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I. I1. Maquubka, 1. B. BypTHsik ([Ipukapnar. yu-t im. B. Credanuka, Isano-OpankiBebk)

PO ®YHJIAMEHTAJIBHUAM PO3B’SI30K 3AJAUI KOIIII
JJIA CUCTEM KOJIMOI'OPOBA JIPYT'OI'O TIOPAAKY

We study the structure of the fundamental solution of the Cauchy problem for a class of ultraparabolic equations with
finitely many groups of variables degenerating parabolicity.

Hccnenyercst cTpykTypa (yHIaMEHTAIBHOTO pemleHus 3aaaun Komm i oqHOTO Kilacca CHCTEM YNbTPanapadoandecKux
YPaBHEHH, UMEIOIIUX KOHEUHOE YKCIIO IPYIII IEPEMEHHBIX, 110 KOTOPBIM BBIPOXKAACTCS MapaboIMYHOCTb.

Beryn. y 1iii crarti MU JocipKyeMo GpyHIaMeHTanbHUR po3B’ 30k 3aaa4i Ko (PP3K) mist omHoro
KJIacy CHCTEeM piBHAHB TuIy Kommoropoma, siki € MPHpPOJHMM Yy3araJbHEHHSIM PIBHSHHSA IUQy3ii
3 iHepmieto [1, 2]. PiBHSHHS, IO y3araabHIOIOTH piBHAHHA KonMmoroposa, BUBJaIMCS B 0ararbox
poboTax; AeTanbHHI BUKJIAJ TEOpii piBHAHHA THITy HUQY3ii 3 iHEpIi€r0 MPeacTaBlIeHO B poOOTax
[3—7]. 3HauHuii iHTEpEC 10 MOCIIIKEHHSI TOBEIIHKK PO3B’s13KiB 3a1adi Kol Ta kpaiioBux 3amay s
piBasHL KonMoropoBa o6yMOBIIeHHH IXHIM MIMPOKUM 3aCTOCYBAaHHSIM Yy (DiHAHCOBI MaTeMaTHIII JII
00YHCIIEHHS ITiH a31ChKUX OIMIIOHIB Ta XapaKTePUCTHKHU BOJATHILHOCTI ITiH [8, 9]. Mu po3nismaemo
CUCTEMH PIiBHSHb i3 JOBUIBHOIO KUIBKICTIO TPYI 3MiHHUX, 32 SKHMU € BUPODKCHHS MapadoIiuHOCTi,
1 mocmimxyemo crpykrypy ®P3K. 3okpema, omepskaHO TOYHI 3aJ€KHOCTI 1 BUAM 3CYBIB Ha JIHIAX
piBasg ®P3K sk mis cuctem, Tak i I MOACTHHUX PiBHSIHB.

1. Mo3nayenns i mocranoBka 3anadi. OcHoBHi pesynsTarn. Hexaii n, ng — HarypajibHi
¢ikcoBani ynucna i ng > 1, x € R™, (x,s) = Z:ﬁl xjsj, v° = (x2,...,%n,). Po3msHEMO

CUCTEMY PiBHSHb BHUIJISTY

no—1 2 n
atul/(t’x) - Z $]'8xj+1 u,,(t,x) = Zzazr(t)a’;ur(tvx)’ V= 17”’ x € H(O,T}’
j=1 k=0 r=1

(D
ne I = {(t,:p), te(0,T], T>0, z€ R”O}. [Ipunyckatumemo, mo Koediuientn ay’ (t) wiei
CHCTEMHU — TaKi KOMIUICKCHO3Ha4Hi HernepepsHi Ha [0, 7] dyHKIil, 1110

2 n
Opwy (t, 1) = ZZazr(tmflwr(t,a}l), v=1,n. ()

k=0 r=1

Cucrema (2) € piBHOMipHO Tapadomiyaoro 3a I. I. [leTpoBchkuM.
3HaiiieMo po3B’sa30K cuctemH (1), AKuid 3a10BOJIBHSE TOYAaTKOBY YMOBY

up(t, x) |t=‘r = upo(x), zeR™, 0<7<t<T, r=1,n. 3)

Je T — 3aJlaHe 4ucio.
Teopema. Icuye hynoamenmanvna mampuys po3e’askie sadaui Kowi (1), (2)

G(t,a;7,6) = (t — 7‘)_”8/2Q(t, (@ — &)t — 7)Y (e — S+t — 7))t —T) 2,
ooy (ng = ng + Tng1 (E=T) o @a(t = 7)™ (g — DY T( = 1) T2072),
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1108 I’ I1. MAJIMLIBKA, 1. B. BYPTHSIK

t—7>0, x€R"™, £e€R"™,

0e Qt, T;21, ..., 2ny) — Yina QyHKYIL apeyMenmis z1, . . . , Zn,, NOPAOKY 3pOCMAHHI 2 NPU KOMNIIEKC-
HUX 3HAYEHHSX apeyMeHmi8 I maKo2o i NOpsaoKy CnAOaHHsa npu OitiCHUX 3HavenHsax. J[ns ii noxionux
CIPABOANCYIOMbCS OYIHKU

n3+(2j—1)m

‘G;T;G(t,x;ﬂﬁ)‘ < Cp(t—71)" 2 exp{—c{") [\xl —51]24_1(t—7)_1+

_|_kn2:2(k _ 1)2 o (2]43 _ 3)2(2]{2 _ 1)(75 _ T)—(Qk—l)] Tp — gk + (t — T)(-Tk2—l + gk—l) + ..
(e — (~1) ) =TV (G +1)... W(k k... (2k—3) +
(t — )kt

.+ (CL’l — (—1)k_1£1)

2
(2(k—Dk...(2k—3)) }’
t—7>0, x€R™, (€R™, meNUO,

oooammi cmani Cy,, ¢y 3aneacams 6i0 sup |a;” (t)|, cmanoi napaboniunocmi § ma ng, T.
2. Po3p’si3anns 3agavi Komi g cucrem i3 cranumu koediniearamu. Po3misiHeMo 3anauy
Komi na cucremn (1), B sikiil koedinientn ay” € cramumy, ai” =0, ag” =0, v =1,n, r = 1,n,

nog—1
Oy, — Z L0, U ZCLVT82 ur(t,x), v=1n, @)
ur(t, ) |t=r = uro(x), zeR™, r=1n, 0<7<t<T, (5)

upo(x) — mocuts Tnanki QiniTHI QyHKIIL.

[MpuryckatuMemMo, o A — KOpeHi A1, ..., A, piBHsHHA det {(ag"(is)Z)w 1 =AM} =0, ne
I — onvHWYHA MaTPUILS TOPSAKY 7, i — yABHA OJMHUIL, 33]0BOJBHAIOTE yMOBY Re A(s) < —ds?,
51 € RY, 3 nesxoro cranoio § > 0.

BuxopuctoBytoun nepersopenss Oyp’e, 3apaay Ko (4), (5) 3Beaemo 1o 3amadi Komri i cuctem
mudepeHIiaTbHUX PiBHSIHD 13 YACTHHHUMH TOXIZHUMH NEPLIOTO MOpsAKy. [ bOro KOMIOHEHTH
Ui, ..., U, po3B’s3Ky 3amadi Komri (4), (5) Oymemo mrykaté y BUIISAI 0OEpHEHOTO HEPETBOPEHHS
®yp’e o s BiJ HEBITOMUX (PYHKINH vy, . . ., Up, TOOTO

ur(t, ) := F~ up (¢, 9)|(t, @) := (2m)™0/2 / exp{i(z, s) }ur(t, s) ds,

R"™0

0<7<t<T, xze€eR™, r=1,n.

B pesynbrari ofgepxumMo s vy, . . ., U, Taky 3amady Komi:
no—1
Opor(t, s) Z Sj+10s, r(t, 8) Za slvk (t,s) (6)
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Ur(t, 8)|t=r = vro(s), seR™, r=1,n 0<7<t<T. @)

Ockinbku GyHKIIT Uy (2) ZOCHTH mIanki i ¢iniTHI, TO TXHI HepeTBopeHHst Oyp’e € aHATI THIHUME
(GYHKLISIMU, A7 SIKUX BUKOHYIOTBCSI HEPIBHOCTI

[ros)] < e(1+[s)™™,  s€R™, m>mne+1, ®)

ne vpo(s) := Flupo(z)].

Cucrema (6) € cuctemMoro quQepeHIiaTbHIX PIBHAHD 13 YACTHHHUMHM TOXIJHUMHU IEPIIOrO MO-
PAAKY, SKi MalOTh OJIHAKOBI TOJIOBHI YaCTHHU. 3TigHO 3 pe3yasratamu [ 10, c. 146 — 148], Taka cucrema
eKBiBaJICHTHA OIHOPIAHOMY JiHIHHOMY Iu(epeHIiaTbHOMY PIBHAHHIO 3 YaCTWHHUMH TIOX1THUMHA

HepLIOro Nopaaxy A GyHKUii w Big n + no HE3aTEKHUX 3MIHHHUX t, S2,...,S8n0—1, Ul,-- ., Un,
no—1
1.2
O + E 8j+10s;w + E ay' s7UrOpw = 0,
r, [=1

SIKE€ B CBOIO YEpry, K BiJJOMO, €KBiBaJICHTHE CHCTEMIi 3BUYaiHUX AW(EepeHIianbHuX PiBHSAHB,

g — dsq o dso . . dsny—1 _ du; _ — dvy
e — n 1 5 — e .. — n 3 .
S2 S3 Sng anl —ay" sjvuy Zr:l —ay’ s7Uy
. . . . . Sng—
3 1i€l CHCTEMU BHIITUMO ng + 1 — 1 He3aJeKHUX 1HTerpatiB. 3 piBHIHHS df = Zono—1 3HAXOIUMO
Sno
Sng—1 — tsno + ¢y, (9)
. dsp,—
3 piBHSHHSA dt = , BpaxoByro4H (9), oTpuMyeMo
Sng—1
Smg—2 = 1285, /2 + te1 + ca, (10)
. ds _
a 3 piBHAHHA di = mo—k st k = 3,ng — 1, Mmaemo
Sng—(k—1)
k
tk th=i
Sp—f = —Spn + —C. 11
Bpaxosyroun (9)—(11), 3anmmcyemo
S = (51, e 787107(]671)’ «e ey Sng—1, Sno) =
tno— 1 70 $no— j
= S + C 1ye--
(ng — 1)1 Z no—j)! 7"
th—1
S sn0+z T it 1m0 1 mg (12)

[MincraBuBmmm (12) y cucremy piBHSIHB
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1110 I’ I1. MAJIMLIBKA, 1. B. BYPTHSIK

n
dv, = — Zaglsfvldt, r=1,n.
=1

onepkuMo cucteMy piBHAHB (13) i3 xapakrepuctukamu (9)—(11):

n . t’no—l 70 tno—k
dvoy(t, P(t, spy,c)) = — Zag (( 15no T

2
— Cl— vdt
& no — 1) 1 k 1> 1,

— (no — k)
IS

tno—l o tno—k‘
P(t, spy,C) := <(

5n0 + 72m Ck—1, - -

(ng — 1! 1) - tSny + 1, sm),

3 [MOYaTKOBOKO YMOBOIO

U (t, P(t, Spg, €) ‘t:T = Up0(P(T, Sny,€)), r=1,n.

(13)

(14)

(15)

3amaua (14), (15) mae equanii po3s’s3ok g 0 < 7 < ¢t < T < +00. Po3s’s30k miei 3anaqi Komri

Ma€ BUITIAL

v(t, P(t, sng, c)) = Q(t, T, P(t, Sny, c))vo (P(T, Snos c)),

ne Q(t, 7, P(t, sp,,c)) — HOpManbHa MaTpHLs po3B’si3kiB cuctemu (14), Q(t, 7, P(t, s,

= I, Vo = (Ulo,. . .,’Uno).
OCKIIBKH Marpunsa

A af ! O, ok 2\"
(t) = | —aj <(n0 — 1)!sn0 + kzz o = F)1 k>!0k—1> .

, =

t
KOMYTYE 3 / A(r)dr, 10
T

Q(t, T, P(T, $pg, c)) =

t t

Bnofls o Bn(),k 2
—exp{— [ A5y —exp{ - [ oy e ) dB Y,
(no — 1)! (no—g)!
T T k=2
ae A = (agg):’ =1
Metomom mMatemaTryHOi 1HAYKIIT 3 (9), (10) 3Haiinemo ci, kK = 1,ng :
N
ck:Z 7"0 J, k=1,ng.
=
MigcraBusmu (17) y (16), onepxumo
¢ k—1
Bno_lsn G ﬁno_k i Sno—k—j
t = —A 0 —t J 0 J d
U( 73) exp 1/ (no — 1)' + i (TLQ — k?)' j:(]( ) (]')2 ﬁ

T

(16)

C)) ‘t:T -

(17
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(1 —1)%s3 (1 —t)y-1s,,
XU0<51+(T—t)82+2!+...+(n0_1)!’
(1 — )™ 2s,,

(no — 2)!

[Ticns 3BeneHHS MOAIOHUX WICHIB y TTOKa3HUKY €KCITOHCHTH MaTHMEMO

P05 pyk-1g \ 2
v(t,s) = exp —A1/<Z</B(kt_)1)!k> dp y x

k=1

So+ (T —1t)ss+ ...+ ,---,Snol-l-(T—t)Sno,SnO)-

no k—1 no k—2
(7’ - t) Sk (7‘ - t) Sk

><v0< S 7= 2) seesSng—1 (T — )8y, Snp |-
k=1 k=2

3Haitnemo u(t, x):

t

2
_ 1 o~ (B—1)
u(t,x)—w/exp{/h/<kz_: (k:—l)) dp}x

R™0 T =1

k=1

= (T*t Sk -0 Tft
XWo Z (k — Z yeeeySng—1 (T —1)Sng, Sny | ds.

Buxonasmm 3amiHy 3MiHHEX y iHTerpami (18)
50: (T — t)kilsk
= o,
(k—1)! !

i (T —t)F 2 s

A2 L g
(k—2)! 2

Sng—1 + (T —)Sny = Qny—1,

STLO = a?’Lo 9

abo

5] = i(—l)k’lﬂak,

2 =1
_\ (T —1)F2ay,

Sz—g(—l)k 2W7
< L=t

Sk —jz::k(—l)k TETE

Sng—1 = Qng—1 — (T — )y,

Sng = Qng,
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1112 I’ I1. MAJIMLIBKA, 1. B. BYPTHSIK

OJICPKUMO
n k—1
u(t,r) = ! exp ¢ ¢ : a (D 2y =)
R"™0 k=1 ]:0
[ (8 —1) " ay i
k=1 ’

T

Ockinbku vo(a) = Fug(z), T0

e G(t,xz;7,&) — ®P3K,

no k—1
G(t’fv;ﬂé)z(%)_"op/exp DILTE D DE I LA
k=1 =0 7!
R™0
t no (ﬁ—’]’)kilak 2
_/<Z (k:—l)') ds 3 do.
7 \k=1

3. Jocaimxkenns noseainku ®P3K. s toro mob mocmiautu noseminky G(t,x;7,£), 00uu-

CJIMIMO 1HTETrpai
L/ o k-1, \ 2
(B—1)""ay
1= - .
/ ( (k — 1) 4p

k=1
Bukonasumw 3aminy (8 — 7)(7 — t)~! = 0, onepxumo

L /o e k1)
1:/(29 ((';_1))! ’“) db(t — 7).

[ k—1 i 2, S5 Sh S Q- 518;

1= g 0"~ df = =4 =4 LY QE =
/ Sk 81+3—|—5+ +2n0_1+ = J +
0 =

k=1
s SkSj S S
28 ] k _ °koj no—19ng
+2)° 42 Z N il il (19)
jzgj—i—l _ka—i—j—l 2ng — 2
Buninusum y (19) nosHi kBagpatu 1o sy, 2, .. . , Sp,, OTPUMAEMO
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IIPO ®YHJIAMEHTAJIbHUIA PO3B’SI30K 3AJIAUI KOLLI J1J11 CUCTEM KOJIMOT'OPOBA ... 1113
no 2 no 2 no 2
- j —1)s; 30(k—1)(k—2
1= (8] g (U Ds) (s Dk =2))
=t =G+ = k(k+1)(k+2)

2
o= sk(k—1)(k —2)(k —3)
+7 (,H k(k+1)(k+2)(k+3)> ..

2
. 2 sp(k—1) ... (k= (j—1))
..+(2jl)<“ kk(k+1)...(k+j—1) ) T

..+(2n03)( f: Sk(kl)...(k(noz))) .

= k(1) (ktng— 1)
=ngp—1

5 (no —1)%(ng —2)%...22

2ng —1 .
(2o )Son%(no +1)2...(2np — 1)?

(20)

3 oy Ha (20) G(t, x; 7,&) 3anuImeMo y BUTISIII

G(t,x;1,&) = (2m)~ " / exp {Zzsk(k — 1) x

’ (
2

2
- N si(j—1)...(j—k+1)
-4 (Z(%l)(z j(j+1)...(j+k1)) +...+(2n03)) ds x

k=1 j=k

e
—

WV (T —t)
( )xkj‘](T )£k)(t7)(2k1)/2+isno

<
Il
o

x(t—7)7"/221 . (ng — 1)\,

PosrsiHemo cucremy
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Sng(ng — 1)!
= Qlpy- 21
no...(2ng —1) om0 @1
Po3B’s3aBmm (21), onepxumo
ng
s1=» (=1 (2k - 1)ay,
k=1
no k—2
S92 (—1)
— = 4 2k —1
k=2
sk(k —1)! 2k(2k + 3
— = — (2 1
PRCTEE R (2k + Dag1 + =2+

W (—1)92k(2k + 1)(j + 2k — 2)(2k + 25 — 1)

+> i

Ok+j)

Sno_l(no — 2)!
(no—l)...(2n0—3)

= Qpg—1 — Qg (200 — 1),

Sng(no — 1)! .
no...(2n0—1) o

3 wiei cucremu 3Haigemo si(k — 1)1, k = 1, no.
3rpynyBaBHIyd MOAIOHI 4IEHH BIIHOCHO (v, OyaeMO MarH

G(t,z;1,&) = (2m)™ "0 / exp {—Al ZO:(QIC — 1)04%4—
Bro k=1
+ia1(t—7)_1/2(x1—fl)+zok(k—|—1)...(2k—1)iak><
k=2
k—1 ; k—2 ;
y Zw_gk_(t_ﬂ Zw_@_l N
= 7 j=0 J
k-3 ; »
2 wp—j—2(t —7) k—2 k) (=)D
+(t—1) ;0 Tt 4<2k_3)+...+( 1) G
(22 2+ (k=) =@ +2(k—5) = 1)

k... (2k—1)

j_lx‘_ —Tl —T(k_Q).T - —T)x
y (; ot =) _§j>+”_+(_1)m><t )2(k+(1)2...§(22;—(t3) Jz)
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+ (nyenl _kf)_(%(;k(_ 3 SR R (t—T)nﬁﬂﬁk(m ... (2k—1). (22

3 dopmysu (22) BumuBae, mwo G(t, x;7,€) € neperBopeHusm Pyp’e dyHKIii

no
11(04) :eXp{—Al Z(Qk’—l)()q%}, a € R".

k=1

VY BiAMOBiAHO MiAiOpaHMX TOYKax, BUKOPHCTOBYIOUM NapaboiiuHicTs [11], omepKyeMo OLIHKH A
Li(a+iB), a € R™, g€ R™,

no no
|I1(a+18)| < Cexp {C(’S Za% + cZﬁi} ,
k=0 k=0
ne noxari crani C, ¢, ¢ 3alIexarh Bill ng, 1, CTaNOl MapabomigHOCTI §, maxi<,, s<n |ab"|.
[epetBopenns Dyp’e I; € o QyHKIIE, IS MOXITHUX AKOi pu t > 7, © € R™, £ € R™
CTIPaBKYIOTHCS OLIHKH

ng _ (2j—1)m

|0 G(t,257,6)| St —7)"2 7 2 expq —co| |z — &4t —7) 7'+

+ i(k —1)%k% . (2k = 3)%(2k — 1)(t — )" R |x
k=2
k—2 .
< Z Tp—1-5(t = 7)7 /5! — &k
7=0
ZO a- ; ;...
= (t—7)k 2020 +1)... 21+ (k—1)—2)(2l +2(k - 1) — 1)
DTG ko (2k—1) x
2o t—r)
X (;lj(], —55)4—
2
(D)2t — ) 2(zg - o+ (t—T)21) (=D)Lt — 1) a1 - &)
* 2+ 1)...(2k —3) + k. (2k—2) @)

ne ponari crani Cp,, ¢o 3aneKath Bin no, j, m, 6, sup,., lab’], T, j =1, ng.
3BiBIIM MOAI0HI WieHH, (23) MOXKHA 3aMMCATH TAKUM YHHOM:

n3+(2j—1)m

O G(t w7 O < Cult—7)7 2 expq —cf|ler — &7t —7)

+ Z — 122k =322k -1t —7)" @Dz — g4
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1116 I’ I1. MAJIMLIBKA, 1. B. BYPTHSIK

t—T1 i+ 1) ... (k+7—2
oot (T — (F1)7€ J)(('_))!((Jk—l))k..(.(ij—S))

n (t — ) (@h—1 + Ep—1)
2
2

n (z1 — (-1)F 1) (¢ — 7)k!
St TRk k. 2k = 3)) !

t—7>0, z€R"™, xze€R™, (c€R™, meNUO.

3aysarcennsn. OuiHKY (23) € TOYHUMH, TIpH 1. = 1 MaeMo

no—1

Ou(t, x) Z 10z 1ult, ) = aglu(t,x).
Onepxumo G(t,z;7,§) npu t > 7:
2np—1

no
Gt,z;7,8) =20n ™2 [ k(k+1)... 2k — 1)V (t—7) "2 x
k=1

X exp {—901 —aPatt—-n)7-
=3 k(26— 3)2(2k — 1)(t — 7)"F D x
k=2
X 'zk — &+ (t—71) (K1 + fk_1)2_1 + ...

(t—7)V(G+1) ... (k+7—2)
o (T — (1Y &) (G — DUk —1k...(2k —3)

2
o (o = (D)) - )RR - DE L (26— 3) 7 } (24)
3okpema, 3 (24) pu x = x1, T2 =y (ng = 2) maemo ®P3K s piBHsHHA 1udy3il 3 iHepLi€t0, MpU
ng = 2,5 omepkyemo pesynbraru pobit [12, 13].

4. Ilooynosa ®P3K nus cucremn (1), (2). 3amumemo cucremy (13) ms (1), (2) y Bumsiai

1

dv(t, s) = (as(to)(is1)? — (as(t) — ag(to))siv(t, s) + Zak(t)(isl)kv(t, s))dt.

k=0

3actocyBaBmm JieMy [ poHyoIIa i BUKOPUCTABIIH MapadoivHicTh cucteMu (13), oTpUMaeMo OIIHKY
HOPMaJIbHOI MaTpUIl

t 2
no—1 o ng_
‘Q(t,T,P(t,SnO,C))‘ < cexp —51/<5 Sng + p )' 1) g 3,

(no = 1!~ = (no—

ne ¢ > 0, 0 < 67 < 4. Bei moganpini MipKyBaHHSI aHAJIOTIYHI BUKOPUCTAHUM TIPH BCTAHOBJICHHI
orinku (28) [1].
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