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EXTENSIONS OF MULTILINEAR MAPPINGS TO POWERS OF LINEAR SPACES

We consider the question of the possibility to recover a multilinear mapping from the restriction
to the diagonal of its extension to a Cartesian power of a space.
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INTRODUCTION

Let X and Y be linear spaces over the same field K. It is well-known (see e. g. [1, Theo-
rem 1.10]) that every symmetric n-linear mapping A : Xn → Y can be recovered from its restric-
tion to the diagonal Â : X → Y, Â(x) = A(x, . . . , x), by means of the so-called Polarization
Formula:

A(x1, . . . , xn) =
1

n!2n ∑
ε1,...,εn=±1

ε1 . . . εn Â(ε1x1 + . . . + εnxn).

But in general if A is non-symmetric, it cannot be recovered from Â. For example, if A is alter-
nating, then Â is equal to zero. Let us recall that A is called alternating if A(xσ(1), . . . , xσ(n)) =

(−1)σ A(x1, . . . , xn) for every x1, . . . , xn ∈ X and σ ∈ Sn, where Sn is the group of all permuta-
tions of n elements and (−1)σ is the sign of the permutation σ.

In [1, p. 8] it has been introduced mappings between complex linear spaces, which are
linear with respect to some arguments and antilinear with respect to other arguments. If such
a mapping is symmetric with respect to “linear” and “antilinear” arguments separately, then it
can be recovered from its restriction to the diagonal by means of polarization formulas, proved
in [2] and [3]. Note that in this case there are no any requirements of symmetry between
“linear” and “antilinear” arguments. In some cases for multilinear mappings there is a similar
situation. For example, if A : Xn → Y is an n-linear mapping, then a mapping Ã : (Xn)n → Y,
defined by

Ã(x1, . . . , xn) = A(x(1)1 , . . . , x(n)n ),

where xj = (x(1)j , . . . , x(n)j ) ∈ Xn, j ∈ {1, . . . , n}, is an n-linear mapping too (in general,

non-symmetric) and its restriction to the diagonal ̂̃A(x) is equal to A(x(1), . . . , x(n)) for x =

(x(1), . . . , x(n)) ∈ Xn. Therefore, A and, consequently, Ã, can be recovered from the restriction
of Ã to the diagonal.

We consider the question of the possibility of recovering of a multilinear mapping from the
restriction to the diagonal of its extension to a power of a space.
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1 THE MAIN RESULT

Let M = (mij)
n
i,j=1 be a matrix of scalars from K. Then for every n-linear mapping A :

Xn → Y a mapping EM(A) : (Xn)n → Y, defined by

EM(A)(x1, . . . , xn) = A(m11x(1)1 + . . . + m1nx(n)1 , · · · , mn1x(1)n + . . . + mnnx(n)n ),

where x1, . . . , xn ∈ Xn, is an n-linear mapping. Its restriction to the diagonal is equal to

ÊM(A)(x) =
n

∑
k1=1

. . .
n

∑
kn=1

m1k1 . . . mnkn A(x(k1), . . . , x(kn)). (1)

Note that if mij = 1, i = 1, . . . , n, for the fixed j ∈ {1, . . . , n}, then EM(A) is an extension of A.

Proposition 1.1. For every n-linear alternating mapping A : Xn → Y,

ÊM(A)(x) = det(M)A(x(1), . . . , x(n)),

where x = (x(1), . . . , x(n)) ∈ Xn.

Proof. Since A is alternating, A(x(k1), . . . , x(kn)) = 0 if kl = ks for some l 6= s. Therefore, by (1),

ÊM(A)(x) = ∑
σ∈Sn

m1σ(k1)
. . . mnσ(kn)A(x(σ(1)), . . . , x(σ(n))).

Since A(x(σ(1)), . . . , x(σ(n))) = (−1)σ A(x(1), . . . , x(n)), therefore

ÊM(A)(x) = ∑
σ∈Sn

(−1)σm1σ(k1)
. . . mnσ(kn)A(x(1), . . . , x(n)) = det(M)A(x(1), . . . , x(n)).

Let us consider recovering of multilinear mappings, which in general are neither symmetric
nor alternating. It can be easily seen that if M is a diagonal matrix, then

ÊM(A)(x) = m11 . . . mnn A(x(1), . . . , x(n))

for every n-linear mapping A. Let us construct a non-diagonal matrix M′ such that every n-
linear mapping A can be recovered from ÊM′(A). Let

M′ =


1 1 1 . . . 1
1 −1 1 . . . 1
1 1 −1 . . . 1
...

...
... . . . ...

1 1 1 . . . −1

 .

For k ∈ {1, . . . , n} let ik : X → Xn, ik(x) = (0, . . . , 0︸ ︷︷ ︸
k−1

, x, 0, . . . , 0).
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Theorem 1. The n-linear mapping A can be recovered from ÊM′(A) by means of the formula:

A(x1, . . . , xn) =
1

22n−1

1

∑
j2,...,jn=0

(−1)j2+...+jn ∑
ε1,...,εn=±1

ε1 . . . εnÊM′(A)

×
(

ε1i1(x1) + ε2p(2)j2 (x2) + . . . + εn p(n)jn (xn)
)

,

(2)

where

p(k)jk
(x) =

{
i1(x), if jk = 0,
ik(x), if jk = 1

for k ∈ {2, . . . , n}.

Proof. Let y1 = i1(x1), y2 = p(2)j2 (x2), . . . , yn = p(n)jn (xn). Notice that

∑
ε1,...,εn=±1

ε1 . . . εnÊM′(A)(ε1y1 + . . . + εnyn)

=
n

∑
k1,...,kn=1

EM′(A)(yk1 , . . . , ykn) ∑
ε1,...,εn=±1

ε1 . . . εnεk1 . . . εkn

and

∑
ε1,...,εn=±1

ε1 . . . εnεk1 . . . εkn =

{
2n, if k1 6= . . . 6= kn,
0, otherwise.

Therefore,

1
2n ∑

ε1,...,εn=±1
ε1 . . . εnÊM′(A)(ε1y1 + . . . + εnyn) = ∑

σ∈Sn

EM′(A)(yσ(1), . . . , yσ(n)).

For σ ∈ Sn such that σ(n) = n we have

1

∑
jn=0

(−1)jn EM′(A)(yσ(1), . . . , yσ(n−1), yσ(n)) =
1

∑
jn=0

(−1)jn EM′(A)
(

yσ(1), . . . , yσ(n−1), p(n)jn (xn)
)

= EM′(A)(yσ(1), . . . , yσ(n−1), i1(xn))− EM′(A)(yσ(1), . . . , yσ(n−1), in(xn))

= 2EM′(A)(yσ(1), . . . , yσ(n−1), i1(xn)).

For σ ∈ Sn such that σ(n) 6= n we have

1

∑
jn=0

(−1)jn EM′(A)(yσ(1), . . . , yσ(n)) =
1

∑
jn=0

(−1)jn
(

yσ(1), . . . , p(n)jn (xn), . . . , yσ(n)

)
= EM′(A)(yσ(1), . . . , i1(xn), . . . , yσ(n))− EM′(A)(yσ(1), . . . , in(xn), . . . , yσ(n)) = 0.

Therefore, the right-hand side of (2) is equal to

1
2n−2

1

∑
j2,...,jn−1=0

(−1)j2+...+jn−1 ∑
σ∈Sn, σ(n)=n

EM′(A)(yσ(1), . . . , yσ(n−1), i1(xn)).

After applying this method n − 1 times we obtain that the right-hand side of (2) is equal to
EM′(A)(i1(x1), i1(x2), . . . , i1(xn)), which is equal to A(x1, x2, . . . , xn).
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Розглянуто питання можливостi вiдновлення мультилiнiйного вiдображення зi звуження
на дiагональ продовження цього вiдображення на деякий декартiв степiнь простору.
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