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Про одну неелементарну функцiю типу
iнтеграла Доусона

Дослiджена нова неелементарна функцiя
типу iнтеграла Доусона, побудована у вигля-
дi степеневого ряду при допомозi зростаю-
чих факторiальних степенiв. Встановлений її
зв’язок з функцiєю помилок (функцiєю ймовiр-
ностей). Показано, що нова функцiя є розв’яз-
ком рiвняння Рiккатi.
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Introduction

Duality of rising and falling factorial powers
is a common feature in the combinatorial analysis.
In other words, if a problem leads to some combi-
natorial identity constructed with the help of falli-
ng factorial powers, then often there is a dual
combinatorial problem, which leads to a dual
combinatorial identity involving rising factorial
powers. One can find some examples of these dual
combinatorial identities in [1], [2].

The classic exponential ex is given by the
corresponding power series with factorials, which
can be written as the falling factorial power
nn. Replacing the falling factorial powers by the
corresponding rising factorial powers nn, we get
the function Exp(x) [3].

Now if in the Dawson’s integral [4]

F (x) = e−x2

∫ x

0
et2dt

we replace the exponentials by Exp(x), then we
get a new nonelementary function

D(x) =
(
Exp (x2)

)−1
∫ x

0
Exp(t2)dt,

the basic properties of which are to be studied in
this article.

The Dawson’s integral and its generalization
are widely applied in astrophysics, spectroscopy,
theory of electric oscillation, processes of heat
conduction, viscosity mechanics, finance, applied
mathematics [5]–[12].

1 Preliminaries and Notations

Definition 1. [13] For an arbitrary x ∈ R and
m ∈ N, the factorial power m with the step of
k ∈ R is the expression

xm{k} = x(x + k)(x + 2k) · . . . · (x + (m− 1)k
)
.

By definition x0{k} := 1.
If k = 0, then we have a simple power, i.e.

xm{0} = xm.
Most often, there are rising factorial powers

with the step of 1 and falling factorial powers with
the step of – 1, which we will denote by

xm = xm{1} = x(x + 1) · . . . · (x + m− 1),

xm = xm{−1} = x(x− 1) · . . . · (x−m + 1),

respectively.
Let us assume x0 = x0 = 1. It is obvious that

1m = mm = m!
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In analogy to the known power series

ex =
∞∑

n=0

xn

n!
,

which can be treated as the series constructed with
the help of falling factorial powers (n!=nn). The
"dual" function Exp(x), constructed with the help
of rising factorial powers, it is studied in [3].

Definition 2. By Exp(x) we will denote the
function defined with the help of the power seri-
es

Exp(x) =
∞∑

n=0

xn

nn
=

= 1 +
x

1
+

x2

2 · 3 + . . . +
xn

n·(n+1)·. . .·(2n−1)
+ . . .

It is obvious that

Exp(x) = 1 +
∞∑

n=1

(n− 1)!
(2n− 1)!

xn (1)

and the series in (1) converges on the real axis.
The graph of the function y = Exp(x) is

shown in Figure 1.

Fig. 1. The graph of the function y = Exp(x)

The only zero of the function Exp(x) is

x0 ≈ −1, 22041009,

and at x1≈−9, 02371883 it reaches its minimum.
In [3] it is proved that

Exp(x) = 1 +
∞∑

n=0

xn

4n n!
·
∞∑

n=0

(−1)n xn+1

(2n + 1) 4n n!
=

= 1 +
√

π x e
x
4 Φ

(√
x

2

)
, (2)

where

Φ(x) = erfx =
2√
π

∫ x

0
e−t2dt

is the probability function (error function). [4]

2 On operations with formal power series

Denote by
〈

bs−r+1

bs−r

〉

16r6s6j

the paradeterminant of the triangular matrix of
order j, assuming that

〈
bs−r+1

bs−r

〉
16r6s60

= 1. [2]

Let us formulate two theorems from [2], [14]
to be used hereafter.

Theorem 1. Let A(z), B(z), C(z) be the notati-
ons of the following formal power series

∞∑

n=0

anzn,
∞∑

n=0

bnzn,
∞∑

n=0

cnzn,

respective, where a0 = b0 = c0 = 1 and

C(z) =
A(z)
B(z)

.

Then

cn =
n−1∑

j=0

(−1)j(an−j − bn−j) ·
〈

bs−r+1

bs−r

〉

16r6s6j

,

for all n = 1, 2, . . .

Theorem 2. If

C(z) =
1

A(z)
,

then

cn = (−1)n£
£
££

B
B
BB

a1
a2
a1

a1

· · · · · · . . .
an

an−1

an−1

an−2
. . . a1

B
B

BB

£
£

££ n

,

for all n = 1, 2, . . .
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3 Function of the Dawson’s integral type

Replacing in the Dawson’s integral

F (x) = e−x2

∫ x

0
et2dt

the exponential with the function Exp(x), we
obtain a nonelementary function, which we will
denote by D(x), i.e. let

D(x) :=
(
Exp(x2)

)−1
∫ x

0
Exp(t2) dt. (3)

It is easy to verify that
∫ x

0
Exp(t2) dt = −x + 2

√
π e

x2

4 Φ
(x

2

)
.

Thus from (2), (3) we obtain the formula

D(x) =
2
√

π e
x2

4 Φ
(

x
2

)− x

1 +
√

π x e
x2

4 Φ
(

x
2

) .

The graphs of the function y = D(x) (solid
graph) and the Dawson’s integral y=F (x) (dotted
graph) are shown in Figure 2.

Fig. 2. The graphs of the functions
y = D(x) and y = F (x)

The function D(x) can also be represented as
the quotient of two power series

∫ x

0
Exp(t2)dt =

= x +
∞∑

j=1

(j − 1)!
(2j − 1)!(2j + 1)

x2j+1

and

Exp(x2) = 1 +
∞∑

j=1

(j − 1)!
(2j − 1)!

x2j .

To prove this we apply Theorems 1 and 2. If
we denote

A(x) = 1 + x +
∞∑

j=1

(j − 1)!
(2j − 1)!(2j + 1)

x2j+1,

B(x) = 1 +
∞∑

j=1

(j − 1)!
(2j − 1)!

x2j ,

then D(x) = R(x)− S(x), where

R(x) =
A(x)
B(x)

, S(x) =
1

B(x)
.

We denote the coefficients of the above series
by small Latin letters.

Using Theorems 1 and 2, it is easy to verify
that s2k−1 = 0 and

r2k = s2k = (−1)kBk,

where

Bk = £
£
£
£
£

B
B
B
B
B

b2
b4
b2

b2
b6
b4

b4
b2

b2

... . . . . . .
. . .

b2k−2

b2k−4

b2k−4

b2k−6

b2k−6

b2k−8
. . . b2

b2k
b2k−2

b2k−2

b2k−4

b2k−4

b2k−6
. . . b4

b2
b2

B
B

B
B
B

£
£

£
£
£ k

,

for all k = 1, 2, . . .
Thus d2k = 0 and for all k = 1, 2, . . .

d2k−1 = r2k−1 =

= a2k−1r0 + a2k−3r2 + . . . + a1r2k−2.

Notice, that the parapermanent Bk can be
calculated with the help of the linear recurrent
equation

B0 = 1, Bk = b2Bk−1 − b4Bk−2 + . . . +

+(−1)k−2b2k−2B1 + (−1)k−1b2kB0.

Hence, performing necessary calculations, the
function D(x) is represented as the power series



Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки 2013, 4

Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

D(x) = x− 2
3

x3 +
8
15

x5 − 55
126

x7 +
338
945

x9−

− 121861
415800

x11 +
486781
2027025

x13 − . . . (4)

Let us note that the coefficients of the power
series (4) can also be found using the recurrence
formulas

d1 = 1, d2n−1 =
(n− 2)!

(2n− 3)!(2n− 1)
−

−
∞∑

n=2

n∑

j=1

(n− 1− j)!
(2n− 2j − 1)!

d2j−1, n = 2, 3, . . .

4 Differential equation
of the function D(x)

The Dawson’s integral is a solution of the li-
near nonhomogeneous equation y′ + 2xy = 1 [4].
Let us prove that the function D(x) is a solution
of the Riccati equation.

Theorem 3. The function y = D(x) is a solution
of the Cauchy problem

y′ = x2−2
2(x2+2)

y2 − x(x2+6)
2(x2+2)

y + 1,

y(0) = 0.

}
(5)

Proof. It follows from the formula (3) that the
integral curve y=D(x) passes through the origin.

Let us prove that the function y = D(x) is a
solution of the Riccati equation (5). Indeed, since

y′ =
1
2

(
1 +

√
πxe

x2

4 Φ
(x

2

))−2

×

×
(

2
√

π xe
x2

4 Φ
(x

2

)
+ e

x2

4 x3Φ
(x

2

)
+ 2x2−

− 4πe
x2

2 Φ2
(x

2

)
+ 2

)
,

excluding from this formula and from (3) the

expression
√

π e
x2

4 Φ
(

x
2

)
, we obtain the relation

y′ =
x2 − 2

2(x2 + 2)
y2 − x(x2 + 6)

2(x2 + 2)
y + 1.

The Theorem 3 is proved.
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