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On the convergence of multidimensional
regular C-fractions with independent
variables

Hocaimxkyerbest 36i>kKHicTh 6araroBuMmipHux peryiissipaux C-apo6iB 3 HepiBHO3HAYHU-
MU 3MIHHUMU, siKi € 6araToBuMipHuM y3arajbHeHHsM perynasgpaux C-apo6is. Ii rimsicri
JIAaHIIOTOBiI Ipobu € edeKTUBHUM iHCTPYMEHTOM /I HabOJm>KeHHdA (YyHKIiM, 3aJaHux
dopmasibHUME KpaTHUMEU cTeneHeBumu psigamu. llokazaHo, mio nmepeTtuH napadosidHol
i xpyroBoi objsacreii € obJsacTio 36i>kHOCTi OararoBumipHoro peryssipHoro C-apoby 3
HepiBHO3HAYHUMHU 3MIiHHHMHU, a MapaboJiivHa obJjiacTb € 006JacTio 306iKHOCTiI TijIsicToro
JIAHIIOTOBOTO Jpoby, sikuii € obepHeHuM A0 GararoBumipHoro peryiasipaoro C-apoGy 3
HepiBHO3HAYHNMU 3MiHHUMM.

Karuosi caosa: 30iocHicmv, pieHomipha 360ichicms, bazamosumiprut peeyaaprut C-dpib 3
HEPIEHOZHAYHUMY 3MIHHUMU.

Uccnenyercs cxoamMOCTh MHOTOMEPHBIX perysipHbix C-apobeil ¢ HEpaBHO3HAYHBI-
MM [EepPEMEHHBIMU, KOTOPbIE€ SIBJSIIOTCS MHOTOMEPHBIM 0000iieHneM peryiasapubix C-
apobeii. DTu BeTBsIUECHd IeNHble APo0u ABIAIOTCS 3P PEeKTUBHBIM UHCTPYMEHTOM JIs
npuban>keHns QYHKIOWH, 3aJaHHBIX (POPMaJIBbHBIMU KPAaTHBIMHM CTEIEHHBIMU pPsSIJaMH.
ITokazaHO, 49TO ceuyeHHe MNapabOJIMYECKON M KPYroBoil obJjiacreil siBjisieTcsa 0O0JIACTHIO
CXOAUMOCTH MHOTOMEPHO1 peryiisipHoii C-apobu ¢ HepaBHO3HAYHBIMU MEepPEMEHHbIMU, a
napabosimieckasi 06JIacTh SIBJISIETCsI 0DJIACTBIO CXOJUMOCTH BETBsIlelicss memHoii apobu,
KOTOpasi sIBJIsieTCsi 00paTHOii K MHOromepHoii peryiisspuoit C-apobu ¢ HepaBHO3HAYHBIMU
IIepeMeHHBIM.

Kaouesoie crosa: cxodumocmy, pagHoOMEPHAA CTOOUMOCMb, MHo2oMmepHasn peeyaaphas C-0pobsb ¢
HEPAGHOZHAUHDLMY NEPEMEHHBLMU.

In this paper, we investigate the convergence of multidimensional regular C-fractions
with independent variables, which are a multidimensional generalization of regular C-
fractions. These branched continued fractions are an efficient tool for the approximation
of multivariable functions, which are represented by formal multiple power series. We
have shown that the intersection of the interior of the parabola and the open disk is
the domain of convergence of a multidimensional regular C-fraction with independent
variables. And, in addition, we have shown that the interior of the parabola is the
domain of convergence of a branched continued fraction, which is reciprocal to the
multidimensional regular C-fraction with independent variables.

Key words: convergence, uniform convergence, multidimensional regular C-fraction with
independent variables.
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CONVERGENCE OF BRANCHED CONTINUED FRACTIONS

Introduction

Let N be a fixed natural number and
T = {i(k) : i(k) = (ir,in, ... ig), 1 <ip<ip1, 1<p<k,ig=N}, k>1,

be the sets of multiindices. Our research is devoted to the convergence of
multidimensional regular C-fraction with independent variables

i1 (2

N

QA4(1)Ziy A;(2) Ziy @;(3) i3
1 MSYIia s _ne)me )T 1
LD D E D D e D Db malNELLE (1)

i1=1 ig=1 13=1

where the a;xy, i(k) € Iy, k > 1, are complex constants such that a;) # 0, i(k) € Zy,

k > 1, and where z = (21, 2,...,2y) € CV, and the multidimensional regular C-
fraction with independent variables which are reciprocal to it
N i i
1 Z @;i(1)%i, Zl @i(2) Zi 22 G @
1 + i1=1 1 + 12=1 1 + i3=1 1 + '

We note that these branched continued fractions with independent variables are the
expansions of multiple power series |5, 7.

A convergence criteria have been given for multidimensional regular C-fractions
with independent variables by T. M. Antonova and D. I. Bodnar [1], O. E. Baran [2],
R. I. Dmytryshyn [6].

In the present paper we derive some new convergence criteria for the mentioned
above fractions. For establishing the convergence criteria, we use the convergence
continuation theorem (Theorem 24.2 |9, pp. 108-109] (see also Theorem 2.17 [4, p. 66]))
to extend the convergence, already known for a small region, to a larger region. The
Theorems 1 and 2 give us the intersection of the interior of the parabola and the open
disk for the domains of convergence of (1). In Theorems 3 and 4 the interior of the
parabola are obtained for the domains of convergence of (2).

Convergence

We give two convergence criteria for multidimensional regular C-fraction with
independent variables (1). For use in the following theorems we introduce the notation
for the tails of (1):

ﬂ(&))(Z) =1, i(n)eZ,, n=1, (3)

Fi =1 S Qi(k+1) Zig41 R Qi(k42) Zig o = Ai(n)Ziy, 4

@) =1+ > ===t Y e e D s ()
i1 =1 inpo=1 in=1
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R. I. DMYTRYSHYN

where i(k) € Z,, 1 <k <n—1,n > 2. Then it is clear that the following recurrence
relations hold

L a; Z;
(2) =1+ Y S (ke 1<k<n—1,n>2 (5)
ips1=1 i(k+1)(z)

Let

_1+§:%m%

111

be the nth approximant of (1), n > 1.
We shall prove the following result.

Theorem 1. A multidimensional reqular C-fraction with independent variables (1),
where

i

2 |az(k;+1)| .
ik < gim, i(k)eIy, k>1, 6
Z (= g (1 + cos(arglag)) ~ 0 € 0
arg(a;(x)) = —T<eo<m ik) €L, k>2, (7)
Iy >0, 1§k;§N, 0<giwy <1, (k) €Ly, k>1, (8)

converges to a function holomorphic in the domain

Dll7l2 77777 IN,M = {Z - (CN : |Zk’ — Re(zk) < lk, |Zk;| < M, 1< k < N} (9)
for every constant M > 0. The convergence is uniform on every compact subset of
Dll,ZQ ..... In,M-

Proof. We set
Ai(k)y = ri(k)ei‘p, ’L(k) S Ik, k> 2. (10)

Let n be an arbitrary natural number. By induction on k we show that, for arbitrary
of multiindex i(k) € Zj, the following inequalities are valid

)

Re(Fy) (z)e /) > (1 — gy)) cos(p/2) > 0, (11)

where 1 < k < n.

From (3) it is clear that for & = n the inequalities (11) hold. By induction hypothesis
that (11) hold for k = p+1,p+1 < n, i(p + 1) € Z,41, we prove (11) for k = p,
i(p) € Z,. Indeed, use of (5) and (10), for the arbitrary of multiindex i(p) € Z,, leads
to

F‘(")

i(p)

(Z)efiwz eie/2 | Z 7"1 (p+1) Zzp+1 .
e—ip/2
ip+1= 1 P+1)
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CONVERGENCE OF BRANCHED CONTINUED FRACTIONS

In the proof of Lemma 4.41 [8] it is shown that if z > ¢ > 0 and v* < 4u + 4,

. U+ v vu2+v2 —u
min Re — = — .
—co<y<+oo X + 1Y 2z

(12)

We set u = Re(ri(erl)Zipﬂ)a v = Im(ri(erl)zip-ﬁ-l)a T = Re(F‘(n) )(z)e—i¢/2)7 Yy =

i(p+1
Im(Fi((Z)Jrl)(z)e*iWQ). Then for the arbitrary index i,41, 1 < iy < iy, it follows from
(6) that

@ipay| < i) (1 = Gipe1)) (1 4 cos(9)) /i, < 2/l

From this inequality it is easily shown that v? < 4u + 4.
Using (6)—(12) and induction hypothesis, we obtain

ip

; i i | — Rel(z
Re(F()(2)e %) > cos(ip/2) — 3 Lo Eipn| ZReln))

i(p) n —i
g ipt1=1 2Re<ﬂ((p)—kl)(z>e LP/Q)
- Ti(p+1)li(p+1)
> 2) — >(1—g; 2) > 0.
COS(SO/ ) Z 2<1 . gi(p+1)>COS((,0/2) - ( g (P))COS“O/ )

ipt1=1

It follows from (11) that Fz‘((?) (z) # 0 for all indices. Thus, the approximants f,(z),
n > 1, of (1) form a sequence of functions holomorphic in Dy, 1, 1 .m-
Let

Dy gy, inmo = {2 € CV 1 |z] = Re(z) < oly, || <oM, 1<k<N}, (13)
where 0 < o0 < 1. We set

a = max |aiy). (14)

Using (9)—(11), for the arbitrary z € Dy, iy Mo> Piio,iny o C Diyty, o iyar, We
obtain for n > 1

N N
|ai(1) IER acM
fa(z)] <1+ : <1+ =C(Diyty,...1n M)
i) Z Re(Fy}) (z)ei¢/2) Z oS =gy (Ditnditte)

where the constant C(Dy, 1,...1y.m0) depends only on the domain (13), i.e. the sequence
{fn(2z)} is uniformly bounded in Dy, 1, 1. Mo

Let K be an arbitrary compact subset of D;, ;, ;. .m. Let us cover K with domains
of form (13). From this cover we choose the finite subcover

Dll,lg,...,lN,M,a(U? Dzl,lz,...,lN,M,a@)» ce >Dl1,12,...,lN,M,a(k>'
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We set
C(}C) = max C(Dzl lo,nln, MJ(T>)

1<r<k

Then for arbitrary z € KC we obtain | f,,(z)| < C(K), for n > 1, i.e. the sequence { f,,(z)}
is uniformly bounded on each compact subset of the domain (9).
Let b = min{1/a,ly,ls,...,lxy,8 M N}, where a is defined by (14), and let

Eb:{zeRN:0<zk< 1gng}.

8N’
Then for the arbitrary z € Ly, Ly, C Dy, 4,.....1x, M, We Obtain
ab - 1 | < b < 1
o S onr a; Zi >
8N T oN’  (TREDTRal S 44y,

k41

It follows from Theorem 1 [3|, with g;w) = 1/2, i(k) € Iy, k > 1, that (1) converges
in L. Hence by Theorem 24.2 |9, pp. 108-109] (see also Theorem 2.17 [4, p. 66]),
the multidimensional regular C-fraction with independent variables (1) converges
uniformly on compact subsets of Dy, ;, . ;,.am to a holomorphic function.

-----

The following theorem can be proved in much the same way as Theorem 1 using
Theorem 4 [3].

Theorem 2. A multidimensional reqular C-fraction with independent variables (1),
where the a;my, i(k) € Iy, k > 2, satisfy the conditions

i) < gige—1)(1 = gir)) (1 + cos(arg(aiwy))) /by, 1(k) € Tk, k > 2,
and the conditions (7) and (8), converges to a function holomorphic in the domain

z Re(zx)
Ol1l2 ..... ZNM_{ZGCN Z’k’—k Z|2k’<M}

k

for every constant M > 0. The convergence is uniform on every compact subset of

Next, we give two convergence criteria for multidimensional regular C-fractions with
independent variable (2). In addition to (3) and (4), for the tails of (2) we introduce
the following notation

i1 Z.nfl

0 a; 1)2’ a;(2) % Qj(n)Ziy,
ORI [ORIED S LN it L SR Siic - S

i1=1 12:1 in=1

And, thus, the nth approximant of (2) we may write as g,(z) = 1/Fi((75)_1)(z), n > 1.
Now we shall prove the following result.
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CONVERGENCE OF BRANCHED CONTINUED FRACTIONS

Theorem 3. A multidimensional reqular C-fraction with independent variables (2),
where the a;xy, i(k) € I, k > 1, satisfy the conditions

Tk—1

iy |air)| .
Sgi— ) ZkEIkvkzlv 15
ikz:l (1 = gir)) (1 + cos(arg(ai)))) @ i) (15)
arg(a;y) = ¢, —-nm<p<m, i(k)eLy, k>1, (16)
lp > 0, 1< k< N, 0< Gi(k—1) < 1, Z(k) € 1y, k> 1, (17)

converges to a function holomorphic in the domain
Diytyin =12€CY 0 |z1] —Re(zr) < Iy, 1< k< N} (18)
The convergence is uniform on every compact subset of Dy, 1, . 1x-

Proof. By analogy (11) it is easy to prove the validity of the following inequalities

Re(F)(z)e™"#/?) > (1 — gigr)) cos(2/2) > 0, (19)
where n > 0,0 < k < n, i(k) € Iy, if k > 1. It follows from (19) that Fy})(z) # 0
for all indices. It means that the approximants g,(z), n > 1, of (2) form a sequence of

functions holomorphic in Dy, 4, ;. Let

Dy t..ino =1{2z € cN . |zi| — Re(zx) < olg, 1< k< N}, (20)

where 0 < 0 < 1. Using (10) and (19) for the arbitrary z € Dy, 1, 1x.05 Piyioin.oc C

Dy, 1.1y, We obtain for n > 1

1 1

<
Re(Fjy (z)e-i#/2) (1= giw) cos(v/2)

|gn(z>| < - O(,Dh,lz ,,,,, lNaO')7

where the constant C(Dy, 4,...1y.0) depends only on the domain (20), i.e. the sequence
{gn(2z)} is uniformly bounded in Dy, 4, . iy.0-

Let K be an arbitrary compact subset of Dy, ;, ;.. Let us cover K with domains
of form (20). From this cover we choose the finite subcover

Dlhlz ..... lN,O'(l)’ Dll,lz ..... lN7O'(2)7 ctty Dll,lz ..... lN,U(k)‘

We set
C(IC) = Imax C(Dll,ZQ 77777 lN,O'(T))‘

1<r<k

Then for arbitrary z € K we obtain |g,(z)| < C(K), for n > 1, i.e. the sequence {g,(z)}
is uniformly bounded on each compact subset of the domain (18).
Let
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Then from (15)-(17) for the arbitrary z € Ly, 1,..in» Liyioriny C Diyia,..1n, We obtain

gi(kfl)(l - gi(k))<1 + cos(¢)) < L

8N AN ~ 4ig_q’
It follows from Theorem 2 [3|, with g;) = 1/2, i(k) € Iy, k > 1, that (2) converges
in £y, 4,..1y- Hence by Theorem 24.2 [9, pp. 108-109] (see also Theorem 2.17 [4, p.
66]), the multidimensional regular C-fraction with independent variables (2) converges
uniformly on compact subsets of D;, ;, ;, to a holomorphic function.

i(k) € Ip, k> 1.

| @ik 2, | <

1111

Finally, the following theorem can be proved in much the same way as Theorem 3
using Theorem 5 [3].

Theorem 4. A multidimensional reqular C-fraction with independent variables (2),
where the a;u, i(k) € Iy, k > 1, satisfy the conditions

i) < Gitk—1)(1 — gigry) (1 + cos(arg(asw)))) /by, (k) € Iy, k> 1,

and the conditions (16) and (17), converges to a function holomorphic in the domain

N
Oll,lg,...,lN = {Z € CN : Z WM < 1} )
k

k=1
The convergence is uniform on every compact subset of Oy, 1, 15-
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