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New fixed point theorems for orthogonal Fm-contractions in
incomplete m-metric spaces

Mehmood M.1,2, Işık H.3, Uddin F.4,5, Shoaib A.1

In this paper, we introduce the concept of orthogonal m-metric spaces and by using Fm-con-

traction in orthogonal m-metric spaces, we give the concept of orthogonal Fm-contraction (briefly,

⊥Fm -contraction) and investigate fixed point results for such mappings. Many existing results in the

literature appear to be special case of results proved in this paper. An example to support our main

results is also mentioned.

Key words and phrases: unique fixed point, orthogonal, complete, ⊥Fm -contraction, incomplete
m-metric space.

1 Department of Mathematics and Statistics, Riphah International University, Islamabad-44000, Pakistan
2 Department of Mathematics, University of Wah, Wah Cantt 47040, Pakistan
3 Department of Engineering Science, Bandırma Onyedi Eylül University, 10200 Bandırma, Balıkesir, Turkey
4 Department of Mathematics and Statistics, International Islamic University, Islamabad, Pakistan
5 NUIST Reading Academy, 219 Ningliu Road, Nanjing, Jiangsu, 210044 China

E-mail: mazharm53@gmail.com (Mehmood M.), isikhuseyin76@gmail.com (Işık H.),
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Introduction

Fixed point theory is one of very important tools for proving the existence and uniqueness

of the solutions to various mathematical models like integral and partial differential equations,

variational inequalities, optimization and approximation theory, etc. It has gained a consider-

able importance in the recent past after the famous Banach contraction mapping principle [5].

Since then, there have been many results related to mapping satisfying various types of con-

tractive inequalities, we refer the reader to [6, 8, 15, 16, 20, 21] and references therein. In recent

years, there has been a trend to weaken the requirement on the contraction by considering met-

ric spaces endowed with partial order, see [7,10–13,18,19]. Recently, M.E. Gordji et al. [9] coined

an exciting notion of the orthogonal sets after which, orthogonal metric spaces was introduced.

The concepts of sequence, continuity and completeness were redefined for this space. Further,

they gave an extension of Banach fixed point theorem on this newly described shape and also,

applied their theorem to show the existence of a solution for a differential equation which can

not be applied by the Banach’s fixed point theorem. Many authors generalized Banach contrac-

tive condition using some control functions, see [14,22]. In 2012, D. Wardowski [23] introduced

a new kind of contractions, called F-contractions, and proved some fixed point results using

the family of F-contractions. Recently, H. Baghani et al. [4] introduced the notion of orthogonal

F-contraction mapping and established some fixed point results for such mappings.

On the other hand, in 1994, S.G. Matthews [15] introduced the notion of partial metric space
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and proved the contraction principle of Banach in this new framework. Next, many fixed point

theorems in partial metric spaces have been given by several researchers. In 2014, M. Asadi et

al. [3] extended the concept of partial metric space to an m-metric space, and showed that

their definition is a real generalization of partial metric by presenting some examples. In

2018, N. Mlaiki [17] introduced the notion of Fm-contractive and Fm-expanding mappings in

m-metric space, where he proved that self mappings on a complete m-metric spaces which are

Fm-contractive have a unique fixed point, also see [1, 2].

In this paper, we apply the F-contraction in orthogonal m-metric spaces and introduced

⊥Fm-contraction and investigate the fixed point results for such operators. We give an example

to explain the theory presented in the paper.

1 Preliminaries

We recall the following definitions and results, which will be useful to understand the

paper.

Definition 1 ([23]). Let Ω be the set of all functions F : (0, ∞) → R with the following proper-

ties:

(F1) F is strictly increasing;

(F2) for every sequence {xn}n∈N of positive numbers,

lim
n→∞

xn = 0 if and only if lim
n→∞

F(xn) = −∞;

(F3) there exists h ∈ (0, 1) such that limα→0+ αhF(α) = 0.

Let Fi : (0, ∞) → R, where i ∈ {1, 2, 3, 4}, be defined by

F1(x) = ln(x), F2(x) = ln(x) + x, F3(x) =
−1√

x
, F4(x) = ln(x2 + x).

Then each Fi belong to Ω.

Notation ([3]). mx,y = min{m(x, x), m(y, y)}; Mx,y = max{m(x, x), m(y, y)}.

Definition 2 ([3]). Let X be a nonempty set. If the function m : X × X → R+, for all x, y, z ∈ X,

satisfies the following conditions:

1) m(x, x) = m(y, y) = m(x, y) if and only if x = y,

2) mx,y ≤ m(x, y),

3) m(x, y) = m(y, x),

4) m(x, y)− mx,y ≤ (m(x, z)− mx,z) + (m(z, y)− mz,y),

then the pair (X, m) is called an m-metric space.

Example 1 ([3]). Let X = [0, ∞) and m(x, y) = x+y
2 on X. Then (X, m) is an m-metric space.
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Example 2 ([3]). Let m be an m-metric. Put

1) mz(x, y) = m(x, y)− 2mx,y + Mx,y,

2) ms(x, y) = m(x, y)− mx,y if x 6= y, and ms(x, y) = 0 if x = y.

Then mz and ms are ordinary metrics.

As mentioned in [3], each m-metric on X generates a T0 topology τm on X. The set

{Bm(x, ε) : x ∈ X, ε > 0}, where Bm(x, ε) = {y ∈ X : m(x, y) < mx,y + ε} for all x ∈ X

and ε > 0, forms a basis of τm.

Definition 3 ([9]). Let X be a nonempty set and ⊥ be a binary relation defined on X × X, then

(X,⊥) is said to be orthogonal set or O-set, if

∃ x0 : ∀ y ∈ X y ⊥ x0 or ∀ y ∈ X x0 ⊥ y.

The element x0 is called an orthogonal element. An orthogonal set may have more than one

orthogonal elements.

Definition 4 ([9]). Let (X,⊥) be an orthogonal set. Any two elements x, y ∈ X are said to be

orthogonally related if x ⊥ y.

Definition 5 ([9]). Let (X,⊥) be an orthogonal set. A sequence {xn}n∈N is called an orthogonal

sequence (briefly, O-sequence) if

∀ n xn ⊥ xn+1 or ∀ n xn+1 ⊥ xn.

2 Main Results

We start this section with the following definitions.

Definition 6. Let (X,⊥, m) be an orthogonal m-metric space, i.e. (X,⊥) is an orthogonal set

and (X, m) is an m-metric space. Then,

1) an O-sequence {xn}n∈N in X converges to a point x ∈ X if and only if

lim
n→∞

(m(xn, x)− mxn,x) = 0;

2) an O-sequence {xn}n∈N in X is said to be m-Cauchy O-sequence if and only if

lim
n,m→∞

(m(xn, xm)− mxn,xm) and lim
n,m→∞

(Mxn ,xm − mxn,xm)

exist (and are finite);

3) an orthogonal m-metric space X is said to be O-complete if every m-Cauchy O-sequence

{xn}n∈N converges to a point x ∈ X with respect to τm such that

lim
n→∞

(m(xn, x)− mxn,x) = 0 and lim
n→∞

(Mxn,x − mxn,x) = 0.

It is easy to see that every complete m-metric space is O-complete and the converse is not

true in general. In the next example, X is O-complete and is not complete m-metric space.
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Example 3. Let X = [0, 1) and suppose that

x ⊥ y ⇐⇒ x ≤ y ≤ 1

2
or x = 0.

Then (X,⊥) is an O-set. Clearly, X with m(x, y) = x+y
2 is not complete m-metric space, but it is

O-complete. In fact, if {xn}n∈N is an arbitrary m-Cauchy O-sequence in X, then there exists a

monotonic subsequence {xnk
} of {xn} for which xnk

≤ 1
2 for all n ≥ 1. It follows that {xn}n∈N

converges to a point x ∈ [0, 1
2 ] ⊆ X. Hence, {xn}n∈N is convergent.

Lemma 1. If {xn}n∈N and {yn}n∈N are two O-sequences such that xn → x and yn → y as

n → ∞ in an orthogonal m-metric space (X,⊥, m), then

lim
n→∞

(m(xn, yn)− mxn,yn) = m(x, y)− mx,y.

Lemma 2. If {xn}n∈N is an O-sequence such that xn → x as n → ∞ in an orthogonal m-metric

space (X,⊥, m), then

lim
n→∞

(m(xn, y)− mxn,y) = m(x, y)− mx,y.

Definition 7. Let (X,⊥, m) be an orthogonal m-metric space. A mapping T : X → X is called

⊥-preserving, if Tx ⊥ Ty whenever x ⊥ y.

Definition 8. Let (X,⊥, m) be an orthogonal m-metric space and F ∈ Ω. A self-mapping T on

X is called ⊥Fm-contraction, if there exists τ > 0 such that

τ + F(m(Tx1, Tx2)) ≤ F(m(x1, x2)),

for all x1, x2 ∈ X with x1⊥ x2 and m(Tx1, Tx2) > 0.

Example 4. Let X = [0, 1) and m : X × X → R+ be defined by m(x, y) = x + y
2 . Define x ⊥ y,

if xy ≤ x or xy ≤ y, for all x, y ∈ X. Let F : (0, ∞) → R be defined by F(x) = ln(x) and

T : X → X be defined by

Tx =

{

x
10 , x ∈ Q ∩ X,

0, x ∈ Qc ∩ X.

Then it can be easily shown that T is an ⊥Fm-contraction on X with τ = 2.

Lemma 3. Let (X,⊥, m) be an orthogonal m-metric space and a self mapping T be ⊥-pre-

serving and ⊥Fm-contraction. Consider an O-sequence {xn}n∈N defined by xn+1 = Txn. If

xn → u∗ as n → ∞, then Txn → Tu∗ as n → ∞.

Proof. First, note that if m(Txn, Tu∗) = 0, then mTxn,Tu∗ = 0 and due to the fact that mTxn,Tu∗ ≤
m(Txn, Tu∗), which implies that m(Txn, Tu∗)− mTxn,Tu∗ → 0 and hence Txn → Tu∗ as n → ∞.

So, we may assume that m(Txn, Tu∗) > 0. By the ⊥Fm-contraction condition of T we con-

clude that m(Txn, Tu∗) < m(xn, u∗). Then, we have the following cases.

Case I. If m(u∗, u∗) ≤ m(xn, xn), by ⊥Fm-contractive property of T, it is easy to see that

m(xn, xn) → 0, which implies that m(u∗, u∗) = 0 and since m(Tu∗, Tu∗) ≤ m(u∗, u∗) = 0, we

conclude that m(Tu∗, Tu∗) = m(u∗, u∗) = 0. On the other hand, due to m(xn, u∗) → 0, we have

m(Txn, Tu∗) ≤ m(xn, u∗) → 0. Hence, m(Txn, Tu∗)− mTxn,Tu∗ → 0 and thus Txn → Tu∗.

Case II. If m(u∗, u∗) ≥ m(xn, xn) and once again by the ⊥Fm-contractive property of T,

it is easy to see that m(xn, xn) → 0, which implies that mxn,u∗ → 0 and so m(xn, u∗) → 0.

Since m(Txn, Tu∗) ≤ m(xn, u∗) → 0, we conclude that m(Txn, Tu∗)− mTxn,Tu∗ → 0 and thus

Txn → Tu∗ as desired.
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Theorem 1. Let (X,⊥, m) be an orthogonal complete m-metric space (not necessarily complete)

and T : X → X be a ⊥-preserving, ⊥Fm-contraction, then T has a unique fixed point u∗ in X.

Moreover, for every x0 ∈ X, the sequence {Tnx0}n∈N is convergent to u∗.

Proof. For the uniqueness of fixed point, suppose that there exist two orthogonally related

elements x, y belonging to X such that x = Tx and y = Ty with x 6= y. If m(Tx, Ty) = 0,

without loss of generality, suppose that mx,y = m(x, x), then

m(Tx, Ty) = 0 = m(x, x).

Now, if m(y, y) = 0, then x = y. So, assume that m(y, y) > 0. By using contractive condition,

we have

F(m(y, y)) = F(m(Ty, Ty)) ≤ F(m(y, y)) − τ < F(m(y, y)),

which is a contradiction. Hence, m(y, y) = 0 and so x = y.

Now, we may assume that m(x, y) > 0. By using the fact that T is an ⊥Fm-contraction, we

deduce that

F(m(x, y)) = F(m(Tx, Ty)) ≤ F(m(x, y))− τ < F(m(x, y)),

which leads to a contradiction. Thus, if T has a fixed point then it is unique.

Now, by the definition of orthogonality, there exists an orthogonal element x0 ∈ X such

that ∀y ∈ X x0 ⊥ y or ∀y ∈ X y ⊥ x0. It follows that x0 ⊥ Tx0 or Tx0 ⊥ x0. Let us define a

sequence {xn} in X by xn+1 = Txn = Tn+1x0 for all n ∈ N. From the property of ⊥-preserving

of T, we can easily check that {xn} is an O-sequence, i.e. ∀n ∈ N xn⊥xn+1 or ∀n ∈ N xn+1⊥xn.

If there exists a natural number i such that xi+1 = xi, then xi is a fixed point of T.

Now, assume that m(xn, xn) = 0 for some n. We want to show that in this case

m(xm, xm) = 0 for all m > n. So, assume that m(xn, xn) = 0 and m(xn+1, xn+1) 6= 0, by

the ⊥Fm-contractive property of T, we obtain

F(m(xn+1, xn+1)) = F(m(Txn, Txn)) ≤ F(m(xn, xn))− τ < F(m(xn, xn)).

Since F is increasing function, we have m(xn+1, xn+1) ≤ m(xn, xn) = 0. Hence, by induction

on n, we get if m(xn, xn) = 0, then m(xm, xm) = 0 for all m > n.

Also, note that if m > n, then we have mxn,xm = m(xm, xm), to see this, assume that mxn,xm =

m(xn, xn). If m(xn, xn) = 0, then by the above claim, we obtain m(xm, xm) = 0. If m(xn, xn) > 0,

then m(xm, xm) > 0 for all m > n. Thus,

F(m(xm, xm)) = F(m(Txm−1, Txm−1)) ≤ F(m(xm−1, xm−1))− τ ≤ . . .

≤ F(m(xn, xn))− (m − n)τ < F(m(xn, xn)),

but F is an increasing function. Therefore, if m > n, we have mxn,xm = m(xm, xm).

Now suppose that m(xn+1, xn) = 0 for some n. This implies that mxn,xn+1 = 0. Also, we

know that mxn,xn+1 = m(xn+1, xn+1) = 0.

So, by the above argument we have m(xn+2, xn+2) = 0. Thus, we have two cases: either

m(xn+1, xn+2)= 0, in this case xn+1 = xn+2, that is xn+1 is the fixed point, or m(xn+1, xn+2) > 0,

again by ⊥Fm-contractive property of T, we have

F(m(xn+1, xn+2)) = F(m(Txn , Txn+1)) ≤ F(m(xn, xn+1))− τ < F(m(xn, xn+1)) = F(0),
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which is a contradiction. Hence, we can suppose that m(xn, xn+1) > 0 for all n ∈ N. Let

γn = m(xn, xn+1). Then

F(γn) ≤ F(γn−1)− τ ≤ F(γn−2)− 2τ ≤ · · · ≤ F(γ0)− nτ, (1)

for n ≥ 1. Taking limit as n → ∞, we get that lim
n→∞

F(γn) = −∞, and hence lim
n→∞

γn = 0 by (F2).

Now from (F3), there exists h ∈ (0, 1) so that lim
n→∞

γh
nF(γn) = 0. From (1), we have

γh
n F(γn)− γh

n F(γ0) ≤ γh
n (F(γ0)− nτ)− γh

n F(γ0) = −γh
n nτ ≤ 0.

Hence, lim
n→∞

nγh
n = 0. Thus, there exists n0 ∈ N such that nγh

n ≤ 1 for all n > n0, and so

γn ≤ 1

n
1
h

for all n > n0. Now, we prove that the O-sequence {xn}n∈N is an m-Cauchy. Take

n, m ∈ N with m > n > n0. First, notice the following fact about triangular inequality of

m-metric spaces

(m(x, y)− mx,y) ≤ (m(x, z)− mx,z) + (m(z, y)− mz,y) ≤ m(x, z) + m(z, y)

for all x, y, z ∈ X. Thus, it is clear that

m(xn, xm)− mxn,xm ≤ γn + γn+1 + . . . + γm <

∞

∑
i=n

γi ≤
∞

∑
i=n

1

i
1
h

.

Since the series
∞

∑
i=n

1

i1/h
converges, it implies that m(xn, xm)− mxn,xm converges as m, n → ∞.

Now, if Mxn,xm = 0, then mxn,xm = 0 which implies that Mxn,xm − mxn,xm = 0. So, we may

assume that Mxn,xm > 0, this implies that m(xn, xn) > 0.

Now, let ηn = m(xn, xn). Then

F(ηn) ≤ F(ηn−1)− τ ≤ F(ηn−2)− 2τ ≤ · · · ≤ F(η0)− nτ (2)

for n ≥ 1. On taking limit as n → ∞, we get that lim
n→∞

F(ηn) = −∞ and so lim
n→∞

ηn = 0 by (F2).

Then from (F3), there exists h ∈ (0, 1) so that lim
n→∞

ηh
n F(ηn) = 0, and by using (2) we obtain

ηh
n F(ηn)− ηh

n F(η0) ≤ ηh
n (F(η0)− nτ)− ηh

n F(η0) ≤ −ηh
n nτ ≤ 0.

Letting n → ∞ in the above inequality, we get lim
n→∞

nηh
n = 0. Thus, there exists n1 ∈ N such

that nηh
n ≤ 1 for all n > n1. Consequently, we have ηn ≤ 1

n
1
h

for all n > n1. Therefore, we

obtain

m(xn, xn)− m(xm, xm) ≤ ηn + ηn+1 + . . . + ηm <

∞

∑
i=n

ηi ≤
∞

∑
i=n

1

i
1
h

.

Since the series
∞

∑
i=n

1

i1/h
is convergent, we conclude that m(xn, xn) − m(xm, xm) converges

as m, n → ∞, which implies that Mxn,xm − mxn,xm converges as desired. Therefore {xn} is an

m-Cauchy O-sequence in X. Since (X,⊥, m) is an O-complete m-metric space, {xn} converges

to some u∗ ∈ X.
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Since m(xn, xn+1) > 0, by ⊥Fm-contractive property of T, we conclude that m(xn, Txn) → 0

and m(Tu∗, Tu∗) < m(u∗, u∗). Now, using the fact that mxn,Txn → 0, and by Lemmas 1 and 2,

we conclude that

m(u∗, Tu∗) = mu∗,Tu∗ = m(Tu∗, Tu∗).

Again by Lemmas 1, 2 and 3, and xn = Txn−1 → u∗, we obtain

0 = lim
n→∞

(m(xn, Txn)− mxn,Txn) = lim
n→∞

(m(xn, xn−1)− mxn,Txn) = m(u∗, u∗)− mu∗,Tu∗ .

Therefore, m(u∗, u∗) = mu∗,Tu∗ . Hence, m(u∗, u∗) = mu∗,Tu∗ = m(Tu∗, Tu∗), that is,

Tu∗ = u∗.

Example 5. Let X = [1, 10) and m(x, y) = x+y
2 for all x, y ∈ X. Define

x ⊥ y ⇐⇒ x ≤ y ≤ 5 or x = 1

for all x, y ∈ X. First, note that (X,⊥, m) is an O-complete (not complete) m-metric space. Now,

consider the function F : (0, ∞) → R defined by F(x) = ln(x).

Notice that F ∈ Ω. Next, let T : X → X such that T(x) = x+1
2 for all x ∈ X. Thus T is

⊥-preserving. Also, since x, y ∈ [1, 10), x + y > 2 for all x, y ∈ X. Hence,

m(x, y)− m(Tx, Ty) =
x + y

2
− x + y + 2

2
=

x + y − 2

4
> 0.

Also, we have m(x, y) > 0 for all x, y ∈ X and given the fact that F is increasing function,

we conclude that T is an ⊥Fm-contraction. Therefore, by Theorem 1, T has a unique fixed point

in X, which is 1.
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[10] Işık H., Radenović S. A new version of coupled fixed point results in ordered metric spaces with applications. Po-

litehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys. 2017, 79 (2), 131–138.
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У цiй статтi ми вводимо поняття ортогональних m-метричних просторiв i, використову-

ючи Fm-стиск у ортогональних m-метричних просторах, ми даємо поняття ортогонального

Fm-стиску (скорочено ⊥Fm -стиск) i дослiджуємо результати про нерухому точку для таких

вiдображень. Багато iснуючих в лiтературi результатiв є окремими випадками результатiв,

доведених у цiй статтi. Також наведено приклад, що iлюструє нашi основнi результати.

Ключовi слова i фрази: єдина нерухома точка, ортогональний, повний, ⊥Fm -стиск, неповний

m-метричний простiр.


