F = (—1)r2Frk+stk+2m+t—12k+2 - 2Frk+r+stk+m+t712k+l 27
- (_1)T2F377'Jm+t712 + 2Fth71 )
G = (=1)"Jom2z® — Ly Jmz (28)
and
H = (-1)2Jyp12* — 2L, Jp_12 + 1. (29)
Theorem 3.4. Let r, s, m, n and k be integers. Then
k
. EFH — FG
; Fravolmict™ = 4@ oce v Ga
where E, F, G and H are as given in (26)—(29).
In particular, we have
iF-J-Zj . 4FkaZk+4 + 2(2Fk+1<]k—1 — Fka+1)Zk+3
A 4ot — 223 — 722 — 2+ 1
7=0 (30)

(Fka+2 + 2Fk+1jk)2k+2 + Fk+1Jk+1Zk+l + 225 —Z
4zt — 223 =722 — 241 ’

giving the special values

-  Fu(Jeys — 4dk) + Frpa (Jrgo — 4Jk1)
Y FiJ;= -
7=0

and i
S (~1FJ = (=) (FeJisa — P Jirr) + 1.
=0

From (30) we obtain the generating function of the product of Fibonacci and Jacobsthal numbers

> - 27— 228
F.J.27 = .
; 773 1—2—7T22 2234424

3.5 Sum of the products of Pell and Jacobsthal numbers
with subscripts in arithmetic progression

Let (X)) = (P,) and (X)) = (J,). Then (uy’) = (P,), (W) = (@), () = (J,) and
(vr”)

E = (_1)rprk+s<]mk+2m+tzk+2 - Prk+r+s<]mk+m+t2k+1 - (_1>TPS—7‘Jm+tZ + Pth ) (31)

(jn)- Thus p; = 2, ¢3 = —1, po = 1 and go = —2. We therefore have
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_ T k+2 k+1
F= (—1) 2Py sImktomyt—12 — 2P kirtsImbamat—12

(32)
- (_1>T2Ps—r<]m+t—1z + 2-Pth—l ’
G = (=1)"Jomz* — QrJpmz, (33)
and
H = (—1)2Jym 12" —2Q, 12+ 1. (34)
Theorem 3.5. Let r, s, m, t and k be integers. Then
k
, FH - FG
jz—; Pravolmict? = g —5ce v am
where E, F, G and H are given in (31)—(34).
In particular, we have
i PJZ] _ (—Pka+22k+2 - Pk+1jk+12k+1 + Z)(l - 222>
— (422 + 42— 1)(22 — 22 — 1)
=0 (35)

2(Pk<]k+12k+2 + Pk+1jkzk+1)(22 + 22)
(422 44z —1)(22 — 22— 1) ’

from which we get the special values

k

3 1 1
Z Py Jj = §(ijk+1 + JiLrs1) — ﬁ<Pka+2 + Jky1Pey1) + 7L
=0

and
k i 1

, -1
Z (1Y P;J; = %(Pmﬂkw — PrJrys) — R
§=0

From (35), we obtain the generating function of the product of Pell and Jacobsthal numbers
as follows

= . z— 223
P;J;z = .
jZO 3937 (422 44z —1)(22 — 22— 1)

4 Conclusion

In this paper, we have derived an expression for the partial sum of the products of two arbitrary
Horadam sequences with subscripts in arithmetic progression. Illustrative examples were drawn
from six well-known Horadam sequences. Some more ideas for future work were stated implicitly
in the text.
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