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Well-posedness of classical solution of the problem with nonlocal two-point con-
ditions for typeless linear partial di�erential operator with variable by x coe�cients
perturbed by a nonlinear integro-di�erential operator in a tube domain is investi-
gated.

1. � ­  áâ ââï õ à®§¢¨âª®¬ à®¡÷â [1,2]. � ­÷© ¤®á«÷¤¦¥­® ¯¨â ­­ï ª« á¨ç­®ù
ª®à¥ªâ­®áâ÷ § ¤ ç÷ § ­¥«®ª «ì­¨¬¨ ¤¢®â®çª®¢¨¬¨ ã¬®¢ ¬¨ §  ¢¨¤÷«¥­®î §¬÷­-
­®î t ÷ ã¬®¢ ¬¨ â¨¯ã ã¬®¢ �÷à÷å«¥ §  §¬÷­­¨¬¨ x1, ..., xp ¤«ï ¡¥§â¨¯­¨å à÷¢­ï­ì
§ ç áâ¨­­¨¬¨ ¯®å÷¤­¨¬¨ §÷ §¬÷­­¨¬¨ §  x ª®¥ä÷æ÷õ­â ¬¨, §¡ãà¥­¨å ­¥«÷­÷©­¨¬
÷­â¥£à®-¤¨ä¥à¥­æ÷ «ì­¨¬ ¤®¤ ­ª®¬, ã æ¨«÷­¤à÷, ®á­®¢®î ïª®£® õ ¤®¢÷«ì­  ®¡-
¬¥¦¥­  ®¡« áâì i§ £« ¤ª®î ¬¥¦¥î.

� ¤ «÷ ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® â ª÷ ¯®§­ ç¥­­ï: x = (x1, . . . , xp) ∈ Rp, s =

(s1, . . . , sp) ∈ Zp
+, ŝ = (s0, s1, ..., sp) ∈ Zp+1

+ , |s| = s1 + ... + sp, |ŝ| = s0 + s1 +
... + sp, G ⊂ Rp | ®¡¬¥¦¥­  ®¡« áâì ÷§ £« ¤ª®î ¬¥¦¥î ∂G, Q = {(t, x) :

t ∈ (0, T ), x ∈ G}; C(l,m)(Q) | ¡ ­ å÷¢ ¯à®áâ÷à äã­ªæ÷© u(t, x), ïª÷ l à §÷¢
­¥¯¥à¥à¢­® ¤¨ä¥à¥­æ÷©®¢­÷ §  §¬÷­­®î t ÷ m à §÷¢ | §  §¬÷­­®î x, § ­®p¬®î∥∥∥u(t, x)∥∥∥

C(l,m)(Q)
=

l∑
s0=0

∑
|s|≤m

max
(t,x)∈Q

∣∣∣∣ ∂|ŝ|u(t, x)

∂ts0∂xs11 . . . ∂x
sp
p

∣∣∣∣ ;
�q+ν | ª« á ¢¨§­ ç¥­¨å ¢ ®¡« áâi G äã­ªæ÷©, q-â÷ ¯®å÷¤­÷ ïª¨å § ¤®¢®«ì­ïîâì
¢ G ã¬®¢ã ô¥«ì¤¥à  § ¯®ª §­¨ª®¬ ν, 0 < ν < 1; �q+ν | ª« á § ¬ª­¥­¨å
®¡« áâ¥© â ª¨å, é® äã­ªæ÷ù, ïª÷ § ¤ îâì ã «®ª «ì­¨å ª®®à¤¨­ â å à÷¢­ï­­ï
¬¥¦¥¢¨å ¯®¢¥àå®­ì æ¨å ®¡« áâ¥©, ­ «¥¦ âì ª« áã Cq+ν .

2. � ®¡« áâ÷ Q à®§£«ï­¥¬® § ¤ çã

Pu ≡ ∂nu(t, x)

∂tn
+

n−1∑
j=0

h∑
q=0

ajq

(
∂

∂t

)j

(−L)q u(t, x) =

= f(t, x) + ε

∫
G

K(t, x, y)F (t, y, u(t, x)) dy, (1)
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n−1∑
j=0

h∑
q=0

b
(l)
jq (−L)

q

(
∂ju(t, x)

∂tj

∣∣∣∣
t=0

− µ
∂ju(t, x)

∂tj

∣∣∣∣
t=T

)
= 0, l = 1, ..., n, (2)

Lju(t, x)
∣∣
∂G

= 0, j = 0, 1, ..., h− 1, (3)

¤¥ ajq, b
(l)
jq ∈ C, µ, ε ∈ C\{0}, L ≡

∑p
i,j=1 ∂/∂xj

(
pij(x)∂/∂xj

)
−q(x) | á ¬®á¯àï-

¦¥­¨© ¥«÷¯â¨ç­¨© ¢ G ®¯¥à â®à § ¤÷©á­®§­ ç­¨¬¨ ª®¥ä÷æ÷õ­â ¬¨ pij(x) ≥ p0 >

0, q(x) > 0; u(t, x) =
{
∂|ŝ|u(t, x)

/
∂ts0∂ys11 . . . ∂y

sp
p , s0 ≤ n, |s| ≤ 2h

}
; äã­ªæiï

K(t, x, y) ¢¨§­ ç¥­  ¢ ®¡« áâ÷ Q1 =
{
(t, x, y) : (t, x) ∈ Q, y ∈ G

}
i ­¥¯¥à¥à¢­ 

§  §¬÷­­¨¬¨ t, y; äã­ªæ÷ï F (t, y, u) ¢¨§­ ç¥­  ÷ ­¥¯¥à¥à¢­  §  §¬÷­­¨¬¨ t, y, u
¢ ®¡« áâ÷ Q2 =

{
(t, y, u) : (t, y) ∈ Q,u(t, x) ∈ 


}
, ¤¥ 
 =

{
u(t, x) ∈ C(n,2h)(Q) :

∥u− u0∥C(n,2h)(Q) ≤ r
}
, u0 ≡ u0(t, x) | à®§¢'ï§®ª ­¥§¡ãà¥­®ù § ¤ ç÷ (1)-(3) (ª®-

«¨ ε = 0); ªà÷¬ æì®£® äã­ªæ÷ï F
(
t, y, u(t, y)

)
§ ¤®¢®«ì­ïõ ¢ ®¡« áâ÷ Q2 ã¬®¢ã

�÷¯è¨æï ¢÷¤­®á­® ¢á÷å ª®¬¯®­¥­â ¢¥ªâ®à  u(t, u):∣∣F (t, y, u2(t, y))− F
(
t, y, u1(t, y)

)∣∣ ≤
≤ θ

∑
s0≤n

∑
|s|≤2h

∣∣∣∣ ∂|ŝ|u2(t, y)

∂ts0∂ys11 ...∂y
sp
p

− ∂|ŝ|u1(t, y)

∂ts0∂ys11 ...∂y
sp
p

∣∣∣∣ . (4)

�à¨¯ãáâ¨¬®, é® pij(x) ∈ C2h−1+ν , i, j = 1, ..., p, q(x) ∈ C2h−2+ν , G ∈ A2h+ν . � 
â¨¯ ®¯¥à â®à  P ®¡¬¥¦¥­ì ­¥ ­ ª« ¤ õâìáï.

�®§­ ç¨¬® ç¥à¥§ {Xk(x)} ÷ � = {λk}, k ∈ N, ¢÷¤¯®¢÷¤­® ¬­®¦¨­¨ ¢« á­¨å
äã­ªæ÷© â  ¢« á­¨å §­ ç¥­ì § ¤ ç÷

LX(x) = −λX(x), X(x)
∣∣∣
∂G

= 0. (5)

�à¨ §à®¡«¥­¨å ¢¨é¥ ¯à¨¯ãé¥­­ïå ¢÷¤­®á­® ®¡« áâ÷ G â  ª®¥ä÷æ÷õ­â÷¢ ®¯¥à -
â®à  L äã­ªæ÷ù Xk(x) ∈ C2h(G), k ∈ N, ãâ¢®àîîâì ®àâ®£®­ «ì­ã ÷ ¯®¢­ã ¢
¯à®áâ®à÷ L2(G) á¨áâ¥¬ã (¡ã¤¥¬® ¢¢ ¦ â¨, é® ¢®­  õ ®àâ®­®à¬®¢ ­ ); ¯à¨ æì®-
¬ã á¯à ¢¥¤«¨¢÷ ®æ÷­ª¨ [3,4]:

c0k
2/p ≤ λk ≤ c0k

2/p, 0 < c0 ≤ c0, (6)

max
x∈G

|X(j)
k (x)| ≤ c1λ

p/4+j/2
k , c1 = c1(j), j = 0, 1, ..., 2h. (7)

�¥å © äã­ªæ÷ù f(t, x) ÷ K(t, x, y) ïª äã­ªæ÷ù §¬÷­­®ù x (¯à¨ ¤®¢÷«ì­¨å ä÷ªá®-
¢ ­¨å §­ ç¥­­ïå à¥èâ¨ §¬÷­­¨å) ­ «¥¦ âì ¯à®áâ®àã L2(G). �®¤÷

f(t, x) =
∞∑
k=1

fk(t)Xk(x), K(t, x, y) =
∞∑
k=1

Kk(t, y)Xk(x),

¤¥ fk(t) =
∫
G

f(t, x)Xk(x) dx, Kk(t, y) =
∫
G

K(t, x, y)Xk(x) dx.

�áî¤¨ ­¨¦ç¥ ¢¢ ¦ õ¬® ¢¨ª®­ ­¨¬¨ ®¡¬¥¦¥­­ï ­ ª« ¤¥­÷ ­  K, F ÷ â. ¯., ïª÷
®¯¨á ­÷ ã ¯. 2.
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3. �®§£«ï­¥¬® á¯®ç âªã ­¥§¡ãà¥­ã § ¤ çã (1){(3). ◦ù à®§¢'ï§®ª èãª õ¬® ã
¢¨£«ï¤÷ àï¤ã

u0(t, x) =
∞∑
k=1

u0k(t)Xk(x). (8)

�ªé® àï¤ (8) ÷ àï¤¨, ®âà¨¬ ­÷ § ­ì®£® ¯®ç«¥­­¨¬ ¤¨ä¥à¥­æ÷î¢ ­­ï¬ §  §¬÷­-
­¨¬¨ x1, ..., xp ¤® ¯®àï¤ªã 2h ¢ª«îç­®, à÷¢­®¬÷à­® §¡÷£ îâìáï ¢ ®¡« áâ÷ Q, â®
äã­ªæ÷ï u0(t, x), ¢¨§­ ç¥­  ä®à¬ã«®î (8), § ¤®¢®«ì­ïõ ã¬®¢¨ (3). �®¦­  §
äã­ªæ÷© u0k(t), k ∈ N, õ ¢÷¤¯®¢÷¤­® à®§¢'ï§ª®¬ â ª®ù ­¥«®ª «ì­®ù § ¤ ç÷ ¤«ï
§¢¨ç ©­®£® ¤¨ä¥à¥­æ÷ «ì­®£® à÷¢­ï­­ï:

dnu0k(t)

dtn
+

n−1∑
j=0

h∑
q=0

ajqλ
q
k

dju0k(t)

dtj
= fk(t), (9)

n−1∑
j=0

h∑
q=0

b
(l)
jq λ

q
k

(
dju0k(t)

dtj

∣∣∣∣
t=0

− µ
dju0k(t)

dtj

∣∣∣∣
t=T

)
= 0, l = 1, ..., n. (10)

�à¨¯ãáâ¨¬®, é® ¤«ï ª®¦­®£® λk ∈ � ¢á÷ ª®à¥­÷ ηj(λk), j = 1, ..., n, à÷¢­ï­­ï

ηn +
n−1∑
j=0

h∑
q=0

ajqλ
q
kη

j = 0 (11)

¯®¯ à­® à÷§­÷ â  ¢÷¤¬÷­­÷ ¢÷¤ ­ã«ï (à¥§ã«ìâ â¨ ¬®¦ãâì ¡ãâ¨ ¯¥à¥­¥á¥­i â ª®¦
­  ¢¨¯ ¤®ª ªà â­¨å ª®à¥­i¢ ài¢­ï­­ï (11)). �®¤÷ ®¤­®à÷¤­¥ à÷¢­ï­­ï

dnu0k(t)

dtn
+

n−1∑
j=0

h∑
q=0

ajqλ
q
k

dju0k(t)

dtj
= 0 (12)

¬ õ â ªã äã­¤ ¬¥­â «ì­ã á¨áâ¥¬ã à®§¢'ï§ª÷¢: u0kj(t)=exp
(
ηj(λk)t

)
, j = 1, ..., n,

  å à ªâ¥à¨áâ¨ç­¨© ¢¨§­ ç­¨ª �(λk) § ¤ ç÷ (10),(12) ®¡ç¨á«îõâìáï §  ä®à¬ã-
«®î

�(λk) = D(λk)

n∏
j=1

(
1− µ exp(ηj(λk)T )

) ∏
1≤m<l≤n

(
ηl(λk)− ηm(λk)

)
, (13)

¤¥

D(λk) = det
∣∣∣∣∣∣ h∑
q=0

b
(l+1)
jq λqk

∣∣∣∣∣∣n−1

l,j=0
.

�¥®à¥¬  1. �«ï õ¤¨­®áâ÷ à®§¢'ï§ªã ­¥§¡ãà¥­®ù § ¤ ç÷ (1){(3) ã ¯à®áâ®à÷ C(n,2h)

(Q) ­¥®¡å÷¤­® ÷ ¤®áâ â­ì®, é®¡ ¢¨ª®­ã¢ «¨áì ã¬®¢¨

(∀λk ∈ �) 1− µ exp
(
ηj(λk)T

)
̸= 0, j = 1, ..., n; D(λk) ̸= 0. (14)
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�®¢¥¤¥­­ï â¥®à¥¬¨ ¯à®¢®¤¨âìáï §  áå¥¬®î ¤®¢¥¤¥­­ï â¥®à¥¬¨ 5.3 § [5,à®§¤.2]
÷ ¢¨¯«¨¢ õ § â¥®à¥¬¨ ¯à® õ¤¨­÷áâì à®§¢¨­¥­­ï äã­ªæ÷ù § ¯à®áâ®àã L2(G) ã àï¤
§  ¯®¢­®î á¨áâ¥¬®î ®àâ®£®­ «ì­¨å äã­ªæ÷©.

� ã¢ ¦¨¬®, é® § à÷¢­ï­­ï (11) ¢¨¯«¨¢ îâì â ª÷ ®æ÷­ª¨:∣∣∣ηj(λk)∣∣∣ ≤ αλhk , j = 1, ..., n, λk ∈ �, α > 0. (15)

4. �®§£«ï­¥¬® ¯¨â ­­ï ¯à® ÷á­ã¢ ­­ï à®§¢'ï§ªã ­¥§¡ãà¥­®ù § ¤ ç÷ (1)-(3).
�¥å © ¢¨ª®­ãîâìáï ã¬®¢¨ (14). �®¤÷ ¤«ï ª®¦­®£® λk ∈ � ÷á­ãõ õ¤¨­  äã­ª-
æ÷ï ôà÷­  Gk(t, τ) § ¤ ç÷ (10),(12), §  ¤®¯®¬®£®î ïª®ù à®§¢'ï§®ª § ¤ ç÷ (9),(10)
§®¡à ¦ õâìáï ã ¢¨£«ï¤÷

u0k(t) =

∫ T

0

Gk(t, τ)fk(τ)dτ. (16)

� ª¢ ¤à â÷ KT =
{
(t, τ) ∈ R2

+ : 0 ≤ t, τ ≤ T
}
, ªà÷¬ áâ®à÷­ τ = 0 i τ = T ,

äã­ªæ÷ù Gk(t, τ), k ∈ N, ¢¨§­ ç îâìáï ä®p¬ã« ¬¨:

Gk(t, τ) =

n∑
j=1

exp
(
ηj(λk)(t− τ)

) n∏
q=1
q ̸=j

(
ηj(λk)− ηq(λk)

)−1

×

×
(
sign(t− τ) + (1 + µ exp(ηj(λk)T ))

/
(1− µ exp(ηj(λk)T ))

)/
2, k ∈ N. (17)

�  áâ®à®­÷ τ = 0 (τ = T ) ª¢ ¤à âã KT ª®¦­  § äã­ªæ÷© Gk(t, τ), k ∈ N,
¤®®§­ çãõâìáï §  ­¥¯¥à¥à¢­÷áâî á¯à ¢  (§«÷¢ ).

�®§¢'ï§®ª ­¥§¡ãà¥­®ù § ¤ ç÷ (1){(3) ä®à¬ «ì­® §®¡à ¦ õâìáï àï¤®¬

u0(t, x) =

∞∑
k=1

∫ T

0

Gk(t, τ)fk(τ) dτ Xk(x), (18)

§¡÷¦­÷áâì ïª®£®, ¢§ £ «÷, ¯®¢'ï§ ­  § ¯à®¡«¥¬®î ¬ «¨å §­ ¬¥­­¨ª÷¢, ¡® ¢÷¤¬÷­­÷
¢÷¤ ­ã«ï ¢¨à §¨ 1 − µ exp

(
ηj(λk)T

)
,
∏{(

ηj(λk) − ηq(λk)
)
| q = 1, . . . , n, q ̸= j

}
,

j = 1, ..., n, é® ¢å®¤ïâì §­ ¬¥­­¨ª ¬¨ ã ä®à¬ã«ã (17), ¬®¦ãâì ¡ãâ¨ ïª § ¢£®¤­®
¬ «¨¬¨ §  ¬®¤ã«¥¬ ¤«ï ­¥áª÷­ç¥­­®ù ¬­®¦¨­¨ λk ∈ �.

�¢¥¤¥¬® äã­ªæi®­ «ì­i ¯à®áâ®à¨, ïªi ¡ã¤¥¬® ¢¨ª®à¨áâ®¢ã¢ â¨ ¯à¨ ¤®á«i¤-
¦¥­­i à®§¢'ï§­®áâi § ¤ çi (1){(3):

Bω
q =

{
φ(x)∈L2(G) : φ(x)=

∞∑
k=1

φkXk(x), ∥φ∥q,ω=
∞∑
k=1

|φk|exp
(
qkω

)
<∞

}
, q,ω>0;

C([0, T ], Bω
q ) | ¯à®áâià äã­ªæi© v(t, x), ïª÷ ¢¨§­ ç¥­÷ i ­¥¯¥à¥à¢­÷ ¢ ®¡« áâi Q

i ¤«ï ª®¦­®£® t ∈ [0, T ] ­ «¥¦ âì Bω
q ,∥∥∥v(t, x)∥∥∥

C([0,T ],Bω
q )

=
∞∑
k=1

max
t∈[0,T ]

∣∣∣vk(t)∣∣∣ exp(qkω);
C(Q,Bω

q ) | ¯à®áâià äã­ªæi© w(t, x, y), ïª÷ ¢¨§­ ç¥­÷ i ­¥¯¥à¥à¢­÷ ¢ ®¡« áâi

Q×G i ¤«ï ª®¦­®ù â®çª¨ (t, y) ∈ Q ­ «¥¦ âì Bω
q ,∥∥∥w(t, x, y)∥∥∥

C(Q,Bω
q )

=

∞∑
k=1

max
(t,y)∈Q

∣∣∣wk(t, y)
∣∣∣ exp(qkω),

¤¥ wk(t, y) =
∫
G

w(t, x, y)Xk(x) dx.
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�¥®à¥¬  2. �¥å © iá­ãîâì ¤®¤ â­i áâ «i m1,m2, γ1, γ2 â ªi, é® ¤«ï ¢áiå
(ªài¬ áªi­ç¥­­®£® ç¨á« ) §­ ç¥­ì λk ∈ � ¢¨ª®­ãîâìáï ­¥ài¢­®áâi∣∣∣1− µ exp(ηj(λk)T ))

∣∣∣ ≥ m1λ
−γ1
k exp(−|Re ηj(λk)|T ), j = 1, ..., n, (19)

n∏
q=1
q ̸=j

∣∣∣ηj(λk)− ηq(λk)
∣∣∣ ≥ m2λ

−γ2
k , j = 1, ..., n, (20)

i ­¥å © f(t, x) ∈ C
(
[0, T ], B

2h/p
β

)
, ¤¥ β > 3αTch0 . �®¤i iá­ãõ õ¤¨­¨© à®§¢'ï§®ª

­¥§¡ãà¥­®ù § ¤ çi (1){(3) § ¯à®áâ®àã C(n,2h)(Q), ïª¨© ­¥¯¥à¥à¢­® § «¥¦¨âì
¢i¤ äã­ªæiù f(t, x).

�®¢¥¤¥­­ï. �¨ª®à¨áâ®¢ãîç¨ ä®à¬ã«ã (17) â  ®æi­ª¨ (6),(7),(15),(19),(20), ­ 
®á­®¢i ä®à¬ã«¨ (18) ®¤¥à¦ãõ¬® â ªã ®æi­ªã:∥∥∥u0(t, x)∥∥∥

C(n,2h)(Q)
=

n∑
s0=0

∑
|s|≤2h

max
(t,x)∈Q

∣∣∣ ∂|ŝ|

∂ts0∂xs11 ...∂x
sp
p

∞∑
k=1

∫ T

O

Gk(t, τ)fk(τ) dτXk(x)
∣∣∣ ≤

≤
∞∑
k=1

n∑
s0=0

max
t∈[0,T ]

∣∣∣ ∂s0
∂ts0

∫ T

O

Gk(t, τ)fk(τ) dτ
∣∣∣ ∑
|s|≤2h

max
x∈G

∣∣∣∂|s|Xk(x)
/
∂x|s|

∣∣∣ ≤
≤ c2

∞∑
k=1

fkk
2(p/4+h+γ1+γ2+hn)/p exp(3αTch0k

2h/p), (21)

¤¥ �fk = maxt∈[0,T ] |fk(t)|, c2= c1c
p/4+h
0 T (m1m2)

−1(max(1, |µ|)cγ1+γ2
0 n(1 + αch0 +

... + αnchn0 ) +m1m2)
∑2h−1

j=0
(p+j)!
(j+1)! . � ã¢ ¦¨¬®, é® ¤«ï ¤®¢i«ì­¨å σ ≥ 0, ρ > 0

á¯à ¢¤¦ãõâìáï ­¥ài¢­iáâì

qσ ≤ c3 exp(ρq), c3 = c3(σ) > 0, q ≥ 0. (22)

�¨¡¥à¥¬® ρ = β − 3αTch0 . �®¤i § ®æi­®ª (21),(22) ®¤¥à¦ãõ¬®∥∥∥u0(t, x)∥∥∥
C(n,2h)(Q)

≤ c2

∞∑
k=1

fk

(
k2h/p

)n+1+(p/4+γ1+γ2)/h

exp
(
3αTch0k

2h/p
)
≤

≤ c2c3

∞∑
k=1

fk exp
(
(ρ+ 3αTch0 )k

2h/p
)
= c2c3

∥∥∥f(t, x)∥∥∥
C
(
[0,T ],B

2h/p

β

) <∞. (23)

� ®æi­ª¨ (23) ¢¨¯«¨¢ õ ¤®¢¥¤¥­­ï â¥®à¥¬¨.

5. �à® ­ «i§ãõ¬® ¬®¦«¨¢iáâì ¢¨ª®­ ­­ï ®æi­®ª (19),(20).

�¥¬ . �¥å © �(λk) | ®¡¬¥¦¥­  ¯®á«i¤®¢­iáâì ¤i©á­¨å ç¨á¥«. �®¤i ¤«ï ¬ ©-
¦¥ ¢áiå (¢i¤­®á­® ¬ià¨ �¥¡¥£  ¢ R) ç¨á¥« T > 0 ­¥ài¢­iáâì∣∣�(λk)− Td/λhk

∣∣ ≥ λ
−p/2−h−δ
k , 0 < δ < 1,

á¯à ¢¤¦ãõâìáï ¤«ï ¢áiå (ªài¬ áªi­ç¥­­®£® ç¨á« ) ¯ à (λk, d), λk ∈ �, d ∈ Z.
�®¢¥¤¥­­ï «¥¬¨ ¯p®¢®¤¨âìáï §  áå¥¬®î ¤®¢¥¤¥­­ï «¥¬¨ 2.4 § [5,p®§¤.1].



76 �.�. ���

�¥®à¥¬  3. �«ï ¬ ©¦¥ ¢áiå (¢i¤­®á­® ¬ià¨ �¥¡¥£  ¢ R) ç¨á¥« T > 0 ­¥ài¢­®-
áâi (19) ¢¨ª®­ãîâìáï ¯à¨ γ1 > p/2 ¤«ï ¢áiå (ªài¬ áªi­ç¥­­®£® ç¨á« ) §­ ç¥­ì
λk ∈ �.

�®¢¥¤¥­­ï. �¨ª®à¨áâ®¢ãîç¨ ­¥ài¢­iáâì sinx ≥ 2x/π, ïª  á¯à ¢¥¤«¨¢  ¤«ï ¢áiå
x ∈ [0, π/2], ®¤¥à¦ãõ¬®

∣∣1− µ exp
(
ηj(λk)T

)∣∣ ≥ |µ| exp
(
Re ηj(λk)T

)∣∣sin(ψ + Im ηj(λk)T )
∣∣ ≥

≥ 2|µ| exp
(
Re ηj(λk)T

)∣∣(ψ + Im ηj(λk)T )/π − dj(λk)
∣∣, j = 1, ..., n, (24)

¤¥ ψ = argµ,   dj(λk) | æi«¥ ç¨á«®, ¤«ï ïª®£® |(ψ + Im ηj(λk)T )/π − dj(λk)| ≤
1/2.

�  ¯i¤áâ ¢i «¥¬¨ â  ®æi­®ª (6),(24) §­ å®¤¨¬®, é® ¤«ï ¢áiå (ªài¬ áªi­ç¥­­®£®
ç¨á« ) λk ∈ � i ¤«ï ¬ ©¦¥ ¢áiå ç¨á¥« T > 0 á¯à ¢¤¦ãîâìáï ®æi­ª¨

∣∣∣1−µ exp(ηj(λk)T)∣∣∣≥|µ|/Tλhk exp
(
Reηj(λk)T

) ∣∣∣∣ψT/π+Imηj(λk)T 2/π

λhk
− Tdj(λk)

λhk

∣∣∣∣ ≥
≥ |µ|/Tλ−p/2−δ

k exp
(
−|Re ηj(λk)|T

)
, j = 1, ..., n.

�¥®à¥¬ã ¤®¢¥¤¥­®.

�®§­ ç¨¬® ç¥à¥§ ω = (ω1, ..., ωξ) ¢¥ªâ®à, áª« ¤¥­¨© § ¤i©á­¨å â  ãï¢­¨å
ç áâ¨­ ª®¥äiæiõ­âi¢ pi¢­ï­­ï (1), ¤¥ ξ | ç¨á«® æ¨å ª®¥äiæiõ­âi¢.

�¥®à¥¬  4. �«ï ¬ ©¦¥ ¢áiå (¢i¤­®á­® ¬ià¨ �¥¡¥£  ¢ Rξ) ¢¥ªâ®ài¢ ω ­¥ài¢-
­®áâi (20) ¢¨ª®­ãîâìáï ¯à¨ γ2 > (n − 1)

(
p/2 + h(n − 3)

)
/2 ¤«ï ¢áiå (ªài¬

áªi­ç¥­­®£® ç¨á« ) §­ ç¥­ì λk ∈ �.

�®¢¥¤¥­­ï â¥®à¥¬¨ ¯à®¢®¤¨âìáï §  áå¥¬®î ¤®¢¥¤¥­­ï â¥®à¥¬¨ 6 § [6].

6. �®§£«ï­¥¬® â¥¯¥à §¡ãà¥­ã § ¤ çã (1){(3). ◦ù à®§¢'ï§®ª èãª õ¬® ã ¢¨£«ï¤i
àï¤ã

u(t, x) =

∞∑
k=1

uk(t)Xk(x), (25)

¤¥ áãªã¯­iáâì ª®¥äiæiõ­âi¢ uk(t), k ∈ N, ¢¨§­ ç õâìáï ïª à®§¢'ï§®ª ªà ©®¢®ù
§ ¤ çi ¤«ï â ª®ù ­¥áªi­ç¥­­®ù á¨áâ¥¬¨ i­â¥£à®-¤¨ä¥à¥­æi «ì­¨å ài¢­ï­ì:

u
(n)
k (t) +

n−1∑
j=0

h∑
q=0

ajqλ
q
ku

(j)
k (t) = fk(t) + ε

∫
G

Kk(t, y)F
(
t, y, u(t, y)

)
dy,

n−1∑
j=0

h∑
q=0

b
(l)
jq λ

q
k

(
u
(j)
k (0)− µu

(j)
k (T )

)
= 0, l = 1, ..., n.

 (26)

�  ¤®¯®¬®£®î äã­ªæi© ôài­  Gk(t, τ), k ∈ N, ¢¨§­ ç¥­¨å ä®à¬ã«®î (17), § ¤ -
çã (26) §¢®¤¨¬® ¤® ¥ª¢i¢ «¥­â­®ù ù© á¨áâ¥¬¨ i­â¥£à®-¤¨ä¥à¥­æi «ì­¨å ài¢­ï­ì

uk(t) = u0k(t) + ε

∫
Q

Gk(t, τ)Kk(τ, y)F
(
τ, y, u(τ, y)

)
dydτ, k ∈ N. (27)



������ � ������������ �������... 77

�à å®¢ãîç¨ ä®à¬ã«¨ (8),(18),(27), ¤«ï §­ å®¤¦¥­­ï à®§¢'ï§ªã § ¤ çi (1){(3)
®¤¥à¦ãõ¬® ài¢­ï­­ï

u(t, x) = u0(t, x) + ε

∞∑
k=1

∫
Q

Gk(t, τ)Kk(τ, y)F
(
τ, y, u(τ, y)

)
dydτXk(x). (28)

� ª¨¬ ç¨­®¬, ïªé® àï¤

∞∑
k=1

Gk(t, τ)Kk(τ, y)Xk(x) (29)

ài¢­®¬ià­® §¡i£ õâìáï ¢ ®¡« áâi Q×Q ¤® ¤¥ïª®ù äã­ªæiù �(t, x, τ, y), â® § ¤ ç 
(1){(3) ¥ª¢i¢ «¥­â­  â ª®¬ã i­â¥£à®-¤¨ä¥à¥­æi «ì­®¬ã ài¢­ï­­î:

u(t, x) = u0(t, x) + ε

∫
Q

�(t, x, τ, y)F
(
τ, y, u(τ, y)

)
dydτ. (30)

�¥®à¥¬  5. �¥å © ¢¨ª®­ãîâìáï ã¬®¢¨ â¥®à¥¬¨ 2 i K(t, x, y) ∈ C
(
Q,B

2h/p
β

)
,

¤¥ β > 3αTch0 . �®¤i ¤«ï ¬ ©¦¥ ¢áiå (¢i¤­®á­® ¬ià¨ �¥¡¥£ ) ç¨á¥« T , ¢¥ªâ®pi¢
ω i ¤«ï ¢áiå ε, |ε| < ε0, iá­ãõ õ¤¨­¨© à®§¢'ï§®ª § ¤ çi (1)-(3), ïª¨© ­ «¥¦¨âì
ªã«i 
 ⊂ C(n,2h)(Q) i ­¥¯¥à¥à¢­® § «¥¦¨âì ¢i¤ äã­ªæiù f(t, x), ¤¥

ε0 = min
( r

EF
,
1

θE

)
, E = c2c3mesG

∥∥∥K(t, x, y)
∥∥∥
C
(
Q,B

2h/p

β

), F = max
Q2

∣∣F (t, x, u(t, x))∣∣.
�®¢¥¤¥­­ï. � ¯¨è¥¬® ài¢­ï­­ï (30) ã ¢¨£«ï¤i

u(t, x) = Iu0 [u(t, x)],

¤¥ Iv | i­â¥£à®-¤¨ä¥à¥­æi «ì­¨© ®¯¥à â®à

Iv[u(t, x)] ≡ v(t, x) + ε

∫
Q

�(t, x, τ, y)F
(
τ, y, u(τ, y)

)
dτdy, (31)

é® ¤iõ ¢ ªã«i 
. �®§­ ç¨¬® ç¥à¥§ V áãªã¯­iáâì äã­ªæi© v(t, x) ∈ C(n,2h)(Q),
¤«ï ïª¨å ∥∥v(t, x)− u0(t, x)

∥∥
C(n,2h)(Q)

≤ r0 = r − |ε|EF,

i ¯®ª ¦¥¬®, é® ¤«ï ¤®¢i«ì­®ù äã­ªæiù v(t, x) ∈ V ®¯¥à â®à Iv ¯¥à¥¢®¤¨âì ªã«î

 ã á¥¡¥. �i©á­®, ¢à å®¢ãîç¨ ä®à¬ã«ã (17) â  ®æi­ª¨ (6),(7),(15),(19),(20), ­ 
®á­®¢i ä®à¬ã«¨ (31) ®¤¥à¦ãõ¬®∥∥Iv[u(t, x)]− u0(t, x)

∥∥
C(n,2h)(Q)

≤
∥∥v(t, x)− u0(t, x)

∥∥
C(n,2h)(Q)

+

+|ε|
∥∥∥∫

Q

∞∑
k=1

Gk(t, τ)Kk(τ, y)F (τ, y, u(τ, y)) dτdyXk(x)
∥∥∥
C(n,2h)(Q)

≤ r0+|ε|EF =r.
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�®ª ¦¥¬®, é® ®¯¥à â®à Iv | ®¯¥à â®à áâ¨áªã. �¥å © u1(t, x), u2(t, x) ∈ 
,
v(t, x) ∈ V. �®¤i∥∥∥Iv[u2(t, x)]− Iv[u1(t, x)]

∥∥∥
C(n,2h)(Q)

= |ε|
∥∥∥∥∫

Q

�(t, x, τ, y)
(
F (τ, y, u2(τ, y))−

−F (τ, y, u1(τ, y))
)
dτdy

∥∥∥
C(n,2h)(Q)

≤ |ε|θ
∥∥∥u2(t, x)− u1(t, x)

∥∥∥
C(n,2h)(Q)

×

×
∥∥∥∥∫

Q

�(t, x, τ, y) dτdy

∥∥∥∥
C(n,2h)(Q)

≤ |ε|θE
∥∥∥u2(t, x)− u1(t, x)

∥∥∥
C(n,2h)(Q)

.

�¥¯¥à¥à¢­iáâì ®¯¥à â®à  Iv §  v ®ç¥¢¨¤­ . �£i¤­® § â¥®à¥¬ ¬¨ 1 i 3 §
[7,p®§¤.16,§1] ài¢­ï­­ï (30) ¬ õ õ¤¨­¨© à®§¢'ï§®ª, é® ­¥¯¥à¥à¢­® § «¥¦¨âì ¢i¤
äã­ªæiù f(t, x). � ã¢ ¦¨¬®, é® ã¬®¢¨, ­ ª« ¤¥­i ­  äã­ªæiî K(t, x, y), § ¡¥§-
¯¥çãîâì ài¢­®¬ià­ã §¡i¦­iáâì àï¤ã (29) ¢ ®¡« áâi Q×Q ¤«ï ¬ ©¦¥ ¢áiå ç¨á¥«
T i ¢¥ªâ®ài¢ ω. �¨¬ á ¬¨¬ â¥®à¥¬ã ¤®¢¥¤¥­®.

� ã¢ ¦¥­­ï. P®§¢'ï§®ª § ¤ çi (1){(3) ¬®¦­  èãª â¨ ïª £p ­¨æî ¯®á«i¤®¢­®-
áâi

{
uq(t, x)

}
, ¤¥ u0 = u0(t, x), uq+1 = Iu0 [uq(t, x)], q ∈ N; Iu0 | i­â¥£p «ì-

­¨© ®¯¥p â®p, ¢¨§­ ç¥­¨© ä®p¬ã«®î (31).

�¥®p¥¬  6. H¥å © ¢¨ª®­ ­i ¢á÷ ã¬®¢¨ â¥®p¥¬¨ 5, ªpi¬ ã¬®¢¨ (4). �®¤i ¤«ï
¬ ©¦¥ ¢áiå (¢i¤­®á­® ¬ip¨ �¥¡¥£ ) ç¨á¥« T > 0, ¢¥ªâ®pi¢ ω i ¤«ï ¢áiå ε, |ε| <
r
/
(EF ), iá­ãõ õ¤¨­¨© p®§¢'ï§®ª § ¤ çi (1)-(3), ïª¨© ­ «¥¦¨âì ªã«i 
.

�®¢¥¤¥­­ï â¥®p¥¬¨ ¯p®¢®¤¨âìáï §  ¤®¯®¬®£®î ¯p¨­æ¨¯ã ­¥pãå®¬®ù â®çª¨
� ã¤¥p  [7, p®§¤.16,§3].
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