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k-BITRANSITIVE AND COMPOUND OPERATORS ON BANACH SPACES

In this this paper, we introduce new classes of operators in complex Banach spaces, which we
call k-bitransitive operators and compound operators to study the direct sum of diskcyclic operators.
We create a set of sufficient conditions for an operator to be k-bitransitive or compound. We give
a relation between topologically mixing operators and compound operators. Also, we extend the
Godefroy-Shapiro Criterion for topologically mixing operators to compound operators.
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INTRODUCTION

A bounded linear operator T on a separable Banach space X is hypercyclic if there is a
vector x € X such that Orb(T,x) = {T"x:n > 0} is dense in X, such a vector x is called
hypercyclic for T. Similarly, an operator T is called diskcyclic if there is a vector x € X such
that the disk orbit DOrb(T, x) = {aT"x : « € C, |a| < 1,n € N} is dense in X, such a vector x
is called diskcyclic for T. In Banach spaces, hypercyclic (or diskcyclic) operators are identical
to topological transitive (or disk transitive, respectively) [3, 4].

Definition 1. A bounded linear operator T : X — X is called

1. topological transitive, if for any two non empty open sets U and V, there exists a positive
integer n such that T"U NV # &;

2. disk transitive, if for any two non empty open sets U and V, there exist a positive integer
nandwa € C,0 < |a| <1, such that T"aU NV # @.

For more information on hypercyclic and diskcyclic operators the reader may refer to [2, 3,
4, 11].

A sufficient condition for hypercyclicity, the well known Hypercyclicity Criterion, indepen-
dently discovered by Kitai [13] and Gethner and Shapiro [9]. Latter on, Godefroy and Shapiro
[10] created another hypercyclic criterion which is called Godefroy-Shapiro Criterion, that is a
set of sufficient condition in terms of the eigenvalues of an operator to be hypercyclic.

In 1982, Kitai [13] showed that if T; & T, is hypercyclic, then T; and T, are hypercyclic.
However, for the converse, Salas constructed an operator T such that both it and its adjoint
T* are hypercyclic, and so that their direct sum T @ T* is not. Moreover, Herrero asked in [12]
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whether T @ T is hypercyclic whenever T is. De la Rosa and Read [7] showed that the Herrero’s
question is not true by giving a hypercyclic operator T such that T @ T is not. On the other
hand, if T satisfies hypercyclic criterion, then T @ T is hypercyclic [4]. In 1999, Bés and Peris [5]
proved that the converse is also true; that is, if T @ T is hypercyclic, then T satisfies hypercyclic
criterion.

For diskcyclic operators, Zeana proved that if the direct sum of k operators is diskcyclic
then every operator is diskcyclic [14]. However, the converse is unknown. Particularly, we
have the following question:

Question 1. If there are k diskcyclic operators, what about their direct sum?

The main purpose of this paper is to give a partial answer to this question by defining
and studying a new class of operators, namely k-bitransitive operators. We determine condi-
tions that ensure a linear operator to be k- bitransitive which is called k-bitransitive criterion.
We use this criterion to show that in some cases the direct sum of k diskcyclic operators is
k-bitransitive. Then, we define compound operators as a general form of mixing operators [6]
to show that under certain conditions the direct sum of k diskcyclic operators is k-bitransitive.
Then, we studied some properties of compound operators. In particular, we give some suf-
ficient conditions for an operator to be compound which is refer to compound criterion. We
use this criterion to show that not every compound operator is mixing. Finally, we extend
Godefroy-Shapiro Criterion [1, Theorem 1.3] for mixing operators to compound operators. In
particular, a special case of Theorem 3 is when p = 1 which is Godefroy-Shapiro Criterion.

1 MAIN RESULTS

In this this paper, all Banach spaces are separable over the field C of complex numbers. We
denote by ID the closed unit disk in C, by IN the set of all positive integers and by 5(X) the set
of all bounded linear operators on a Banach space X.

Let k be a positive integer and T; € B(X) for all 1 < i < k and let
T = @5‘:1 T; : @5‘:1 X — @5‘:1 X then we call each operator T; a component of T.

Definition 2. An operator T is called k-bitransitive if there exist Ty, Ty, - - - Ty, € B(X) such that
T = 695:1 T; and for any 2k-tuples Uy, --- , Uy, Vi, -+, Vi C X of nonempty open sets, there
exist somen € N and ay, - - -, € D\ {0} such that

k k

It is clear from Definition 2 above that 1-bitransitive is identical to disk transitive which in
turn identical to diskcyclic.
To simplify Definition 2 above, we provide the following definition.

Definition 3. Let r € IN be fixed. For each1 < i < r, let T; be a bounded linear operator

on a Banach space X, and A;, B; be nonempty subsets of X. Assume thatT = @] _;T;, A =
i 1Ajand B = @)_ B;. The junction set from the set A to the set B under T is defined as

Jr(A,B) ={(n,aq,--- ,0,) € Nx D"\ {(0,---,0)} : T"(D}_, w;A;) N (Bi_, B;) # &}
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In Definition 3 above, we sometimes write J7(A, B) as J(A, B). The next proposition gives
an equivalent definition to k-bitransitivity in terms of junction set.

Proposition 1. Let T = @;‘:1 T;. Then T is k-bitransitive if and only if for each1 < i < k and
any nonempty open sets U; and Vj, there exist a; € D\ {0} and n € IN such that

(1’1, “i) € ]Ti(ui’ ‘/1)

The proof follows immediately by applying the definition of junction sets to Definition 2.
To answer Question 1, we need the following proposition, which gives a set of sufficient
conditions for k-bitransitivity.

Proposition 2 (k-bitransitive criterion). Let T = @5{:1 T;, and let {n,},.n be an increasing
sequence of positive integers. Suppose that for each 1 < i < k there exist a sequence {)\Sr)} C

D\ {0}, dense sets X;,Y; C X, and amap S; : Y; — X such that for all (x1,--- ,x¢) € @, X;
and (y1,- - ,Yx) € @;{:1 Y;, we have

() | @A T (|| = 0

(ii) H@ T k)

Afj,
(i) D TSI (y1, -+ ye) = (1, -+, Yk)
asr — oo. Then T is k-bitransitive.

Proof. Let U;, V; be open subsets of X forall 1 < i < k, then @le U; and 695-‘:1 V; are open in
BF | X. Also @*_, X; and @*_, Y; are dense in BF_; X. Let

k k
(x1,---,x) e PUNEP X;
i=1 i=1
and
k k
(]/1;" : /yk) € @‘/lm@yl
i=1 i=1

Suppose that z, = (x1, -, ;) + @5, ﬁs?f (y1,- -+ ,yx)- By (ii), as r — oo we have

k
1
llzr — (%1, -, x0) || = @T.)S?r(yl,- Yk (1)
i=1 /\n,
Since )
1
@Anr T?’lr Zr @Anr Tn" ( X1, P k)‘}'@wszl’(yl/ /yk)> ,
i=1 "‘n,
then by (i) and (iii), we have
k _ k .
@Ai(/llr)Tlnr(Zi’> - (}/1/ te /yk) @)\i(’lzy)Tz‘nr(xll o ,Xk> —0, (2)
] i=1
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as r —> oo From Equations (1) and (2), there exists N € IN such that zy € @, U; and

D nr Tn’( N) € @D |V, that is,
k ) k k
@AS)TP (@ Uz‘) NEPV; # @ forallr > N,
i=1 i=1 i=1

which is equivalent to

(e aT)" AU e - eAPu)ynvie - -ev) £2 forall r>N.

That is,
(nr, ) €Jr(U;,V;) forall 1<i<k

By Proposition 1, T is k-bitransitive.

The following theorem gives a partial answer to Question 1.

Theorem 1. If k operators satisty diskcyclic criterion for the same increasing sequence of posi-

tive integers {n, },., then their direct sum is a k-bitransitive operator.

Proof. Let T; € B(X) satisfies diskcyclic criterion with respect to the same increasing sequence
of positive integers {”r}re]N forall1 < i < k[2, Theorem 2.6]. Then for each 1 < i < k, there

exists a sequence {A,(li,) }re]N € D\ {0}, two dense sets D;, D! and a map S; such that for all

x; € D;jand y; € D!, we have

— 0,

4

’ )L,(llr) Tlﬁ’xi
_S;”lryl

1
A

(i)

ny

T"S!"y; — v

as v — co. By Equation (3), we get Zle ) )\Sj} TZ.”’ x;|| — 0O; that is,

k

@ 1y an ’ /xk)

=1

—0

as r — oo. Also by Equation (4), we get Y5, A%pS?’yi — 0; that is,
| 1
P T-)S?’(ylr L yk)|| — 0
i=1 /\n,

as r — oo. Finally, by Equation (5), we get (T;"S{"y1, -+, T,"S;"yx) — (Y1, -

k

BT S wa,ye) = Wi k)
i=1

as r — oo. By Proposition 2, we get T = @%_, T; is k-bitransitive.

3)
(4)
(5)

(6)

(7)

,Yx); that s,

(8)
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To give another partial answer to Question 1, we define another class of operators which is
called compound operators.

Definition 4. Let T € B(X). Then T is called compound if for any nonempty open sets U and
V, there exist some N € N and a sequence {a,}, . € D\ {0} such that

T (a,U) NV # &
foralln > N.

The following theorem gives another partial answer to Question 1. First, we need the fol-
lowing lemma.

Lemma 1. If T € B(X) is diskcyclic, then there exist an increasing sequence of positive integers
{mf}je]N and a sequence {’ij} C D\ {0} such that {(m]-,'ymj) j € IN} C J(U,V) for any
two nonempty open sets U, V C X.

Proof. Let (n1,a1) € J(U,V),andlet W =UNT™ ™ {XllV. Since W is open set, then there exist
ny € N and ay € D such that (np,ap) € J(W, W), that is,

1
T2aUN T M2V AUNT ™M=V # 2.
01 251
It follows that
T2a0,UNT MV #£ @,
Now, we have
T aaU NV = T (TPaaUN T MV) # 2,

that is,
(ny +ny, ) € J(U, V).

By continuing the same process, we get (Z{Zl n, [T_,a;) € J(U,V) for any j,n; € N and

a; € D. Letm; = Z; 1 niand Ymj = ]—H:l a; for all j € IN, then

{Omj,vm) :j €N} € (U, v),
UJ

Theorem 2. Let T = @*_, T;. If every component of T is disk transitive and at least (k — 1) of
them are compound, then T is k-bitransitive.

Proof. Without loss of generality, we suppose that k = 2 and T; is compound. Let Uy, Uy, V1, V>
be nonempty open sets, by hypothesis there exist Nj, N, € N, a1 € D\ {0} and a sequence
{Bn :n € N} C D\ {0} such that

Tleleul N U, # @ and T{’,anl NV, # 2
for all n > Nj. By Lemma 1, there exist N € IN and « € D\ {0} such that
TNalyNU, # @ and TNBNVI NV, # .

It follows that
(Tl ©® TQ)N(Déul ©® [SNV1) N (UQ ©® Vg) #+ .

Hence T is 2-bitransitive. O
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It is clear that every compound operator is diskcyclic. A special case of compound operator
iswhenwa, = 1foralln > N, and it is called mixing operators (see [6]). Therefore every mixing
operator is compound. However, not every compound operator is mixing as shown in the
following example. First, we need the following proposition which give sufficient conditions
for an operator to be compound.

Proposition 3. Let T € B(X), suppose that there exist a sequence {A,},.n C D\ {0}, two
dense sets D1 and D; in X, and a sequence of maps S, : D, — X and such that

(i) |[AnT"x|| — O for any x € D,

(i) |55y

’ — 0 foranyy € Dy,
(iii) T"Sp,y — y for any y € D,
asn — oo. Then T is compound and it is called compound with respect to the sequence {A, }.

Proof. Suppose that U and V be two nonempty open sets. Let x € UNDjandy € V N D;. Let
N be a large positive integer such that z = x + ﬁs NY, then by hypothesis we get

|z — x| = H%SNy‘ —0 and HANTNz—yH = HANTNxH — 0.

Thus T"A,U NV # @ foralln > N. So, T is compound. O

The following proposition gives another criterion for compound operators without the
need of the scalar sequence.

Proposition 4. Let T € B(X). If there exist two dense sets D1 and D, in X, and a sequence of
maps Sy, : Dy — X such that

(i) ||T"x|| ||Sny|| — 0 forall x € Dy andy € D,
(ii) ||Sny|| — 0 for ally € D»,

(iii) T"Sy,y — y forally € D,

asn — oo. Then T is compound.

The proof of Proposition 4 is followed by showing that both compound criteria in Proposi-
tions 3 and 4 are equivalent by using the same lines in [2, Proposition 2.8].

Example 1. Let T be a bilateral forward weighted shift on {,,1 < p < oo, with the weight
sequence

Rl/ ifn 2 0,
wn —
Ry, ifn <0,

where Ry, Ry € RT;1 < Ry < Ry. Then T is compound not mixing.
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Proof. By applying [3, Corollary 2.15] and taking {7, },.y = {1},en, We get

limﬁi— limﬁi— limi—O
noeol TW_f o n—eo; T Ry n—e RY

iy (I ) (1155 ) = i (1100 (I, ) = et o

k=1 k=1 k=1

It follows that T satisfies diskcyclic criterion with respect to the sequence {n}, . Then, by
Proposition 4, T is compound. Now, since

n
(1) =
then by [8, Theorem 3.2] T is not topological transitive and so not mixing. O

The following theorem extends the Godefroy-Shapiro Criterion [1, Theorem 1.3] for mixing
operators to compound operators.

Theorem 3. Let T € B(X). If there exists a positive integer p > 1 such that
A =span{x € X : Tx = ax for some « € C; |a| < p}

and
B =span{y € X : Ty = Ay for some A € C; |A| > p}

are dense in X, then T is compound.

Proof. Let U and V be nonempty open sets in X. Since A and B are dense, then there exist
x € ANUandy € BNV. Then x = Zi'(:l aix;jand y = Zi'(:l biy;, where a;,b; € C for all
1 <i <k Also, Tx; = a;x; and Ty; = A;y;, where |a;| < pand |A;| > pforall1 <i < k. Let
¢ € Cbe ascalar such that p < |c| < |A;| forall1 <i <k, and let

zn =y bi(=)"y; forall n>0.

Then

1
—T”x—X:aZ 'x;—0 and z,—0 as n— oo.

Also, % T"z, = y forall n > 0. It follows that there is a positive integer k such that for alln > k,
we have

1 1 1
x+z,eU and —T"(x+z,)=—T'x+—-T"2z,€V forall n>k
ch ch ch

Therefore, C%T”LI NV # @ for all n > k. It follows that T is compound. O

Note that in the above theorem, if p = 1, then it will be a Godefroy-Shapiro criterion for
mixing operators [1, Theorem 1.3].
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B mitt cTaTTi MM BBOAMMO HOBi KAACK OIIEPaTOPiB y KOMIIAEKCHMX HaHaXOBMX IPOCTOpaXx, sIKi MI
HasMBaeMO k-6iTPaH3UTUBHVMY OIlepaTOPaMy i oIlepaTopaMyl CIIOAYYEHHSI AAST BUBUEHHS TPSIMIIX
CyM AVMICKIIMKAIUHMX OIIepaTopiB. 3aIlpOIIOHOBaHO Habip AOCTAaTHIX YMOB AAsI TOTO, 106 orepa-
TOp 6YB k-6iTPaH3UTMBHMM UM OIEPAaTOPOM CIOAYYeHHsI. TakoXX BCTAaHOBAEHO 3B'sI30K MiX olle-
paTopaMy TONOAOTIYHOTO 3MilllyBaHHsI i oepaTopaMM CIOAYyYeHHs. TakoXX pO3IIMpeHO KpUTepin
T'oaedppya-Illanipo AAsI OepaTOpiB TOMOAOTIUHOTO 3MILITyBaHHS HA BUNAAOK OIIEPATOPIB CLIOAYUe-
HHSL.

Kontouosi csi08a i hpasu: TiMepIMKAIYHI OIlepaTOpy, AUCKIVIKAIUHI OllepaTOpH, olepaTopu cAab-
KOTO 3MiIllyBaHHsI, IPSIMi CyMI.



