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INVERSE SUM INDEG COINDEX OF GRAPHS

The inverse sum indeg coindex ISI(G) of a simple connected graph G is defined as the sum of
% over all edges uv not in G, where dg (1) denotes the degree of a vertex u of G.
In this paper, we present the upper bounds on inverse sum indeg coindex of edge corona product
graph and Mycielskian graph. In addition, we obtain the exact value of both inverse sum indeg
index and its coindex of a double graph.
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INTRODUCTION

Let G be a connected graph with vertex set V(G) and edge set E(G). We denote by §(G)
and A(G) the minimum and maximum vertex degrees of G, respectively. A topological index
or molecular descriptor of a graph is a parameter related to the graph; it does not depend on
labeling or pictorial representation of the graph. In theoretical chemistry, molecular structure
descriptors (also called topological indices) are used for modeling physicochemical, pharma-
cologic, toxicologic, biological and other properties of chemical compounds. Several types of
such indices exist, especially those based on vertex and edge distances.

Molecular descriptors, results of functions mapping molecule’s chemical information into a
number [16], have found applications in modeling many physicochemical properties in QSAR
and QSPR studies [8, 6]. A particularly common type of molecular descriptors are those that
are defined as functions of the structure of the underlying molecular graph, such as the Wiener
index [18], the Zagreb indices [4], the Randi¢ index [14] or the Balaban J-index [5]. Damir
Vukicevi¢ and Marija Gasperov [17] observed that many of these descritors are defined simply
as the sum of individual bond contributions.

Among the 148 discrete Adriatic indices studied in [17], whose predictive properties were
evaluated against the benchmark datasets of the Internation Academy of Mathematical Chem-
istry [7], 20 indices were selected as significant predictors of physicochemical properties. In
this connection, Sedlar et al. [15] studied the properties of the inverse sum indeg index, the
descriptor that was selected in [17] as a significant predictor of total surface area of octane
isomers and for which the extremal graphs obtained with the help of Math. Chem. have a
particularly simple and elegant structure. The inverse sum indeg index is defined as

dg(u)dg(v
S0 = £ ————= T it

uv€E(G) dg(u) ' dg(v) uveE(G)
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The first Zagreb index My (G) is the equal to the sum of the squares of the degrees of the
vertices, and the second Zagreb index M;(G) is the equal to the sum of the products of the
degrees of pairs of adjacent vertices, thatis, M1(G) = Y d2(u)= ¥ (dg(u)+dg(v)),

ueV(G) uveE(G)
M;(G) = Y dg(u)dg(v), wheredg(v) is a degree of a vertex v in G. For a connected graph
uveE(G)
G, the harmonic index H(G) is defined as H(G) = Y = +——2+——.
(G) ©)= Z o T@iw
The first and second Zagreb coindices are defined as M1(G) = ¥ (dg(u) +dg(v)),
uv¢E(G)
My(G) = ¥ dg(u)dg(v). Similarly, the harmonic coindex of G is defined as
uvg E(G)
AG) = ¥
uogE(G) dG(u) + dG(U) .

Motivated by the invariants like Zagreb and harmonic indices, we proposed the another
invariant inverse sum indeg coindex as

dg(u)dg(v)
dg(u) +dg(v)

TS1(G) =
uvg E(G)

Extremal values of inverse sum indeg index across several graph classes, including con-
nected graphs, chemical graphs, trees and chemical trees were determined in [15]. The bounds
of a descriptor are important information of a molecular graph in the sense that they establish
the approximate range of the descriptor in terms of molecular structural parameters. In [2],
some sharp bounds for the inverse sum indeg index of connected graphs are given. The in-
verse sum indeg index of some nanotubes is computed in [3]. Several upper and lower bounds
on the inverse sum indeg index in terms of some molecular structural parameters and relate
this index to various well-known molecular descriptors are presented in [12]. In this paper,
we present the upper bounds on the inverse sum indeg coindex of edge corona product graph
and Mycielskian graph. In addition, we obtain the exact value of both inverse sum indeg index
and its coindex of double graph.

1 EDGE CORONA

Hou and Shiu [5] introduced a kind of new graph operation, namely, edge corona product.
The edge corona product G  H of G and H is defined as the graph obtained by taking one copy
of G and |E(G)| copies of H, and then joining two end vertices of the i edge of G to every
vertex in the i copy of H. The computation for some of the topological indices of edge corona
product are resently studied in [1, 13, 5].

Lemma 1 ([9]). Let f be a convex function on the interval I and x1,x»,...,x, € I. Then
f<X1+X2+...+Xn> < f(x1)+f(x2)+"‘f(xn)
n — n

, with equality if and only if x; = xp = ... = xy.

Theorem 1. Let G; and G; be two graphs with ny, ny vertices and my, my edges, respectively.
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Then
- -
“12([;2) AI1(62)

TSI(G, e Gy) < (n2+1)m(cl)+%(m(cz)+2H(Gz)

4 2
3n2(n82 -1) 3212) n nz(ni—i- 1) <2m1n1 B Ml(G)>
(my +ny)(n3 —2my)  my(my — 1)n2(A(Gy) +2)?

2 4(3(Gy) +2)

Proof. Let x;; be the jth vertex in the ith copy of H,i € {1,2,...,m1},j € {1,2,...,n2}, and let
yx be the kth in Gk € {1,2,...,n;}. Also let x; be the jth vertex in G,.
By the definition of edge corona of G; and G, for each vertex x;;, we have dg,«c,(xij) =
dg,(xj) +2, and for every vertex yx in G1, dG,ec, (k) = dg, (yk)n2 +dg, (vk) = (n2 + 1)dg, (y)-
Now, we consider the following four cases of nonadjacent vertex pairs in G; e G,.
Case 1: The nonadjacent vertex pairs {xi]-,xih}, 1<i<m,1<j<h<mny and itis assumed
that x;x, ¢ E(Gy).

+

C; = %: Z dGl'GZ (xij)dGloGz(xih)
=1 x;x;, ¢ E(G10Gy) dc,ec, (xif) +dG e, (xin)
& (de,(xj) +2)(dc, (xn) +2)

=) L

=1 0, #E(Go) dGZ(x]‘) + dGz (xh) +4

1 1
76, (%) o, ()12 = (e, (%) +dc, (1))
dGz (x]) + dGz (xh) = 4. Thus,

By Lemma 1, we have + % with equality if and only if

1

1 (de, (%)) +2)(dg, (xn) +2) | (dg, (%)) +2)(dg, (xa) +2)
4 1221 x]‘thZE(Gz) dGZ (X]) + dGz (xh) + 4 )
My(Gy)  Mh(Ga)
24 2) | 12 2 )
= 7 ISI(Gy) + %H(Gz) + %E(Gz) + %E(Gz) + 3m1n2(8n2 - _ Bmimz‘

Case 2: The nonadjacent vertex pairs {yk,vs},1 < k < s < nj and it is assumed that
YiYs & E(G1). Thus,

IN

G

3

1 1’12(1’12 — 1)

2

(151(G2) +3( —my) +2H(Ga) +

=

~.

1

|3

Cy — 3 610G, (Yk)dG106, (¥s) y (n2 +1)*dg, (yx)da, (ys)
nytE(Graca) G606 W) Fderacas) G ) (m2 1) (e, (i) + 6 (v:))

. dey(yk)de, (Ys) _ | 1\[oT
= 2+1)yky5¢2E(Gl) T, () T de () = (n2 + 1)ISI(Gy).

Case 3: The nonadjacent vertex pairs {xi]-, Yeh 1 <i<my,1 <j<mnp1<k<nganditis
assumed that the ith edge e; 1 <i < mj in G; does not pass through y.

Note that each vertex yj is adjacent to all vertices of dg, (yx) copies of G, that is, each yy is
not adjacent to any vertex of my — dg, (y) copies of G,. Hence

v o &2, (n2+1)(dg, (x;) +2)dg, (yk)
CG = ), (m dcl(yk))]gdcz(xj)+2+(nz—i-l)dgl(yk)
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. 1 1 1
By Lemma 1, we obtain dg, (x))+2+(n2+1)dg, (yk) = 4(dg, (xj)+2) T 4(np+1)dg, (yi)” Thus,
13 (n2 +1)(dg, (xj) +2)dc, (yx)  (n2+1)(dg,(x;) +2)dc, (k)
C; < = ny—d +
P 41;( ' Gl(yk))]§:1< de, (xj) +2 (n2 +1)dg, (v«) )

= 31 (1 —dg, (yx)) <”2(1’lz +1)dg, (ve) + 2ma + 2n2>

k=1
2
-2
= 7;12(”1—{— 1) <271111’l1 — Ml(G)) + (mz + nZ)énl ml) .

Case 4: The nonadjacent vertex pairs {xl-]-, X}, 1 <i<l<my1<jh<ny.

Co— 46,06, (Xij)dGy0Gy (Xen) m1—1 ﬁ "Z"—: (dc,(xj) +2)(dg, (xn) +2)
X2 £E(G1oC2) dG,eG, (i) +dG e, (Xen) S de(xj) +de, () +4

Since for any vertex x; € V(G2), 6(G2) < dg,(xj) < A(G,). Hence

my(my — 1)n3(A(Gy) + 2)?

Co= 1(5(C2) +2)

From the above four cases of nonadjacent vertex pairs, we can obtain the desired result. This
completes the proof. O

1.1 Mycieskian graph

In a search for triangle-free graphs with arbitrarily large chromatic number, Mycielski [8]
developded an interesting graph transformation as follows: Let G be a connected graph with
vertex set V(G) = {v1,vy,...,0,}. The Mycielskian graphu(G) of G contains G itself as an
isomorphic subgraph, together with n + 1 additional vertices: a vertex u; corresponding to
each vertex v; of G, and another vertex w. Each vertex u; is connected by an edge to w, so
that these vertices form a subgraph in the form of a star K; ,. Some topological indices of
Myrcielskian graph were computed in [10, 11].

Lemma 2. Let G be a connected graph on n vertices and m edges. Then for eachi € {1,...,n},
we have d () (v;) = 2dg(vi), dyc)(ui) = dg(vi) + 1 and d, ) (w) = n.

By the definition of Mycielskian graph, for each edge v;v; of G, the Mycielskian graph
includes two edges, u;v; and v;u;. Now we find the upper bound for inverse sum indeg coindex

of Mycielskian graph.
Theorem 2. Let G be a graph on n vertices and m edges. Then

nn—1)—2m+ 16— 1) —m)< 2(G) N M;(G)
G

ISI(G) + i(L” — > ;

ISI(u(G)) < 5

+ H(ZG) + 3"("4_ b _ 37"1) + %(ISI(G) + Mzz( ) 4 H(ZG) + 37"1)
m+ 4 n(n—1) 2A(G)(A(G) +1)  7m  n(3n+5)
+ M)+ (T ) e 3T
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Proof. Let V(u(G)) = {v1,...,vs} and let V(u(G)) = {v1,...,0n,11,...,un, w}. By the struc-
ture of Mycielskian graph, if v;v; ¢ E(G), then v;u; ¢ E(G), and vju; & E(G).

Now we consider the following cases of nonadjacent vertex pairs in j(G).
Case 1: The nonadjacent vertex pairs {v;, v;} in u(G).

d )d ; 4d; (v;)dg (v;
c = Z y(G)(vz) y(G)(U]> _ Z c(vi) G(v]) ’ by Lemma 2
o2 EGu(6)) W6 () + w6y (), 5 ) 246 (v1) + 2dc ()
dg(v;)dg(v; _
-2y - 6(@) Z(v]) — 2151(G).
v;0;2E(G) G(Ui) + G(vj)
Case 2: The nonadjacent vertex pairs {u;, u;} in u(G).
Case 2.1: u;u; ¢ E(u(G)) and v;v; ¢ E(G).
d )d ; dg(v;)) +1)(dg(v;) +1
o - u(@) i)y (1)) y (dg(vi) +1)(dg(v)) + ), by Lemma 2.
uin @ EQu(G)) F(G) (i) +dyc) (1)) 00 2E(G) dg(vi) +dg(v)) +2
By Lemma 1, we obtain
2 = 4 0,0,2E(G) ! J dg(v;) + dc(?}j) 2
1 dc(vi)dg(vj)  dg(vi)dc(v;) dg(v;) +dg(v)) 1 3
= = + + + +2
4vivj§(G)<dG(vi) +dG(Z)]) 2 2 dG(vi) +dG(Z)]) 2)
 frec . MG Mi(G) | H(G) 3 n(n=1)
= ;(BIe) + 2+ =2+ =24 S (55— —m)).
Case 2.2: u;u; ¢ E(u(G)) and v;v; € E(G).
d )d ; dg(v;)) +1)(dg(v;) +1
o 3 u(e) (i)dy(c) (uy) 3 (d(vi) +1)(dg(vj) + ),byLemmaZ.
wit; 2E(u(G)) dy(c)(ui) +dy(c) (1)) 0;0,€E(G) dg(vi) +dg(v)) +2
Apply Lemma 1, we have
1 dg(vi)dc(vj) | do(vi)ds(vj) | do(vi) +dc(v)) 1 3
G < 7 + + + +5
2 = 4vivj§5:(G)<dG(vi> + dG(U]) 2 2 dc(vi) + dG(U]) 2)
1 Ms(G) | Mi(G) _ H(G) , 3m
= S(1s16) + 22+ 2+ =2+ ).

If ujuj ¢ E(u(G)), then there are m edges v;v; € E(G) and M m nonadjacent vertex

pairs {v;,v;} in G as well as 4(G). By Cases 2.1 and 2.2, we have the contribution of nonadjacent
vertex pair of case 2 is given by

C, = n—l) m)Cé—l—mCé’
_ 31( n—l) m) (m(G) n M22(G) n M12(G) n H(ZG) n 3n(n4— 1) 37111)
m M(G) = M;(G)  H(G) 3m
+Z<ISI(G) e R S}
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Case 3: The nonadjacent vertex pairs {u;,v;} in u(G) foreachi =1,2,...,n.

n dy) (Uidyc)(vi) I 2(dg(vi) + 1)dg (v)

G = = , by Lemma 2
’ = ey (i) +dyy6)(vi) l; 3dc(vj) +1 y
14 ’ 1
< — . .
< 3L () +2c(@) (3575 +1), by Lemman
1 16m 2n

Case 4: The nonadjacent vertex pairs {u;,v;} in u(G).

dy(c)(i)dy(c)(vj) 2(dg(v;) + 1)dg (vj)

C4 = - 7
w0 ¢E(u(G)) dy(c) (1) +dy(c)(0)) 0,0, #E(G) dg(vi) +2dg(vj) +1

by Lemma 2.

For any vertex v; € V(G), we have 6(G) < dg(v;) < A(G). Thus

nn—1) 2A(G)(A(G) +1)
o= (B -m) 36(G) +1

Case 5: The nonadjacent vertex pairs {w, v;} in u(G) foreachi =1,2,...,n.

du(c)(vi)d,(c)(w) 2(n +1)dg(v;)
(G)\Yi)%u(G) G\u;
C = £ = , by Lemma 2
in%%(c)) dyc)(vi) +dyc)(w) vlg@ 2dg(v;) + (n+1)
1 ) 1 1
< Zﬂjg%(})Z(n%—l)dG(vl)<2dc(vi) + n—|—1>’ by Lemma 1

1
= Z(n(n+1) +4m>.
From the above five cases of nonadjacent vertex pairs, we can obtain the desired results. This
completes the proof. O

1.2 Double graph

Let G be a graph with V(G) = {v1,vy,...,v,}. The vertices of the double graph G* are
given by the two sets X = {x1,xp,...,%,} and Y = {y1,y2,...,yn}. Thus for each vertex
v; € V(G), there are two vertices x; and y; in V(G*). The double graph G* includes the initial
edge set of each copies of G, and for any edge v;v; € E(G), two more edges x;y; and x;y; are

dc(“)dG(v)) . Now we find the exact value

added. For a given vertex v in G, let Dg(v) = ) To i) 1o

uv¢ E(G)
of the inverse sum indeg index and its coindex for double graph of a given graph.

Theorem 3. The inverse sum indeg index of the double graph G* of a graph G is given by
ISI(G*) =81SI(G).

Proof. From the definition of double graph it is clear that dg+(x;) = dg-(y;) = 2d(v;), where
v; € V(G) and x;, y; € V(G*) are corresponding clone vertices of v;.
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Thus from the definition of ISI, we have
dg+(u)dg+ (0) dg+(x;)dc- (x))
wweE(Gr o (1) +dc-(v) %1, €E(G*) dgs (xi) + dg+ ()
. ddc* (vi)dc+(y;) 3 dg: (xi)dc-(y;)
o) e+ (i) +de- (yj) G e+ (xi) +dc (yj)
)

ISI(G*) =

viy; €E( xiy; €E(
dG* (x])d(;* (yl) _ Z 4dG(’0i)dG( ]
x]-yiEE(G*) dG* (x]) + dG* (yz) viv]EE(G) ch (’()i) + 2!71@(’0])

= 81ISI(G).

O

Theorem 4. Let G be a connected graph with n vertices and m edges. Then ISI(G*) =
8ISI(G) + 2m.
Proof. Let V(G) = {v1,vy,...,vn}. Suppose that x; and y; are the corresponding clone vertices,
in G*, of v; for each i € {1,2,...,n}. For any given vertex v; in G and its clone vertices x; and
Y, dg(x;) = dg+(y;) = 2dg(v;) by the definition of double graph.

For v;, 4 S V(G), if 0;0; ¢ E(G), then XiX; ¢ E(G),yl]/] ¢ E(G),xzy] ¢ E(G)and YiX; ¢ E(G)

Hence we only consider total contribution of the following three types of nonadjacent ver-
tex pairs to calculate ISI(G).

Case 1: The nonadjacent vertex pairs {x;, x;} and {y;,y;}, where v;v; ¢ E(G).

dG* (yl)dG* (y]) _ dG* (Xl')dc* (X]) _ 4dG('UZ')dG'U]‘)
Yyiy;#E(G*) de-(¥i) + de- (1)) xXixj¢E(G*) dg: (xi) + dge (%)) 0;v;¢E(G) 2dc(0i) + 2d6v))

= 2ISI(G).
Case 2: The nonadjacent vertex pairs {x;,y;} foreachi € {1,2,...,n}.

1 dc* xl dc* (]/1) 1 4dc(’()l)dc ’01
Z Cdoe(x;) +de(yi) Z * 2dg (v;) +2dg(v;) ;d 6(vi) =2m.

Case 3: The nonadjacent vertex pairs {xl,y]} and {y;, xj}, where v;v; ¢ E(G).

For each x;, there exist n — 1 — dg(v;) vertices in the set {y1, 2, . . ., Y }, among which every
vertex together with x; compose a nonadjacent vertex pairs of G*. The total contribution of

these n — 1 — dg(v;) nonadjacent vertex pairs to calculate ISI(G*) is

do+ (xi)dc-(yj) 4dc(v;)dg (v;) _ 2De(o)
— _ ).
wyer(en Ger (1) T (Yj) -, dF(gr 2Aa(vi) + 246 (v))
Hence
dG*( )dG* y] _
Z2Dc ) = 4IS1(G).
i#j, xiyj£E(G*) de(xi) +do(yj) 5

Hence
ISI(G*) = dg- (xi)dc (x;) do (y)de: () & de (xi)de (1)

XfXjéE(G*) dG* (xl-) + dG* (x]) yiyjéE(G*) dG* (yl) + dG* (y]) =1 dG* (Xl') + dG* (yl)

dg (x;)dc+(y;)

= 8ISI(G) + 2m.
i), vt E(G) 96" (x;) +dg=(y)
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ObopoTHO TiacyMoBytounit inaer xoitaekc 1SI(G) mpoctoro 38’s3H0T0 Tpacdy G BU3HAUEHO SIK
dg(w)dg(v)
dg(u)+dg(v)
Hu u B G. Y CTaTTi BCTAaHOBAEHO BepXHi 06Me>XKeHHs Ha 060POTHO MiACYMOBYOUNMIA iHAET KOIHAEKC

rpadpy A0OYTKy BepIMH KOpoHM Ta Tpacdpy Mumeackiaga. Kpim Toro orpumano TouHe 3HaUeHHs
060POTHOTO MiACYMOBYIOUOTO iHAET IHAEKCY i KOIHAEKCY AASI IIOABIMHOrO rpady.

CyMa AOAAHKIB 110 BCiX pebpax uv, siki He Aexartb y G, ae d (1) O3HAUAE CTEIiHb BepIL-

Kntouosi croea i ¢ppasu: ob6OpOTHO TiACyMOBYIOUMIZ iHAET iHAEKC, Tpadd BepIIMH KOpOHM, Tpad
MumreackiaHa, TOABiVHYDE Tpadp.



