ISSN 2075-9827 e-ISSN 2313-0210 https://journals.pnu.edu.ua/index.php/cmp
Carpathian Math. Publ. 2021, 13 (1), 48-57 KapmnaTcpki maTem. my6a. 2021, T.13, Nel, C.48-57
doi:10.15330/cmp.13.1.48-57

[\

On distance Laplacian spectrum of zero divisor graphs of the
ring Z,,

Pirzada S., Rather B.A., Chishti T.A.

For a finite commutative ring Z, with identity 1 # 0, the zero divisor graph I'(Z,) is a simple
connected graph having vertex set as the set of non-zero zero divisors, where two vertices x and
y are adjacent if and only if xy = 0. We find the distance Laplacian spectrum of the zero divisor
graphs I'(Z,) for different values of n. Also, we obtain the distance Laplacian spectrum of I'(Z,)
for n = p?, z > 2, in terms of the Laplacian spectrum. As a consequence, we determine those n for
which zero divisor graph I'(Z,) is distance Laplacian integral.
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1 Introduction

In this paper, we consider only connected, simple and finite graphs. A graph is denoted by
G = G(V(G),E(G)), where V(G) = {v1,v2,...,0,} is its vertex set and E(G) is its edge set.
The order of Gisn = |V(G)| and its size is m = |E(G)|. The set of vertices adjacent tov € V(G),
denoted by N(v), is the neighborhood of v. The degree of v, denoted by ds(v) (we simply write
dy if it is clear from the context), means the cardinality of N(v). A graph is reqular if each
of its vertices has the same degree. The adjacency matrix A = (a;;) of G is a (0,1)-square
matrix of order n whose (i, j)-entry is equal to 1 if v; is adjacent to v; and equal to 0, otherwise.
Let Deg(G) = diag(dy,dy,...,d,) be the diagonal matrix of vertex degrees d; = dg(v;), i =
1,2,...,n associated to G. The matrices L(G) = Deg(G) — A(G) and Q(G) = Deg(G) + A(G)
are respectively the Laplacian and the signless Laplacian matrices and these matrices are real
symmetric and positive semi-definite. We take 0 = A, < A,_1 < --- < Aj to be the Laplacian
eigenvalues of L(G).

In G, the distance between two vertices u,v € V(G), denoted by d,,,, is defined as the length
of a shortest path between 1 and v. The diameter of G is the maximum distance between any two
vertices of G. The distance matrix of G, denoted by D(G), is defined as D(G) = (duv)y,vev(c)-
The transmission Trg(v) of a vertex v is defined to be the sum of the distances from v to all

other vertices in G, i.e., Trg(v) = Y. dyp. A graph G is said to be k-transmission reqular if
ueV(G)

Trg(v) = k, for each v € V(G). For any vertex v; € V(G), the transmission Trg(v;) is called

the transmission degree, shortly denoted by Tr; and the sequence {Try, Tr, ..., Try } is called the

transmission degree sequence of the graph G.
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Let Tr(G) = diag(Try,Try, ..., Try) be the diagonal matrix of vertex transmissions of G.
Aouchiche M. and Hansen P. [2] introduced the Laplacian and the signless Laplacian for the
distance matrix of a connected graph. The matrix D' (G) = Tr(G) — D(G) is called the distance
Laplacian matrix of G, while the matrix D9(G) = Tr(G) + D(G) is called the distance signless
Laplacian matrix of G. These matrices are real symmetric and positive semi-definite, so we
order the distance Laplacian eigenvalues as p; > -+ > p,_1 > p, = 0. More about D*(G) can
be seen in [2,3,7,11] and the references therein.

Let R be a commutative ring with multiplicative identity 1 # 0. A non-zero element x € R
is called a zero divisor of R if there exists a non-zero y € R such that xy = 0. The zero divisor
graph I'(R) of a commutative ring R is the graph whose vertex set is the set of non-zero zero
divisors of R and two vertices x and y are adjacent if and only if xy = 0 [1]. The zero divisor
graph I'(Z,) is of order n — ¢(n) — 1, where ¢ is Euler’s totient function and Z,, is the integer
modulo ring.

In a graph G, we write x ~ y if vertices x and y are adjacent. We use standard notation,
Ky, K, p, for complete graph and complete bipartite graph. Other undefined notations and ter-
minology from algebraic graph theory, algebra and matrix theory can be found in [4, 6, 8,10].

Investigation of spectral properties of matrices associated to graphs is always interesting
and challenging. Since it is not always possible to obtain all the zeros of the characteristic
polynomial of a matrix whose order is more than 4, therefore in most of the cases the study of
spectra is restricted to certain families of graphs. Even at times the problem becomes difficult
for a particular class of graphs. In this direction, we have considered the problem to inves-
tigate the distance Laplacian spectrum of zero divisor graphs associated to the ring Z,,. We
note that the graphs associated to different algebraic structures, for instance, power graphs and
commuting graphs of groups, zero divisor graphs of rings have helped to solve several prob-
lems both in algebra and combinatorics. Adjacency eigenvalues of zero divisor graphs were
first discussed by Young M. [9]. Laplacian, signless Laplacian and distance signless Laplacian
spectral properties of zero divisor graphs were investigated in [5,11-13].

The rest of the paper is organized as follows. In Section 2, we discuss the distance Laplacian
spectrum of the zero divisor graph I'(Z,) for some values of n € {pq, p?q, (pq)?, p?,z > 2} and
show thatI'(Z,), for n € {p?, pq}, is distance Laplacian integral. We have used computational
software Mathematica for computing approximate eigenvalues and characteristic polynomials
of various matrices.

2 The distance Laplacian spectrum of the zero divisor graphs

The join of two graphs G; and Gy, denoted by G1V Gy, is the union of G; and G, together
with edges from each vertex of G; to every vertex of G,. The following result concerns with
the distance Laplacian spectrum of the join of two graphs.

Theorem 1. Let Gy and G be graphs with ny and ny vertices, respectively. Let A1 > Ay > -+ - >
Ay =0and pp > pp > -+ > up, = 0 be the Laplacian eigenvalues of G and Gy. Then the
distance Laplacian characteristic polynomial of G1VG; is

P£31VG2(t) — t(t_n)(t_2n+n2+A)n1—1(t—2n+n1 —|-],[)i’l2*1/

where A and u are the non-zero Laplacian eigenvalues of G and G, respectively.
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Proof. Let G1 VG, be the join of the graphs G; and G;. This is clearly a graph of diameter 2.
Let V(Gy) = {v1,v2,...,0s,} and V(Gp) = {u,up,...,uy,} be the vertex sets of G; and Gy,
respectively. So V(G) = V(Gy) U V(Gy). It is easy to see that Tr(v) = 2n — ny — 2 — d(v), for
eachv € V(Gy) and Tr(u) = 2n —ny —2 — d(u), for each u € V(G,). Label the vertices of
G1V Gy, so that the first nj vertices are from G;. With this labelling, the distance Laplacian
matrix can be put in the form

L _ (211—1’12)1”1 _2]711 _L(G1> _]n1><n2
P (G1VG2) B < _]n2><n1 (Zn - nl)lnz - 2]712 - L(G2)> ’

where L(Gy), I, and ], xn, are respectively the distance Laplacian matrix, identity matrix and
the matrix whose each entry equals 1 for i = 1, 2. It is a well known fact that 0 the is Laplacian
eigenvalue of L(G;) with the corresponding eigenvector e,, = (1,1,..., 1)T fori =1,2,and all
———
1j
other eigenvectors of L(G;) are orthogonal to e,,,. Let x = (X1, Xip, . . ., Xin,) be the eigenvector of

an arbitrary Laplacian eigenvalue Ay, 1 < k < n; — 1, satisfying eZix = 0. Assigning X = <g)

and noting that J;;, x»,x = 0, we obtain
DL(G1VG)X = (2n — ny — A X.

This implies that 2n —ny; — Ay, 1 < k < nj — 1, is a distance Laplacian eigenvalue of
D%(G1VG,) with multiplicity ny — 1. Similarly, 2n — ny — pj, 1 < j < np — 1, is a distance
Laplacian eigenvalue of D?(G;VG,). The other two distance Laplacian eigenvalues {0, n} are
the zeros of the characteristic polynomial of the following quotient matrix

nyp —nNny
—ny ny )’
This completes the proof. O

If K, is the complete bipartite graph with partite sets of cardinality a and b, then clearly
K, = K;VK,. From Theorem 1, taking n; = a, ny = b, and A; = p; = 0 for each i, j, we
observe that the distance Laplacian characteristic polynomial of K, ; is

PRv(t) = #(t —n)(t —2n + b)* 1t —2n +a)P~ L,

A complete split graph, denoted by CS,, ,—«, is the graph consisting of a clique on w ver-
tices and an independent set! on the remaining n — w vertices, such that each vertex of the
clique is adjacent to every vertex of the independent set. Note that CS, ,—w = Ko VK —w.
Again, from Theorem 1, we observe that the distance Laplacian characteristic polynomial of
CS(,(},V[*(,U iS

PESon(f) = £(t —n)* (t — 2n 4+ w)" ¢,

This is because the Laplacian spectrum of K, is {w!“~1,0}, apply Theorem 1 by taking
m=w, np =n—w, A :wforizz,...,w,andyj =0forj=23,...,n—w.

1 A subset of vertices of a graph is said to be an independent set if the subgraph induced by them is an empty
graph.
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The joined union of graphs is defined as follows [14]. Let G(V, E) be a graph of order n and
Gi(V;, E;) be graphs of order m;, where i = 1, ...,n. The joined union G[Gy, ..., G| is the graph
H = (W, F) with

n
wW=JVi ad F=[JEU | VixV.
i=1 i=1 {UZ‘,’U]‘}EE

In other words, the joined union is the union of graphs Gy, ..., G, together with the edges
between the vertices v; € V(G;) and v; € V(G;) whenever v; and v; are adjacent in G.

The following result from [7] gives the distance Laplacian spectrum of G[Gq,...,G,] in
terms of the Laplacian spectrum of the graphs G;, fori =1,2,...,n.

Theorem 2 ([7]). Let G be a graph of order n having vertex set V(G) = {vy,...,v,}. Let G; be

a graph of order m; with Laplacian eigenvalues pjy > pjp > ... > Wiy, wherei = 1,2,...,n.

The distance Laplacian spectrum of the joined union G[Gy, . .., G| consists of the eigenvalues
n

Zmi—yik—{—ai fOTizl,...,i’l andk:1,2,3,...,mi—1, Whereoéi: Z mkdc(’(')i,’()k). The

k=1k#i
remaining n eigenvalues are given by the matrix

K1 —mpdg(v1,v2) ... —mudg(v1,vn)
—mydg(va,v1) Ko oo —mpdg(v2,vp)
M = . .
—mydg(vy,v1) —modg(vy,v2) ... Xy,

An integer d is a proper divisor of n if d divides n, written as d|n, for 1 < d < n. Let Y, be
the simple graph with vertex set {dy,dy,...,d;} and two distinct vertices in Y, are adjacent if
and only if n\didj. If the prime power factorization of n = p’fl pgz ...py, wherer,ny,ny, ..., n,

are positive integers and p1, py, ..., pr are distinct prime numbers, the size of Y, is given by
r

|[V(Yn)| = I1(n; +1) —2.For1 <i < t, we consider the sets Ay, = {x € Z,, : (x,n) = d;}. We
=1

see that Ad: N Ag = ¢, wheni 7 j, implying that the sets Ag,, Ag,, ..., Ag, are pairwise disjoint
and partitions the vertex set of I'(Z,) as V(I'(Z,)) = Ag, U Ag, U --- U Ag,. From definition
of Ay, a vertex of Ay, is adjacent to a vertex of Ay, in I'(Z,) if and only if n divides d;d;
fori,j €{1,2,...,t}.

The following result from [9] gives the cardinality of Ay;.

Lemma 1 ([9]). Letd; be the proper divisor of n. Then
n
Ayl = —
| d; | 4) <d1>
forl1 <i<t.

The next lemma from [5] shows that the induced subgraphs I'(A;,) of T'(Z,) are either
cliques or their complements.
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Lemma 2 ([5]). The following hold.

(i) Fori € {1,2,...,t}, the induced subgraphT'(A,,) of I'(Z,) on the vertex set A, is either
a complete graph K or its complement KP(%)' Indeed, T'(Ay,) is Ky(ny if and only if

dl d:
n divides d%.

1

(ii) Fori,j € {1,2,...,t} withi # j, a vertex of Ay, is adjacent to either all or none of the
vertices of Ay inT'(Z,).

The following lemma shows that I'(Z,,) is the joined union of certain complete graphs and
null graphs.

Lemma 3 ([5]). Letl“(Adi) be the induced subgraph of T'(Z,) on the vertex set Ay for1 <i<t.
Then
[(Zy) = Yull(Ag,), T(Ag,), ..., T(Ag,)].

We consider an example to find the distance Laplacian spectrum with the help of Theo-
rem 2. We know that T'(Z,) is a complete graph if and only if n = p? for some prime p.
Further, the adjacency spectrum of K, and K, on w vertices are {w — 1, —1[“’*”} and {OM },
respectively. So, by Theorem 2, out of n — ¢(1n) — 1 number of distance Laplacian eigenvalues
of I'(Z,), n — ¢(n) — 1 — t of them are known to be positive integers. The remaining ¢ distance
Laplacian eigenvalues of I'(Z,) will count from the zeros of the characteristic polynomial of
the equitable quotient matrix M.

Example 1. Distance Laplacian eigenvalues of I'(Z3).

Let n = 30. Then 2,3,5,6,10 and 15 are the proper divisors of n and Y, is the graph
Go:3~10~6 ~5, 10 ~ 15 ~ 2 and 6 ~ 15, that is, Y}, is the triangle graph having a
pendent edge at each vertex of the triangle. Indexing the vertices by increasing proper divisor
sequence and applying Lemma 3, we have

I'(Zs0) = Ys0[Ks, Ks, Ko, Kg, Ko, Ky ).
By Theorem 2, the distance Laplacian spectrum of I'(Z3)) consists of the eigenvalues
{484,477 378 33},

and the remaining six eigenvalues are the zeros of the characteristic polynomial of the follow-
ing matrix

31 -12 -6 -8 —4 -1

-24 42 -6 -8 -2 2

—-24 12 46 —4 —4 2

-16 -8 -2 29 -2 -1

-16 -4 -4 —4 29 -1

-8 -8 —4 —4 -2 26

1)

The characteristic polynomial of matrix (1) is

x® —203x° + 16167x* — 631097x> 4 12078472x> — 90732012x
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and its approximated zeros are
{54.8984, 52.8576, 37.2458, 31.1478, 27.0505, 0.0000}.

Now, we find the distance Laplacian spectrum of I'(Z,) for n € {pq, p?q, (pq)?, p?,z > 2}
with the help of Theorems 1 and 2. Consider n = pg, where p and g, p < g, are distinct primes.
We use either Theorem 1 or Theorem 2. By Lemmas 2 and 3, we have

T(qu) = Ypy [T(AP)fF(Aq)] = Kz[KP(p)'KP(q)] - KP(P) VKP(q) - K(P(Pm(q)' (2)

Lemma 4. The distance Laplacian spectrum of T'(Z,) consists of the eigenvalues 2n — q + 1
with multiplicity p — 2, the eigenvalue 2n — p + 1 with multiplicity q — 2, and the eigenvalues

{0,n}.

Proof. Let n = pg, where p and g, p < g, are distinct primes. Then the proper divisors of n are
p and g, 50 Y, is K». By equation (2) and Theorem 1 the result follows. O

The next result gives the distance Laplacian spectrum of T(szq) for n = p2q.

Lemma 5. The distance Laplacian spectrum of T(sz q) is

{(3pq +2p* —2p — 29)7" =Y, (pg +2p* — 2p)P7%, (2pg + p? — 2p — 1)1,
(3p> +2pg —4p — 1)PTP~1,x; > xp > x3 > x4 = 0},

where x1, X, x3 are the non-zero zeros of the characteristic polynomial of the quotient matrix
M(Py).

Proof. Letn = p?q, where p and g are distinct primes. Since proper divisors of n are p, g, pq, p?,
50 Y 2, is the path Py : g ~ p? ~ pq ~ p. By Lemma 3, we have

F(szq) - szq[r(Aq)'F(APZ)'F(AW)'F(AP)] - P4[Kl>(pz)j¢(q)'K<P(P)'K¢(pq)]'

with respective orders m; = ¢(p?), mo = ¢(q), ms = ¢(p) and my = ¢(pq). Further, we see
that (a1, a2, a3, 04) = (3p7 — p —24,2pq + p* = 2p — 29 +1,2p> + pq — 3p, 3p* + 29 — 2p — 3)
and by Theorem 2, distance Laplacian spectrum of I'(Z,,) consists of the eigenvalues
3pq +2p* — 2p — 29, pq +2p* —2p, 2pq + p* —2p — 1, 3p* + 2pq — 4p — 1 with multiplici-
tiesp>? —p—1, p—2, g —2, pqg — p — q, respectively. The remaining eigenvalues are given by
the following of the equitable quotient matrix

oc(l s —¢(q) —24’((P)) —34>gpq§

| —o(p ap —p(p) —2¢(pq

MPO=1 0p?) —pla) a5 —g(pa)
=3¢(p*) —2¢(q) —¢(p) oy

Clearly, each row sum of M(P;) is zero, so that 0 is its eigenvalue and the remaining eigenval-
ues are the non-zero zeros of the characteristic polynomial of M(Py). O
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Lemma 6. The distance Laplacian spectrum of T(Z(pq)z) is

{(3p2q+2pg® +2q — 5p — 2pq) )71, (3p2q + 2pg? — g — 2p* — 2pg) T,
(3p%q +2pq* — q — 3pg — )P, (2p% + 3pg® + g — 29> — 3pg — 1) 07,

(2pq+3pg® + p — 6 — 4pg) PP, (2p%q 4+ 3pg® — p — g — pg) PV,

(

p?q +2pg* — 2pq — 1)W1}
and the zeros of the characteristic polynomial of the matrix M(Gy) in (2).

Proof. Letn = (pq)?, where p and g, p < g, are distinct primes. Since the proper divisors of

nare p, p%, q, 4°, pq, pq* and p*q, so Y )2 is the graph Gy : g ~ p*q ~ g ~ p* ~ pg® ~ p,
p?q ~ pq. We name the vertices in Gy according to the proper divisor sequence, so by Lemma 3,
we have

r(Z(pq)z) - Y(pq

RIT(Ap), T(A), T(Ag), T(A2), T(Apg), T(Ay2), T(Ap,)]

P
o2 K2y o) Ko 02y Kopg) Koy Kp(g))-

By Theorem 2, we have

(a1, 00, a3, 04, 05, a6, 07) = (3p°q + 29 — 5p,3p°q + 2pg* + q — 2p* — 2pg,
3pg® +2p* —2p—q—pg—1,
2p%q +3pg® +2p +q —2p* —29°> — 3pg — 1,
2p°q+3pq° +2p — 59 — 5pg — 1,2p°q + pg® —2p —q — pg + 1,
2p%q+pg” —2p —1q).

Again, by Theorem 2, the distance Laplacian spectrum of I'(Z, consists of the eigenvalue

2

)
2¢0(pg?) + a1 = 3p*q + 2pq* + 29 — 5p — 2pgq with multipliciljc? ¢(pg®) — 1, the eigenvalue
3p2q +2pg*— q — 2p*>— 2pq with multiplicity ¢(q%)—1, the eigenvalue 3p?q + 2pg>— g — 3pg— 1
with multiplicity ¢(p?q) — 1, the eigenvalue 2p?q + 3pg® + g — 2% — 3pgq — 1 with multiplicity
¢(p?) — 1, the eigenvalue 2p%q + 3pg> + p — 69 — 4pq with multiplicity ¢(pq) — 1, the eigen-
value 2p%q + 3pg? — p — g — pq with multiplicity ¢(p) — 1, the eigenvalue p?q + 2pg* — 2pq — 1
with multiplicity ¢(q) — 1 and the remaining seven eigenvalues are given by the following

matrix
oy =2¢(q*) =3¢(p*q) —3¢(p*) —3¢(pa) —¢(p) —2¢(q)
—2¢(pg®) a2 =3¢(p*q) —o(p*) —3¢(pg) —¢(p) —24>()
=3¢(pq?) —3¢(q?) a3 =20(p*) —2¢(pq) —2¢(p) —¢(q)
M(Gy) = | =3¢(pq*) —o(4*) —20(p*q)  as  —2¢(pg) —2¢(p) —¢(q)
=3¢(pg®) —3¢(q°) —2¢(p*q) —20(p*) a5 =2¢(p) —0(9)
—o(pa®)  —¢(@®) —20(p*q) —20(p*) —2¢(pq) as  —(9)

=20(pg*) —2¢(a*) —o(p*9) —o(p*) —o(pa) —¢(p)

By using values of rxgs, we see that each row sum of the matrix M(Gy) is zero, so 0 is its distance
Laplacian eigenvalue and other six eigenvalues are the non-zero zeros of the characteristics
polynomial of the above given matrix. O
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Now, we find the distance Laplacian spectrum of I'(Z,) for n = p*, z > 3. We consider
n = p?™ and similar type of analysis can be done for n = p?"*1. If n = p?™, then the divisor
sequence is {p, p%, ..., p>" 1} and vertex p' is adjacent to vertex p/ in Y on for each j > 2m — i
with1 <i <2m—1andi # j. By Lemma 1, order of G;is m;= ¢(p*" ') fori = 1,2,...,2m—1.
Also, fori =1,2,...,.m—1,G; = Kp(pzmﬂ') and fori = m,...,2m—1, G; = K(p(pszi). From
Theorem 2, the distance Laplacian spectrum of T'(Z,) consists of p; = 2p?"~! — p' — 1, with
respective multiplicities ¢(p?" ') — 1 fori = 1,2,...,2m — 1, and the remaining eigenvalues
are given by equitable quotient of I'(Z,,). We observe that p; adds the missing entry in the
definition of «; in Theorem 2.

Now, the remaining eigenvalues of the quotient matrix can be found in several ways. One
way is to use the mathematical induction and show that the eigenvalues of quotient matrix are
those of p; together with 0 and each with multiplicity 1 except when i # m. Another way is
to construct I'(Z,) by using iteration join graphs as in [5] and use Theorem 1 continuously till
we get all the eigenvalues. The natural way is to see that I'(Z,) is a graph of diameter two, so
that distance Laplacian spectrum of I'(Z,,) can be found in terms of spectrum of the Laplacian
matrix. For that we need the following results.

Theorem 3 ([2]). Let G be a connected graph on n vertices with diameter at most two. Then
the distance Laplacian spectrum of G is

2n—Ay12>22n—Ay_p---2>2n—A1 > p, =0.

A matrix of order n with real entries is said to be integral, if all its eigenvalues are integers.
Likewise, a graph G is said to be integral if its associated matrix is integral.
A consequence of the above result is the following, whose proof is trivial.

Corollary 1. Let G be graph on n vertices with diameter at most two. Then G is Laplacian
integral if and only if G is distance Laplacian integral.

Theorem 4 ([5]). Let n = p* where p is prime and z > 2 is a positive integer. Then the
following hold.

(i) Ifz = 2, then the Laplacian spectrum of T'(Z,) is {(p — 1)P=2,0}.

(i) If z = p®™ for some positive integer m > 2, then the Laplacian spectrum of T'(Z,)
consists of the eigenvalue 0, the eigenvalue p' — 1 with multiplicity ¢(p*"~'), where
i=2m—-12m—-2,.... m+2,m+1,m—1,m—2,...,1 and the eigenvalue p" — 1 with
multiplicity ¢(p™) — 1.

(iii) If z = p*"*! for some positive integer m > 1, then the distance Laplacian spectrum of
['(Z,) consists of the eigenvalue 0, the eigenvalue p' — 1 with multiplicity ¢(p>"+171),
wherei = 2m,2m —1,.... m+2,m+1,m—1,m—2,...,1 and the eigenvalue p™ — 1
with multiplicity ¢(p™ 1) — 1.
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Theorem 5. Letn = p* where p is prime and z > is a positive integer. Then the following hold.
(i) Ifz = 2, then the distance Laplacian spectrum of T'(Z,) is {(p — 1)[P=2,0}.

(i) If z = p*" for some positive integer m > 2, then the distance Laplacian spectrum
of T(Z,) consists of the simple eigenvalue 0, the eigenvalue 2p*"~1 — p?"~' — 1 with
multiplicity ¢(p') fori = 2m —1,2m —2,...,m +1,m —1,...,2,1 and the eigenvalue
2p?m=1 — p™ — 1 with multiplicity ¢(p™) — 1.

(iii) If z = p®" for some positive integer m > 2, then the distance Laplacian spectrum
of T(Z,) consists of the simple eigenvalue 0, the eigenvalue 2p*"~1 — p?"~1 — 1 with
multiplicity ¢(p') fori = 2m,2m —1,...,m+1, m—1,...,2, 1 and the eigenvalue
2p?m=1 — p" — 1 with multiplicity ¢(p"+1) — 1.

Proof. (i) Since I'(Z,2) = I'(Ap) is the complete graph K;,_; for any prime p, so the result
follows for p > 2.

The other cases follow from Theorem 3 and Theorem 4 and using the fact that order of Z,
isn=¢(n)—1. O

Now, for n = p3, by Lemma 3 we have

F(Zp3) = Yp3 [F(Ap),r(Apz)] =K [K(P(Pz)’KfP(P)] = Kp(pfl)VKpfl.
This implies that I'(Z ;) is a complete split graph of order p? — 1, having independent set of
cardinality p(p — 1) and clique of size p — 1. By Theorem 1, distance Laplacian spectrum of
L(Zn)is{(2p* = p+ 1) 770, (p? = 1)P-2, 0},

From the facts and discussions above, we have the following observation.

Corollary 2. T(Z,) is distance Laplacian integral if and only if n is prime power or product of
two distinct primes.

Proof. If n is either prime power or product of two distinct primes, then by Lemma 4 and
Theorem 5, it follows that the distance Laplacian eigenvalues of I'(Z,) are integers. Also,
by Lemma 5, for p = 22, T (Z44) is the complete bipartite graph and its distance Laplacian
eigenvalues are integers. For other way round, if n is the product of three primes, then
by Example 1, we get some non-integer distance Laplacian eigenvalues of I'(Z,,,), where
p, q, r, p < q < r are primes. More generally, if n = p’flpgz...pf’, where r,n1,..., 1,
are non-negative integers and p;, i = 1,2,...,r, are primes, then for r > 3, I'(Z,) con-

tains the triangle ﬁ ~ o~ T~ p—’,}w which implies that I'(Z,) is not complete bipar-

3 ) Py 3
tite and is distance Laplacian integral. Similarly, F(anlpnz ), n1,np > 2, contains the triangle
1 rF2

pi b o prpi2 T i~ p T2, s0 lits zero divisor graph is not complete bipartite.

Again, for n = p%q or n = pq?, by Lemma 6, the zero divisor graph is not integral. Therefore,
['(Z,) is distance Laplacian integral only for n = p?, pg,4q with p < g being primes. O

Another consequence of Theorems 1 and 2 is the following.

Corollary 3. Ifn is either prime or product of two distinct primes, then the smallest and largest
distance Laplacian eigenvalue of T'(Z,) is the eigenvalue of quotient matrix.
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AAsl CKIHUEHHOTO KOMYTATVMBHOTO KinbLsI Z,; 3 OAMHWUYHNMM ereMeHTOM 1 # 0 rpadp AinpHU-
KiB HyAst I'(Z,,) € mpocTyM 3B’I3HMM IpadpoM, MHOXIHA BEPIIIVH SIKOTO € MHOXXIHOIO HEHYABOBIX
ALABHMKIB HyAsl, HPMUOMY ABi BEPILVHIL X Ta f € CyCiAHIMM TOAI i TIABKM TOAL, KoAm xy = 0. Mu 3Ha-
XOAVIMO AVICTQHITIHVIT AQIIAACIiaHOBIMIL CIIEKTP TpadpiB AIABHVIKIB HyAst I'(Z,,) AASI pisHNMX 3HAUYeHDb
1. Tako>XX MM OTPMMYEMO AVCTAHLIHMI AarAaciaHoBwit cektp rpadpa I'(Z,) aran = p*,z > 2,
y TepMiHax AalAaciaHOBOTO CIeKTpa. SIK HacAiAOK MM BM3HAYaeMO Ti 3HaUeHHS 11, AASL KX rpadp
AlABHUKIB HYASL ['(Z,,) € AVCTaHIIHNM AaIIAACiaHOBMM IHTErpaAOM.

Kntouosi cnosa i ¢ppasu: marpyus Kipxrodpa, marpus Kipxroda BiacTaHel, koMyTaTuBHE Kinb-
e, Tpacp AIABHMKIB HYASL



