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ON SOME OF CONVERGENCE DOMAINS OF MULTIDIMENSIONAL S-FRACTIONS
WITH INDEPENDENT VARIABLES

The convergence of multidimensional S-fractions with independent variables is investigated us-
ing the multidimensional generalization of the classical Worpitzky’s criterion of convergence, the
criterions of convergence of the branched continued fractions with independent variables, whose

i ir—1
,(k)Q,(k 1)<1 Ji(k— 1)) i(k)

partial quotients are of the form , and the convergence continuation theorem
to extend the convergence, already known for a small domam (open connected set), to a larger do-
main. It is shown that the union of the intersections of the parabolic and circular domains is the
domain of convergence of the multidimensional S-fraction with independent variables, and that the
union of parabolic domains is the domain of convergence of the branched continued fraction with
independent variables, reciprocal to it.
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1 INTRODUCTION

It is well known (see, for example [2,7]) that the branched continued fractions with inde-
pendent variables are an efficient tool for the approximation of analytic multivariable func-
tions, which are represented by multiple power series. One of the important problem for these
branched continued fractions is to establish the widest domains (open connected sets) of their
convergence. Convergence domains have been given in [1,2,8,11] for multidimensional regular
C-fractions with independent variables, in [4] for multidimensional regular S-fractions with in-
dependent variables, in [9] for multidimensional g-fractions with independent variables, in [6]
for multidimensional associated fractions with independent variables and in [6,10] for multi-
dimensional J-fractions with independent variables.

Let N be a fixed natural number and

Ik = {l(k) . l(k) = (il,iz,...,ik), 1 < ip < ip—ll 1 < p < k, iO :N}, kz 1,

be the sets of multiindices. In addition, let i(0) = 0 and Zy = {0}.
We investigate here the convergence of multidimensional S-fraction with independent vari-
ables

N C‘(l)zil ! Zz i2 Zz

1+211 +Z 2 Z & "/ (1)
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where the c;) > O foralli(k) € Zy, k > 1,z = (z1,22,...,2N) € CN, and reciprocal to it

Nocinyzi, &L i)z Ci(3)Zi
Z:: i Z (1) 12_'_2 ()13+”.. @)
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2 CONVERGENCE

We introduce the following notation Qf(nn)) (z)=1,i(n) € Z,,n > 1,and

ik+1 . . infl . .
(n) —1 k+1 Zlk+1 Ci(k+2)Ziy o Ci(n)Ziy
_|_ _ T e —_—,
Q( . Z . + 2:1 1 + 4+ = 1
k+1= k42 In

wherei(k) € Zy, 1 <k <n—1, n > 2.1tis clear that the following recurrence relations hold

QU (z) =1+ Y. WUl foranik) € T, 1 <k<n—1,n>2. 3)
l i1 QU (2)
k=1 iy

Let fu(z) =1+ 211 1(ciq)ziy /Q ( )) be the nth approximant of (1), n > 1.
We shall prove the followmg result.

Theorem 1. A multidimensional S-fraction with independent variables (1), where the c;(y),
i(k) € Iy, k > 2, satisfy the inequalities

Cik) < ‘7;]{;{)‘7?{;1)(1 — qi(x—1)) foralli(k) € Iy, k > 2, (4)
where {q;(x) }i(k)ez,, ke 1S @ sequence of real numbers such that
0 < gjp) <1forall i(k) € Ty, k> 1, (5)

converges to a function holomorphic in the domain

Pu= U {2e@: |- Re(me ) <2c08(a), |5l < M, 1<k <N} (6
ae(—m/2,m/2)

for every constant M > 0. The convergence is uniform on every compact subset of Py;.

Proof. Let a be an arbitrary number from the interval (—7t/2, 77/2), n be an arbitrary natural
number, and let z be an arbitrary fixed point from domain (6). By induction on k for each
multiindex i(k) € Z; we show that the following inequalities are valid

Re(Qf?k))(z)e’i’") > qé’zk) cos(a) >0, (7)

where 1 < k < n.
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It is clear that for k = n, i(n) € Z,, relations (7) hold. By induction hypothesis that (7) hold
fork=r+1,r<n-—1,i(r+1) € Z,41, we prove (7) for k = r and for each i(r) € Z,. Indeed,
use of relations (3) for the arbitrary multiindex i(r) € Z, lead to

—2in

. . iy Ci r Z; e
Q(") (Z)eim — i 4 Z ((:)1) Ir41 —
ia=1 QZ.(YH)(z)e*z,x

In the proof of lemma 4.41 [12] it is shown that if x > ¢ > 0 and v < 4u +4,

: (u + iv) VuZ + 02 —u
min Re = - - (8)
—oco<y<+0o0 X+ 1y 2x
We set
= Re(z, ¢ ), 0 = Im(zi, 0 ), ¥ =Re(Q[f)) (2)e ), y = Re(Q[ ) (2)e ™)

Then from (6) it is easy to show that v? < 4u + 4 for each index i1, 1 <ippq <.
Now, using (4)—(8) and induction hypothesis, we obtain that

A PR —2in
‘ i gy (U= i) (120, — Re(zi,,,e72™))
Re(Qff)(2)e™) = cos(e) — ) AL SO
=1 2Re(Q(r+1)( z)e ')
> cos(a Z ql'“ ! (1 —qj(r)) cos(a) = qé’(r) cos(a) > 0.

Zr+l—

It follows from (7) that Qf?k)) (z) # 0foralli(k) € Zy, 1 < k < n,n > 1, and for all z
from domain (6). Thus, the approximants f,,(z), n > 1, of (1) form a sequence of functions
holomorphic in Py;.

Again, let « be an arbitrary number from the interval (—7t/2,77/2). And, let

Pyom = {z ceCN: |zi| — Re(zke_zm) < Zacosz((x), lzg] < oM, 1 <k < N} , 9)

where 0 < 0 < 1. We set ¢ = max{cy, ¢, ...,cN}-
Using (7), for the arbitrary z € P, s m, Puo,m C Pa1, we obtain for n > 1

| | N cocM
| fu(z \<1+Z % <1+27:C(Pa,U,M),

i=1Re(Q; (1))(Z>eim) =14, )COS( o)

where the constant C(P, 1) depends only on the domain (9), i.e. the sequence {f,(z)} is
uniformly bounded in P, ; p.

Let K be an arbitrary compact subset of Py;. Let us cover K with domains of form (9). From
this cover we choose the finite subcover Py, o, M, Puy,00,M/ - - - 1 Pa, 0, m- We set

C(K) = ImaxXx {C(PIXLULM)' C(PDCZ,UZ,M)' ey C(P“rlo'r’M)} .

Then for arbitrary z € K we obtain |f,(z)| < C(K), for n > 1, i.e. the sequence {f,(z)} is
uniformly bounded on each compact subset of the domain (6).



CONVERGENCE OF BRANCHED CONTINUED FRACTIONS WITH INDEPENDENT VARIABLES 57
Let b = min{1, M, q1/(2¢c),q2/(2%c),...,qn/(2Nc)} and let
AR:{ze]RN: 0<zx<R<b, 1§k§N}.

Evidently Ag C Py for each 0 < R < b, in particular, say Ay, C Py. Then for the arbitrary
z € AR, AR C Py, we obtain
|ci)ziy | < be < Z’ilq?(l) foralli(1) € 74,
o '
|cit i | < q;’Ek)q;’Ek_l)(l — gi(k—1) foralli(k) € Zy, k > 2.

It follows from theorem 1 [8], with g9 = 1/2, that (1) converges in the domain Ag. Hence,
by theorem 2.17 [3, p. 66] (see also theorem 24.2 [13, pp. 108-109]) the multidimensional S-
fraction with independent variables (1) converges uniformly on compact subsets of Py to a
holomorphic function. O

The following two theorem can be proved in much the same way as theorem 1 using theo-
rem 1 and 5 [5], respectively.

Theorem 2. A multidimensional S-fraction with independent variables (2), where the c;y),
i(k) € Iy, k > 1, satisfy the inequalities c;(x) < q;’zk)q;’bil)(l — gjk—1)) for alli(k) € I, k > 1,
where {‘ii(k)}i(k) €7, keN, 1S a sequence of real numbers such that 0 < q;) < 1 for alli(k) € Z,
k > 0, converges to a function holomorphic in the domain

D= U {z € CN: |zi| — Re(zre %) < 2cos?(a), 1 <k < N}. (10)
ae(—m/2,m/2)

The convergence is uniform on every compact subset of D.

Theorem 3. A multidimensional S-fraction with independent variables (2), where the c;y),

i(k) € Iy, k > 1, satisfy the inequalities c;1) < q?(f)l foralli(1) € 7y and ¢y < qi’zk)q?z;jl)(l —
qi(k—1)) foralli(k) € Iy, k > 2, where {q;(x) }i(x)ez,, ken 1S a sequence of real numbers satisfying
the inequalities (5) and 25\1[:1 qi(1) < 1, converges to a function holomorphic in the domain (10).

The convergence is uniform on every compact subset of D.
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Amvurpymvs P.1. [Tpo degki o6 nacmi 36iscHocmi baeamosumiprux S-0pobie 3 HepisHOSHAUHUMIY SMIHHUMU
// Kapnarcbki MateM. my6a. — 2019. — T.11, Nel. — C. 54-58.

AocAiAXyeTbesT 361KHICTh 6araTOBMMIpHMX S-ApObiB 3 HepiBHO3HAYHVMY 3MIiHHUMY i3 BUKOPY-
CTaHHSIM 6araTOBMMIpHOTO y3araAbHEHHSI KAACUYHOI O3HakM 36iXHocTi BopmiTchkoro, o3Hak 36i-
KHOCTi AAST TIAASICTMIX AQHITIOTOBMX APOGiB 3 HepiBHOZHAUHVMMM 3MiHHVMMY, YaCTVHHI AQHKU SIKMX

e
qzl({k)q;}((k,l)(1_‘1i(k—1))zi(k)
T

MAarOTh BUTASIA , i TeopeMy Ipo IPOAOBXeHHsI 361KHOCTI i3 y>ke BiAOMOI MaAOl
obaacrti A0 6iabmmol. OTpuMaHo, o 06’c¢AHaHHSI IePEeTHHIB MapabOAiYHIX 1 KPyToBMX ObAacTelt €
obAacTIo 361XHOCT] 6araToBMMipHOTO S-Apoby 3 HepiBHO3HAYHMMM 3MiHHMMY, a 00’€AHaHHS Mapa-
boAiuHMX 0bAaCTelt — 06AACTIO 361KHOCTI 06epHEHOTO A0 HBOTO TIAASICTOTO AAHIIIOTOBOTO APO6Y 3
HePiBHO3HAUHMMI 3MiHHVMA.

Kntouosi cnosa i ppasu: baraToBMMipHWMIL S-Api6 3 HepiBHO3HAUHMMM 3MiHHVIMY, 361KHICTb.



