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Bounds on the first leap Zagreb index of trees

Dehgardi N.1, Aram H.2,

The first leap Zagreb index LM1(G) of a graph G is the sum of the squares of its second vertex

degrees, that is, LM1(G) = ∑v∈V(G) d2(v/G)2, where d2(v/G) is the number of second neighbors

of v in G. In this paper, we obtain bounds for the first leap Zagreb index of trees and determine the

extremal trees achieving these bounds.
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Introduction

Let G be such a simple graph with vertex set V and edge set E. The order |V| of G is

denoted by n and the size |E| of G is denoted by m. The degree of a vertex v in G is the number

of edges incident to v and is denoted by d(v/G). The maximum degree of a graph G are

denoted by ∆ = ∆(G). The distance dG(u, v) between any two vertices u and v of a graph G is

equal to the length of a shortest path connecting them. For a vertex v ∈ V(G) and a positive

integer k, the open k-neighborhood of v in the graph G, denoted by Nk(v/G), is defined as

Nk(v/G) = {u ∈ V(G) : d(u, v) = k}. The k-distance degree of a vertex v in G, denoted

by dk(v/G), is the number of k-neighbors of the vertex v in G, i.e., dk(v/G) = |Nk(v/G)|.
Evidently, d1(v/G) = d(v/G) for every v ∈ V(G).

A leaf of a tree T is a vertex of degree one and a stem is a vertex adjacent to a leaf. A rooted

tree is a tree having a distinguished vertex ω, called the root. If v is a vertex in T other than the

root, the parent of v is the vertex connected to v on the path to the root. A spider is a tree with

at most one vertex of degree greater than 2, called the center of the spider. If there is no vertex

of degree greater than two, then any vertex can be considered as the center. A leg of the spider

is a path from the center to a vertex of degree one. Thus, a star with k edges is a spider with k

legs, each of length 1, and the path is a spider with 1 or 2 legs.

Two of the oldest bond-additive invariants are Zagreb indices which were introduced by

I. Gutman and N. Trinajstić in [15]. For a graph G, the first and second Zagreb indices are

defined as

M1 = M1(G) = ∑
v∈V(G)

d(v/G)2 and M2 = M2(G) = ∑
uv∈E(G)

d(u/G)d(v/G),

respectively. For more properties of Zagreb indices, see the surveys [4, 14].
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In recent years, some novel variants of topological indices have been put forward, such as

Zagreb coindices [3, 9, 13], general Zagreb index [12], entire Zagreb indices [2, 16], augmented

Zagreb index [1, 6, 11], Lanzhou index [8, 21], Mostar index [7, 10], revised Szeged index [5, 18],

etc.

A.M. Naji, N.D. Soner and I. Gutman [17] extended the concept of Zagreb index to the

second vertex degrees. For a graph G, the first, second, and third leap Zagreb indices are

defined as follows

LM1 = LM1(G) = ∑
v∈V(G)

d2(v/G)2, LM2 = LM2(G) = ∑
uv∈E(G)

d2(u/G)d2(v/G),

LM3 = LM3(G) = ∑
v∈V(G)

d(v/G)d2(v/G).

For more information about leap Zagreb indices, see for example [20, 22].

In this paper, we focus on the first leap Zagreb index. We obtain lower bounds on the first

leap Zagreb index and characterize the extremal trees achieving these bounds. We also present

upper bounds for the first leap Zagreb index of trees.

1 Bounds on first leap Zagreb index of trees

In this section, we present sharp lower bounds for the first leap Zagreb index of trees in

terms of their order and maximum degree, and characterize all extremal trees.

Throughout this section, T denotes a rooted tree with root ω, where ω is a vertex of maxi-

mum degree and N(ω) = {w1, w2, . . . , w∆}.

We start with some lemmas.

Lemma 1. Let T be a tree of order n with maximum degree ∆. If T has a vertex u of degree

at least three, that is in maximum distance from ω, then there is a tree T′ of order n with

maximum degree ∆ such that LM1(T
′) < LM1(T).

Proof. Let u 6= ω be a vertex of T with d(u/T) = α ≥ 3 and let NT(u) = {u′, x1, x2, . . . , xα−1},

where u′ is the parent of u. Assume d(u′/T) = β. We consider the following cases.

Case 1. All neighbors of u except u′ are leaves.

Subcase 1.1. u′ is adjacent to a leaf y.

Let T′ be the tree obtained from T − x1 by attaching the edge yx1. Clearly, T′ is a tree of

order n with ∆(T) = ∆(T′). Also d2(u/T) = d2(u/T′), d2(u
′/T) = d2(u

′/T′), d2(y/T) =

d2(y/T′), d2(x1/T) = d2(x1/T′) + α − 2 = α − 1, and d2(xi/T) = d2(xi/T′) + 1 = α − 1 for

2 ≤ i ≤ α − 1. By definitions we have

LM1(T
′)− LM1(T) = ∑

v∈V(T′)
d2(v/T′)2 − ∑

v∈V(T)

d2(v/T)2

=
α−1

∑
i=2

d2(xi/T′)2 + d2(x1/T′)2 −
α−1

∑
i=2

d2(xi/T)2 − d2(x1/T′)2

= (α − 2)(α − 2)2 + 1 − (α − 2)(α − 1)2 − (α − 1) = −2α2 + 6α − 4 < 0.
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Subcase 1.2. u′ has no leaf neighbor.

Let T′ be the tree obtained from T − x1 by attaching the edge x1x2. Then d2(u
′/T) =

d2(u
′/T′) + 1 = k + α − 1 for k ≥ β − 1, d2(u/T) = d2(u/T′) − 1 = β − 1, d2(xi/T) =

d2(xi/T′) + 1 = α − 1 for 2 ≤ i ≤ α − 1, and d2(x1/T) = d2(x1/T′) + α − 2 = α − 1. Hence,

LM1(T
′)− LM1(T) = ∑

v∈V(T′)
d2(v/T′)2 − ∑

v∈V(T)

d2(v/T)2

=
α−1

∑
i=2

d2(xi/T′)2 + d2(u/T′)2 + d2(u
′/T′)2 + d2(x1/T′)2

−
α−1

∑
i=2

d2(xi/T)2 − d2(u/T)2 − d2(u
′/T)2 − d2(x1/T′)2

=
α−1

∑
i=2

[(α − 2)2 − (α − 1)2] + β2 − (β − 1)2 + (α + k − 2)2

− (α + k − 1)2 + 1 − (α − 1)2

= (α − 2)(−2α + 3) + 2β − 1 − 2(α + k) + 3 − α2 + 2α

= −2α2 + 7α − 6 + 2β − 1 − 2α − 2k + 3 − α2 + 2α

≤ −3α2 + 7α − 4 < 0.

Case 2. u is adjacent to a leaf x1 and uy1y2 . . . yℓ is a path in T for ℓ ≥ 2 such that y1 = x2.

If u′ is a stem, then the result is immediate as in Case 1. So assume that u′ is not a

stem. Let T′ be the tree obtained from T − x1 by attaching the edge yℓx1. Then d2(u
′/T) =

d2(u
′/T′) + 1 = k + α − 1 for k ≥ β − 1, d2(u/T) = d2(u/T′), d2(x1/T) = d2(x1/T′) + α − 2,

and d2(xi/T) = d2(xi/T′) + 1, for 2 ≤ i ≤ α − 1.

If ℓ ≥ 3, then d2(yℓ−1/T) = d2(yℓ−1/T′)− 1 = 1 and

LM1(T
′)− LM1(T) = ∑

v∈V(T′)
d2(v/T′)2 − ∑

v∈V(T)

d2(v/T)2

=
α−1

∑
i=2

d2(xi/T′)2 + d2(u
′/T′)2 + d2(yℓ−1/T′)2 + d2(x1/T′)2

−
α−1

∑
i=2

d2(xi/T)2 − d2(u
′/T)2 − d2(yℓ−1/T)2 − d2(x1/T′)2

=
α−1

∑
i=2

[(d2(xi/T)− 1)2 − d2(xi/T)2] + (α + k − 2)2 + 4 + 1

− (α + k − 1)2 − 1 − (α − 1)2

=
α−1

∑
i=2

[(d2(xi/T)− 1)2 − d2(xi/T)2]− 2k − α2 + 6 < 0.

Now, if ℓ = 2, then d2(yℓ−1/T) = d2(yℓ−1/T′), and so we obtain

LM1(T
′)− LM1(T) = ∑

v∈V(T′)
d2(v/T′)2 − ∑

v∈V(T)

d2(v/T)2

= ∑
xi∈N(u)−{x1,x2=y1}

[(d2(xi/T′)− 1)2 − d2(xi/T)2]− 2k − α2 + 3 < 0.
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Case 3. u is not a stem and uy1y2 . . . ys, uz1z2 . . . zt, s, t ≥ 2, are two paths in T such that

y1 = x1 and z1 = x2.

Clearly d2(u/T) = α + β − 2, d2(u
′/T) = k + α − 1 for k ≥ β − 1 and d2(zt/T) =

d2(zt−1/T) = 1. Let T′ be the tree obtained from T − uy1 by attaching the edge zty1. Then

d2(u
′/T′) = k + α − 2, d2(u/T′) = α + β − 3.

If s = t = 2, then d2(y1/T) = d2(z1/T) = α − 1, d2(y2/T) = d2(y2/T′), d2(y1/T′) = 1,

d2(z1/T′) = α − 1, d2(z2/T) = 1, d2(z2/T′) = 2 and d2(xi/T′) = d2(xi/T) − 1 for

3 ≤ i ≤ α − 1. Hence,

LM1(T
′)− LM1(T) = ∑

v∈V(T′)
d2(v/T′)2 − ∑

v∈V(T)

d2(v/T)2

=
α−1

∑
i=3

d2(xi/T′)2 + d2(u
′/T′)2 + d2(u/T′)2 + d2(y1/T′)2 + d2(z2/T′)2

−
α−1

∑
i=3

d2(xi/T)2 − d2(u
′/T)2 − d2(u/T)2 − d2(y1/T)2 − d2(z2/T)2

=
α−1

∑
i=3

[(d2(xi/T)− 1)2 − d2(xi/T)2] + (α + k − 2)2 + (α + β − 3)2 + 5

− (α + k − 1)2 − (α + β − 2)2 − 1 − (α − 1)2

=
α−1

∑
i=3

[(d2(xi/T)− 1)2 − d2(xi/T)2]− 2k − 2β − α2 − 2α + 11 < 0.

Now, if s = 2 and t ≥ 3, then d2(y1/T) = α − 1, d2(z1/T) = α, d2(y1/T′) = 1, d2(y2/T) =

d2(y2/T′) and d2(z1/T′) = α − 1, d2(zt/T′) = d2(zt−1/T′) = 2 and d2(zj/T) = d2(zj/T′) for

2 ≤ j ≤ t − 2. Therefore we have

LM1(T
′)− LM1(T) = ∑

v∈V(T′)

d2(v/T′)2 − ∑
v∈V(T)

d2(v/T)2

=
α−1

∑
i=3

d2(xi/T′)2 + d2(u
′/T′)2 + d2(u/T′)2 + d2(y1/T′)2

+ d2(z1/T′)2 + d2(zt−1/T′)2 + d2(zt/T′)2 −
α−1

∑
i=3

d2(xi/T)2

− d2(u
′/T)2 − d2(u/T)2 − d2(y1/T)2

− d2(z1/T′)2 − d2(zt−1/T)2 − d2(zt/T)2

=
α−1

∑
i=3

[(d2(xi/T)− 1)2 − d2(xi/T)2] + (α + k − 2)2 + (α + β − 3)2

+ (α − 1)2 + 9 − (α + k − 1)2 − (α + β − 2)2 − α2 − (α − 1)2 − 2

=
α−1

∑
i=3

[(d2(xi/T)− 1)2 − d2(xi/T)2]− 2k − 2β − α2 − 4α + 16 < 0.

Finally, let s, t ≥ 3. Then d2(y1/T) = d2(z1/T) = α, d2(y1/T′) = 2 and d2(z1/T′) = α − 1.

Also, d2(yi/T) = d2(yi/T′) for 2 ≤ i ≤ s, d2(zt/T′) = d2(zt−1/T′) = 2 and d2(zj/T) =

d2(zj/T′) for 2 ≤ j ≤ t − 2. Hence,
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LM1(T
′)− LM1(T) = ∑

v∈V(T′)
d2(v/T′)2 − ∑

v∈V(T)

d2(v/T)2

=
α−1

∑
i=3

d2(xi/T′)2 + d2(u
′/T′)2 + d2(u/T′)2 + d2(y1/T′)2

+ d2(z1/T′)2 + d2(zt−1/T′)2 + d2(zt/T′)2 −
α−1

∑
i=3

d2(xi/T)2

− d2(u
′/T)2 − d2(u/T)2 − d2(y1/T)2

− d2(z1/T′)2 − d2(zt−1/T)2 − d2(zt/T)2

=
α−1

∑
i=3

[(d2(xi/T)− 1)2 − d2(xi/T)2] + (α + k − 2)2 + (α + β − 3)2

+ (α − 1)2 + 9 − (α + k − 1)2 − (α + β − 2)2 − α2 − (α − 1)2 − 2

=
α−1

∑
i=3

[(d2(xi/T)− 1)2 − d2(xi/T)2]− 2k − 2β − α2 − 6α + 18 < 0.

By Lemma 1, among all trees of order n with maximum degree ∆, the spiders have the

minimum first leap Zagreb index. In what follows, we determine the spiders having minimum

first leap Zagreb index. If ∆ = 2, then T ∼= Pn. Therefore, let ∆ ≥ 3.

Lemma 2. Let T be a spider of order n with ∆ legs. If T has two legs of length at least 3, then

there is a spider T′ of order n with ∆ legs such that LM1(T
′) < LM1(T).

Proof. Let ω be the center of T and let ωx1x2 . . . xℓ, ωy1y2 . . . yt, ℓ, t ≥ 3, be two legs of length

at least three in T. Let T′ be the tree obtained from T − x1x2 by adding the edge ytx2, and let

d2(ω/T) = k. Clearly T′ is a spider of order n with ∆ legs. By definition we have,

LM1(T
′)− LM1(T) = ∑

v∈V(T′)
d2(v/T′)2 − ∑

v∈V(T)

d2(v/T)2

= (k − 1)2 − k2 + 4 − 1 + 4 − 1 + (∆ − 1)2 − ∆2

= −2k − 2∆ + 8 < 0.

Lemma 3. Let T be a spider of order n with ∆ legs and let ω be the center of T such that

d2(w/T) = k. If T has a leg of length 2 and a leg of length at least 3, then there is a spider T′ of

order n with ∆ legs such that LM1(T
′) ≤ LM1(T) with equality if and only if k = 2.

Proof. Let ωx1x2 be the leg of length 2 and ωy1y2 . . . yt be the leg of length at least three in T.

Let T′ be the tree obtained from T − x1x2 by adding the edge ytx2. By definition we have

LM1(T
′)− LM1(T) = ∑

v∈V(T′)
d2(v/T′)2 − ∑

v∈V(T)

d2(v/T)2

= (k − 1)2 − k2 + 4 − 1 = −2k + 4 ≤ 0.

The equality LM1(T
′) = LM1(T) holds if and only if d2(ω/T) = k = 2.
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Theorem 1. Let T be a tree of order n ≥ 5 with maximum degree ∆ < (n − 1)/2. Then

LM1(T) ≥ ∆3 − 2∆2 − ∆ + 4n − 10, with equality if and only if T is a spider whose T has

exactly one leg of length at least three and at most one leg of length two.

Proof. Let T1 be a tree of order n ≥ 5 with maximum degree ∆ < (n − 1)/2 such that

LM1(T1) = min{LM1(T) | T is a tree of order n with maximum degree ∆ < (n − 1)/2}.

Let v be a vertex with maximum degree ∆. Root T1 at v. By the choice of T1, we deduce

from Lemma 1 that T1 is a spider with center v. Since ∆ < (n − 1)/2, then T1 has at least

one leg of length at least three. It follows from Lemmas 2, 3, and the choice of T1 that T1 has

exactly one leg of length at least three and at most one leg of length two. Then LM1(T1) =

∆3 − 2∆2 − ∆ + 4n − 10.

If T is a spider with exactly one leg of length at least three and at most one leg of length

two, then LM1(T) = 4n + ∆3 − 2∆2 − ∆ − 10, and if T′ is a spider whose all legs have length

at most two, then LM1(T
′) = n2 + ∆3 − ∆2 + 2∆ − 2n∆ − n. Therefore

LM1(T)− LM1(T
′) = −(n − ∆)2 + 3(n − ∆) + 2n − 10. (1)

Let x = n − ∆ and f (x) = −x2 + 3x + 2n − 10. Then

f (x) > 0, when (3 −
√

8n − 31)/2 < x < (3 +
√

8n − 31)/2,

and

f (x) < 0, when x < (3 −
√

8n − 31)/2 or x > (3 +
√

8n − 31)/2.

If n ≥ 5, then since x is positive integer number, we can see that x 6= (3 −
√

8n − 31)/2. In

other words, by equation (1), we have

LM1(T) > LM1(T
′), when

2n − 3 −
√

8n − 31

2
< ∆ <

2n − 3 +
√

8n − 31

2
, (2)

LM1(T
′) > LM1(T), when ∆ >

2n − 3 +
√

8n − 31

2
or ∆ <

2n − 3 −
√

8n − 31

2
, (3)

and

LM1(T) = LM1(T
′), when ∆ =

2n − 3 −
√

8n − 31

2
. (4)

Using an argument similar to that described in proof of Theorem 1 and equations (2), (3), (4),

we obtained the next results.

Theorem 2. Let T be a tree of order n ≥ 8 with maximum degree

n − 1

2
≤ ∆ <

2n − 3 −
√

8n − 31

2
or ∆ ≥ 2n − 3 +

√
8n − 31

2
.

Then LM1(T) ≥ 4n + ∆3 − 2∆2 − ∆ − 10, with equality if and only if T is a spider whose T has

exactly one leg of length at least three and at most one leg of length two.
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Theorem 3. Let T be a tree of order n ≥ 8 with maximum degree

2n − 3 −
√

8n − 31

2
< ∆ ≤ 2n − 3 +

√
8n − 31

2
.

Then LM1(T) ≥ n2 + ∆3 − ∆2 + 2∆ − 2n∆ − n, with equality if and only if T is a spider whose

all legs have length at most two.

In Figures 1–3 six trees of orders n = 10, 12 with maximum degree ∆ = 5, 6 and with

minimum first leap Zagreb index are illustrated.
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Fig. 1. The tree with n = 10, ∆ = 6 and LM1(T) = 162.
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Fig. 2. Trees with n = 12, ∆ = 6 and LM1(T) = 176.
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Fig. 3. Trees with n = 10, ∆ = 5 and LM1(T) = 100.

R. Rasi et al. [19], proved the following upper bound for the first Zagreb index of trees.

They also characterized the corresponding extremal trees.
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Theorem 4. Let T be a tree of order n and maximum degree ∆. If n ≡ r (mod ∆ − 1), then

M1(T) ≤























(∆ + 2)n − 4∆ + 4, r = 0,

(∆ + 2)n − 3∆, r = 1,

(∆ + 2)n − 2∆ − 2, r = 2,

(∆ + 2)n − 2∆ − 3 + r(r − 2), r ≥ 3.

A.M. Naji et al. [17], proved the following result.

Theorem 5. Let G be a connected graph with n vertices and m edges. Then LM1(G) ≤
M1(G) + n(n − 1)2 − 4m(n − 1). Equalities hold if and only if the diameter of G is at most

two.

The next result is an immediate consequence of Theorems 4 and 5.

Corollary 1. Let T be a tree of order n and maximum degree ∆. If n ≡ r (mod ∆ − 1), then

LM1(T) ≤























(∆ + 2)n − 4∆ + 4 + (n − 4)(n − 1)2, r = 0,

(∆ + 2)n − 3∆ + (n − 4)(n − 1)2, r = 1,

(∆ + 2)n − 2∆ − 2 + (n − 4)(n − 1)2, r = 2,

(∆ + 2)n − 2∆ − 3 + r(r − 2) + (n − 4)(n − 1)2, r ≥ 3.
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[18] Randić M. On generalization of Wiener index for cyclic structures. Acta Chim. Slov. 2002, 49, 483–496.

[19] Rasi R., Sheikholeslami S.M., Behmaram A. An upper bound on the first Zagreb index and coindex in trees. Iran.

J. Math. Chem. 2017, 8 (1), 71–82. doi:10.22052/ijmc.2017.42995

[20] Shao Z., Gutman I., Li Z., Wang S., Wu P. Leap Zagreb indices of trees and unicyclic graphs. Commun. Comb.

Optim. 2018, 3 (2), 179–194. doi:10.22049/cco.2018.26285.1092
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Iндекс Заґреба першого стрибка LM1(G) графа G — це сума квадратiв степенiв його дру-

гих вершин, тобто LM1(G) = ∑v∈V(G) d2(v/G)2, де d2(v/G) — це кiлькiсть других сусiдiв v у G.

У цiй роботi отримано межi для iндексу Заґреба першого стрибка дерев та визначено екстре-

мальнi дерева, якi досягають цих меж.

Ключовi слова i фрази: дерево, iндекс Заґреба першого стрибка, iндекс Заґреба.


