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Derivations of Mackey algebras

Bezushchak O.

We describe derivations of finitary Mackey algebras over fields of characteristics not equal to 2.

We prove that an arbitrary derivation of an associative finitary Mackey algebra or one of the Lie

algebras sl∞(V|W), o∞( f ) is an adjoint operator of an element in the corresponding Mackey alge-

bra. It provides a description of the derivations of all algebras in the Baranov-Strade classification

of finitary simple Lie algebras. The proof is based on N. Jacobson’s result on derivations of asso-

ciative algebras of linear transformations of an infinite-dimensional vector space and the results on

Herstein’s conjectures.
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Introduction

Let V be an infinite-dimensional vector space over a field F, and let V∗ denote the vector

space of all linear functionals on V. For an element v ∈ V and a linear functional w ∈ V∗, we

denote w(v) = (v|w). A subspace W ⊂ V∗ is called total if for v ∈ V the equality (v|W) = 0

implies v = 0.

Define EndF(V) as the associative algebra of all linear transformations V → V, and let

End f in(V) =
{

ϕ ∈ EndF(V) : dimF ϕ(V) < ∞
}

.

The space V∗ has a natural structure of a right EndF(V)-module. Given a linear functional

χ : V → F and a linear transformation ϕ : V → V, we define (χϕ)(v) = χ
(

ϕ(v)
)
, v ∈ V.

The subalgebra

A (V|W) =
{

ϕ ∈ EndF(V) : Wϕ ⊆ W
}

and the subalgebra

A f in (V|W) = A (V|W) ∩ End f in(V)

are called the Mackey algebra and the finitary Mackey algebra, respectively.

Clearly, A f in (V|W) is an ideal of the algebra A (V|W). For more information about Mackey

algebras, see [11, 12, 14, 15].

The algebra A f in (V|W) can be identified with the tensor product V ⊗F W by

(v1 ⊗ w1) (v2 ⊗ w2) = (v2|w1) v1 ⊗ w2.

An element ∑i vi ⊗ wi we treat as the linear transformation

v → ∑
i

(v|wi)vi, v ∈ V.
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The algebra A f in (V|W) of a total subspace W ⊂ V∗ is a nonunital locally matrix algebra

(see [6–9, 13]).

The algebras A (V|W) , A f in (V|W) also give rise to Lie algebras

gl (V|W) =
(

A (V|W) , [a, b] = ab − ba
)

and

gl∞ (V|W) =
(

A f in (V|W) , [a, b] = ab − ba
)
.

Let

sl∞ (V|W) =
[
gl∞ (V|W) , gl∞ (V|W)

]
.

The structure of these Lie algebras was studied in [5].

A bijective linear transformation (respectively additive map) ϕ of an associative algebra (re-

spectively ring) A is called an anti-automorphism if ϕ(ab) = ϕ(b)ϕ(a) for all elements

a, b ∈ A. An anti-automorphism ∗ is called an involution if (a∗)∗ = a for all elements a ∈ A.

N. Jacobson [12] showed that a finitary Mackey algebra A f in (V|W) has an involution if

and only if the vector space V is equipped with a weakly Hermitian (see [12]) non-degenerate

bilinear form f (x, y) such that W is the space of linear functionals x̂ : v → f (v, x), v ∈ A,

where x runs over V. In this case, we call the pair (V, W) dual, and the anti-automorphism is

the transpose

ϕ → ϕ
t, f

(
ϕ(v1), v2

)
= f

(
v1, ϕ

t(v2)
)
.

Moreover, a linear transformation ϕ ∈ EndF(V) has a transpose if and only if it lies in A (V|W).

The anti-automorphism t is an involution if and only if the form f is symmetric or skew-

symmetric.

Let the characteristic of the field F be different from 2, and let

o( f ) =
{

a ∈ A (V|W) : at = −a
}

be the Lie algebra of skew-symmetric linear transformations. Let

o∞( f ) = o( f ) ∩ End f in(V).

A. Baranov and H. Strade [1] obtained the classification of infinite-dimensional simple fini-

tary Lie algebras over an algebraically closed field of characteristic not equal to 2 nor 3. An

algebra belongs to this class if and only if it is isomorphic to one of the Mackey algebras

sl∞ (V|W) , o∞( f ), where f is a non-degenerate symmetric or skew-symmetric form. The proof

used the classification of simple modular Lie algebras (see [16]), which explains the restriction

on characteristics.

Recall that a linear map d : A → A is called a derivation if

d(xy) = d(x)y + xd(y)

for arbitrary elements x and y from A.

For an element a ∈ A, the adjoint operator

ad(a) : A → A, x 7→ [a, x],

is an inner derivation of the algebra A.

The following theorem describes derivations of finitary Mackey algebras. In particular, for

characteristics not equal to 2 nor 3, it describes derivations of all infinite-dimensional simple

finitary Lie algebras.
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Theorem 1. (a) An arbitrary derivation of the associative algebra A f in(V|W) is an adjoint

operator ad(a), where a ∈ A (V|W).

(b) Let char F 6= 2. Then an arbitrary derivation of the Lie algebra sl∞ (V|W) is an adjoint

operator ad(a), where a ∈ A (V|W).

(c) Let char F 6= 2. Then an arbitrary derivation of the Lie algebra o∞( f ) is an adjoint opera-

tor ad(a), where a ∈ A (V|W) and at = −a.

Remark. In the special case when both spaces V and W are countable-dimensional, the al-

gebras A (V|W) and A f in (V|W) are isomorphic to the algebra Mrc f (F) of countable matrices

having finitely many nonzero entries in each row and each column, and to the algebra M∞(F)

of countable matrices with finitely many nonzero entries, respectively. Derivations of these

algebras were described in [8].

Proof. N. Jacobson showed [11] that if A is a subalgebra of the algebra EndF(V) such that A

acts irreducibly on V, and A contains a nonzero linear transformation of finite range, then

for an arbitrary derivation d of the algebra A there exists an element ϕ ∈ EndF(V) such that

d(a) = [ϕ, a] for every a ∈ A.

Let us show that the algebra A f in (V|W) acts on V irreducibly. Choose elements v1, v2 ∈ V,

v1 6= 0. Since the subspace W ⊂ V∗ is total, there exists a linear functional w ∈ W such that

(v1|w) 6= 0. The linear transformation v2 ⊗ w ∈ A f in (V|W) maps the element v1 to (v1|w) v2.

All elements from A f in (V|W) have finite ranges. Hence, by N. Jacobson’s theorem, there

exists a linear transformation ϕ ∈ EndF(V) such that [ϕ, a] = d(a) for every element

a ∈ A f in (V|W) . Let us show that ϕ ∈ A (V|W). For arbitrary elements v ∈ V, w ∈ W,

we have [v ⊗ w, ϕ] = v ⊗w ϕ − ϕ(v)⊗ w ∈ V ⊗W, which implies that wϕ ∈ W, ϕ ∈ A (V|W) .

This completes the proof of the assertion (a).

The assertion (b) immediately follows from the proof of Herstein’s conjectures by

K.I. Beidar et al. (see [2–4]).

Now, let d be a derivation of a Lie algebra o∞( f ). Again, by the result of K.I. Beidar et al.

[2–4], the derivation d extends to a derivation of A f in (V|W) . Hence, by (a), there exists an

element ϕ ∈ A (V|W) such that d(k) = [ϕ, k] for an arbitrary element k from o∞( f ). We have

[ϕ, k] ∈ o∞( f ). Hence, [ϕ, k]t =
[
kt, ϕt

]
= [ϕt, k], and, on the other hand, [ϕ, k]t = −[ϕ, k]. This

implies
[
ϕt + ϕ, k

]
= 0.

The subspace o∞( f ) generates A f in (V|W) as an associative algebra (see [10]). Hence,
[
ϕ

t + ϕ, A f in (V|W)
]
= (0).

By Schur’s lemma (see [11]), it implies that ϕt + ϕ is a scalar multiplication, namely

ϕ
t + ϕ = α · IdV , α ∈ F,

where IdV is the identity transformation of V.

Now,

ϕ =
1

2

(
ϕ − ϕ

t
)
+

1

2

(
ϕ + ϕ

t
)
=

1

2

(
ϕ − ϕ

t
)
+

1

2
α · IdV .

The element

a =
1

2

(
ϕ − ϕ

t
)

lies in A (V|W) , at = −a, and the derivation d is the restriction of ad(a) to o∞( f ).

This completes the proof of the theorem.
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Безущак О. Диференцiювання алгебр Макi // Карпатськi матем. публ. — 2023. — Т.15, №2. — C.

559–562.

Ми описуємо диференцiювання фiнiтарних алгебр Макi над полями характеристики, яка

не дорiвнює 2. Доводимо, що довiльне диференцiювання асоцiативної фiнiтарної алгебри

Макi або однiєї з алгебр Лi sl∞(V|W), o∞( f ) є приєднаним оператором за допомогою деяко-

го елемента з вiдповiдної алгебри Макi. Тим самим, отримуємо опис диференцiювань усiх ал-

гебр з класифiкацiї фiнiтарних простих алгебр Лi за Барановим-Штраде. Доведення базується

на результатах Джекобсона про диференцiювання асоцiативних алгебр лiнiйних перетворень

нескiнченно вимiрного векторного простору i результатiв щодо гiпотез Херстейна.

Ключовi слова i фрази: диференцiювання, алгебра Макi.


