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The Waring-Girard formulas for symmetric polynomials on
spaces £,

Handera-Kalynovska O.V., Kravtsiv V.V.>

Classical Waring-Girard formulas gives a representation of elementary and complete symmetric
polynomials through the power symmetric polynomials. In this paper, we propose some analogs of
the Waring-Girard formulas in the case of spaces £, where 1 < p < oo, and show an application of
obtained formulas in combinatorics.
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Introduction

Let X be a topological linear space and S be a (semi)group of continuous operators on X.
A mapping f on X is called S-symmetric (or just symmetric) if

fle(x) = f(x)
forevery x € Xand o € S.

Symmetric polynomials and analytic functions on finite- and infinite-dimensional linear
spaces appear in combinatorics and classical invariant theory (see, e.g., [12, 16]), nonlinear
functional analysis [1-4, 7, 11], in applications to quantum physics [5], to informatics [17],
and cryptography [6]. For infinite-dimensional Banach spaces, investigations of symmetric
polynomials started by A. Nemirovskii and S. Semenov in [14] and M. Gonzélez, R. Gonzalo,
J.A. Jaramillo in [10]. In particular, in [14] the authors constructed algebraic bases of algebras
of symmetric real-valued polynomials on real Banach spaces ¢, and L,[0,1] for 1 < p < co.
In [10], these results were generalized to Banach spaces with symmetric bases and to separable
rearrangement invariant Banach spaces. The cases of /, and L., were considered in [8,9,15].

Let us recall that a Schauder basis (e;,) of a complex Banach space X is symmetric if for every
permutation (one-to-one map) ¢ € Sy, the basis (ea(n)) is equivalent to (e, ), where Sy is the
semigroup of all permutations on the set of all natural numbers IN. A mapping F on X is said
to be symmetric if it is Sy-symmetric, that is,

F (xl,xz,. . ) = F(xg(l),xg(z),. . )
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for each 0 € Sp. A function P: X — C is a polynomial of degree m if the restriction of P to

any finite-dimensional subspace of X is a polynomial of several variables of degree < m and

there is a finite-dimensional subspace V of X such that the restriction of P to V is a polynomial

of degree m. We denote by Ps(X) the algebra of all continuous symmetric polynomials on X.
It is known that polynomials

F.(x) = Z xlfl, ke NN,
n=1

form an algebraic basis in the algebra Ps(¢1) (see [10]). That is, for any polynomial
P € Ps (£1) there is a unique polynomial of several complex variables Q (4, ..., t;) such that
P(x) = Q(F(x),...,Fu(x)). Polynomials F; are called power symmetric polynomials. The
algebraic basis is not unique. We will use also the following bases in Ps (¢1):

Gu(x) =Y. xjy---xi, (1)

i< <ip

which is called the basis of elementary symmetric polynomials and

Hu(x)= Y x---x, (2)

i1<-+<ip

which is called the basis of complete symmetric polynomials. These bases are connected by known
Newton formulas :

n
nGp =Y (-1)*"'G, (R, neN, (3)
k=1
n
nHy, =Y Hy, F, neN. (4)
k=1

According to [10], in the general case 1 < p < oo, polynomials F,, n > [p]|, form an
algebraic basis in Hys (¢), where [p] is the ceil of p. On the other hand, we can not define
neither elementary or complete symmetric polynomials for any n by formulas (1) and (2) if
p > 1, because the series in (1) and (2) does not converge for any n. However, setting in
the Newton formulas (3) and (4) Fy = O for k < p, we can define elementary and complete
symmetric polynomials on £, by

( n—[pl (
G = Y, (D) RGY, + (-1)"'E,,
k=[p]

and

( n—[pl (
nHY = Y. FHY +F,
k=[p]

Here we assume that if n — [p] < [p], then
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Since all polynomials F,, n > p, form an algebraic basis in Ps (¢,), from formulas above it
(p) (p) - -
follows that both sequences (Gn )nz . and (Hn )n> " form algebraic bases in Ps (¢)).

We denote by Z, the set of all nonnegative integers. It is well-known that the elemen-
tary and complete symmetric polynomials can be expressed in terms of the power symmetric
polynomials (see, e.g., [13, p. 6-7]) by the Waring-Girard formulas:

(_1)n+(A1+/\2+...+An)

G, = Y (F)™ (B2 .. ()™ (5)
MA2A+...+nA,=n L A \SURRIC TR/ W
and
_ 1 M (A A
Hn = » T 20 ALl Al Ay (F)™ (B) (B, (6)

AM+2A+...4nA,=n

where A]- €Zy,j=1,...,n
In this paper, we find some analogs of Waring-Girard formulas for the case of space £,
where p > 1, and propose an application to combinatorics.

1 Main results

Without loss of generality we can consider the spaces £, for positive integer numbers p. If p
is not integer, then we can take [p] instead of p. If we put F; =0, ..., F,_1 = 0 to the formulas
(5) and (6), we obtain the following analogs of the Waring-Girard formulas in the case of 7,

forp > 1:
(_1)n+(/\,,+...+An)

(r) _ A An
o'~ ¥ ()" .. () %
! pAp+..+nAy=n p/\p Teee ”A"Ap! Cee Ayl
and .
() A An
7= ) (Fp)™" - (Ba)™ (8)
pAp+..AnAy=n pAp SRR n/\”)\p! Tt Ayl

Theorem 1. We have the following presentation for polynomials G;,p ) and H,Sp ):

( 00

+11 .
(=" P 121 xl, if p<n<2p,
1= )
(p) _ _qyrtOptAn) s NI
G’ = (UA—A Y ﬁ IT(x]...x¢ |, if n>2p, )
e AN I P e =N i
il<..<i,
p<r<n
and
( 0
%Zx?r if p<n<2p,
i=1 .
(r) _ n 3 E\
Hn N Z )‘P.l nin 2 k !}.kn! H xilj te xis] 4 If n Z 2p/ (10)
T T | [y i=p \ i j
il<.. <,
p<r<n

\

where [k,| =k} +... + K, k! =kl L1 <p<r<n.
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Proof. To prove formula (9), we substitute
Fe(x) = L oxn k=p,
n=1

to formula (7). In the case p < n < 2p in (7) we have that pA, + ... +nA,; = nis true only if
justa a single A; = 1 and other A; = 0,i # j,i,j € {p,p+1,...,n}, where A\; € Z,. In this
case, we obtain

G;Sp) — (_1)n+111:n(x) — (_1>n+11 x;_a_
n i3

In the case n > 2p, we have

GEIP) _ Z (_1)n+()\p+...+)\n> _ (i)f) Ap N (ix?> An

A I 77,0' N I
Ayt tndg=n PP o nAple..

(_1)n+(/\,,+...+/\,1)

A A
p)Lp+...+n)\n:Tlp V'...'n n)\p!'...')\n!

Ayl [ KL e\ Anl /K s\
p p p n: kn kn
X 5_ —kp! Xg e X X . X 5_ —k'<x.l...xiﬁ)

1 1
kpl=Ap, ’ [knl=An, 50T
ih <<, i< <i
- ATR—” BT Tt (o) (g
p)Lp+...+i’l)Ln:1’l p ..t n |kr‘:)\r/ 14 c oAy P
<<,
p<r<n
Formula (10) can be proved by the same way. O

Formulas (5) and (6) are useful in combinatorics. For example, the well-known combinato-
rial identity

(_1)n+(A1+A2+...+An)
M- 202 gl Al AL

MA2A+.. +nA,=n

can be obtained if we compute G, (e1) using (5), where e; = (1,0,0,...). By the similar way,
we can get some new relations using (9).

Proposition1. LetA; € Z,,j=2,...,n,n > 2. The following combinatorial identity

(_1)n+(/\2+...+/\,1) (_1)n+1 (1’1 _ 1) .
2)\2+..§:}’l)\n:}’l 2)\2 Teeen n)\n)\zl teet An' - n! ( )

is true.

Proof. To prove the identity, we compute G,Sz) (e1) withe; = (1,0,0,...) € £y, using (7) and the

Newton formula. Indeed, for p = 2 we have
(_1)n+(A2+...+A,1)

_ ~©
FTEam vy Wi WU G VR (12)

2A+...+nA,=n
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On the other hand, we claim that

()" —1)

G;SZ) (e1) = —

Let us prove it applying the mathematical induction to the analog of the Newton formula
for Gﬁ,z):

n—2
262 = Y () RGY + (-1)"E, (13)
k=2

If n = 2 we have 2G§2) = —F. Thus, Géz) (e1) = —%. Let us assume that the required identity
is true for every 2 < m < n. That is,

(~1)"(m —2)

G(Z)l(el) — (m_l)!

m—

From formula (13) and the induction assumption we obtain

(=D)"'n-3)  (~1)"*n-4) w1 1 n
G (er) = (n—2)! " (n—3)¢r =D <_§> ey
and so
_1\n—2 n— _1\n—-3 n—
(n=1)C?, (e) = - 1211 _(3)! 9 12;1 _(4)! 5 _ g (1) <—%> + (=)

By adding the last formulas, we get

nGy () + (1= 1), (e1) = %

Hence,
2 (1) (n=2) _ (=1)"(n-3)
nan (e1) +(n—1) n—-1! —  (n—2)!

From here we can get

WP er) — —(n - D=2 (D =3) ()

(n—1)! (n—2)! — (n—=2)"°
So )
G (e) = (—1)”;!(11 -1
Substituting G,Sz) (e1) to (12), we obtain the required equality (11). O

Clearly, the correspondence G, ~~ G;,p ) and Hy ~~ Hr(,p Jisnot a unique way to extend G,

and H; to £, for n > p. In the general case, we can substitute F; = a;, b =ay,...,F, 1 =a, 4
in formulas (5) and (6) for a givena = (ay,...,a,-1) € CP~ 1 Letz = (21, . .,zp,l) be a vector
in CP~! such that F(z) = ay,..., Fy_1(z) = ap_1. Such a vector exists and unique for a given
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a up to permutations of coordinates. Then we can define new symmetric polynomials G,(f )

and H,S’“’), n > [p], on ¢, by

(p.a) :n_m _1\k-1 (p.a) _qyn—1
G (x) = Y (D RGP (2) + (~1)" Fy(x)

and

N
8
=
>
—~~
=
~
=
gk
=,
e
~—
=
SN—
T
>3
—~
=
~
-+
=1
~
=
SN—

k=[p]
n

+ ¥ R@OHM )+ Y R(0)H, k(2).
k<[pl k=n—[p]+1

Note, that polynomials G,(lp ") and H,S” ) are not homogeneous if a # 0 but still form alge-
braic bases. It is easy to check that

n+(Ap+..+Ay) A1 _As /\;,71
Gﬁlp,a) _ Z (-1) (A )al ay’...a,”, (r ))"’___(Fny‘n
1A+ nAy=n MMl Al P
and
Mg a)‘pfl
(pa) _ 190y A A
Hy - 141 . M) A ;(FP) (Fn) "
D Py p— “e- 1: n
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Kaacrmani dpopmyan Bapiara-Tipapaa AafoTh 306pakeHHST eAeMeHTapHIMX Ta TOBHMX CHMETPH-
YHIX TOATHOMIB Uepe3 CTelleHeBi cMeTpIYHI MOAIHOMI. Y il CTATTi OTPMMAHO aHAAOTH (pOPMYA
Bapinra-Tipapaa aast Bumaaky mpoctopis £, Ae 1 < p < 00, Ta 3alIpONOHOBAHO 3aCTOCYBAaHHS OTPY-
MaHNX POPMYA A0 KOMOIHATOPYKIA.

Kontouosi cnosa i ¢ppasu: cumeTpwUIHMI TTOAIHOM Ha 6aHaxoBOMy mpoctopi, dpopmyaa Bapirra-
TI'ipapaa, aarebpaiurmmi 6asmc, KOMb6iHATOpPHA TOTOXHICTD.



