Researches in Mathematics https://vestnmath.dnu.dp.ua

Res. Math. 30(2), 2022, p. 3-17 ISSN (Print) 2664-4991
doi:10.15421/242208 ISSN (Online) 2664-5009
UDK 511.176

K. Adegoke*, R. Frontczak™, T. Goy™*

* Obafemi Awolowo University,

Tle-Ife 220005, Nigeria. E-mail: adegoke00@Qgmail.com

** Landesbank Baden-Wiirttemberg,

Stuttgart 70173, Germany. E-mail: robert.frontczak@lbbw.de
*** Vasyl Stefanyk Precarpathian National University,

Ivano-Frankivsk 76018, Ukraine. E-mail: taras.goy@pnu.edu.ua

Additional Fibonacci—Bernoulli relations !

Abstract. We continue our study on relationships between Fibonacci
(Lucas) numbers and Bernoulli numbers and polynomials. The derivations
of our results are based on functional equations for the respective generati-
ng functions, which in our case are combinations of hyperbolic functions.
Special cases and some corollaries will highlight interesting aspects of our
findings.

Key words: Bernoulli numbers and polynomials, Fibonacci sequence,
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Awnorauisi. YV 1miifi crarti M TPOMOBXKYEMO HAIIl JOCTIIKEHHS B3a€-
MO3B’#3KiB Mixk unciaamu Pibonaqdi i JIoka Ta yucaamu (MHOrOYI€HAMY)
Bepuysii. JoBemennst pe3yabraTiB 0a3yeThcsd Ha (HYHKITIOHAJLHUX PiBHSI-
HHSIX /IS BITIOBITHUX TE€HEPATPHUC, IKi B HAINIOMY BHUIAIKY € KOMOiHAIT-
gaMu rirepoostiaanx GyHKIi.

Kurouosi cioBa: Hucna i maorowienu Beprysui, nocmaimosuicts ®i6o-
HaY9i, IOCJITOBHICTD JII0Ka, peKypEeHTHe CIiBBiJHONIEHH, T€HEPATPICA

MSC2020: Prr 11B68, SEc 11B39, 05A15

1. Introduction

Fibonacci and Lucas numbers satisfy the linear second-order recurrence
Up = Up—1 + Up—2 (n > 2) with initial conditions Fy =0, F; =1 and Lo = 2,
L1 =1, respectively. Both sequences have a long history and are very popular
among mathematicians as they appear in important mathematical branches
such as number theory, combinatorics and graph theory. They have entries
A000045 and A000032 in the On-Line Encyclopedia of Integer Sequences [13].
Excellent references on these sequences are the books [12, 14].

!Statements and conclusions made in this article by R. Frontczak are entirely those of
the author. They do not necessarily reflect the views of LBBW.
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As usual, Bernoulli polynomials are defined by the exponential generating
function [11, Chapter 1, Section 1.3]

> 2" ze'®
H($,Z) = ZBn(.I)E 2627_1, |Z| < 2m.
n=0 )

For n > 0, they satisfy the following relations |11, Chapter 1, Section 1.3]:

B,(1+4z) — By(z) = na"}, (1)
By (1 —1z) = (-1)"Bn(), (2)
Bu(—2) = (—1)"(By(z) + na™ 1), (3)
m—1 k
B (mz) =m™! Bz + —), m > 1. (4)
> Bafe )

Also, Bernoulli polynomials have the property

Bl +z2) = Zn: (Z) By_i(z)2",

k=0

from which we get

n
n
Bu(z)=>_ <k) By _pz*, (5)
k=0
where B, = B,(0) are the Bernoulli numbers. The Bernoulli numbers are
rational numbers starting with
1 1 1 1

1
0T T T e AT 30 O T a2 TP 30
and Boy4+1 =0 forn > 1.
The following identities connect Fibonacci numbers to Bernoulli polynomi-

als and are proved in |7]: for each integers n > 0, j > 1, and complex z,

n

> <Z> i (V5F)" " Byoi(w) = nFy (VB + B)F; + Fj—1)"

k=0

Z (n) ij( — ﬁFj)nian,]Al') = TLFj ((Oz - \/51‘)Fj + Fj_l)nil,

k
k=0

where a = 1+—2‘/5 is the golden ratio and 8 = 1_—2‘/5 = —é. Other results in this
direction are contained in |3, 4, 5, 9, 10, 15, 16, 17, 18], among others.

In this paper, we state new relations involving Fibonacci and Lucas
numbers and Bernoulli numbers and polynomials. We will work with many
exponential generating functions. The results stated are complements of the
recent discoveries from [5, 7, 8]. Some of our results were announced in [2].
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ADDITIONAL FIBONACCI-BERNOULLI RELATIONS
2. Identities from hidden threefold convolutions

We begin with a known lemma [12, Vol. 1, p. 251].

Lemma 1. Let n and j be positive integers. Then

" /n 1,.. n
> (k) FjFjm-r) = (2" Lin = 2L7), (6)
k=0
¥ n n n
>\ g ) Ei Lty = 2" Lyn + 2L, (7)
k=0
n n N
> i ) EikLitnk) = 2" Fjn. (8)
k=0

Our first main result is the following theorem.

Theorem 1. Let n and j be positive integers. Then

S (1)

k=0
n—k=0 (mod 2)

2 +2
5(n+1)(n + 2)F? A

n k2n—k+2 -1

n k k n— _rn
n—kEO?mod2)

z": <Z> Fi(VoE)"™ Bn g

k=0
n—k=0 (mod 2)

—_

2 - B,_
Ex e
k=1 (mod2)
_ 2”+3Fj<n+2> 2L;™!
T 5+ 1)(n+2)F?  5(n+ 1)F; (11)

Proof. Let F(z) and L(z) denote the exponential generating functions of
sequences (Fjp)n>0 and (Ljn)n>0, respectively, with j > 1. Then, it is easy

to derive
F2(2) = geLﬂ'Zsinh2 <\/52FJ z), (12)

L%(z) = 4e%* cosh? <\/52F]z) (13)

5
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From the power series for the cotangent |11, Chapter 1.3]

2n 1
cothz = Z 22"B2n ;
n=0 ( )'
we get
d 1 1 Z*n2
——cothz = ——— = — — 2n — 1)22" By, ©——. 14
dz O T ginn?s T 22 nZ:l( n=1) 2 (2n)! (14)
Hence, we see that the functional equation (12), using (6) and (14), can be
written equivalently as el Sl( ) — Sa2(z) with
n—2
n n
Si(z) = 5sz nzo (2"Lj, — 2L ) —
( ) i( )Zn i( ) 1 2n—2 Z2n72
SQZ = 2nL3n—2L;lf 2n—15n_F-_Bgn .
! J !
= nl (2n)!
In the series Si(z) the first two terms are zero and therefore
61(5) = L S~ P gt — 2157 2
1 z - 2 7';
5Ff e= (n+2)(n+1) nl
The second series Sa(z) equals
e prg 0 ) »2n
S = 2" L, — 2L . 2 D5"F"B —_—
2(2) T;)( jn )n' nZ:%( n+1)5"F; 242 5 o)

and is a simple Cauchy product. Expanding and comparing the coefficients of
2" proves (9).

Identity (10) follows from the functional equation (10) combined with (7)
and

S i(Qn —1)22"(2*" -~ 1)B Gl
cosh?z  dz - — n (2n)!”
The underlying functional equation for identity (11) is
F(z)L 4 F;
L\f(j) = —elsz coth(\/g ! z). (15)
sinh? (%z) V5 2

By (8), (12) and (13), the LHS of (15) is

F(z)L(z) 2" N Bop 25" F7 520
2" F; —4y 2"F;, - 1
sinh? (f 5E; ) 5FJ2 Z ol Z Ml 7;) 2n+2  (2n)!

8 Finy2) 2"
— 4 gn+2__ “Jnve) <
5sz+ < F2Z (n+2)(n+1)n!

& n 2n
z Bgn+2 om <
_N"onp. 2. Z2nt2 pn p2n
nz:() ) ;:027@—1—2 To@2n) )’
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whereas the RHS of (15) equals

4 E;

—eli% coth <\/gjz)

V5 2
o) 2 -1
nz ; nl 2 Z Boub’ j (Qn)
oo Ln+1 n

5F z ( “n+1 n!

BQn—i—Z 2n+l __on 1 22
L= - 572 F'
+ZZ ]n' nz (2n+2)(2n+1) S (2n)!

Now, we can apply the Cauchy multiplication theorem on both sides. When

simplifying the RHS, use (";1) - = (7). The proof is complete.

n

Formula (9) has been derived recently in [10].
When j = 1, then the special cases of Theorem 1 reduce to

n

n n— ank . 2n+2Ln 2 -2
2 (k) (L =2 (Vo) fz S 5(n+ 1)& o) b (16)

n—k=0 (mod 2)
zn: (2% Ly, +2) (VB)"~ S 2 =1
P k F n—k42 nokt2
n—kEO_(mod 2)
and

> (n> oty (/B Dncke2

— n—k+2
n—k=0 (mod 2)

NERES (1) oarr oo B (B ey,

V5 — k n—k+1 5n+1)\ n+2
nszli(mod 2)

ol

The identity (16) appeared as a problem proposal in [6].
Remark 1. Using the fact that, for any sequence (ap)n>0,

n

n yn—k
> ak:zlﬂ;)"%

k=0 k=0
n—k=0 (mod 2)
n n
1—(—1)"k
> w=y g
k=0 k=0

n—k=1 (mod 2)
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identities (9)—(11) possess the following equivalent forms without the mod-
notation (with n even):

S/%(n) ook 1 .L?k+2—22k+1L2j(k+1)B :< L; >n
2 ok ) (k + 1)(2k + 1) (5Fj2>k+1 n—2k V5F;/)
. n—2k+2 — ’
2a\2k) n—2k+2  (BEDF TR,
o2 2%
n><4>kz(n2k‘1 Fij)
> Bt ) o =0
. j(2k+1) k n—2k
] <2k: 5 2k + 1 4

Theorem 2. For all positive integers n and j,

Z<k> k‘2+ 1 <(_1) Fg’jl)<\/L5JFj> -1+ (_1)H)MﬂBk+2> =0.

k=0

In particular,

kE—1 kL§ '

k=1
Similarly,

2”2:1(_1);@ 2n—1) 2" Ly _
k Lk

k=0
Proof. From the basic identity sinh z = tanh z - cosh z we get
5 Lj 5F; 5F;
iF(z)e_Tj’Z = tanh (\f]z) cosh <\sz) (19)
2 2 2
Then

LHS of (19) = ﬁiﬂnzi(‘ Lj>nZT

Vo : ]
2 ot [ — 2
V5 P > Li\nz"
=5 > Fjwr (-5
2 (n+1) 2/ n
n=0 n=0
VB Sy (M) B Lyt
2 k) k+1 2 n!’
n=0 k=0
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whereas
- VB \2n—1_ 2=l X0\ BE on 520
RHS of (19) = 22n22n_1( J) By, < J>
o nzl ( 5 " (2n)! Z:: > ) @)
_22 (2 1) 9 2n+2 I '
"0 2n+2)! =\ 2 (2n)!
e 14 (1) 14 (=1)F
= ZZ Z 9 . 5 2k+2(2k+2 _ 1)
n=0 k=0
X(\/gFj>k+1 Bioso (\/gFj)nk o
2 (k+2)' 2 (n—k)!
_(VBE 1+ 1 (=1
(L

T\ k42 0k+2 Biy2 2"
X<k>2 (2 1)(l<:+2)(k+1) '
= Z (

ntl 1 + k42 ok+2 Bii2 z
2 2 1)
)y e (> Y TS
Note that above we used

n=0 k=0
o0 oo o0 n
L+ (=) 1+ (=1)*
s Yz = 33 UL A
n=0 n=0

n=0 k=0

Comparing the coefficients of 2™ after some simple manipulations we have (17).
Identity (18) follows from cosh z = coth z - sinh z which gives

J5 J5
52FZ)S ( 2F )

L.

1
§L(z) 3% = coth (

(20)

Proceeding as before,

LHS of ( ZLM .Z (—L;)n %7:

n=0

1 SN /n L; n—k on

‘ZZ@L S

and
RIS of (20):i4n<\/g2pj>2n 1 2n) ni(’:(\fF )2n+1(2,127:r1)!

k \/>j —

DN O
y By <\/5F]>nk+1z”
n—k+1 2 n!
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=Sy () ()T B ()T

n=0 k=0

Comparing the coefficients of 2" after some simple manipulations we have
(18). The theorem is proved.

In view of the binomial theorem and the Binet formula, (18) is equivalent

to
n
n QkBk
1 1" —— =0
)Y (1) =0
k=0
so that we have
—_— = 1.
Pt k)n—k+1 ’ eve

Theorem 3. For all positive integers n and j,

/2] n—2k
n Fitn—ak+1) FjL;
Pt g, ) 21
kzzo<2k>(5j) (n—2k+1 o on 0 (21)
[n/2] n—2k
n (5Fj2)k’ gk+1 _q L B
2 ok) B4 1\ kg1 LiteamBaee = =g ) =000 (22)
k=0

Proof. Use the exponential generating functions from (12) and (13) in
conjunction with

oo [n/2]

(o) o
n 2n n
5 anz - E bop ™" = g E ap—okborz
n=0 n=0 n=0 k=0
: __ coshz __ sinhz :
and sinh z = 28~ cosh z = g2 . The theorem is proved.

On account of the identity

Ln/2]
n n—2k 2k __ n _ n
2 kzo (2k>x 2 =(z+2)"+ (x—2)",

formula (21) can also be written as

L”z/%J <n> (5Fj2)ij(n—2k+l)B _ Lilnj.

2k —
o 2k n—2k+1 2

3. Special Bernoulli polynomial identities

The properties of the Bernoulli polynomials stated in Lemmas 2 and 3
below are direct consequences of the functional relations (1) and (2).

10
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Lemma 2. If n is any non-negative integer, then

Bp(1+2) + By(1+y)=Bu(z) £ Bu(y) +n(z"" £4"71),

By(1+2) £ By(1+y)=(—1)"(Ba(1 —2) £ By(1 —y)) + n(a" " £y 1),
By (=) £ Ba(~y)=(~1)"(Bu(x) £ Bu(y) +n(a"" £y 7). (23)
Lemma 3. Let n be any non-negative integer. If x —y =1, then
By (x) = Bu(y) = ny" ™", (24)
By(—a) = Ba(—y) = n(=1)"a""";
while if x +y =1, then

Bn(x) = (=1)"Ba(y) = 0, (25)

n(z"t -y, if n is even;

Bp(1+x) = Bp(14y) = .
—2B,(y) + n(fﬁn_l - y”_l), otherwise.

Lemma 4. For real or complex z, let a given well-behaved function h(z)
Cc2
have in its domain the representation h(z) = > vpz"*, where vy and wy, are
k=c1
given real sequences and —oo < ¢1 < co < +00. Let i and m be integers. Then

’;201 Fiwptmvpz* = \}g(amh(aiz) + B"h(B'z)), (26)
S Lunysmts™ = ™ h(ai2) = B7h(8'2). (27)
k=c1

We can find Lemma 4, in a slightly different form, in [1, Theorem 1].

Theorem 4. Let j and m be integers and n a non-negative integer. Then

" /n 1 m . m .
kz_o(k)FmeBn_k(x)zk:\/g(a Bu(o+ad2) — B Bu(w + 72)), (28)

> (Z) LijkimBn k()2 = "By + o2) + " Bu(z + #72).  (29)
k=0

Proof. Use (26) and (27) with h(z) = Bp(z+2) = 3 (7) Ba-k(x)2", so that
k=0
wg =k, v = (Z)Bn_k(:v), c1 = 0 and ¢o = n. The proof is complete.

Setting x = 0 in (28) and (29) yield the following Fibonacci-Bernoulli and
Lucas—Bernoulli relations.

11
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Corollary 1. Let j and m be integers and n non-negative integer. Then

2 <Z> FjpemBs?" = jg(amijz) ~B"Bu(F2).  (30)
<Z> LiktmBn_yz" = a™By(a?z) + BB (B 2). (31)
k=0

Theorem 5. Let j and m be integers and n non-negative integer. Then

Z”: <n> Fyion FnBo (%), if nis even; -
—k = )
= \k) Ly %Bn@—j) if n is odd,
- <n> LﬂH_mB LmBn<%;>, if n is even,
k= .
= \k) Ly x/EFmBn(g—j) . if nis odd.

Proof. Choose z = %j in (2) and use the Binet formula L; = o/ + /7 to obtain

n(2)=crrn ;) 5

J J

Now use this information in Corollary 1 with z = %
J

Lemma 5. Let a, b, ¢ and d be rational numbers and A\ an irrational
number. Then a + Ab = c+ Ad if and only if a = c and b = d.

Corollary 2. Let j be an integer and n a non-negative integer. Then

Z (Z) ij LB, _r = B, (?q)’ n even, (34)

k
k=0 J
- F
Z <n> J: B, =0, n even, (35)
k) Lk
k=1 J
& n ij:—l _ Oéj
<k> e Bn_k_\/BBn(Lj), n odd, (36)
k=0 J
S () ZEBk=0, nodd (37)
k) L*
k=0 J

Proof. Since the expression on the left side of (32) is rational, being the finite
sum of rational numbers, it follows that Bn(%;) is a rational number for even

12
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n. Now, using (5) and relation o® = aFs + Fs_1, we have

i) - (1)

J k:O
i B F;
(n k) n kL j(n—k)—1
- O‘Z < > n—k + < > n—k ’
L; k=0 K L;
from which identities (34) and (35) follow when we invoke Lemma 5. The proof
of (36) and (37) is similar.
Remark 2. We observe from (32) that \/an(%j) is rational for n odd.

Theorem 6. Let j and m be integers and n non-negative integer. Then

J nF;(n_1)4m . .
Zn:( 1)k <n) ij+mB FmBn(%j) + J(ﬁjf, if n is even;
- k n—k = L J nLjn—1)4m .
k=0 k Lj _Tan(%J) - %, otherwise.
- (—1)* (”) ij;+mB LmBn(Lj) + Lt if n is even;
B k n—k = J NL:(n—1)4+m .
k=0 k) Lj _\/gFmBn(%j) - J(L,}iff*, otherwise,
J

Proof. Identities (3) and (33) give

j nL;,_ . .
2B, (%j) + 2D - if gy is even;

j J n—1
Bn(_ ﬁ) +Bn<_ é) - nkL. 1 Lj .
L; L; —%, otherwise,
j
ol i %, if n is even;

Bu(=5) B 3) = L () vr

J J —2B,, (%) — #’ otherwise.

j

Use these in Corollary 1 with z = —+. Note the use of the known identities

F.Li+ F,L, =2F, s and L, L +5FF —QLH_S (see [12, Vol. 1, p. 111]).

Theorem 7. Let j be integer and n non-negative integer. Then

- 2k F; Fj\n—1
Z <n> kjan—k = n(\/g J) , n even, (38)
oo\ L VB L
- n 2ijk: \/5}7] n—1
kzo <k> 7 By_j = n<LJ> . nodd (39)

Proof. Setting x = —J —1in (1) yields

n() n (G5 (B w




K. ADEGOKE, R. FRONTCZAK, T. GOY

287

Setting x = 7, in (2) gives
237 FiV/5
Bn<£> - Bn< J\f) =0, 7 even (41)
L L;

From (40) and (41) we find
207 92439 F;v/5\n—1
B ) B =n(FER) T weven
from which, upon use in (30), with m =0 and z = L%_, identity (38) follows.
2p7

Using z = I, in (2) gives
239 FjVey
Bn<L—> n Bn< ; ) —0, 7 odd (42)

J J

Addition of (40) and (42) produces

B (3) + 3 () =n(B2) weaa

from which, upon use in (31), with m = 0 and z = L%_, identity (39) follows.
The result of the next theorem exhibits strong similarity to the polynomial
identities from Introduction.

Theorem 8. The following identity is valid for all n > 0, j > 1, and
complex x:

n n QkF :l:\/ngj n—ani (x
> ()2 Bt Vo Bt "
= nF; ((i\/gFjCU + Lj)"fjL + (i\/gFj(w -1)+ Lj)n71>~

Proof. Since
fFe 5 (296 1)z
z

H(x,V/5Fjz) =
2smh(‘[F )
we get the relation
V5F; F
F(z)L(z)H (x, \/5sz) — 2szeLizeTJ(2=’f—1)Z cosh (\/zjz)
Hence,

n—k 2"
S5 ()R VB Bur(a)
n=0 k=0 n:

V5E; V5F; VEF;
_ _sze(Tj(Qx_l)—i_Lj)z (672 i, e J z)

_ F‘],Z(e(\/gFj$+Lj)Z +e(\/5Fj(x—1)+Lj)z>'

14
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This proves (43) with the positive root. The second follows upon replacing z
by 1 — z and using (2).

Setting = 0 in Theorem 2, we have the following.

Corollary 3. Forn >0 and j > 1,

n
n
> <k> 2" Fji(£V5F)" " Byg = nF; (Lg'H + (FVBE; + Lj)”_1>'
k=0
Corollary 4. Forn >0 and j > 1,

n

> (Z) 2 F(VBE;)" ™ By (0)

k=0
= nFjQI_n<(\/gFj + Lj+3)n_1 + (—\/5Fj + Lj+3)n_1>a

where « is the golden ratio. Also, for j > 3, we have the analog identity

> ()2 (V5B B, ste)

P (44)

= k2" ((\/5}«} — Lj—3)" "' + (-V5F; — Lj—s)”*l).
Proof. Set x = o in Theorem 2 and simplify using 5F,, = L,11 + Lp—1.

We mention the special case of (44) for j = 3:

n

Z (Z) (_ﬁ)n_kFBan—k(a) = (_1)n_17’LLn_1.

k=0
Also, inserting (3 in (43) and setting j = 1 we can state the identity

n

> (Z) 2k F(VB) *By_1(B) = (=1)" nLgp_s.

k=0
Corollary 5. Let n, j and q be integers with n,j > 1 and q > 2. Then

n

n k(e
> <k> X (VB E)" (¢ — 1) B,
k=0
q—1
=nFjg™™" Z ((j:\/gFjT +qL;)" 4+ (£V5F(r — q) + qu)n_1>-

r=1
Proof. Formula (4) gives

q—1

(" =1)B, =Y B, (g)

=1

<

15
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Therefore, we can write

n

D (Z> 2P (EVBE)" T (@ = 1) Buy

k=0
—o 3 (£ VBE D 1) (2 EE (1) + 1))

q—1
=nFjq' ™" Z ((i\/gFjr +qL)" "+ (£VBE(r —q) + qu)"*l).

r=1

The proof is complete.

We proceed with some examples. The special case ¢ = 2 takes the form

n

= nFj21_”((Lj + Qaj)”—l +(L; + QBj)n—l)

n—1

-1
= nFj21_n Z <n >2ijmL§L_l_m.
m

m=0

For 7 = 1 the left-hand side can be expressed in closed-form and we obtain
after some manipulations

L V5 k L,
3 (1) () - 2ameam = "
k=0

Similarly the case ¢ = 3 is treated. The calculations are lengthy and omi-
tted. The result is

n

> <Z> 6" (1 — 3" * ) Fj (VBE)"F B,y

k=0
n—1 n—1
= nFj Z .T( m ) (2n—1 + 4m)L;-l_1_ijm.
m=0

For j =1 we get

n

Z (Z) 6k(\/§)n—k(1 o 3n—k—1)Fan_k

k=0
° n
= n2n_1L2n_2—|- Z <m) m4m_1Lm_1.
m=1

16
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4. Conclusion

In this paper, we have discovered new identities relating Bernoulli poly-

nomials (numbers) to Fibonacci and Lucas numbers. In our future papers,
we will discuss the analogous results for Euler polynomials (numbers) and Fi-
bonacci and Lucas numbers as well as identities connecting Bernoulli polynomi-
als (numbers) with Jacobsthal, Pell and balancing numbers.
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