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Cauchy problem for inhomogeneous parabolic Shilov
equations

Dovzhytska I.M.

In this paper, we consider the Cauchy problem for parabolic Shilov equations with continu-

ous bounded coefficients. In these equations, the inhomogeneities are continuous exponentially

decreasing functions, which have a certain degree of smoothness by the spatial variable. The prop-

erties of the fundamental solution of this problem are described without using the kind of equation.

The corresponding volume potential, which is a partial solution of the original equation, is investi-

gated. For this Cauchy problem the correct solvability in the class of generalized initial data, which

are the Gelfand and Shilov distributions, is determined.
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Introduction

In the famous work by G.Ye. Shilov [1], the definition of parabolicity of systems of equations

with partial derivatives, which generalizes the concept of the Petrovsky parabolicity [2], is

formulated. It significantly expands the Petrovsky class of parabolic systems of the first-order

equations by the time variable with constant coefficients to those systems, in which the order

p may no longer coincide with the parabolicity index h (0 < h ≤ p).

The first studies of parabolic Shilov systems were carried out in [3], where a special method

for studying the fundamental solution of such systems, which is based on Phragmén-Lindelöf-

type theorems, was developed. The classes of unity and correctness of the Cauchy problem

using spaces of the Gelfand and Shilov type S were also described. Further research on such

systems has been presented in many research papers (see [4–9]). In particular, in [4, 5] the

properties of the solutions of the Cauchy problem were studied; in [6] the problem of finding

the genus µ of Shilov systems was partially investigated. In [7, 8] the alternative methods are

suggested for studying the fundamental solution of parabolic Shilov’s equations and of the

systems that do not require the use of the genus µ. Here also the correct solvability of the

Cauchy problem in the classes of Gelfand and Shilov distributions are determined and all

classical solutions of Shilov equations in spaces of type S of basic functions are described. The

parabolic Shilov abstract differential systems of equations in Banach spaces are investigated

in [9]. The main attention in these studies was paid only to the case of constant coefficients.

This is primarily due to the fact that Shilov’s parabolic systems, in contrast to the systems of

Petrovsky, generally speaking, are parabolically unstable to changes in their coefficients, even
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to those found at zero derivative [10].

In [11], the study of parabolic Shilov systems with variable coefficients was started by

Ya.I. Zhitomirskiy, where one class of systems parabolically resistant to change of the lower co-

efficients is proposed, which fully covers the Shilov class. For such systems Ya.I. Zhitomirskiy

established the correct solvability of the Cauchy problem in the class of bounded functions.

The further study of the Cauchy problem for such and more general systems with nonnega-

tive genus µ was carried out in [12–14]. Here the fundamental solution of the Cauchy problem

is constructed and its main properties within spaces of type S are investigated. Besides, the

wide class of the generalized initial data, with which the Cauchy problem for such systems

has a unique classical solution, is described.

In these works only homogeneous parabolic equations and systems of equations are stud-

ied. In this case, inhomogeneous parabolic Shilov equations and related questions are still

waiting for consideration.

This research is devoted to solving the Cauchy problem with generalized initial data, such

as the Gelfand and Shilov distributions for parabolic Shilov inhomogeneous equations with

time-dependent coefficients. The inhomogeneities in these equations are continuous exponen-

tially decreasing functions, which by the spatial variable have a certain degree of smoothness.

Here the correct solvability of this problem is determined, the formula of its solution is found,

and the effect of strengthening of the solution convergence when approaching an initial hy-

perplane is investigated.

The structure of this article is as follows. Section 1 formulates the problem statement and

provides the necessary preliminary information. The properties of the fundamental solution

of the Cauchy problem for parabolic Shilov equations are investigated in Section 2. Here,

developing the method of V.A. Litovchenko [7, 8], within spaces of S type the estimates of

derivatives of this solution are found, which differ from the existing ones in the fact that they

definitely do not contain any kind of equation. Section 3 is devoted to the study of the volume

potential of the Cauchy problem. It clarifies the smoothness conditions and the behavior at

the density infinity, which provide the required smoothness with respect to the temporal and

spatial variables of the corresponding potential of the problem. In addition, its behavior when

approaching the initial hyperplane is studied. Sufficient conditions for the correct solvability

of the inhomogeneous Cauchy problem are clarified in Section 4. Finally, Section 5 contains

the conclusions.

1 Useful information. Formulation of the problem

Let us provide the following notations: Rn is a real space of dimension n ≥ 1; R := R1;

Zn
+ is the set of all n-dimensional multiindices; Z+ := Z1

+; i is the imaginary unit; (·, ·) is

the scalar product in R
n; ‖x‖ := (x, x)1/2 for x ∈ R

n; |x + iy| := (x2 + y2)1/2, if {x, y} ⊂ R;

zl := zl1
1 . . . zln

n , if z := (z1; . . . ; zn) ∈ R
n, l := (l1; . . . ; ln) ∈ Z

n
+; S is the Schwartz space of

infinitely differentiable rapidly decreasing functions defined on Rn, and S′ is its topologically

dual space [15].

The class of all functions continuously differentiable on R
n up to the order r inclusively is

denoted by C
r(Rn). And let C

r
l (R

n) be the sum of all elements ϕ from C
r(Rn), so that

∀ k ∈ Z
n
+, |k| ≤ r, ∃ ck > 0 ∀ x ∈ R

n : |∂k
x ϕ(x)| ≤ ck(1 + ‖x‖)−l−|k|. (1)
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Let us put for α > 0 and β > 0:

Sα =
{

ϕ ∈ C
∞(Rn)| ∃ A > 0 ∀ k ∈ Z

n
+ ∃ ck > 0 ∀ q ∈ Z

n
+ ∀ x ∈ R

n : |xq∂k
x ϕ(x)| ≤ ck A|q|qαq

}

;

Sβ =
{

ϕ ∈ C
∞(Rn)| ∃ B > 0 ∀ q ∈ Z

n
+ ∃ cq > 0 ∀ k ∈ Z

n
+ ∀ x ∈ R

n : |xq∂k
x ϕ(x)| ≤ cqB|k|kβk

}

.

With the corresponding topologies, the sets Sα and Sβ are countably normalized complete

perfect spaces, which together with S
β
α := Sα ∩ Sβ are referred to as the Gelfand and Shilov

type S spaces [16, 17].

The S
β
α space is nontrivial at α+ β ≥ 1 and contains only functions ϕ ∈ C

∞(Rn) that satisfy

the inequality

|∂k
x ϕ(x)| ≤ cB|k|kβke−δ‖x‖1/α

, k ∈ Z
n
+, x ∈ R

n, (2)

with positive constants c, B and δ, dependent only on the function ϕ [16]. In spaces of S type

there are determined and continuous operations of addition, multiplication and convolution,

as well as the operator F of Fourier transform, and the following topological equations are

satisfied: F[Sα] = Sα, F[Sβ] = Sβ, F[S
β
α ] = Sα

β.

Let us consider a differential equation with partial derivatives of order p > 1

∂tu(t; x) = P(t; i∂x)u(t; x) + f (t; x), (t; x) ∈ Π(0;+∞) := (0;+∞)× R
n. (3)

We assume that the differential expression P(t; i∂x) := ∑|k|≤p ak(t)i
|k|∂k

x on the set Π[0;+∞) is

uniformly parabolic by Shilov with the parabolicity index h, i.e. such that

∃ δ1 > 0 ∃ δ2 ≥ 0 ∀ (t; ξ) ⊂ Π[0;+∞) : Re ∑
|k|≤p

ak(t)ξ
k ≤ −δ1‖ξ‖h + δ2,

while the coefficients ak(·) are continuous complex-valued functions on [0;+∞).

By Φ′ we denote a topologically dual space to the space Φ ∈ {S1/h; S1/h
β , β ≥ (p − 1)/h}.

Let us set the initial condition for equation (3)

u(t; ·) −→
t→+0

g, g ∈ Φ′. (4)

Definition. The solution of the Cauchy problem (3), (4) on the set Π(0;T] is the function u,

which satisfies equation (3) on Π(0;T] in the usual sense, and satisfies the initial condition (4)

in the sense of convergence in the space Φ′.

The fundamental solution of the Cauchy problem for the equation (3) is a function

G(t, τ; ·) = F−1[θt
τ(ξ)](t, τ; ·), 0 ≤ τ < t < +∞, (5)

where

θt
τ(ξ) = exp

{

∫ t

τ
P(ς; ξ)dς

}

, P(t; ξ) = ∑
|k|≤p

ak(t)ξ
k .

In [7], with the help of Faa de Bruno’s formula for differentiation of the compound function,

the properties of θt
τ(·) are investigated, in particular, it is determined that θt

τ(·) belongs to the

space S
(p−1)/h
1/h for each fixed t > τ and the following estimates are obtained

|∂k
ξ θt

τ(ξ)| ≤ ceδ(t−τ)A|k|k(p−1)h/k(t − τ)n+γ(k)e−δ0(t−τ)‖ξ‖h
, (6)

where k ∈ Z
n
+, ξ ∈ R

n, 0 ≤ τ < t < +∞, with positive constants c, δ, δ0, and A. Here

γ(k) = (1 − p)|k|/h, if 0 < t − τ < 1 and γ(k) = (1 + h)|k|/h at 1 ≤ t − τ.
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The following statement is correct (see [7]). Let f ≡ 0, and g be a real functional from

the space Φ′. Then the corresponding Cauchy problem (3), (4) on the set Π(0;+∞) is correctly

solvable; its solution u(t; x) is differentiable with respect to the variable t and infinitely differ-

entiable with respect to the variable x, while the next equality is satisfied

u(t; x) = 〈g(ξ), G(t, 0; x − ξ)〉, (t; x) ∈ Π(0;+∞),

where the angle brackets 〈·, ·〉 indicate the act of a generalized function on a test one.

In the sequel, we will denote the solution of the Cauchy problem (3), (4) for f ≡ 0 by u0.

Our task is to find out the conditions for the function f , under which the corresponding

Cauchy problem (3), (4) will have a unique classical solution.

Taking into consideration the linearity of the equation (3) and having the information about

the correct solvability of the Cauchy problem (3), (4) for f ≡ 0, it is expedient to search

for the solution of this problem for the inhomogeneous equation (3) in the form of the sum

u = u0 + u1, where u1 is the solution of equation (3), which satisfies the initial condition (4)

for g = 0, i.e.

u1(t; ·) −→
t→+0

0. (7)

If equation (3) is parabolic by Petrovsky, then the solution of the Cauchy problem (3), (7) is

determined by the following formula [18, 19]:

u1(t; x) =
∫ t

0
dτ

∫

Rn
G(t, τ; x − ξ) f (τ; ξ)dξ, (t; x) ∈ Π(0;+∞). (8)

Thus, our task was reduced to the study of the properties of the corresponding volume

potential (8) for the parabolic Shilov equation (3). To do that, first we find out the properties of

the fundamental solution G(t, τ; ·).

2 Fundamental solution of the Cauchy problem

Taking into account the representation (5) of the function G(t, τ; ·), as well as belonging

of θt
τ(·) to S

(p−1)/h
1/h and properties of spaces of the S type, we obtain that for fixed t and τ

the fundamental solution G(t, τ; ·) is an element of the space S
(p−1)/h
1/h . Then for the deriva-

tives ∂k
xG(t, τ; ·) the corresponding estimates (2) must be satisfied. We find these estimates,

emphasizing the dependence on the variables t and τ.

As far as the representation is performed

(ix)q∂k
xG(t, τ; x) = (2π)−n

∫

Rn
e−i(x,ξ)∂

q
ξ

(

(iξ)kθt
τ(ξ)

)

dξ, x ∈ R
n, 0 ≤ τ < t, {q, k} ⊂ Z

n
+,

then, according to the Leibniz formula of the product of functions differentiation, we obtain

|xq∂k
xG(t, τ; x)| ≤ (2π)−n

q

∑
l=0

Cl
q

∫

Rn

|∂l
ξ ξk||∂

q−l
ξ θt

τ(ξ)|dξ, x ∈ R
n, 0 ≤ τ < t, {q, k} ⊂ Z

n
+,

here Cl
q is a binomial coefficient.

Hence, using the estimates (6) and taking into account the equations

∂l
ξξk =

k!

(k − l)!

n

∏
j=1







ξ
k j−lj

j , lj ≤ kj,

0, kj < lj,
and sup

ρ≥0
{ραe−δρ} =

( α

eδ

)α
, α > 0, δ > 0,
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we obtain for x ∈ Rn, 0 ≤ τ < t, and {q, k} ⊂ Zn
+,

|xq∂k
xG(t, τ; x)| ≤ ceδ(t−τ)

q

∑
l=0

Cl
qCl

kl!A|q−l|(q − l)(p−1)(q−l)/h(t − τ)n+γ(q−l)

×
∫

Rn
|ξ|k−le−δ0(t−τ)‖ξ‖h

dξ

≤ ceδ(t−τ)
q

∑
l=0

Cl
qCl

kl!A|q−l|(q − l)(p−1)(q−l)/h(t − τ)n+γ(q−l)−(n+|k−l|)/h

×
n

∏
j=1

sup
ρj≥0

{ρ
(k j−lj)/h

j e−(δ0ρj)/(2n)}
∫

Rn
e−(δ0/2)‖y‖h

dy

≤ eδ(t−τ)(t − τ)n+γ(q)−(n+|k|)/hc1A
|q|
1 B

|k|
1 q(p−1)q/hkk/h,

here positive values c1, A1, B1 and δ do not depend on t, τ, x, q and k.

From the last ratio, we come to the following estimate

|∂k
xG(t, τ; x)| ≤ eδ(t−τ)(t − τ)n−(n+|k|)/hc1B

|k|
1 kk/h

n

∏
j=1

inf
qj≥0

{(Aj |xj|
−1q

(p−1)/h
j )qj(t − τ)γ(qj)}.

Thus, the following statement is true.

Lemma 1. There are positive constants c, B, δ and δ0 such that for all x ∈ R
n, k ∈ Z

n
+ and

0 ≤ τ < t the following estimates are performed

|∂k
xG(t, τ; x)| ≤ eδ(t−τ)(t − τ)n−(n+|k|)/hcB|k|k

k
h exp

{

− δ0

( ‖x‖h

(t − τ)γ0

)1/(p−1)}

, (9)

where γ0 = 1 − p, if 0 < t − τ < 1 and γ0 = 1 + h at 1 ≤ t − τ.

Note here that the estimates (9) of the fundamental solution G in comparison with the

estimates established in [3, 11] do not contain the genus µ of the equation (3), therefore this

allows us to avoid the problems associated with finding this characteristic.

The “δ-similarity” of the function G(t, τ; ·) is characterized by the following auxiliary state-

ment.

Lemma 2. Let ϕ(·) ∈ Cr
l (R

n), then for l > n and r > n each of the following boundary

relations
(

G ∗ ϕ
)

(t, τ; ·)
x∈K

⇒
t→τ+0

ϕ(·);
(

G ∗ ϕ
)

(t, τ; ·)
x∈K

⇒
t→τ+0

ϕ(·) (10)

is satisfied; here we mean the uniform convergence on each compact set K ⊂ Rn.

Proof. Since ϕ ∈ C
r
l (R

n), then for l > n there is a Fourier transform F[ϕ] and the estimate is

performed

|F[ϕ](ξ)| ≤
c0

(1 + ‖ξ‖)r
, ξ ∈ R

n.

Then the correct image is

(G ∗ ϕ)(t, τ; x) ≡
∫

Rn
G(t, τ; x − ξ)ϕ(ξ)dξ = (2π)−n

∫

Rn
θt

τ(y)F[ϕ](y)e−i(x,y)dy.

The uniform convergence

θt
τ(x)F[ϕ](x)

x∈K

⇒
t→τ+0

F[ϕ](x)
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and the fact that

∃ c > 0 ∀ t − τ < 1 ∀ x ∈ R
n : |θt

τ(x)F[ϕ](x)| ≤
ceδ2

(1 + ‖x‖)r
,

ensures the correctness of the equality

lim
t→τ+0

∫

Rn
θt

τ(y)F[ϕ](y)e−i(x,y)dy =
∫

Rn
lim

t→τ+0
θt

τ(y)F[ϕ](y)e−i(x,y)dy = (2π)nF−1
[

F[ϕ]
]

(x).

Hence, taking into account the reversibility of the operator F on the elements of the class

C
r
l (R

n) for l > n and r > n, we arrive at the first boundary relation (10).

The second boundary relation (10) can be proved similarly.

We are going to study the properties of the volume potential (8).

3 Volume potential of the Cauchy problem

We start with formulating the conditions for the density f , under which we investigate the

potential (8).

We say that for a function f (t; x) on the set Π[0;+∞) the condition (A) is satisfied, if f is

continuous on Π[0;+∞) and f (t; ·) ∈ Cr
l (R

n), t ≥ 0, and value ck(·) from the corresponding

estimate (1) is limited on each compact K ⊂ [0;+∞), i.e. supt∈K
ck(t) < ∞.

Theorem 1. Let h > n/(n + 1) and for a function f the condition (A) is satisfied for l > n,

then the corresponding potential u1(t; ·) for each fixed t > 0 is a differentiable function on the

set Rn up to the order r inclusive, for derivatives of which the formula below is correct

∂k
xu1(t; x) =

∫ t

0
dτ

∫

Rn
G(t, τ; ξ)∂k

x f (τ; x − ξ)dξ, (t; x) ∈ Π(0;+∞). (11)

Proof. Let us use the representation

u1(t; x) =
∫ t

0
dτ

∫

Rn
G(t, τ; ξ) f (τ; x − ξ)dξ, (t; x) ∈ Π(0;+∞),

from which, by formal differentiation under the integral sign, we arrive at the formula (11).

Then, to substantiate the equality (11), it is enough to prove the uniform convergence with

respect to the variable x on the set Rn of the integral

Ik(t; x) =
∫ t

0
dτ

∫

Rn
|G(t, τ; ξ)||∂k

x f (τ; x − ξ)|dξ, |k| ≤ r.

However, this convergence becomes obvious if we consider condition (A) and the estimate (9),

according to which for all (t; x) ∈ Π[0;+∞) and |k| ≤ r the inequality below is satisfied

Ik(t; x) ≤ ckeδt
∫ t

0
(t − τ)n−n/hdτ

∫

Rn

dξ

(1 + ‖x − ξ‖)l+|k|
≡

ckeδthtn−n/h+1

h(n + 1)− n

∫

Rn

dy

(1 + ‖y‖)l+|k|
,

under the condition that h > n/(n + 1) and l > n.

Corollary 1. If for the equation (3) the parabolicity index h is greater than n/(n + 1), and the

inhomogeneity f satisfies the condition (A) for l > n and r ≥ p, then

P(t; i∂x)u1(t; x) = ∑
|k|≤p

ak(t)i
|k|

∫ t

0
dτ

∫

Rn
G(t, τ; ξ)∂k

x f (τ; x − ξ)dξ, (t; x) ∈ Π(0;+∞).
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The differentiability of the function u1 by the variable t characterizes the following state-

ment.

Theorem 2. Let h >
n

n+1 and for the function f the condition (A) is satisfied for l > n and

r > max{n, p − 1}, then the corresponding potential u1 on the set Π(0;+∞) is a differentiable

function of the variable t > 0, and the equality below is satisfied

∂tu1(t; x) = f (t; x) + ∑
|k|≤p

ak(t)i
|k|

∫ t

0
dτ

∫

Rn
G(t, τ; ξ)∂k

x f (τ; x − ξ)dξ, (t; x) ∈ Π(0;+∞). (12)

Proof. We arbitrarily fix t > 0 and consider the auxiliary function

uε
1(t; x) =

∫ t−ε

0
dτ

∫

Rn
G(t, τ; x − ξ) f (τ; ξ)dξ, x ∈ R

n, 0 < ε < t/2.

It is obvious that

∂tu
ε
1(t; x) =

∫

Rn
G(t, t − ε; x − ξ) f (t − ε; ξ)dξ +

∫ t−ε

0
dτ

∫

Rn
∂tG(t, τ; x − ξ) f (τ; ξ)dξ.

We now find the limit lim
ε→+0

∂tuε
1(t; x). Taking into account the properties of the function f ,

directly from the statement of Lemma 2 we obtain that
∫

Rn
G(t, t − ε; x − ξ) f (t − ε; ξ)dξ →

ε→+0
f (t; x).

Further, since G is the solution of the equation (3), then

∫ t−ε

0
dτ

∫

Rn
∂tG(t, τ; x − ξ) f (τ; ξ)dξ = ∑

|k|≤p

ak(t)i
|k|

∫ t−ε

0
dτ

∫

Rn
∂k

x−ξ G(t, τ; x − ξ) f (τ; ξ)dξ.

After replacing the integration variable in the last integral by the rule y = x − ξ, and then,

integrating by parts k times, we arrive at the following equality

∫ t−ε

0
dτ

∫

Rn
∂k

x−ξ G(t, τ; x − ξ) f (τ; ξ)dξ =
∫ t−ε

0
dτ

∫

Rn
G(t, τ; y)∂k

x−y f (τ; x − y)dy.

Using the estimate (9) for the fundamental solution G and considering the fulfillment of

condition (A) for the function f , we find:

∣

∣

∣

∫ t

t−ε
dτ

∫

Rn
G(t, τ; y)∂k

x−y f (τ; x − y)dy
∣

∣

∣

≤ ckeδt
∫ t

t−ε
(t − τ)n−n/hdτ

∫

Rn

dy

(1 + ‖y‖)l+|k|
= ĉkeδtεn+1−n/h.

The obtained estimate ensures that the limit relation is correct for h > n/(n + 1)

lim
ε→+0

∫ t−ε

0
dτ

∫

Rn
∂k

x−ξ G(t, τ; x − ξ) f (τ; ξ)dξ =
∫ t

0
dτ

∫

Rn
G(t, τ; y)∂k

x−y f (τ; x − y)dy,

and, consequently, the fulfillment of the equality (12).

We further clarify the question of the existence of a limit value of the potential u1 on the

initial hyperplane t = 0.
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Assuming that h > n/(n + 1) and for the function f the condition (A) is fulfilled for l > n,

then according to the estimate (9), for all (t; x) ∈ Π(0;+∞) we have

|u1(t; x)| ≤
∫ t

0
dτ

∫

Rn
|G(t, τ; x − ξ)|| f (τ; ξ)|dξ

≤ ceδt
∫ t

0
(t − τ)n−n/hdτ

∫

Rn

dξ

(1 + ‖ξ‖)l
= ĉeδttn+1−n/h.

From this we obtain that the limit relation (7) is satisfied, and in this case, u1 tends to zero that

occurs uniformly with respect to the variable x on R
n.

Therefore, the following statement is correct.

Theorem 3. Assuming that h > n/(n + 1) and for the function f the condition (A) is fulfilled

for l > n, then for the corresponding potential u1(t; ·) the ratio below is correct

u1(t; x)
x∈R

n

⇒
t→+0

0.

In the next section, the Cauchy problem for the inhomogeneous equation (3) is considered.

4 Cauchy problem

The previously obtained information on the volume potential u1 allows us to draw certain

conclusions about the correct solvability of the inhomogeneous Cauchy problem for parabolic

Shilov equations.

Theorem 4. Let g be a real-valued functional from the space Φ′, while h > n/(n + 1), and

for the function f the condition (A) is fulfilled for l > n and r > max{n, p − 1}, then the

corresponding Cauchy problem (3), (4) on the set Π(0;+∞) is correctly solvable. Its solution u

is once differentiable by the variable t and r times — by the variable x, and is represented by

the formula

u(t; x) = 〈g(ξ), G(t, 0; x − ξ)〉+
∫ t

0
dτ

∫

Rn
G(t, τ; x − ξ) f (τ; ξ)dξ, (t; x) ∈ Π(0;+∞). (13)

Proof. We write the equation (13) in a compact form: u = u0 + u1. The smoothness of the func-

tion u indicated in the formulation of Theorem 4 follows from the smoothness of the function

u0 [7] and the statements of Theorems 1, 2.

Directly from Corollary 1, the equality (12), and the statements of Theorems 2, 3, we obtain

that u1 is the solution of the Cauchy problem (3), (7). Then u is the classical solution of the

Cauchy problem (3), (4) on the set Π(0;+∞).

Let us substantiate the unity of the solution of this problem. We assume that there are two

solutions of the Cauchy problem (3), (4): û and ǔ. Then their difference u = û − ǔ will be the

solution of a homogeneous problem:

∂tu(t; x) = P(t; i∂x)u(t; x); u(t; ·)|t=0
= 0.

However, this problem has only a zero solution [7]: u = 0. Therefore, û = ǔ, and the Cauchy

problem (3), (4) on the set Π(0;+∞) has a unique solution (13). This solution continuously

depends on the initial data, because this is the solution u0 of the Cauchy problem (3), (4) for

f = 0 [7].
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As it has already been mentioned, the initial condition (4) is regarded in the sense of weak

convergence in the space Φ′, because the initial function g is a functional from Φ′. However,

if this functional has “good” properties, then the effect of the convergence increase in the

condition (4) can be observed. In particular, if g is a regular generalized function generated by

the ordinary function g(·) from the class C
r
l (R

n), then

u0(t; x) =
∫

Rn
G(t, 0; x − ξ)g(ξ)dξ, (t; x) ∈ Π(0;+∞),

and provided that l > n and r > n, the initial condition (4) can already be considered as a

uniform convergence with respect to the spatial variable x on each compact set K ⊂ R
n:

u(t; x)
x∈K

⇒
t→+0

g(x).

This fact becomes obvious if we consider the statements of Lemma 2, Theorem 3, and the

fact that u = u0 + u1.

5 Conclusions

Sufficient conditions for the inhomogeneity of parabolic Shilov equations with variable co-

efficients are found, according to which the Cauchy problem for such equations in the class of

generalized initial data of the Gelfand and Shilov distributions has a unique classical solution

that continuously depends on the initial data. The obtained results, in addition to filling to

some extent the corresponding gaps in the theory of the Cauchy problem for parabolic Shilov

equations, allow to develop this theory for equations with quasilinear structure in the clas-

sical way. In addition, they will find their application in solving inhomogeneous parabolic

equations of the Shilov type with space-dependent coefficients as well as in the study of the

properties of their solutions, etc.

Further development of the problem is represented by defining the conditions of the in-

homogeneity of such equations, which provide the appropriate solution for the presence of

certain properties, in particular, its belonging to spaces of the S type or its stabilization at

infinity.
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Довжицька I.М. Задача Кошi для неоднорiдних параболiчних за Шиловим рiвнянь // Карпатськi

матем. публ. — 2021. — Т.13, №2. — C. 475–484.

У данiй роботi розглядається задача Кошi для параболiчних за Шиловим рiвнянь з не-

перервними обмеженими коефiцiєнтами, неоднорiдностi яких є класичними функцiями, що

степенево спадають на нескiнченностi i мають за просторовою змiнною певний ступiнь гладко-

стi. Описано властивостi фундаментального розв’язку цiєї задачi без використання роду рiв-

няння та дослiджено вiдповiдний об’ємним потенцiал, що є частинним розв’язком вихiдного

неоднорiдного рiвняння. Для таких рiвнянь знайдено класичнi розв’язки, граничнi значен-

ня яких на початковiй гiперплощинi можуть бути узагальненими функцiями типу розподiлiв

Гельфанда i Шилова та обгрунтовано їх єдинiсть i неперервну залежнiсть вiд початкових да-

них.

Ключовi слова i фрази: параболiчне за Шиловим рiвняння, фундаментальний розв’язок, за-

дача Кошi, коректна розв’язнiсть, об’ємний потенцiал.


