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BASIC FORMULAS

The Fibonacci numbers F,, and the Lucas numbers L,, satisfy
Foyo=F,1+F, Fp=0, F} =1;
Lyio=Ly,1+L,, Lp=2, L1 =1.

Also, a = (1++5)/2, = (1-+5)/2, F, = (o — 8")/V/5, and L,, = o™ + B".
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B-1201 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.

If a,b,c > 0, then prove that, for any positive integer n,

a’ . b3 - a? + b?
aFy + bt | bE, +aFnes = Fopa
a® b3 a? + b?
aln = bhney | bLn+abn = Lnsa
a’ b? 3 a® + b + 2
aF, + bFyo1 + cFpag | bE, + Py +aFpry | Ey 4+ aFypoy +bFnis = 2Fneg
a’ N b? N 3 - a’? + b +c2
al,, + bLﬂ+1 -+ CLn+2 bL, + CL,H_l —+ aL,H_Q clL, + Q.Ln_H + bLn_Hg B 2Lﬂ+2

VOLUME 55, NUMBER 2
MAY 2017

B-1208 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.

For every positive integer n, find all real solutions of the following linear system of equations:

Fizy + To = Fs,

Foxy + Fizog + z3 = Fj,

3z + ey + Fies 4+ - = F5,
Fnary + Fhoza + Fha3w3 + + Tn = Fut,

Foxy + Foizo + Fhow3 + + Fiz, + Tny1 = Fuya,
Fopzy +  Fuzg + F, 73 + + Fr, + Rz, = F,a3-1
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B-1213 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.

For every positive integer n, prove that

h B Pnes L

s F; Fiq Py +Fs+--+ Fgp1’
and

o Fwe 2

Fy Fy Fy, F3+F; 4+ Fgpqg

SOLUTIONS

Polygon with Generalized Fibonacei Numbers as Its Vertices

B-1195 Proposed by Jeremiah Bartz, Francis Marion University, Florence, SC.
(Vol. 54.3, August 2016)

Let G; denote the generalized Fibonacci sequence given by Gy = a, G1 = b, and G; =
Gi_1+Giofori>3. Let m >0 and k > 0. Prove that the area A of the polygon with n > 3
vertices

(Gms Gm-i—k)! (Gm—f—Zk: Gm+3k): feey (Gm+(2n—2)k ) Gm-i—{?n—l)k)
is
|| Py (Fan(n—1) — (n — 1)Fay)
2

where pu = a® + ab — b?.

Solution by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National University,
Ivano-Frankivsk, Ukraine.

It is known [1, Theorem 33.3] that the area with vertices (G,,, G 47 ), (Gptps Grypsr), and
(Grntgs Grneg+r) is independent of n, and equals

1
5 IﬂFr((_l)qu—p + Fp— Fq){-
For n=m, r =k, p=2ks, where 1 < s <n — 2, and ¢ = p + 2k, we obtain the area

1 1
3 \1Fy (For + Fos — Fopo)) | = 3 | Fre (Fog(s+1) — Fors — For).

Therefore,
1 n—2
A=3 | F, ; (Fok(s+1) — Fors — Fax)

1

=3 1| Fr, (For(n—1) — For — (n — 2)Fay)
1

= B) || . (sz(n—l) —(n— 1)F2k)-

REFERENCES
[1] T. Koshy, Fibonacci and Lucas Numbers with Applications, John Wiley, New York, 2001.
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B-1218 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precapathian National Uni-
versity, Ivano-Frankivsk, Ukraine.

Find a closed form expression for

(Ln-i—l_l)Fn(FQn—f—'Z_Fn+2)+(1_Fn _Fﬂ+2)Fﬂ+2(F271+2_E1+3)+(FZR+Z_E1+2)(F2ﬂ+2_Fﬂ+3)'
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B-1223 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.

For all positive integers n and a, prove that

ki

Z Fip(Fip1 + Fipo — Friyp — 1) < 0.
k=1
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SOLUTIONS

Two Doses of AM-GM Inequality

B-1206 Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barcelona, Spain.
(Vol. 55.2, May 2017)

Let n > 2 be an integer. Prove that

1 3 (VEFF1 —/FnF)’* _ 1iFk+l

1+E FzF_} n

1<i<j<n

in which the subscripts are taken modulo n.

Solution by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National University,
Ivano-Frankivsk, Ukraine.

To begin, we rewrite the given inequality in the form

e Y (Fi—i—l LB,

= F; F;
1<i<j<n

Next, we see that

Fiy1 | Fip\ < Frt
Z (F + I3 —(n—l)Z 7

1<i<j<n t J

Z Fiyi Fin - n(n—1) _ nn-) H Fiyi Fin _ n(n —1)
E; Fj o 2 ' E; Fj 2 ’

1<i<j<n 1<i<j<n



in which the subscripts are taken modulo n. From it, follows that
F. F.. F.. F (n—1)
1+l i+l i+1 j+1 k—f—l
n? + E ( - . ) (n—1) E — 5

F\ FE
1<i<j<n
m-Y %

Fk+1

Fi1 Fria
< Z +(?1._1)Z—
=1 Tk perlid
n Fk+]
S
= T

Row Reduction on an Augmented Matrix

B-1208 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.
(Vol. 55.2, May 2017)

For every positive integer n, find all real solutions of the following linear system of equations:

Fixy + Ta = F3,

Foxy + Fizy + T3 = Fj.

Fyzy + Foxry + Fizg + = F;5,
F,_1z1 + Fa9r9 + F, 333 + + T, = Fon,

Foxr + Fhoaxzs + Fhaxs + + Pz, + Tny1 = Fayo,
Foaizp + Foxe + Fooixa + + Fax, + Fioger = Foi3— 1L

Composite solution by the proposer and the Elementary Problems Editor.

We can use Gauss-Jordan elimination to solve the linear system. We want to apply row

reduction to the following augmented matrix:

For k = 3.,4,...

3] 1 0 0 0 F

B F 1 0 0 Fy

FE F R 0o 0| R
Fn—l Fn—? Fn—S 1 0 Fn+'l

Fn Fn—l Fn—? Fl 1 Fﬂ+2
Fog F, F, Fy Fy|Faa—1

augmented matrix to (recall that F} + Fo +---+ F,,, = F,,,10 — 1)
(1 1.0 0 0 00 02]
1 11 0 0 00 0]3
1 01 1 0 00 0]3
1 0 0 1 1 00 0]3
1 0 0 0 O 01 1|3
1 0 0 0 0 00 1]2

,n + 1, subtracting the sum of the first £ — 2 rows from row k reduces the



For k =n,n—1,...,2,1, subtracting row k from row k + 1 further reduces the augmented
matrix to

(1 1 000 0 0 0| 2]

0 0 1 0 0 0 0 0 1

0 -1 0 1 0 0 0 0 0

0 0 -1 0 1 0 0 0 0

0 0 o oo .-+ -1 1 0

0 0 0O o0 0 --- 0 -1 0| -1
We deduce that o = 2 — 1, 23 =2, = 1, and 2 = xp4o for k =2,3,...,n— 1. Therefore, if
n is even, the solution is

Ty =Ty ="+ =Tpt1 = 1;
but if n is odd, the solution is
T =1, T2=Tg='=Tpt1=2—1, T3=T5=--=Tp=1,

where t is an arbitrary real number.
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B-1234 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.

Let n > 3 be an odd integer. Find the real solutions of the following system of equations:

i +xi4+a2 = Fal+ B,
2,3+$2+3,3 = FQI%—i-Fgl,
3:?:1_]1 +Tp1t+xn, = E1—1373:1_IZ + Fn-f—l-s
-'17.,21?1—'—1 + % Tn+x1 = Elxin + Fn+2-
SOLUTIONS

An Intriguing Telescoping Product

B-1213 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.
(Vol. 55.3, August 2017)

For every positive integer n, prove that

ﬂ . g ..... —F4”_3 > 2 !

F; F; Fypy Fy+F5+- -+ Fgppq
and

By Fo | P _ 2

F, Fg Fy, Fs+Fr+---+ Fgpia

Solution by the proposer.

If £ < m, then for every positive integer p, we find, by means of Binet’s formula, or by
applying Identity 2 in [1, page 87],

FiFrtp — FripFr = (1) E,F,, .



Hence, L& > Let? if | is odd, and £k < L2 if k is even. Thus,
Fm Fm+p Fm Fm+p

N fwms I Fin
F3 Iy Fypy ~ Fy Fy Fy,
noro Pans Iy Iv Fin
F3 F; Fiynr F5 K Fingr’
BB Fes B R P
F; Fx Fy,—1 Fs Fio Finyo
Therefore,
(H Fs 1%3)4 RE, 1
Fy, F; Finy ” Fii1Finss Zi’:{lﬁf
The first inequality follows from
dn+1
Y E=F{+ (F + F) oo (Fiu+ Fing) = FL+ Fs 4 + B,
k=1

The second inequality can be obtained in a similar manner.

[1] T. Koshy, Fibonacci and Lucas Numbers with Applications, John Wiley & Sons, New York, 2001.
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B-1239 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.

For all integers n, prove that
(1 1)4+(1 N 1)4+(1 +1)4—2(1+ 1 1)4
Ln Ln+l Ln+l Ln—f—? Ln—f—? Ln Ln L11+1 L11—|—2 .
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B-1241 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.

For all positive integers n, prove that
F n+2 E n+1 El

> 1.
L11+2 Ln—f—l Ln—f—l + Fn+2

Determinant of a Symmetric Matrix

B-1221 Proposed by José Luis Diaz-Barrero, Technical University of Catalonia
(Barcelona Tech), Barcelona Spain.
(Vol. 56.1, February 2018)

For any positive integer n, show that

1 4 El Ln
Fﬂ (Fn+1 +Ln)2 FZn
54 F: n
” 2 Ln Fﬁn Fg_f_-g

is a perfect square, and find its value.



Composite solution by I. V. Fedak, Vasyl Stefanyvk Precarpathian National Uni-
versity. Ivano-Frankivsk, Ukraine, and the editor.

Let # = F,,—1 and y = F,, 11, so that
Fn:y*s‘g: Ln=y+l‘, Fn+2:2y*$s Fn-i—'l‘i‘Ln:Qy‘i‘a:a

and
Fop=FpL,=(y—2)(y+a) =y* — 2%
Then,
4 F, L, 4 y—x y+x
F, (Fuy1+L,)? By, |=|y—2z (2u+2)? y2-2a?
L, F, F3+2 y+x yr—z2 (2y—x)?

=42y +2)*(2y — 2)* = 2(4° —2°)* — (y + 2)*(2y + 2)* — (v — 2)*(2y — 2)*,

which can be simplified to
[(2(2y —2) = (y +2)*] 2y +2)* + 22y + 2)° = (y —2)°] 2y — 2)* = 2(y" — =
= (Ty* = 102y + 22)(2y + 2)* + (7y* + 102y + %) (2y — )* — 2(* — 2?)?
= 2Ty’ +2%) 4y + 2%) — 802%y” — 2(y° — 2?)?
= 42y - a?)
= B4FZ B,

'2)2

Thus, the value of the given expression is Ff 41 for any positive inteber n.

An Inequality with a Geometric Twist

B-1223 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.
(Vol. 56.1, February 2018)
For all positive integers n and a, prove that

T

Z Fi(Fiyr + Fipo — Fryo — 1) <0.
k=1

Solution 1 by Wei-Kai Lai, University of South Carolina Salkehatchie, Walterboro,
SC.

The claimed inequality is equivalent to

N Fe(Fi + Fio) < (Flp + D)) Fr= (Fip + D(Foga — 1),

k=1 k=1
We find
n n—1 n—1
SO + Fiys) = FFS + FFg + S (Bt Fup) iy = 1+ Ry + 3 FEHL
k=1 k=1 k=1

Since F} = F5 = 1, we can further rewrite the claimed inequality as
n+1

FnFr?+2 +ZF?+J < FSIQI _F§+2+Fﬂ+2‘
i=1

or
n+1

1
D FT < FlisFus — Flya + Faga.
i=1

We will prove this inequality by induction on n. The equality becomes an equality when n = 1.
Assume it is true when n = k. Then,

k+2

Y F < FfypFrer — Fiay + Fiz + .

i=1



To complete the inductive step, it suffices to prove that
FgoFiss = Ffay + Fows + Y} < B Fiops — iy + Fos,
or equivalently,
Fr1(Fo — 1) < (Frgo — 1) (Fihs — Fio).
After factoring F o —1 and F}? g — Ey o and canceling common factors, the inequality above
reduces to

a—1 a—1

a—1—j a—1—3 17
ZFk+2 ﬁZFkH Fi s
J=0 j=0

which is obviously true. Therefore, the claimed inequality is true for any positive integer n.

Solution 2 by the proposer.

The inequality becomes an equality when n = 1, so we shall assume n > 1. Using F» = 1,
and the identities Fj, = Fj49—Fj4q and ) )| Fj, = F,4o—1, we can write the given inequality

as

Feo +Fpo o T I3

- F
> (Frya — Fipr) - < (Fuvz — F2) - —=5

k=1

Let A;, denote the point (Fka) on the graph of the function f(z) = 2%, and B, denote
the point (F%,0). The left side is the sum of the areas of the trapezoids Ay AgyoBgioBrs1
from £ = 1 to k = n. The right side of the inequality above is the area of the trapezoid
Ao Apy9ByioBs. Because f(z) = a® is a convex function, it is obvious that the left side is less

than or equal to the right side.
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Another Hassenberg Matrix Problem

B-1230 Proposed by T. Goy, Vasyl Stefanyk Precarpathian National University.
Ivano-Frankivsk, Ukraine.

For all integers n > 0, prove that

Foppr = (=1)" Z (—1)nFtat Tttt nmy2

t1.tg,...,tn =20
ty1+2tg+---+ntpn=n

(t1 +ta+ -+ tp)!
tiltal o ty!

-2k

Solution by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National University,
Ivano-Frankivsk, Ukraine.

We consider the Hassenberg matrix

(15} ag 0 0 0
a9 ay ap 0 0
as ag aq e 0 0
Hn = . . i ) . . s ap # 0.
p—1 Gp-2 ap-—-3 -~-- 41 Qg
an p—1 ap-2 -~-- a2 aj

It is known that
det(H,) = Z (—ao)ﬂ'_(tl+t2+"'+tn

t1,t9,....tn 20
t1+2tg+-+ntp=n

U R P S
tilto! - v ty!
Let ag =1, a; = 2,
ag =a4=---=ag =—1, 2k <n, and ag=as=---=ag+; =1, 2k+1<n.



Then, we obtain

ottt
S, = (71)?1 Z (71)t1+t3+ Fp—r1+(—1)m]/2 tl!tzl tn! n L
ty.to..... tn=0
t1+2tg+--tnin=n
2 1 0 0 0
-1 2 1 0 0
1 —1 2 0 0
= det . .
(_1)11—2 (—1)”_3 (_1)71—4 cee 2 1
(-1t () (—)nE o 1 2

Adding row £ — 1 to row k in this matrix for £k = n to k = 2, we get that this determinant
equals

210 -+ 00
131 --- 00
o013 .-~ 00
det | . . . . .| =2det(Ap_q1) — det(A,_5),

oo
oo
oo -
— o
w o

where

o = W
— L
W= o
oo o
oo o

A, =
oo0o0 ---
oo0oo0 --- 1
nxmn
It is an easy exercise to find the recurrence relation det(Ay) = 3det(An_1) — det(Ap—_2), from
which we determine that det(A4,) = Fy,12. Therefore,

SO =t s e

Sp = 2F5, — Fop_9 = Fon .

VOLUME 57, NUMBER 3
AUGUST 2019

Two Fibonacci-Lucas Identities with Central Binomial Coeflicient

B-1231 Proposed by Kenny B. Davenport, Dallas, PA.
(Vol. 56.3, August 2018)

Find the closed form expressions for the sums

° /on\ nE, > /2n\ nLp
Z(n) 8n ’ and Z(n) 8n -

n=1 n=1

Solution by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National University,
Ivano-Frankivsk, Ukraine.

The generating function for the Catalan numbers is known to be

g(z) = f: L (2?1)$n _1-Vi-dr

n+1\n 2x

n=1
From here it follows that

h(z) = i (2'”)xﬂ - % [ g(x)] = % (1 - \/21_—456) - \/11_—4I

Therefore,

fla) = f: (T‘) na® = o (x) = ——% .

= (1 — 4x)3



Thus, using Binet’s formulas, we find

> ()= 5l @G- o lve v

Finally, use the identities 2 — a = 5% and 2 — 3 = a? to obtain (recall that 3 < 0)

Z(?n)nFﬂ_ 1 (a _E)_a4+ﬁ4_L4 T
n) 8  Jio\-p o)  Vi0o V10 V10

n=0
Similarly,
= /2n\ nL a 6] 1 o e ot — pt 5F 15
Z() sfzf(@)”(E) :ﬁ(—s“?) =~ ~VooVm
n=0 } !

A Convoluted System of Equations

B-1234 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk, Ukraine.
(Vol. 56.3, August 2018)
Let n = 3 be an odd integer. Find the real solutions of the following system of equations:
o+ a1y = Fal+ B,
ot ay w3 = Fay+ Fy,

In—1 2n—2
ﬂfnn_l +Tn—1+aTn = Fn—lﬂv'nn_l + Fata,
Fh.-1 .
2n+1 n+2 - 2
o e antw = P+ Frgo.
n

Solution by the Proposer.

We use Ipio = Fry1 + Iy, and write the system of equation as
(3)1 —Fl)(l‘%#—]) = Fy— a9,
(z2 - B) (=3 +1) = Fy—as,

(5'371—1 - Fn—l)(ﬁigiz + 1)
F, -1
(-Tn —Fn) (a’%n + %) = F|—x.
n

If 1 > F), then xy < Fy; thus, x5 > F4, etc. Since n is odd, this ends with x,, > F};, which
in turn implies that 2y < F}. This contradiction asserts that a; < F. Likewise, we also have
xy > Fy. Therefore, 1 = F. Consequently, z, = F, for k=1,2,....,n.

Fho1— In—1,
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B-1256 Proposed by Ivan V. Fedak, Vasyl Stefanyk Precarpathian National Uni-
versity, Ivano-Frankivsk,Ukraine.

For any positive integers n find an infinite set of pairs of positive Fibonacci numbers z and
y such that 2% — 2y — y® = FFps+1 — F—1Fnso.



