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Abstract
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1 Introduction

Let X be a Fréchet linear space. We recall that a continuous linear operator 7: X — X
is hypercyclic if there is a vector xo € X for which the orbit under 7', Orb(7T, xo) =
{x0, T x0, T2x0, ...},isdense in X. Every such vector x is called a hypercyclic vector
of T. The classical Birkhoff theorem [6] asserts that any composition with translation
x> x+4a,T,: f(x) = f(x+a),x,a € C, is hypercyclic on the space of entire
functions H(C), if a # 0. The Birkhoff translation 7, can also be regarded as a
differentiation operator

X n

T.(f) =) = D'Ff.

n=0

From this perspective Godefroy and Shapiro generalized the Birkhoff theorem in
[14]. They showed that if ¢(z) = Z‘ >0 cy 2% is a non-constant entire function of
exponential type on C”, then the operator

[ ) cDf, feHEC, e

|0

is hypercyclic. Moreover, they proved that any continuous linear operator 7 on H (C")
which commutes with translations and is not a scalar multiple of the identity can be
expressed in the form (1) and so is hypercyclic as well. These results were generalized
to separable spaces of analytic functions of bounded type on Banach spaces in [2].
Note that in the general case, the most interesting algebras of entire functions on a
Banach space are non-separable and so they do not admit any hypercyclic operators.
In this paper we consider some special subalgebras of analytic functions of bounded
type on a Banach space such as algebras of symmetric analytic functions and construct
for them hypercyclic composition operators.

Let us recall that a continuous operator C¢ on the space of analytic functions on
a Banach space X is said to be a composition operator if Ce f(x) = f(P(x)) for
some analytic map ®: X — X. Itis known that only translation operator 7, for some
a # 0 1is a hypercyclic composition operator on H (C) [5]. However, in H(C") with
n > 1 the situation is quite different.

In [19], there was proposed a method, using symmetric analytic functions on £1,
to construct hypercyclic composition operators on H (C"), which cannot be described
by formula (1). Some generalizations of these results to spaces £, 1 < p < oo, were
obtained in [18].

Let us recall a well-known Kitai—-Gethner—Shapiro theorem which is also known
as the Hypercyclicity Criterion.

Theorem 1.1 (Hypercyclicity Criterion) Let X be a separable Fréchet space and
T: X — X be a linear, continuous operator. Suppose there exist Xo, Yo, dense sub-
sets of X, a sequence (ny) of positive integers, and a sequence of mappings (possibly
nonlinear, possibly not continuous) S, : Yo — X such that

(i) T™(x) — Oforevery x € Xg as k — oo.
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Continuity and hypercyclicity of composition operators on... 155

(ii) Sy, (y) = Oforeveryy € Yy ask — oo.
(iii) T™ oS, (y) = y forevery y € Y.
Then T is hypercyclic.

The operator T is said to satisfy the Hypercyclicity Criterion for the entire sequence
if we can choose ny = k. It is known that there are hypercyclic operators which do
not satisfy the Hypercyclicity Criterion (see [4]).

Let X be a complex Banach space and G be a group or semigroup of bounded linear
operators on X. A function f on X is called G-symmetric (or just symmetric) if for
everyo € G,

J(x) = flo)).

A sequence of homogeneous polynomials (P;) 1 deg P, = k, is called a homoge-
neous algebraic basis in the algebra of symmetric polynomials if for every symmetric
polynomial P of degree n on X there exists a unique polynomial ¢ on C” such that

P(x) =q(Pi(x), ..., Py(x)).

For a fixed group G we denote by P¢(X) the space of all continuous symmetric poly-
nomials on X and by Hps(X) its closure in the algebra of all analytic functions of
bounded type on X. In other words, Hys(X) consists of all symmetric entire functions
which are bounded on bounded subsets of X. Hps(X) is a Fréchet algebra over C with
respect to the metrizable topology of the uniform convergence on bounded subsets.

In this paper we consider the following three basic examples of algebras of G-
symmetric functions which admit algebraic bases.

Example 1.2 Let X = £ and G be the group of permutations of basis vectors. There are
two bases in the corresponding algebra of symmetric polynomials which are interesting
for us: the basis of power series

[e¢)
Fr(x) = Z xﬁ
n=1
and the basis of elementary symmetric polynomials

Gr(x) = Z Xnyo o Xngs

ny<np<--<ng

X = (X1,X2,...,%X,,...) € L1.

Example 1.3 Let X = L[0, 1] and G be the group of operators of compositions with
measurable transformations of [0, 1] preserving the Lebesgue measure. In [12], it is
proved that the functions

R,(x) = / (x(1))'dt, x(1) € Lo[0,1], n €N,
[o.1]

form an algebraic basis in the algebra of all symmetric polynomials Ps(Lo[0, 1]) C
Hps(L[0, 1]) and that Pg(Lo[0, 1]) is a dense subspace of Hps(Lxo[0, 1]). Similar
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results for L, spaces, 1 < p < oo, were obtained in [15]. In [13] it is proved that £,
admits no symmetric polynomials.

Example 1.4 Let X = Lo[0; 00) N L1[0; 0o) and G be the group of operators of
compositions with measurable transformations of [0; co) preserving the Lebesgue
measure. We denote by Ps(Loo[0; 00) N L1[0; 00)) the algebra of all symmetric poly-
nomials on L [0; 00)NL1[0; 00). Like in the case of Loo[0, 1], the sequence (Rx)72 .,
where

Rk(x)z/ (x(1)kdt, keN,
[0;00]

forms an algebraic basis in Ps(Lso[0; 00) N L1[0; 00)) (see [20]).

For our purpose it is important to have some information about the spectrum Myg(X) of
agiven algebra Hys(X). Mps(X) consists of all continuous characters, that is, complex-
valued homomorphisms of Hys(X). Clearly, for every x € X, the point evaluation
functional 8y, §x(f) = f(x), f € Hps(X), belongs to Myg(X). It is known [12] that
Myps(L [0, 1]) consists only of point evaluation functionals but Mys(£1) does not [1].
If ¢ € Mys(X), then ¢ is continuous as a linear functional on the normed algebra
(Hps(X), || - II) for some r > 0, where

Ifllr = sup | f(x)].

lxli<r

The infimum of such 7 is called the radius function of ¢ and denoted by R(¢) [3].

In Sect. 2 we consider algebras generated by countable sequences of polynomi-
als and composition operators on these algebras. In Sect. 3 we consider continuity
and hypercyclicity of such operators, especially for algebras of symmetric analytic
functions. Also, we prove the hypercyclicity of related operators of differentiation
on Hps(€1) and Hps(Loo[0; 00) N L1[0; 00)). For details on the theory of analytic
functions on Banach spaces we refer the reader to [11]. The state of art of theory of
symmetric analytic functions on Banach spaces can be found in [1,7-10,12,15,20]. A
detailed survey of hypercyclic operators is given in [4,16,17].

2 Composition operators

Let P = {P,}°2 | be a sequence of homogeneous polynomials on a complex Banach
space X such that P, are algebraically independent and deg P, = n. We denote by
Pp the unital algebra of polynomials generated by { P,}>° ; and by Hpp its completion
with respect to the metrizable topology of uniform convergence on bounded subsets of
X. We will use also notations Py, for the subalgebra of Pp generated by { Py, ..., P}
and HI',‘ for its closure in Hpp. Since { Py, ..., P,} are algebraically independent, HI’,’
is isomorphic to H (C"). More exactly, the map

In: gt ..y ty) > g(P1(X), ..., Py(x))
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is a topological and algebraic isomorphism from H(C") onto Hp. Every function
f € Hypp can be represented as

o
F@ =30 Y Gk, PO PR PR (), 2
n=0 k1+2ky+---+nk,=n
j =

where agk,. .k, € C. Using the sequence of homogeneous polynomials P we can
define a relation of equivalence on X by the following way: x ~ y if P,(x) = P,(y)
for every n € N. Let us denote by Sp the semigroup of all bounded linear operators
A on X to itself such that A(x) ~ x for every x € X. Let us call a function f on X,
Sp-symmetric if f(x) = f(A(x)) for every A € Sp.

Definition 2.1 We say that the sequence P is symmetrically complete if Hpp consists
of all Sp-symmetric analytic functions of bounded type on X.

Let X = ¢, Pi(x) = x1, and P,(x) = F, forn > 1.Itis easy to see that Sp consists
of all permutations o of the basis vectors such that o (1,0,0,...) = (1,0,0, ...). The
sequence P = {P,,}Zo: | is not symmetrically complete because F; ¢ Hpp but Fy is
Sp-symmetric.

Algebras of symmetric analytic functions of bounded type on ¢1, L[0, 1], and
Lso[0, 11 N Lq[0, 1] are typical examples of Hpp for various algebraic bases P, and
by definitions of these algebras their algebraic bases are symmetrically complete.
Conversely, if P is symmetrically complete, then Hyp = Hps(X) for the semigroup of
operators G = Sp.

Theorem 2.2 Let P be a symmetrically complete sequence of polynomials on a Banach
space X and F: X — X be an analytic map of bounded type such that x ~ y implies
F(x) ~ F(y), x,y € X. Then the composition Cr: f + foF is a continuous
homomorphism of Hyp to itself.

Proof Since F is of bounded type, Cr is a continuous homomorphism from Hypp to
Hy(X). From the property
x~y = F(x)~ F(y)

it follows that fo F is Sp-symmetric for every f € Hpp. Since Hpp contains all
Sp-symmetric analytic functions, Cr is a continuous homomorphism from Hpp to
itself. O

Symmetric translation operators on spaces of symmetric analytic functions on £
provide some examples of composition operators as in Theorem 2.2. More precisely,
for a given y € £, the operator

X > xeoy = (X[, y,X2,¥2,...)

is a continuous 1-degree polynomial which satisfies Theorem 2.2 for any algebraic
basisin Hys(£1). Moreover, the operation ‘e’ can be extended to a continuous operation
‘x” on the spectrum Myg(£1) of Hps(£1), and
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G* Y (Fp) = ¢(Fy) + Y (Fp), neN

(see [7,8]).
Another operation on the spectrum of Hps(€1) can be defined on elements of £1/~
in the following way:

xoy = {xiy}o

and naturally extended to Mps(£1) (see [9]). It is easy to check that F,(xoy) =
F,(x)F,(y), n € N. Combining x +> xey and x +— xoy we can get a lot of
continuous composition operators.

It is clear that the map F,, — 1/F, cannot be extended to a continuous homo-
morphism on Hps(£1). Also, it is known [8] that F;, — —F}, cannot be extended to a
continuous homomorphism on Hys(£1) (we will prove this fact for more general situ-
ation in Corollary 3.6). However, combining these operators we can get a continuous
homomorphism. Let us denote by Hyps(B1) the Fréchet algebra of analytic functions
on the unit ball By of £; which are bounded on all balls B, centered at zero of radius
r < 1. The Fréchet topology on Hps(B1) can be generated by countable family of
norms || fl| = supy <, (), r€Q,0<r <1

Example 2.3 Letx € €1 and ||x] < 1. Set

Wy, (x) = (-~-(((l,0,0,...)ox)o(xox))o ) e (X0 - 0ox).

Since

m
lwa )l <Y llel* ” poand e (0 = el < il
k=0

wy (x) converges to a vector W(x) € £1. Moreover,
Fo(W(x)) ! eN 3)
X)=—————, n ,
8 1 — Fu(x)

and since the map x + W (x) is analytic and bounded on all balls B,, r < 1, Cy is
a continuous homomorphism from Hps(£1) to Hps(B1) which can be defined on the
basis polynomials F;, by formula (3).

It is possible to construct an analogue of ‘e’ on L, [0, 0o) N L1[0, oo) as follows. Let
x =x(t)and y = y(t) belong to L[0, 00) N L1[0, 00). Let z = x e y, where

x(t —n), if 2n <t <2n+1,

z(t) =
y(t—n—1), if 2n+1<1t <2n+2,

n=0,1,2,...Clearly, the map x > x ey satisfies conditions of Theorem 2.2 and

Ru(xey) =Ry(x) +Ry(y), neN.
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3 Hypercyclicity of translation operators

Apart from the composition operators, we can consider operators generated by some
mappings on the set of basis polynomials. Such approach is helpful for constructing
hypercyclic operators. The following lemma is proved in [19].

Lemma 3.1 LetY be a Fréchet spaceandYy C Yo C --- C Yy, C - -- be a sequence of
closed subspaces suchthat\J;,_, Y isdenseinY. Let T be a continuous operatoron'Y
suchthatT (Y,,) C Yy, foreachm and eachrestrictionT |y, satisfies the Hypercyclicity

Criterion for the entire sequence on Yy,. Then T satisfies the Hypercyclicity Criterion
for the entire sequence on Y.

Theorem 3.2 Let T: Hyp — Hypp be a continuous homomorphism such that T (P,) =
P, + ay, for some non-zero sequence of complex numbers {a,}. Then T is hypercyclic
and satisfies the Hypercyclicity Criterion for the entire sequence.

Proof Since {a,} is a non-zero sequence, there is n¢ such that C* > (ay, ..., a,) #0
for every n > ng and so

Ty:g(n,....t0n) > gty +ai, ...t +ap)
satisfies the Hypercyclicity Criterion for the entire sequence on H (C"). Thus
T|gp = InoTyol,"

satisfies the Hypercyclicity Criterion for the entire sequence on Hp. Now, the proof
follows from Lemma 3.1. O

In other words, a homomorphism on Pp of the form P, +— P, +a, can be extended
to a hypercyclic operator on Hpp if and only if it is continuous. Note that the question
about continuity of a such operator is not trivial in the general case.

Proposition 3.3 Let T be a continuous homomorphism as in Theorem 3.2. Then there
is a character ¢ on Hyp such that a, = ¢ (Py) for every n.

Proof From the definition of T we have
8ooT (Py) = Py(0) +a, = ay,

where § is the zero-evaluation functional. So we can set ¢ = §poT. O

For every continuous linear functional ¢ on Hyp the radius function R(¢) is the
infimum of all » > 0 such that ¢ is continuous with respect to the norm of uniform
convergence on the ball B, of the radius r in X [3]. We say that a subset Q2 of all
characters M (Hyp) is additive with respect to P if for for every ¢ € M (Hpp) and
Y € Q there is 8 € M (Hpp) such that

O(Py) +Y(Py) =0(Py), n=12,...,
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and

R(©) < C(R(¢), R(V)), “)

where C(R(¢), R(1)) is a positive constant which depends only on R(¢) and R().
The following proposition is a kind of converse to Proposition 3.3.

Proposition 3.4 Let Q2 be additive with respect to a symmetrically complete sequence
P and T be a homomorphism on Pp with T (P,) = P, + a, for all n. If there is a
character € Q such that a,, = W (Py) for every n, then T is continuous.

Proof For every ¢ € M (Hpp) we have
¢oT(Py) =¢(Py) +ay =¢(Py) + U (Py) =0(F,).

So ¢poT = 0 is continuous for every ¢ € M (Hpp). By continuity it can be extended
to the whole space Hpp and

¢oT(f)=06(f), [ € Hpp.

So, for every x € X,

T(f)(x) =38x0T(f) = 0x(f),

where 0, is such that §o(P,) + ¥ (P,) = 0x(Py), n € N. Thus T (f) is a well-defined
map on Hyp. From representation (2) it follows that 7' ( f) is G-analytic, that is, analytic
on every finite dimension subspace. Inequality (4) implies that 7 (f) is bounded on
bounded subsets of X. So T'(f) is a homomorphism from Hyp to itself. Since Hyp is
semi-simple and ¢ o T" is continuous for every ¢ € M (Hpp), T must be continuous.O

Note that the spectrum Mps(€1) of Hyps(£1) is additive with respect to the basis F =
{F,}°2, because

Y (Fp) = ¢ (Fp) + ¥ (F,), neN.
However, sequences {¢ (F};)};2 ,, ¢ € My, do not form a linear space. On the other
hand, according to [12], the spectrum Myps(Lo[0, 1]) of Hps(Lo[0, 1]) can be iden-
tified with the set of all sequences

1/n

{(cn)pZ 1 cn € C, limsup ¢, |'/" < o0}

n—o00

by (cn)i2; = (Ry(x));2 ;. x € L0, 1], and such a set is a sequence linear space.

But we do not know whether inequality (4) holds for this case.

Theorem 3.5 Let ¢ be a character on Ps(£1) such that ¢ (F,) = a for alln € N. Then
¢ is continuous if and only ifa € 7.
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Proof Leta € 7. We set

xg=(1,...,1,0,...).
——
a

Then for ¢ = é,, we have ¢ (F,) = Fy,(x,) = a for all n and so ¢ is continuous.
For the general case, by the Newton formula,

I’lGn = FlGn—l - FZGn—2 + -+ (_l)n*IFn’

and induction with the equality ¢ (F,,) = a implies

a—1)---(a—n+1)
n! ’

a
d(Gy) =
Ifa ¢ Z4, then ¢(G,) # O for all n € N and it grows like a" /n. Hence

0 Agh

n
n=0

is not a function of exponential type of A € C. On the other hand, in [8] it is proved
that if ¢ is a continuous character, then

D ¢(Gy)
n=0

is a function of exponential type. A contradiction. O

From similar reasoning it follows that the map G, — a cannot be extended to a
continuous complex homomorphism of Hy(€1) if a # 0 because

o0
> a
n=0
is not a function of exponential type.
Corollary 3.6 (i) Each homomorphism T, and M, on Ps(£1) defined on F by
T,: F,— F,+a and M,: F, — aF,
is continuous if and only if a € Z. In this case T, satisfies the Hypercyclicity
Criterion for the entire sequence on Hypg(£1).
(ii) Lety € Lxo[0; 00) N L1[0; 00) and R, (y) # O for some n, then the composition
operator

fx) = f(xey), f € Hps(Lool0;00)NLi[0; 00)),
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satisfies the Hypercyclicity Criterion for the entire sequence on Hyps(Loo[0; 00) N
L1[0; 00)).

Proof We need to prove statement (i) only for the operator M,. Let M, be continuous
and §; be the point evaluation functional at (1, 0,0, ...). Then ¢ = d1oM, € My,
and ¢ (F,) = a foralln € N. Hence a € Z. Conversely, if a € Z, then M, can be
defined by the following formula:

Ma(f)(x) = f(xe---0x), f € Hys,

a

and it is continuous.
The proof of (ii) follows directly from Theorems 2.2 and 3.2. O

Let us consider some differential operators related to ‘e’ on algebras Hpg(£1) and
Hyps(Lo[0; 00) N L1[0; 00)). Let X be £1 or Lso[0; 00) N L1[0; 00) and f € Hps(X).
We denote by e € X the element (1,0,0,...)if X = ¢; and

I, if 0<r<,

e(t) = t) =
) = xon(1) 0, otherwise,

if X = Loo[0; 00) N L1[0; 00). Set

) = tim L0 1)

From the continuity of ‘e’ on Hps(X) it follows that 9; is well defined on Hps(X) and
continuous. Also, direct calculations show that 9; is linear and

(fge) =01(fHg+ foi1(g), f,g e Hu(X),

that is, d; is a differentiation. Moreover, 0;(F;) = 1 and 0{(F,) = 0if n > 1 for
the case X = £;. Also 01(R;) = 1 and 0;(R,) = 0if n > 1 for the case X =
Lso[0; 00) N L1[0; 00). So, if we consider subalgebras HSS(X ) C Hps(X) generated
by {F1, ..., Fp} (resp. {Rq, ..., R,}) and the isomorphism I,,: H(C") — H](X),
then

8 =1 9 7!
= oO——0O .
1 n an n

Since % satisfies the Hypercyclicity Criterion for the entire sequence on H (C") for
every n, then from Lemma 3.1 the next result follows.

Proposition 3.7 Let X be £1 or Loo[0; 00) N L1[0; 00). Then 91, defined as above,
satisfies the Hypercyclicity Criterion for the entire sequence on Hys(X).
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