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Ïåðåäìîâà

Íàâ÷àëüíèé ïîñiáíèê íàïèñàíî íà ïiäñòàâi äîñâiäó âèêëàäàííÿ ïðàêòè-

÷íîãî êóðñó ìàòåìàòè÷íîãî àíàëiçó íà ôàêóëüòåòi ìàòåìàòèêè òà iíôîðìà-

òèêè i ôiçèêî-òåõíi÷íîìó ôàêóëüòåòi Ïðèêàðïàòñüêîãî íàöiîíàëüíîãî óíiâåð-

ñèòåòó äëÿ ñòóäåíòiâ ìàòåìàòè÷íèõ òà òåõíi÷íèõ ñïåöiàëüíîñòåé.

Ìàòåðiàë ï'ÿòî¨ ÷àñòèíè ïîñiáíèêà îõîïëþ¹ ïîíÿòòÿ êðèâîëiíiéíèõ iíòå-

ãðàëiâ ïåðøîãî i äðóãîãî ðîäó òà ìåòîäiâ ¨õ ðîçâ'ÿçóâàííÿ, âëàñòèâîñòi òà çà-

ñòîñóâàííÿ êðàòíèõ iíòåãðàëiâ, äîñëiäæåííÿ íåâëàñíèõ êðàòíèõ iíòåãðàëiâ,

âëàñòèâîñòi òà çàñòîñóâàííÿ ïîâåðõíåâèõ iíòåãðàëiâ, à òàêîæ çàñòîñóâàííÿ

îñíîâíèõ iíòåãðàëüíèõ ôîðìóë òà åëåìåíòiâ òåîði¨ ïîëÿ.

Íà ïî÷àòêó êîæíîãî ïàðàãðàôó ïîäàþòüñÿ êîðîòêi òåîðåòè÷íi âiäîìîñòi

ç êîæíî¨ òåìè, ÿêi ìiñòÿòü îñíîâíi îçíà÷åííÿ, ôîðìóëþâàííÿ âàæëèâèõ òå-

îðåì òà îñíîâíi ôîðìóëè. Äàëi ïîìiùåíî âïðàâè äëÿ ðîçâ'ÿçóâàííÿ. Äðóãà

÷àñòèíà êîæíîãî ïàðàãðàôó ìiñòèòü ïîâíå ðîçâ'ÿçóâàííÿ âèáðàíèõ âïðàâ.

Â êiíöi êîæíîãî ðîçäiëó ïîäàíi iíäèâiäóàëüíi çàâäàííÿ.

Ìàþ÷è íàâ÷àëüíèé ïîñiáíèê çi çðàçêàìè ðîçâ'ÿçàíèõ ïðèêëàäiâ, âèêëàäà÷

ìîæå çîñåðåäèòè óâàãó ñòóäåíòiâ íà ðîçâ'ÿçóâàííi áiëüø ñêëàäíiøèõ çàäà÷.

Íàÿâíiñòü òåîðåòè÷íîãî ìàòåðiàëó òà ïðèêëàäiâ ðîçâ'ÿçóâàííÿ çàäà÷ äîïîìî-

æå ñòóäåíòó îïðàöüîâóâàòè ìàòåðiàë ïîñiáíèêà ñàìîñòiéíî.

Ñëiä çàçíà÷èòè, ùî äëÿ äîñêîíàëîãî âèâ÷åííÿ ìàòåðiàëó ïåðåä òèì, ÿê ïî-

÷èíàòè ðîçâ'ÿçóâàòè âïðàâè, íåîáõiäíî äîáðå çàñâî¨òè òåîðåòè÷íèé ìàòåðiàë

ç êîæíî¨ òåìè. Ïîòiì ðîçiáðàòè íàâåäåíi âïðàâè ç ðîçâ'ÿçêàìè i îáîâ'ÿçêîâî

çàêðiïèòè çíàííÿ ðîçâ'ÿçóâàííÿì âïðàâ äëÿ ñàìîñòiéíîãî âèêîíàííÿ.



ÐÎÇÄIË I. Êðèâîëiíiéíi iíòåãðàëè.

Çàñòîñóâàííÿ

�1.1. Êðèâîëiíiéíi iíòåãðàëè ïåðøîãî ðîäó

Íåõàé ôóíêöiÿ f(x, y) âèçíà÷åíà íà ïðîñòié ãëàäêié äóçi (AB), ðiâíÿííÿ

ÿêî¨ ìà¹ âèãëÿä

 x = x(l),

y = y(l),
äå l ∈ [0;L], ïðè÷îìó çà ïàðàìåòð l âçÿòî

äîâæèíó äóãè (AM), äå M � äîâiëüíà òî÷êà äóãè (AB), òîáòî L = l(AB).

Ðîçãëÿíåìî äîâiëüíå ðîçáèòòÿ äóãè êðèâî¨ (AB) òî÷êàìè Ai, i = 1, n,

ïðè÷îìó òî÷êè ïîäiëó áóäåìî íóìåðóâàòè â íàïðÿìi âiä òî÷êè A äî òî÷êè

B : A = A0, A1, . . . , Ai, Ai+1, . . . , An = B. Â òàêîìó âèïàäêó âiäðiçîê [0;L]

ðîçiá'¹òüñÿ çíà÷åííÿìè li, i = 1, n, íà ÷àñòèíêè: 0 = l0 < l1 < . . . < li <

li+1 < . . . < ln = L.

Ñêëàäåìî ñóìó S =
n−1∑
i=1

f(x(τi), y(τi))∆li, äå ∆li = li+1 − li, τi ∈ [li; li+1],

i = 0, n− 1, ÿêó íàçèâàþòü iíòåãðàëüíîþ ñóìîþ äëÿ ôóíêöi¨ f(x, y) ïî

äóçi (AB).

ßêùî ïðè ïðÿìóâàííi λ = max
i

∆li äî íóëÿ iíòåãðàëüíà ñóìà ìà¹ ñêií÷åí-

íó ãðàíèöþ I, ùî íå çàëåæèòü âiä ñïîñîáó ïîäiëó êðèâî¨ (AB) i âiä âèáîðó

òî÷îê A∗i (x(τi), y(τi)) íà ÷àñòèíêàõ (AiAi+1), i = 0, n− 1, òî âîíà íàçèâà¹òüñÿ

êðèâîëiíiéíèì iíòåãðàëîì ïåðøîãî ðîäó âiä ôóíêöi¨ f(x, y) ïî äóçi

(AB) i ïîçíà÷à¹òüñÿ

I =

∫
(AB)

f(x, y)dl.
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Îòæå,

∫
(AB)

f(x, y)dl = lim
λ→0

n−1∑
i=0

f(x(τi), y(τi))∆li. ßêùî

∫
(AB)

f(x, y)dl iñíó¹,

òî ôóíêöiþ f(x, y) íàçèâàþòü iíòåãðîâíîþ íà äóçi (AB).

Çàóâàæèìî, ùî â íàâåäåíîìó îçíà÷åííi íå âiäiãðà¹ ðîëü íàïðÿì, çà ÿêèì

ìîæå áóòè ïðîâåäåíå iíòåãðóâàííÿ. ßêùî äóãà êðèâî¨ (AB) íå çàìêíåíà i ïiä

(AB) òà (BA) ðîçóìiòè ðiçíi íàïðÿìëåíi êðèâi, òî∫
(AB)

f(x(l), y(l))dl =

∫
(BA)

f(x(l), y(l))dl.

Çà àíàëîãi¹þ ìîæíà âèçíà÷èòè ïîíÿòòÿ êðèâîëiíiéíîãî iíòåãðàëà ïåðøîãî

ðîäó âiä ôóíêöi¨ f(x, y, z) ïî ïðîñòîðîâié êðèâié (AB) :∫
(AB)

f(x, y, z)dl = lim
λ→0

n−1∑
i=0

f(x(τi), y(τi), z(τi))∆li.

Ñóìà S ¹ iíòåãðàëüíîþ ñóìîþ äëÿ ôóíêöi¨ f(x(l), y(l)) îäíi¹¨ çìiííî¨ l

íà âiäðiçêó [0;L]. Òîìó, ÿêùî iñíó¹ âèçíà÷åíèé iíòåãðàë

L∫
0

f(x(l), y(l))dl, òî

iñíóâàòèìå i êðèâîëiíiéíèé iíòåãðàë

∫
(AB)

f(x, y)dl, ïðè÷îìó

∫
(AB)

f(x, y)dl =

L∫
0

f(x(l), y(l))dl.

Öÿ ðiâíiñòü ñïðàâäæó¹òüñÿ, çîêðåìà, äëÿ ôóíêöi¨ f(x(l), y(l)), íåïåðåðâ-

íî¨ íà âiäðiçêó [0;L]. Êðèâîëiíiéíèé iíòåãðàë ïåðøîãî ðîäó iñíó¹ i òîäi, êîëè

ôóíêöiÿ f(x, y) ¹ íåïåðåðâíîþ â äåÿêié îáëàñòi, ÿêié íàëåæèòü äóãà (AB).

Íåõàé êðèâà (AB) çàäàíà ïàðàìåòðè÷íî ðiâíÿííÿì

 x = ϕ(t),

y = ψ(t),
äå

t0 6 t 6 T, i ôóíêöi¨ ϕ(t), ψ(t) íåïåðåðâíi ðàçîì iç ñâî¨ìè ïîõiäíèìè ϕ′(t),

ψ′(t), ïðè÷îìó A = A(ϕ(t0), ψ(t0)), B = B(ϕ(T ), ψ(T )). Òîäi∫
(AB)

f(x, y)dl =

T∫
t0

f(ϕ(t), ψ(t))
√

(ϕ′(t))2 + (ψ′(t))2dt.
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Íåõàé êðèâà (AB) çàäàíà ÿâíî ðiâíÿííÿì y = g(x), x ∈ [a; b], â äåêàðòî-

âié ñèñòåìi êîîðäèíàò, ïðè÷îìó ôóíêöiÿ g(x) ¹ íåïåðåðâíîþ íà [a; b] ðàçîì

çi ñâî¹þ ïîõiäíîþ g′(x). Òîäi îòðèìà¹ìî, ùî

∫
(AB)

f(x, y)dl =

b∫
a

f(x, g(x))
√

1 + (g′(x))2dx.

Àíàëîãi÷íî, ÿêùî êðèâà (AB) çàäàíà ðiâíÿííÿì x = h(y), y ∈ [c; d], i

ôóíêöi¨ h(y), h′(y) ¹ íåïåðåðâíèìè íà âiäðiçêó [c; d], òî

∫
(AB)

f(x, y)dl =

d∫
c

f(h(y), y)
√

1 + (h′(y))2dy.

Íåõàé êðèâà (AB) çàäàíà â ïîëÿðíié ñèñòåìi êîîðäèíàò ðiâíÿííÿì

r = r(ϕ), äå ϕ ∈ [α; β]. ßêùî r(ϕ), r′(ϕ) ¹ íåïåðåðâíèìè ôóíêöiÿìè äëÿ

âñiõ ϕ ∈ [α; β], òî ñïðàâåäëèâà ôîðìóëà

∫
(AB)

f(x, y)dl =

β∫
α

f(r(ϕ) cosϕ, r(ϕ) sinϕ)
√

(r(ϕ))2 + (r′(ϕ))2dϕ.

Çàóâàæèìî, ùî ÿêùî â ïîïåðåäíiõ ôîðìóëàõ âçÿòè f(x, y) = 1, òî∫
(AB)

dl = l(AB),

òîáòî îòðèìà¹ìî ôîðìóëè äëÿ îá÷èñëåííÿ äîâæèíè äóãè êðèâî¨ â ðiçíèõ

âèïàäêàõ.

ßêùî êóñêîâî-ãëàäêà äóãà (AB) ñêëàäà¹òüñÿ iç ñêií÷åííî¨ êiëüêîñòi ïðî-

ñòèõ ãëàäêèõ äóã (AiAi+1), i = 0, n− 1, òî∫
(AB)

f(x, y)dl =
n−1∑
i=0

∫
(AiAi+1)

f(x, y)dl.

Çàóâàæèìî, ùî íàäàëi, äå íåîáõiäíî, äóãó iíòåãðóâàííÿ (AB) áóäåìî ïî-

çíà÷àòè ÷åðåç (Γ).
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Âïðàâè

1. Îá÷èñëèòè äàíi êðèâîëiíiéíi iíòåãðàëè ïåðøîãî ðîäó:

1)

∫
(AB)

dl√
x2 + y2

, äå (AB) � âiäðiçîê ïðÿìî¨ 3y − 2x + 3 = 0 âiä òî÷êè

A(0;−1) äî òî÷êè B(3; 1);

2)

∫
(Γ)

y dl, äå (Γ) = {(x, y) : y = cosx, 0 6 x 6 π};

3)

∫
(AB)

(3x+ 4y)dl, äå (AB) � âiäðiçîê ïðÿìî¨, ùî ñïîëó÷à¹ òî÷êè A(1; 2)

òà B(4; 3);

4)

∫
(Γ)

(y − x)dl, äå (Γ) � äóãà êðèâî¨ y = x3 âiä òî÷êè (−1;−1) äî òî÷êè

(2; 8);

5)

∫
(Γ)

(x+ y)dl, äå (Γ) � òðèêóòíèê ç âåðøèíàìè O(0; 0), A(1; 0), B(0; 1);

6)

∫
(Γ)

x2dl, äå (Γ) � âåðõíÿ ïîëîâèíà êîëà x2 + y2 = 9;

7)

∫
(Γ)

x2y dl, äå (Γ) � ÷âåðòü åëiïñà 9x2 + 4y2 = 4, x > 0, y > 0;

8)

∫
(Γ)

y2 dl, äå (Γ) � àðêà öèêëî¨äè

 x = a(t− sin t),

y = a(1− cos t),
0 6 t 6 2π;

9)

∫
(Γ)

(x+ y) dl, äå (Γ) = {(x, y) : x = a cos t, y = a sin t, 0 6 t 6 π
2};

10)

∫
(Γ)

(x2+y2) dl, äå (Γ) = {(x, y) : x = a(cos t+t sin t), y = a(sin t−t cos t),

0 6 t 6 2π};

11)

∫
(Γ)

(x
4
3 + y

4
3 ) dl, äå (Γ) = {(x, y) : x

2
3 + y

2
3 = a

2
3};

12)

∫
(Γ)

xy dl, äå (Γ) � äóãà ãiïåðáîëè

 x = a ch t,

y = a sh t,
0 6 t 6 t0;

13)

∫
(Γ)

√
x2 + y2 dl, äå (Γ) � êîëî x2 + y2 = ax;
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14)

∫
(Γ)

e
√
x2+y2 dl, äå (Γ) � êîíòóð êðèâîëiíiéíîãî ñåêòîðà, îáìåæåíîãî

êðèâèìè r = a, ϕ = 0, ϕ =
π

4
;

15)

∫
(Γ)

x dl, äå (Γ) � âåðõíÿ ïîëîâèíà êðèâî¨ r = 1 + cosϕ, 0 6 ϕ 6 π;

16)

∫
(Γ)

(x2 + y2) dl, äå (Γ) � äóãà ëîãàðèôìi÷íî¨ ñïiðàëi r = ae3ϕ âiä òî÷êè

A(a; 0) äî òî÷êè O(0; 0);

17)

∫
(Γ)

x dl, äå (Γ) � ÷àñòèíà ëîãàðèôìi÷íî¨ ñïiðàëi r = aekϕ, k > 0, ùî

çíàõîäèòüñÿ âñåðåäèíi êðóãà r 6 a;

18)

∫
(Γ)

|y| dl, äå (Γ) � äóãà ëåìíiñêàòè Áåðíóëëi (x2 + y2)2 = a2(x2 − y2);

19)

∫
(Γ)

(x2 + y2 + z2) dl, äå (Γ) � ÷àñòèíà ãâèíòîâî¨ ëiíi¨ x = a cos t,

y = a sin t, z = bt, 0 6 t 6 2π;

20)

∫
(Γ)

x2dl, äå (Γ) � êîëî, ùî óòâîðþ¹òüñÿ ïðè ïåðåòèíi ñôåðè

x2 + y2 + z2 = a2 ïëîùèíîþ x+ y + z = 0.

2. Îá÷èñëèòè äîâæèíè çàäàíèõ êðèâèõ:

1) y =
√
x− x2 + arcsin

√
x, 0 6 x 6 1;

2) y = 2(
√
ex − 1− arctg

√
ex − 1), 0 6 x 6 2;

3) x = a(t− sin t), y = a(1− cos t), 0 6 t 6 2π;

4) x = a(cos t+ t sin t), y = a(sin t− t cos t), 0 6 t 6 π;

5) r = a(1 + cosϕ), 0 6 ϕ 6 π;

6) r = aϕ, 0 6 ϕ 6 2π;

7) r = a sin3 ϕ

3
;

8) x = 3t, y = 3t2, z = 2t3 âiä òî÷êè O(0; 0; 0) äî òî÷êè A(3; 3; 2);

9) x = e−t cos t, y = e−t sin t, z = e−t ïðè 0 < t < +∞;

10) x2 + y2 = cz,
y

x
= tg

z

c
âiä òî÷êè O(0; 0; 0) äî òî÷êè A(x0; y0; z0).
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.7. Äëÿ ñïðîùåííÿ îá÷èñëåíü çàïèøåìî ïàðàìåòðè÷íå ðiâíÿííÿ çàäàíî-

ãî åëiïñà:

 x = 2
3 cos t,

y = sin t.
Çà óìîâîþ x > 0, y > 0, òîäi 0 6 t 6

π

2
.

Îòæå, çà ôîðìóëîþ çâåäåííÿ êðèâîëiíiéíîãî iíòåãðàëà äî çâè÷àéíîãî ó

âèïàäêó ïàðàìåòðè÷íî çàäàíî¨ êðèâî¨ îòðèìà¹ìî

∫
(Γ)

x2y dl =

∣∣∣∣∣∣∣∣∣
x = 2

3 cos t,

y = sin t,

0 6 t 6 π
2

∣∣∣∣∣∣∣∣∣ =
4

9

π
2∫

0

cos2 t sin t

√
cos2 t+

4

9
sin2 tdt =

= −4

9

π
2∫

0

cos2 t

√
4

9
+

5

9
cos2 td(cos t) =

∣∣∣∣∣∣∣∣∣
cos t = z,

t1 = 0, z1 = 1,

t2 = π
2 , z2 = 0

∣∣∣∣∣∣∣∣∣ =

=
4
√

5

27

1∫
0

z2

√
4

5
+ z2dz =

∣∣∣∣∣∣ U = z, dU = dz,

dV = z
√

4
5 + z2dz, V =

√
( 4
5+z2)3

3

∣∣∣∣∣∣ =

=
4
√

5

27

(z√(4
5 + z2

)3

3

∣∣∣1
0
− 1

3

1∫
0

√(4

5
+ z2

)3

dz
)

=

=
4
√

5

27

( 9

5
√

5
− 4

15

1∫
0

√
4

5
+ z2dz − 1

3

1∫
0

z2

√
4

5
+ z2dz

)
.

Çâiäñè

4
√

5

27

1∫
0

z2

√
4

5
+ z2dz =

√
5

9

( 9

5
√

5
− 4

15

(z
2

√
4

5
+ z2 +

2

5
ln
(
z+

√
4

5
+ z2

))∣∣∣1
0

)
=

=

√
5

9

( 9

5
√

5
− 2

5
√

5
− 8

75
ln

√
5 + 3

2

)
=

√
5(21
√

5− 8)

675
ln

√
5 + 3

2
. I

1.18. Ïåðåéäåìî äî ïîëÿðíî¨ ñèñòåìè êîîðäèíàò. Òîäi ðiâíÿííÿ ëåìíiñêà-

òè Áåðíóëëi ìàòèìå âèãëÿä r = a
√

cos 2ϕ, äå ϕ ∈
[
− π

4 + πn; π4 + πn
]
, n ∈ Z.
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Òîäi

∫
(Γ)

|y|dl =

∣∣∣∣∣∣∣∣
x = r(ϕ) cosϕ, y = r(ϕ) sinϕ, r(ϕ) = a

√
cos 2ϕ,

dl = a

√
cos2 2ϕ+ sin2 2ϕ

cos 2ϕ
dϕ =

adϕ√
cos 2ϕ

∣∣∣∣∣∣∣∣ =

= a2
(
−

0∫
−π4

sinϕ
√

cos 2ϕ · dϕ√
cos 2ϕ

+

π
4∫

0

sinϕ
√

cos 2ϕ · dϕ√
cos 2ϕ

+

+

π∫
3π
4

sinϕ
√

cos 2ϕ · dϕ√
cos 2ϕ

−

5π
4∫

π

sinϕ
√

cos 2ϕ · dϕ√
cos 2ϕ

)
=

= a2
(
−

0∫
−π4

sinϕdϕ+

π
4∫

0

sinϕdϕ+

π∫
3π
4

sinϕdϕ−

5π
4∫

π

sinϕdϕ
)

=

= a2
(

cosϕ
∣∣∣0
−π4
− cosϕ

∣∣∣π4
0
− cosϕ

∣∣∣π
3π
4

+ cosϕ
∣∣∣ 5π4
π

)
= 2a2(2−

√
2). I

2.9. Äëÿ ïàðàìåòðè÷íî çàäàíî¨ ïðîñòîðîâî¨ êðèâî¨


x = ϕ(t),

y = ψ(t),

z = λ(t),

äå

t0 6 t 6 T, âèêîðèñòîâó¹ìî íàñòóïíó ôîðìóëó äëÿ îá÷èñëåííÿ äîâæèíè öi¹¨

êðèâî¨:

L =

∫
(AB)

dl =

T∫
t0

√
(ϕ′(t))2 + (ψ′(t))2 + (λ′(t))2dt.

Â íàøîìó âèïàäêó ϕ′(t) = −e−t cos t−e−t sin t, ψ′(t) = −e−t sin t+e−t cos t,

λ′(t) = −e−t. Òîäi

L =

+∞∫
0

e−t
√

(cos t+ sin t)2 + (sin t− cos t)2 + 1dt =

=

+∞∫
0

e−t
√

cos2 t+ 2 sin t cos t+ sin2 t+ sin2 t− 2 cos t sin t+ cos2 t+ 1dt =

√
3

+∞∫
0

e−tdt =
√

3 lim
b→+∞

b∫
0

e−tdt =
√

3 lim
b→+∞

(−e−b + 1) =
√

3 (ëií.îä.). I
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�1.2. Êðèâîëiíiéíi iíòåãðàëè äðóãîãî ðîäó

Íåõàé ôóíêöi¨ P (x, y) òà Q(x, y) ¹ âèçíà÷åíèìè íà íåïåðåðâíié íåçàìêíå-

íié ïðîñòié êðèâié âèãëÿäó (AB) = {(x, y) : x = ϕ(t), y = ψ(t), t ∈ [t0;T ]},

A = A(ϕ(t0), ψ(t0)), B = B(ϕ(T ), ψ(T )).

Ðîçãëÿíåìî ðîçáèòòÿ êðèâî¨ (AB) íà n ÷àñòèíîê òî÷êàìè A = A0, A1, . . . ,

Ai, Ai+1, . . . , An = B. Ïðè öüîìó ðîçáèòòi âiäðiçîê [t0;T ] ïîäiëèòüñÿ íà ÷à-

ñòèíêè òî÷êàìè ti, i = 1, n : t0 < t1 < . . . < ti < ti+1 < . . . < tn = T.

Íåõàé (xi, yi) � êîîðäèíàòè òî÷êè Ai, xi = ϕ(ti), yi = ψ(ti), ∆xi =

xi+1−xi, ∆yi = yi+1−yi, ∆ti = ti+1−ti, λ = max
i

∆ti, τi ∈ [ti; ti+1]. Ñêëàäåìî

iíòåãðàëüíi ñóìè

Sx =
n−1∑
i=0

P (ϕ(τi), ψ(τi))∆xi, Sy =
n−1∑
i=0

Q(ϕ(τi), ψ(τi))∆yi.

ßêùî iñíó¹ ñêií÷åííà ãðàíèöÿ lim
λ→0

Sx, òî ¨¨ íàçèâàþòü êðèâîëiíiéíèì

iíòåãðàëîì äðóãîãî ðîäó âiä ôóíêöi¨ P (x, y) ïî äóçi êðèâî¨ (AB) çà

àáñöèñîþ i ïîçíà÷àþòü

∫
(AB)

P (x, y)dx. ßêùî iñíó¹ ñêií÷åííà ãðàíèöÿ lim
λ→0

Sy,

òî ¨¨ íàçèâàþòü êðèâîëiíiéíèì iíòåãðàëîì äðóãîãî ðîäó âiä ôóíêöi¨

Q(x, y) ïî äóçi êðèâî¨ (AB) çà îðäèíàòîþ i ïîçíà÷àþòü

∫
(AB)

Q(x, y)dy.

Çàãàëüíèé êðèâîëiíiéíèé iíòåãðàë äðóãîãî ðîäó ïîçíà÷àþòü∫
(AB)

P (x, y)dx+Q(x, y)dy.

Ïðè öüîìó∫
(AB)

P (x, y)dx+Q(x, y)dy =

∫
(AB)

P (x, y)dx+

∫
(AB)

Q(x, y)dy.

Îá÷èñëåííÿ êðèâîëiíiéíèõ iíòåãðàëiâ äðóãîãî ðîäó çâîäèòüñÿ äî îá÷èñëå-

ííÿ âèçíà÷åíèõ iíòåãðàëiâ.

Íåõàé ôóíêöi¨ P (x, y), Q(x, y) íåïåðåðâíi ïî íåïåðåðâíié íåçàìêíåíié

ïðîñòié êðèâié (AB). Ðîçãëÿíåìî òðè âèïàäêè çàäàííÿ êðèâî¨:
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1) ÿêùî êðèâà (AB) çàäàíà ïàðàìåòðè÷íî ðiâíÿííÿì

 x = ϕ(t),

y = ψ(t),

t ∈ [t0;T ], i ôóíêöi¨ ϕ′(t), ψ′(t) ¹ íåïåðåðâíèìè, òî âèêîíó¹òüñÿ ðiâíiñòü

∫
(AB)

P (x, y)dx+Q(x, y)dy =

T∫
t0

(
P (ϕ(t), ψ(t))ϕ′(t) +Q(ϕ(t), ψ(t))ψ′(t)

)
dt;

2) ÿêùî êðèâà (AB) çàäàíà ðiâíÿííÿì y = g(x), x ∈ [a; b], â äåêàðòîâié

ñèñòåìi êîîðäèíàò, i ôóíêöiÿ g′(x) ¹ íåïåðåðâíîþ, òî

∫
(AB)

P (x, y)dx+Q(x, y)dy =

b∫
a

(
P (x, g(x)) +Q(x, g(x))g′(x)

)
dx;

3) ÿêùî êðèâà (AB) çàäàíà ðiâíÿííÿì r = r(ϕ), ϕ ∈ [α; β], â ïîëÿðíié

ñèñòåìi êîîðäèíàò, i ôóíêöiÿ r′(ϕ) ¹ íåïåðåðâíîþ äëÿ ϕ ∈ [α; β], òî

∫
(AB)

P (x, y)dx+Q(x, y)dy =

β∫
α

(
P (r(ϕ) cosϕ, r(ϕ) sinϕ)×

×(r′(ϕ) cosϕ−r(ϕ) sinϕ)+Q(r(ϕ) cosϕ, r(ϕ) sinϕ)(r′(ϕ) sinϕ+r(ϕ) cosϕ)
)
dϕ.

Âëàñòèâîñòi êðèâîëiíiéíîãî iíòåãðàëà äðóãîãî ðîäó

1.

∫
(AB)

0 · dx =

∫
(AB)

0 · dy = 0.

2.

∫
(AB)

dx = xB − xA,
∫

(AB)

dy = yB − yA.

3. ßêùî ïðÿìà (AB) ïàðàëåëüíà äî îñi Ox, òî

∫
(AB)

Q(x, y)dy = 0; ÿêùî

ïðÿìà (AB) ïàðàëåëüíà äî îñi Oy, òî

∫
(AB)

P (x, y)dx = 0.

4. ßêùî a, b ∈ R, òî∫
(AB)

(
aP (x, y) + bQ(x, y)

)
dx = a

∫
(AB)

P (x, y)dx+ b

∫
(AB)

Q(x, y)dx,

ïðè óìîâi iñíóâàííÿ iíòåãðàëiâ ó ïðàâié ÷àñòèíi ðiâíîñòi.
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Öi¹þ âëàñòèâiñòþ âîëîäiþòü i êðèâîëiíiéíi iíòåãðàëè äðóãîãî ðîäó çà îð-

äèíàòîþ.

5. ßêùî C � äîâiëüíà òî÷êà êðèâî¨ (AB), òî∫
(AB)

P (x, y)dx+Q(x, y)dy =

=

∫
(AC)

P (x, y)dx+Q(x, y)dy +

∫
(CB)

P (x, y)dx+Q(x, y)dy,

ïðè óìîâi, ùî iñíóþòü iíòåãðàëè â îáèäâîõ ÷àñòèíàõ ðiâíîñòi.

6. Ñïðàâåäëèâà ðiâíiñòü∫
(AB)

P (x, y)dx+Q(x, y)dy = −
∫

(BA)

P (x, y)dx+Q(x, y)dy.

Çàóâàæèìî, ùî äîäàòíiì íàïðÿìîì çàìêíåíî¨ äóãè ââàæàþòü òîé, ïðè

ðóñi âçäîâæ ÿêîãî îáëàñòü, îáìåæåíà äóãîþ, çàëèøà¹òüñÿ çëiâà.

7. ßêùî ôóíêöi¨ P (x, y) i Q(x, y) íåïåðåðâíi íà êóñêîâî-ãëàäêié êðèâié

(AB), òî ∣∣∣ ∫
(AB)

P (x, y)dx+Q(x, y)dy
∣∣∣ 6ML,

äå M = max
(x,y)∈(AB)

√
(P (x, y))2 + (Q(x, y))2, L � äîâæèíà äóãè (AB).

8. ßêùî ôóíêöi¨ P, Q, P ′y i Q′x íåïåðåðâíi â çàìêíåíié îáëàñòi (D), ùî

îáìåæåíà êóñêîâî-ãëàäêèì êîíòóðîì (Γ), òî iñíó¹ òî÷êà M(x, y) ∈ (D) òàêà,

ùî âèêîíó¹òüñÿ ðiâíiñòü∫
(Γ)

P (x, y)dx+Q(x, y)dy = D · (Q′x(x, y)− P ′y(x, y)),

äå D � ïëîùà îáëàñòi (D).

Íåõàé â äåÿêié çâ'ÿçíié îáëàñòi (D) çàäàíi äâi íåïåðåðâíi ôóíêöi¨ P (x, y)

i Q(x, y). Ðîçãëÿíåìî êðèâîëiíiéíèé iíòåãðàë

∫
(AB)

P (x, y)dx + Q(x, y)dy, äå

A, B � äâi äîâiëüíi òî÷êè iç (D), à (AB) � äîâiëüíà êóñêîâî-ãëàäêà êðèâà,

ùî ñïîëó÷à¹ A òà B i ïîâíiñòþ ëåæèòü â îáëàñòi (D).
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Òåîðåìà 1. Äëÿ òîãî, ùîá êðèâîëiíiéíèé iíòåãðàë äðóãîãî ðîäó íå çà-

ëåæàâ âiä ôîðìè äóãè iíòåãðóâàííÿ, íåîáõiäíî i äîñòàòíüî, ùîá äèôåðåí-

öiàëüíèé âèðàç P (x, y)dx + Q(x, y)dy áóâ â îáëàñòi (D) äèôåðåíöiàëîì âiä

äåÿêî¨ îäíîçíà÷íî¨ ôóíêöi¨ äâîõ çìiííèõ F (x, y).

Ïðè âèêîíàííi óìîâ òåîðåìè 1 ñïðàâåäëèâîþ ¹ ðiâíiñòü∫
(AB)

P (x, y)dx+Q(x, y)dy = F (xB, yB)− F (xA, yA) = F (x, y)
∣∣∣(xB ,yB)

(xA,yA)
.

Òåîðåìà 2. Äëÿ òîãî, ùîá ó âñié îáëàñòi (D) âèðàç P (x, y)dx+Q(x, y)dy

áóâ ïîâíèì äèôåðåíöiàëîì, íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà

P ′y = Q′x.

Òåîðåìà 3. Äëÿ òîãî, ùîá êðèâîëiíiéíèé iíòåãðàë äðóãîãî ðîäó∫
(AB)

P (x, y)dx+Q(x, y)dy íå çàëåæàâ âiä ôîðìè äóãè iíòåãðóâàííÿ, íåîáõiäíî

i äîñòàòíüî, ùîá P ′y = Q′x.

Òåîðåìà 4. Äëÿ òîãî, ùîá êðèâîëiíiéíèé iíòåãðàë äðóãîãî ðîäó∫
(AB)

P (x, y)dx+Q(x, y)dy ïî çàìêíåíîìó êîíòóðó (Γ) â îäíîçâ'ÿçíié îáëàñòi

(D) áóâ ðiâíèé íóëþ, íåçàëåæíî âiä ôîðìè çàìêíåíîãî êîíòóðà, íåîáõiäíî

i äîñòàòíüî, ùîá âèêîíóâàëàñü ðiâíiñòü P ′y = Q′x äëÿ äîâiëüíî¨ òî÷êè ç

îáëàñòi (D).

Âïðàâè

1. Îá÷èñëèòè êðèâîëiíiéíi iíòåãðàëè äðóãîãî ðîäó:

1)

∫
(Γ)

(x2 − 2xy)dx+ (y2 − 2xy)dy, äå (Γ) � ïàðàáîëà y = x2, x ∈ [−1; 3];

2)

∫
(Γ)

y dx+ x dy

x2 + y2
, äå (Γ) = {(x, y) : y = 2x− 3, 0 6 x 6 2};

3)

∫
(Γ)

(x2 + y2)dx+ (x2 − y2)dy, äå (Γ) � êðèâà y = 1− |1− x|, 0 6 x 6 2;

4)

∫
(Γ)

(x + y)dx + (x − y)dy, äå (Γ) � åëiïñ
x2

4
+
y2

9
= 1 â íàïðÿìi îáõîäó

ïðîòè ãîäèííèêîâî¨ ñòðiëêè;
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5)

∫
(Γ)

2x dy − 3y dx, äå (Γ) � êîíòóð òðèêóòíèêà ç âåðøèíàìè A(1; 1),

B(3; 5), C(4; 7) ç íàïðÿìîì îáõîäó ïðîòè ãîäèííèêîâî¨ ñòðiëêè;

6)

∫
(Γ)

4x sin2 y dx+ y cos2 2x dy, äå (Γ) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(0; 0)

äî òî÷êè B(3; 6);

7)

∫
(Γ)

x

x2 + y2
dx− y

x2 + y2
dy, äå (Γ) = {(x, y) : x2 + y2 = 4};

8)

∫
(Γ)

y dx + 2x dy, äå (Γ) � êîíòóð ðîìáà çi ñòîðîíàìè
x

3
+
y

2
= ±1,

x

3
− y

2
= ±1 â íàïðÿìi îáõîäó ïðîòè ãîäèííèêîâî¨ ñòðiëêè;

9)

∫
(Γ)

dx+ dy

|x|+ |y|
, äå (Γ) � êîíòóð êâàäðàòà ç âåðøèíàìè ó òî÷êàõ A(1; 0),

B(0; 1), C(−1; 0), D(0;−1);

10)

∫
(OmAnO)

arctg
y

x
dy− dx, äå (OmA) � ÷àñòèíà ïàðàáîëè y = x2, (OnA) �

âiäðiçîê ïðÿìî¨ y = x;

11)

∫
(Γ)

x dy − y dx, äå (Γ) = {(x, y) : x = a cos3 t, y = a sin3 t, 0 6 t 6 2π};

12)

∫
(Γ)

(x+y)dx, äå (Γ)={(x, y) : x=2a cos t−a cos 2t, y=2a sin t−a sin 2t,

0 6 t 6 π};

13)

∫
(Γ)

xdy−ydx, äå (Γ)={(x, y) : x=a(t−sin t), y=a(1−cos t), 06 t62π};

14)

∫
(Γ)

x dy− y dx, äå (Γ) =
{

(x, y) : x =
3at

1 + t3
, y =

3at2

1 + t3
, t ∈ [0; +∞)

}
;

15)

∫
(Γ)

(y+x)dx−(x−y)dy, äå (Γ) � ïåòëÿ êðèâî¨ r = a cos 3ϕ, ϕ ∈
[
−π

6
;
π

6

]
,

a > 0, ùî ïåðåòèíà¹ ïîëÿðíó âiñü ç äîäàòíiì íàïðÿìîì îáõîäó êîíòóðà;

16)

∫
(Γ)

xy2dx+ (y2 − x2)dy, äå (Γ) � êðèâà r = a(1 + cosϕ), ϕ ∈ [0; 2π], ç

äîäàòíiì íàïðÿìîì îáõîäó êîíòóðà;
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17)

∫
(Γ)

xy2dx− x2ydy

x2 + y2
âçäîâæ ïðàâî¨ ïåëþñòêè ëåìíiñêàòè r = a

√
cos 2ϕ

â äîäàòíüîìó íàïðÿìi îáõîäó äóãè êðèâî¨;

18)

∫
(AB)

xy2dx + yz2dy − zx2dz, äå (AB) � âiäðiçîê ïðÿìî¨, ùî ñïîëó÷à¹

òî÷êè A(3;−1; 1) i B(−2; 2; 5);

19)

∫
(Γ)

xy dx+ yz dy+ zx dz, äå (Γ)=
{

(x, y, z) : x = cos t, y = sin t, z = 1,

0 6 t 6
π

2

}
;

20)

∫
(Γ)

yz dx+xz dy+xy dz, äå (Γ)={(x, y, z) : x=a cos t, y=a sin t, z=kt,

0 6 t 6 2π}.

2. Ïåðåêîíàâøèñü, ùî ïiäiíòåãðàëüíèé âèðàç ¹ ïîâíèì äèôåðåíöiàëîì,

îá÷èñëèòè íàñòóïíi êðèâîëiíiéíi iíòåãðàëè:

1)

(2;3)∫
(−1;−2)

x dy − y dx; 2)

(2;3)∫
(0;1)

(x+ y)dx+ (x− y)dy;

3)

(1;1)∫
(1;−1)

(x− y)(dx− dy); 4)

(6;8)∫
(1;0)

x dx+ y dy√
x2 + y2

;

5)

(3;0)∫
(−2;−1)

(x4 + 4xy3) dx+ (6x2y2 − 5y4) dy;

6)

(2;π)∫
(1;π)

(
1− y2

x2
cos

y

x

)
dx+

(
sin

y

x
+
y

x
cos

y

x

)
dy.

3. Âèçíà÷èòè, ÷è ¹ äàíèé âèðàç ïîâíèì äèôåðåíöiàëîì äåÿêî¨ ôóíêöi¨

äâîõ çìiííèõ. ßêùî òàê, òî çíàéòè öþ ôóíêöiþ.

1) (x2 + 2xy − y2) dx+ (x2 − 2xy − y2) dy;

2)
y dx

3x2 − 2xy + 3y2
− x dy

3x2 − 2xy + 3y2
;

3)
y

x2
dx+

dy

x
;

4)
( y√

1 + x2 + y2
− x

x2 + y2

)
dx+ 2xy dy;
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5) ex
(
ey(x− y + 2) + y

)
dx+ ex

(
ey(x− y) + 1

)
dy;

6)
(
y + ln(x+ 1)

)
dx+

(
x+ 1− ey

)
dy;

7)
(
ex+y + cos(x− y)

)
dx+

(
ex+y − cos(x− y) + 2

)
dy;

8)
(

arcsinx− x ln y
)
dx+

(
arcsin y +

x2

2y

)
dy.

4. Äîâåñòè, ùî ÿêùî f(u) � íåïåðåðâíà ôóíêöiÿ i (Γ) � êóñêîâî-ãëàäêèé

çàìêíåíèé êîíòóð, òî ∫
(Γ)

f(x2 + y2)(x dx+ y dy) = 0.

5. Îöiíèòè ìîäóëü iíòåãðàëà IR =

∫
x2+y2=R2

y dx− x dy
(x2 + xy + y2)2

i ïîêàçàòè, ùî

lim
R→+∞

IR = 0.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.10. Êîíòóð iíòåãðóâàííÿ (OmAnO) çîáðàæåíèé íà ðèñ. 1. Çà âëàñòèâi-

ñòþ 5 äëÿ êðèâîëiíiéíîãî iíòåãðàëà äðóãîãî ðîäó çàïèøåìî:∫
(OmAnO)

arctg
y

x
dy − dx =

∫
(OmA)

arctg
y

x
dy − dx+

∫
(AnO)

arctg
y

x
dy − dx.

1

1

y

O x

y = x2

m
n

A

Ðèñ. 1
Îá÷èñëèìî êîæåí ç iíòåãðàëiâ ñïðàâà:∫

(OmA)

arctg
y

x
dy − dx =

1∫
0

(2x arctg x− 1) dx =
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= 2

1∫
0

x arctg x dx−
1∫

0

dx =
π

4
− 1−

1∫
0

x2dx

1 + x2
=

=
π

4
− 2 + arctg x

∣∣∣1
0

=
π

2
− 2;

∫
(AnO)

arctg
y

x
dy − dx =

0∫
1

(arctg 1− 1) dx = 1− π

4
.

Îòæå, ∫
(OmAnO)

arctg
y

x
dy − dx =

π

4
− 1. I

1.16. Êðèâà iíòåãðóâàííÿ r = a(1 + cosϕ) çîáðàæåíà íà ðèñ. 2.

0

π
2

π

3π
2

r = a(1 + cosϕ)

Ðèñ. 2

Ôîðìóëè ïåðåõîäó äî ïîëÿðíî¨ ñèñòåìè êîîðäèíàò ìàòèìóòü âèãëÿä x = a(1 + cosϕ) cosϕ,

y = a(1 + cosϕ) sinϕ,
0 6 ϕ 6 2π.

Òîäi dx = −a sinϕ(1 + 2 cosϕ) dϕ, dy = a(cosϕ+ cos 2ϕ) dϕ.

Îòæå,∫
(Γ)

xy2dx+ (y2 − x2) dy = a3

2π∫
0

(
− a(1 + cosϕ)3 cosϕ sin3 ϕ(1 + 2 cosϕ)−
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−(1 + cosϕ)2 cos 2ϕ(cosϕ+ cos 2ϕ)
)
dϕ = a4

2π∫
0

(1 + cosϕ)3(1 + 2 cosϕ)×

× cosϕ(1− cos2 ϕ)d(cosϕ)− a3

2π∫
0

(1 + cosϕ)2 cos 2ϕ(cosϕ+ cos 2ϕ)dϕ =

= −a3

2π∫
0

(cos 2ϕ cosϕ+ cos2 2ϕ+ 2 cos2 ϕ cos 2ϕ+ 2 cosϕ cos2 2ϕ+

+ cos3 ϕ cos 2ϕ+ cos2 ϕ cos2 2ϕ) dϕ = −a3
( 2π∫

0

1 + cos 4ϕ

2
dϕ+

+

2π∫
0

(1 + cos 2ϕ) cos 2ϕdϕ+

2π∫
0

1 + cos 2ϕ

2
cos2 2ϕdϕ

)
=

= −a3
(
π +

2π∫
0

1 + cos 4ϕ

2
dϕ+

2π∫
0

1 + cos 4ϕ

4
dϕ
)

= −5

2
πa3. I

3.5. Â íàøîìó âèïàäêó

P (x, y) = ex+y + cos(x− y), Q(x, y) = ex+y − cos(x− y) + 2.

Ïåðåâiðèìî óìîâè òåîðåìè 2:

P ′y = ex+y + sin(x− y), Q′x = ex+y + sin(x− y).

Îòæå, P ′y = Q′x, òîáòî âèðàç(
ex+y + cos(x− y)

)
dx+

(
ex+y − cos(x− y) + 2

)
dy

¹ ïîâíèì äèôåðåíöiàëîì â îáëàñòi (D) ≡ R2.

Çíàéäåìî ïåðâiñíó âiä öüîãî äèôåðåíöiàëà:

F (x, y) =

∫ (
ex+y + cos(x− y)

)
dx = ex+y + sin(x− y) + C(y).

Çâiäñè

F ′y = Q(x, y) = ex+y − cos(x− y) + 2 = ex+y − cos(x− y) + C ′(y).
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Òîäi C ′(y) = 2 i C(y) = 2y + C. Îòæå,

F (x, y) = ex+y + sin(x− y) + 2y + C

¹ ïåðâiñíîþ ôóíêöi¹þ äëÿ çàäàíîãî äèôåðåíöiàëà. I

4. Ïåðåâiðèìî, ùî âèðàç f(x2 + y2)(x dx+ y dy) ¹ ïîâíèì äèôåðåíöiàëîì.

Ìà¹ìî

P (x, y) = xf(x2 + y2), Q(x, y) = yf(x2 + y2).

Òîäi

P ′y = xf ′(x2 + y2) · 2y = 2xyf ′(x2 + y2),

Q′x = yf ′(x2 + y2) · 2x = 2xyf ′(x2 + y2).

Îòæå, P ′y = Q′x â îáëàñòi (D), îáìåæåíié çàìêíåíèì êóñêîâî-ãëàäêèì

êîíòóðîì (Γ).

Òîäi çà òåîðåìîþ 4, âðàõîâóþ÷è íåïåðåðâíiñòü ôóíêöi¨ f(x2 + y2), îòðè-

ìà¹ìî, ùî ∫
(Γ)

f(x2 + y2)(x dx+ y dy) = 0,

ùî é òðåáà áóëî äîâåñòè. I

�1.3. Çàñòîñóâàííÿ êðèâîëiíiéíèõ iíòåãðàëiâ

Íåõàé íà ïëîùèíi çàäàíà ìàòåðiàëüíà íåïåðåðâíà ïðîñòà êðèâà (AB) i

%(x, y) ¹ ãóñòèíîþ ðîçïîäiëó ìàñè âçäîâæ äóãè (AB). Òîäi ìàñó äóãè êðèâî¨

(AB), ìîìåíòè iíåðöi¨ Ix, Iy, ñòàòè÷íi ìîìåíòè Mx, My âiäíîñíî âiäïîâiä-

íèõ êîîðäèíàòíèõ îñåé i öåíòð ìàñ (xc, yc) ìàòåðiàëüíî¨ äóãè êðèâî¨ (AB)

îá÷èñëþþòüñÿ çà ôîðìóëàìè:

m =

∫
(AB)

%(x, y)dl,

Ix =

∫
(AB)

y2%(x, y)dl, Iy =

∫
(AB)

x2%(x, y)dl,
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Mx =

∫
(AB)

y%(x, y)dl, My =

∫
(AB)

x%(x, y)dl,

xc =
My

m
, yc =

Mx

m
.

Çàóâàæèìî, ùî â ïîïåðåäíiõ ôîðìóëàõ âèêîðèñòîâóþòüñÿ êðèâîëiíiéíi

iíòåãðàëè ïåðøîãî ðîäó.

ßêùî ìàòåðiàëüíà êðèâà (AB) çàäàíà â ïðîñòîði i %(x, y, z) ¹ ãóñòèíîþ

ðîçïîäiëó ìàñ âçäîâæ öi¹¨ äóãè, òî âiäïîâiäíi ôîðìóëè ìàòèìóòü âèãëÿä

m =

∫
(AB)

%(x, y, z)dl,

Iyz =

∫
(AB)

x2%(x, y, z)dl, Ixz =

∫
(AB)

y2%(x, y, z)dl, Ixy =

∫
(AB)

z2%(x, y, z)dl,

Myz =

∫
(AB)

x%(x, y, z)dl, Mxz =

∫
(AB)

y%(x, y, z)dl, Mxy =

∫
(AB)

z%(x, y, z)dl,

xc =
Myz

m
, yc =

Mxz

m
, zc =

Mxy

m
,

äå ìîìåíòè iíåðöi¨ ïðîñòîðîâî¨ êðèâî¨ òà ¨¨ ñòàòè÷íi ìîìåíòè øóêàþòüñÿ âiä-

íîñíî âiäïîâiäíèõ êîîðäèíàòíèõ ïëîùèí, à òî÷êà (xc, yc, zc) � öåíòð ìàñ ïðî-

ñòîðîâî¨ êðèâî¨.

Êðiì òîãî, äëÿ ïðîñòîðîâî¨ êðèâî¨ (AB) ìîæíà çíàéòè ìîìåíòè iíåðöi¨

âiäíîñíî êîîðäèíàòíèõ îñåé òà ïî÷àòêó êîîðäèíàò çà âiäïîâiäíèìè ôîðìóëà-

ìè:

Ix =

∫
(AB)

(y2 + z2)%(x, y, z)dl, Iy =

∫
(AB)

(x2 + z2)%(x, y, z)dl,

Iz =

∫
(AB)

(x2 + y2)%(x, y, z)dl,

I0 =

∫
(AB)

(x2 + y2 + z2)%(x, y, z)dl.
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Äëÿ îá÷èñëåííÿ ïëîùi ïëîñêî¨ ôiãóðè (D), ÿêà îáìåæåíà êóñêîâî-ãëàä-

êèì êîíòóðîì (Γ), ìîæíà âèêîðèñòîâóâàòè ôîðìóëè âèäó

D =

∫
(Γ)

x dy = −
∫

(Γ)

y dx =
1

2

∫
(Γ)

x dy − y dx.

Çàóâàæèìî, ùî ïåðøó ôîðìóëó ìîæíà ëåãêî âèâåñòè ç âëàñòèâîñòi 8

(äèâ. � 1.2) äëÿ êðèâîëiíiéíèõ iíòåãðàëiâ äðóãîãî ðîäó, âçÿâøè Q(x, y) = x,

P (x, y) = 0, äðóãó � âçÿâøè P (x, y) = −y, Q(x, y) = 0, à òðåòþ � âçÿâøè

P (x, y) = −y, Q(x, y) = x.

Êðèâîëiíiéíi iíòåãðàëè äðóãîãî ðîäó çàñòîñîâóþòü òàêîæ äëÿ îá÷è-

ñëåííÿ ðîáîòè çìiííî¨ ñèëè âçäîâæ êðèâîëiíiéíîãî øëÿõó. Ðîáîòà ñèëè

~F (x, y) = P (x, y)~i + Q(x, y)~j ïðè ïåðåìiùåííi ìàòåðiàëüíî¨ òî÷êè îäèíè÷íî¨

ìàñè ç òî÷êè A â òî÷êó B âçäîâæ äóãè (AB) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

A =

∫
(AB)

P (x, y)dx+Q(x, y)dy.

Çàóâàæèìî, ùî ïîäiáíà ôîðìóëà ìà¹ ìiñöå äëÿ îá÷èñëåííÿ ðîáîòè ñèëè

ïðè ïåðåìiùåííi ìàòåðiàëüíî¨ òî÷êè âçäîâæ ïðîñòîðîâî¨ êðèâî¨.

Âïðàâè

1. Çíàéòè ìàñó, ðîçïîäiëåíó âçäîâæ çàäàíî¨ êðèâî¨ ç ãóñòèíîþ %(x, y) :

1) y = x3, x ∈ [1; 2], %(x, y) = xy;

2) y = lnx, x ∈ [2; 3], %(x, y) = x2;

3) ïåðèìåòðà òðèêóòíèêà ç âåðøèíàìè â òî÷êàõ A(0; 0), B(2; 0), C(0; 3),

%(x, y) =
x

2
+
y

3
;

4) y = a ch
x

a
, x ∈ [0; a], %(x, y) =

k

y
, k > 0;

5)
x2

4
+
y2

9
= 1, x > 0, y > 0, %(x, y) = xy;

6) x = a cos3 t, y = a sin3 t, t ∈ [0; 2π], %(x, y) = k|xy|, k > 0;

7) x = a cos t, y = b sin t, t ∈ [0; 2π], %(x, y) = |y|;

8) r = a(1 + cosϕ), ϕ ∈ [0; 2π], %(r, ϕ) = k
√
r, k > 0;

9) r = a
√

cos 2ϕ, ϕ ∈
[
− π

4
;
π

4

]
, %(r, ϕ) = kr, k > 0;
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10) x = t, y =
t2

2
, z =

t3

3
, t ∈ [0; 1], %(x, y, z) =

√
2y.

2. Çíàéòè ìîìåíòè iíåðöi¨ çàäàíèõ îäíîðiäíèõ ìàòåðiàëüíèõ êðèâèõ (Γ) :

1) (Γ) = {(x, y) : 2x+ y = 4, 1 6 x 6 3} âiäíîñíî îñi Ox;

2) (Γ) = {(x, y) : y =
√
x, 4 6 x 6 9} âiäíîñíî îñi Ox;

3) (Γ) =
{

(x, y) : x = a(t − sin t), y = a(1 − cos t), 0 6 t 6
π

2

}
âiäíîñíî

îñi Ox;

4) (Γ) = {(x, y) :
√
x+
√
y =
√
a, 0 6 x 6 a} âiäíîñíî îñi Ox;

5) (Γ) = {(x, y) : x
2
3 + y

2
3 = a

2
3 , x > 0, y > 0} âiäíîñíî îñåé Ox òà Oy.

3. Çíàéòè êîîðäèíàòè öåíòðà ìàñ äàíèõ êðèâèõ:

1) y = chx, 0 6 x 6 ln 3, %(x, y) = 1;

2) x2 + y2 = 4, x > 0, y > 0, %(x, y) = 1;

3) x
2
3 + y

2
3 = a

2
3 , x > 0, y > 0, %(x, y) = 1;

4)
√
x+
√
y =
√
a, %(x, y) = 1;

5) x = a(t− sin t), y = a(1− cos t), 0 6 t 6 2π, %(x, y) = 1;

6) x = 2 cos t, y = 2 sin t, 0 6 t 6
2π

3
, %(x, y) = 1;

7) r = a(1 + cosϕ), 0 6 ϕ 6 π, %(r, ϕ) = 1;

8) x = cos t, y = sin t, z = mt, 0 6 t 6 2π, %(x, y, z) = 1;

9) x = a cos t, y = a sin t, z = bt, 0 6 t 6 π, %(x, y, z) = kz, k > 0;

10) x = et cos t, y = et sin t, z = et, −∞ < t 6 0, %(x, y, z) = 1.

4. Çíàéòè ïëîùó ôiãóðè, îáìåæåíî¨ äàíèìè êðèâèìè:

1) êîíòóðîì òðèêóòíèêà ç âåðøèíàìè A(1; 2), B(3; 4), C(2; 5);

2) êîíòóðîì ÷îòèðèêóòíèêà ç âåðøèíàìè A(5; 1), B(4; 4), C(1; 5),

D(−2; 1);

3) y = x2, x = y2, 8xy = 1 (ôiãóðà äîòèêà¹òüñÿ äî ïî÷àòêó êîîðäèíàò);

4) x = a cos t, y = b sin t;

5) x = a cos3 t, y = a sin3 t;

6) x = a(2 cos t+ cos 2t), y = a(2 sin t− sin 2t), t ∈ [0; 2π];

7) x = 2 cos t− cos 2t, y = 2 sin t− sin 2t, t ∈ [0; 2π];

8) r = a
√

cos 2ϕ.
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5. Çíàéòè ðîáîòó ñèëè ~F (x, y) ç ïåðåìiùåííÿ îäèíè÷íî¨ ìàñè âçäîâæ äàíî¨

êðèâî¨ (Γ) :

1) ~F (x, y) = 2xy~i+x3~j, (Γ) � ïðÿìà, ùî ñïîëó÷à¹ òî÷êè A(1; 1) òà B(2; 7);

2) ~F (x, y) = (x+ y)~i− x~j, (Γ) � êîëî x2 + y2 = 4;

3) ~F (x, y) = y~i−x2~j, (Γ) � âåðõíÿ ïîëîâèíà åëiïñà
x2

4
+
y2

9
= 1 âiä òî÷êè

A(2; 0) äî òî÷êè B(−2; 0);

4) ~F (x, y) = (x − y)~i + (2x + y)~j, (Γ) � êîíòóð òðèêóòíèêà ç âåðøèíàìè

A(1; 2), B(3; 3), C(1; 5);

5) ~F (x, y) = (x − y)~i + x~j, (Γ) � êîíòóð êâàäðàòà, îáìåæåíîãî ïðÿìèìè

x = ±3, y = ±3.

6. Çíàéòè ðîáîòó ïðóæíî¨ ñèëè, íàïðàâëåíî¨ äî ïî÷àòêó êîîðäèíàò, âåëè-

÷èíà ÿêî¨ ¹ ïðîïîðöiéíîþ âiäñòàíi ìàòåðiàëüíî¨ òî÷êè âiä ïî÷àòêó êîîðäèíàò,

ÿêùî öÿ òî÷êà îïèñó¹ â íàïðÿìi, ïðîòèëåæíîìó õîäó ãîäèííèêîâî¨ ñòðiëêè,

äîäàòíþ ÷âåðòü åëiïñà
x2

a2
+
y2

b2
= 1.

7. Òî÷êà ìàñîþ m ïåðåìiùó¹òüñÿ â ñèëîâîìó ïîëi ïî äóçi (AB) êðèâî¨

f(x, y) = 0. Çíàéòè ðîáîòó ïîëÿ, ÿêùî â êîæíié éîãî òî÷öi (x, y) ñèëà, ùî äi¹

íà îäèíèöþ ìàñè, ñïðÿìîâàíà äî ïî÷àòêó êîîðäèíàò i çà ìîäóëåì äîðiâíþ¹

âiäñòàíi òî÷êè âiä ïî÷àòêó êîîðäèíàò.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.8. Îñêiëüêè ãóñòèíà ìàòåðiàëüíî¨ êðèâî¨ %(r, ϕ) = k
√
a(1 + cosϕ),

k, a > 0, òî ìàñà öi¹¨ êðèâî¨ îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

m =

∫
(Γ)

k
√
a(1 + cosϕ)dl,

äå (Γ) = {(r, ϕ) : r = a(1 + cosϕ), 0 6 ϕ 6 2π}. Òîäi

m =

2π∫
0

k
√
a(1 + cosϕ) ·

√
a2(1 + cosϕ)2 + a2 sin2 ϕdϕ =

= ak
√
a

2π∫
0

√
1 + cosϕ ·

√
2(1 + cosϕ) dϕ = ak

√
2a

2π∫
0

(1 + cosϕ) dϕ =
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= ak
√

2a(ϕ+ sinϕ)
∣∣∣2π
0

= 2πak
√

2a (ìàñ. îä.). I

3.10. Çà óìîâîþ %(x, y, z) = 1. Îòæå, çàäàíà êðèâà ¹ îäíîðiäíîþ. Ñïî÷à-

òêó çíàéäåìî ìàñó êðèâî¨:

m =

∫
(AB)

dl =

0∫
−∞

√
e2t(cos t− sin t)2 + e2t(sin t+ cos t)2 + e2t dt =

=

0∫
−∞

et
√

2(cos2 t+ sin2 t) + 1 dt =
√

3

0∫
−∞

etdt =

=
√

3 lim
a→−∞

et
∣∣∣0
a

=
√

3 lim
a→−∞

(1− ea) =
√

3 (ìàñ. îä.).

Òåïåð çíàéäåìî ñòàòè÷íi ìîìåíòè êðèâî¨ âiäíîñíî âiäïîâiäíèõ êîîðäèíà-

òíèõ ïëîùèí:

Myz =

∫
(AB)

x dl =
√

3

0∫
−∞

e2t cos t dt =
√

3 lim
a→−∞

0∫
a

e2t cos t dt =

=
√

3 lim
a→−∞

e2t(2 cos t+ sin t)

5

∣∣∣0
a

=
√

3 lim
a→−∞

(2

5
− e2a(2 cos a+ sin a)

5

)
=

2
√

3

5
;

Mxz =

∫
(AB)

y dl =
√

3

0∫
−∞

e2t sin t dt =
√

3 lim
a→−∞

0∫
a

e2t sin t dt =

=
√

3 lim
a→−∞

e2t(2 sin t− cos t)

5

∣∣∣0
a

=
√

3 lim
a→−∞

(
−1

5
−e

2a(2 sin a− cos a)

5

)
= −
√

3

5
;

Mxy =

∫
(AB)

z dl =
√

3

0∫
−∞

e2t dt =
√

3 lim
a→−∞

0∫
a

e2t dt =

=
√

3 lim
a→−∞

1

2
e2t
∣∣∣0
a

=

√
3

2
lim

a→−∞
(1− e2a) =

√
3

2
.

Îòæå, êîîðäèíàòè öåíòðà ìàñ ìàòèìóòü âèãëÿä

xc =
Myz

m
=

2

5
, yc =

Mxz

m
= −1

5
, zc =

Mxy

m
=

1

2
.

Òîáòî öåíòð ìàñ äàíî¨ ïðîñòîðîâî¨ êðèâî¨ çíàõîäèòüñÿ â òî÷öi

C
(2

5
;−1

5
;
1

2

)
. I



28 ÐÎÇÄIË I. Êðèâîëiíiéíi iíòåãðàëè. Çàñòîñóâàííÿ

4.8. Ôiãóðà, îáìåæåíà êðèâîþ r = a
√

cos 2ϕ, çîáðàæåíà íà ðèñ. 3. Äëÿ

îá÷èñëåííÿ ïëîùi ïëîñêî¨ ôiãóðè ñêîðèñòà¹ìîñü ôîðìóëîþ S =

∫
(Γ)

x dy. Òîäi

S = 2

π
4∫

−π4

a
√

cos 2ϕ cosϕ ·
(
− a sin 2ϕ√

cos 2ϕ
sinϕ+ a

√
cos 2ϕ cosϕ

)
dϕ =

= 2a2
( π

4∫
−π4

cos 2ϕ cos2 ϕdϕ−

π
4∫

−π4

sin 2ϕ sinϕ cosϕdϕ
)

=

= 4a2
( π

4∫
0

cos 2ϕ · 1 + cos 2ϕ

2
dϕ− 1

2

π
4∫

0

sin2 2ϕdϕ
)

= 2a2
( π

4∫
0

cos 2ϕdϕ+

+

π
4∫

0

(cos2 2ϕ− sin2 2ϕ) dϕ
)

= 2a2
( π

4∫
0

cos 2ϕdϕ+

π
4∫

0

cos 4ϕdϕ
)

=

= 2a2
(1

2
sin 2ϕ+

1

4
sin 4ϕ

)∣∣∣π4
0

= a2 (êâ. îä.). I

0

π
2

π

3π
2

r = a
√

cos 2ϕ

Ðèñ. 3

5.5. Ðîáîòó ñèëè ~F (x, y) ç ïåðåìiùåííÿ îäèíè÷íî¨ ìàñè âçäîâæ çàäàíîãî

êîíòóðà êâàäðàòà (Γ) (äèâ. ðèñ. 4) îá÷èñëþ¹ìî çà ôîðìóëîþ:
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A =

∫
(Γ)

(x− y) dx+ x dy.

Òîäi

A =

∫
(AB)

(x− y) dx+ x dy +

∫
(BC)

(x− y) dx+ x dy+

+

∫
(CD)

(x− y) dx+ x dy +

∫
(DA)

(x− y) dx+ x dy = I1 + I2 + I3 + I4.

y

O

A

BC

D

x−3 3

−3

3

Ðèñ. 4

Îá÷èñëèìî êîæíèé iç êðèâîëiíiéíèõ iíòåãðàëiâ çîêðåìà:

I1 =

∫
(AB)

(x− y) dx+ x dy =

3∫
−3

3 dy = 3y
∣∣∣3
−3

= 18;

I2 =

∫
(BC)

(x− y) dx+ x dy =

−3∫
3

(x− 3) dx =
(x2

2
− 3x

)∣∣∣−3

3
= 18;

I3 =

∫
(CD)

(x− y) dx+ x dy = −3

−3∫
3

dy = −3y
∣∣∣−3

3
= 18;

I4 =

∫
(DA)

(x− y) dx+ x dy =

3∫
−3

(x+ 3) dx =
(x2

2
+ 3x

)∣∣∣3
−3

= 18.

Îòæå, A = 72 � ðîáîòà çàäàíî¨ ñèëè ~F (x, y) ïî ïåðåìiùåííþ îäèíè÷íî¨

ìàñè âçäîâæ êîíòóðà (Γ). I
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Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó I

1. Îá÷èñëèòè êðèâîëiíiéíèé iíòåãðàë âiä òî÷êè A äî òî÷êè B âçäîâæ

ïðÿìî¨ (L), ùî ¨õ ç'¹äíó¹:

1)

∫
(L)

xydl, A(−1;−1), B(1; 1); 2)

∫
(L)

x
√
ydl, A(0; 0), B(4; 2);

3)

∫
(L)

xy2dl, A(0; 1), B(2; 2); 4)

∫
(L)

dl

2x− y
, A(0;−2), B(4; 0);

5)

∫
(L)

dl√
x2 + y2

, A(1; 2), B(2; 4); 6)

∫
(L)

dl√
x2 + y2 + 4

, A(0; 0), B(1; 2);

7)

∫
(L)

(x2 − y)dl, A(0; 0), B(1; 2); 8)

∫
(L)

x

x+ y
dl, A(2;−4), B(0;−3);

9)

∫
(L)

(x2 + y2)dl, A(3; 2), B(4; 4); 10)

∫
(L)

y2dl, A(−1; 3), B(−2; 4);

11)

∫
(L)

x

x− y
dl, A(2;−1), B(4; 0); 12)

∫
(L)

1
√
y
dl, A(1; 1), B(3; 2);

13)

∫
(L)

2x

3x+ y
dl, A(2;−4), B(0;−3); 14)

∫
(L)

(x− y2)dl, A(0; 0), B(4; 3);

15)

∫
(L)

√
ydl, A(2; 0), B(4; 2); 16)

∫
(L)

dl√
x− y

, A(0;−2), B(4; 0);

17)

∫
(L)

(x+ y)dl, A(0; 1), B(2; 3); 18)

∫
(L)

(
√
x+
√
y)dl, A(1; 1), B(2; 0);

19)

∫
(L)

dl

x+ y2
, A(1;−3), B(1;−1); 20)

∫
(L)

√
x+ ydl, A(2; 4), B(0; 1);

21)

∫
(L)

y√
x
dl, A(2; 3), B(8; 1); 22)

∫
(L)

(x2 − y2)dl, A(2; 0), B(4; 2);

23)

∫
(L)

dl√
x+ y

, A(1; 0), B(4; 3); 24)

∫
(L)

(x− y)dl, A(0; 0), B(4; 3);

25)

∫
(L)

√
x− ydl, A(0;−1), B(2;−5).

2. Îá÷èñëèòè êðèâîëiíiéíèé iíòåãðàë âçäîâæ äóãè (L) :
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1)

∫
(L)

(2z −
√
x2 + y2)dl, äå (L) � äóãà êðèâî¨ x = cos t, y = t sin t,

z = t, (0 6 t 6 2π);

2)

∫
(L)

(x2 + y2)
4
dl, äå (L) � êîëî x2 + y2 = a2;

3)

∫
(L)

dl

x− z
, äå (L) � âiäðiçîê ïðÿìî¨ z =

1

x
−2, ùî ç'¹äíó¹ òî÷êè A(0;−2)

òà B(4; 0);

4)

∫
(L)

(x− y)dl, äå (L) � êîëî
(
x− a

2

)2

+ y2 =
a2

4
;

5)

∫
(L)

√
y2 + x2dl, äå (L) � êîëî y2 + x2 = ay, (a > 0);

6)

∫
(L)

xdl, äå (L) � äóãà ïàðàáîëè y = x2 âiä òî÷êè A(2; 4) äî òî÷êè

B(1; 1);

7)

∫
(L)

xydl, äå (L) � ÷âåðòü åëiïñà
x2

a2
+
y2

b2
= 1, ùî ìiñòèòüñÿ â ïåðøîìó

êâàäðàíòi;

8)

∫
(L)

x2dl, äå (L) � âåðõíÿ ïîëîâèíà êîëà x2+y2 = a2 ìiæ òî÷êàìè A(a; 0)

òà B(−a; 0);

9)

∫
(L)

(x
4
3 + x

4
3 )dl, äå (L) � äóãà àñòðî¨äè x

2
3 + y

2
3 = a

2
3 ;

10)

∫
(L)

√
x2 + y2dl, äå (L) � äóãà ïàðàìåòðè÷íî çàäàíî¨ êðèâî¨

x = a(cos t+ t sin t), y = a(sin t− t cos t), (0 6 t 6 2π);

11)

∫
(L)

(x+y)dl, äå (L) � êîíòóð òðèêóòíèêà ç âåðøèíàìè O(0; 0), A(1; 0),

B(0; 1);

12)

∫
(L)

( 3
√
x− 3

√
y)dl, äå (L) � äóãà àñòðî¨äè x = cos3 t, y = sin3 t;

13)

∫
(L)

|y|dl, äå (L) � äóãà ëåìíiñêàòè (x2 + y2)2 = a2(x2 − y2);
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14)

∫
(L)

(x2 + y2 + z2)dl, äå (L) � äóãà êðèâî¨ x = a cos t, y = a sin t, z = bt,

(0 6 t 6 2π);

15)

∫
(L)

xyzdl, äå (L) � ÷âåðòü êîëà x2 + y2 + z2 = R2, x2 + y2 =
R2

4
, ùî

ëåæèòü â ïåðøîìó îêòàíòi;

16)

∫
(L)

x
√
x2 − y2dl, äå (L) � ïîëîâèíà ëåìíiñêàòè (x2 +y2)2 = a2(x2−y2),

x > 0;

17)

∫
(L)

(x+ y)dl, äå (L) � ÷âåðòü êîëà x2 + y2 + z2 = R2, y = x, ùî ëåæèòü

â ïåðøîìó îêòàíòi;

18)

∫
(L)

dl

x2 + y2 + z2
, äå (L) � äóãà êðèâî¨ x = a cos t, y = a sin t, z = bt;

19)

∫
(L)

xydl, äå (L) � êîíòóð ïðÿìîêóòíèêà ç âåðøèíàìè O(0; 0), A(4; 0),

B(4; 2), C(0; 2);

20)

∫
(L)

ydl, äå (L) � äóãà ïàðàáîëè y2 = 2px, ùî âiäòèíà¹òüñÿ ïàðàáîëîþ

x2 = 2py;

21)

∫
(L)

(x+ y)dl, äå (L) � ïðàâà ïåëþñòêà ëåìíiñêàòè r2 = a2 cos 2ϕ;

22)

∫
(L)

√
2y2 + z2dl, äå (L) � êîëî x2 + y2 + z2 = a2, x = y;

23)

∫
(L)

(x+ y)dl, äå (L) � äóãà êðèâî¨ x = t, y =
3t2√

2
, z = t3, (0 6 t 6 1);

24)

∫
(L)

√
x2 + y2dl, äå (L) � êîëî x2 + y2 = ax;

25)

∫
(L)

y2dl, äå (L) � ïåðøà àðêà öèêëî¨äè x = a(t−sin t), y = a(1−cos t).

3. Îá÷èñëèòè êðèâîëiíiéíèé iíòåãðàë âçäîâæ äóãè (L) :
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1)

∫
(L)

y2 + 1

y
dx− x

y2
dy, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(1; 2) äî òî÷êè

B(2; 4);

2)

∫
(L)

(x+ y)dx− xdy, äå (L) � êðèâà y = x2 âiä òî÷êè A(−1; 1) äî òî÷êè

B(1; 1);

3)

∫
(L)

ydx + zdy + xdz, äå (L) � êðèâà x = a cos t, y = a sin t, z = bt,

0 6 t 6 2π;

4)

∫
(L)

(x + y)dx − (x − y)dy, äå (L) � ëàìàíà OAB, äå O(0; 0), A(2; 0),

B(4; 5);

5)

∫
(L)

(x2 − y)dx − (x − y2)dy, äå (L) � êðèâà x = 5 cos t, y = 5 sin t âiä

òî÷êè A(5; 0) äî òî÷êè B(0; 5);

6)

∫
(L)

(2a− y)dx− (a− y)dy, äå (L) � ïåðøà àðêà öèêëî¨äè x = a(t− sin t),

y = a(1− cos t);

7)

∫
(L)

x2dy − y2dx

x
5
3 + y

5
3

, äå (L) � êðèâà x = a cos3 t, y = a sin3 t, 0 6 t 6
π

2
;

8)

∫
(L)

(x2 + y)dx − (y2 + x)dy, äå (L) � ëàìàíà ABC, äå A(1; 2), B(1; 5),

C(3; 5);

9)

∫
(L)

ydx+ xdy, äå (L) � êðèâà x = R cos t, y = R sin t, t1 = 0 äî t2 =
π

2
;

10)

∫
(L)

(x2 + y2)dx− (x2− y2)dy, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(0; 2)

äî òî÷êè B(2; 0);

11)

∫
(L)

xdx−ydy+(x+y−1)dz, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(1; 1; 1)

äî òî÷êè B(2; 3; 4);

12)

∫
(L)

(x2 − y2)dx, äå (L) � êðèâà y = x2 âiä òî÷êè O(0; 0) äî òî÷êè

A(2; 4);
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13)

∫
(L)

x

y
dx + xdy, äå (L) � êðèâà y = lnx âiä òî÷êè A(1; 0) äî òî÷êè

B(e; 1);

14)

∫
(L)

(x2 + y2)dy, äå (L) � êîíòóð ÷îòèðèêóòíèêà ABCD, äå A(0; 0),

B(2; 0), C(4; 4), D(0; 4);

15)

∫
(L)

(x2y− 3x)dx+ (y2x+ 2y)dy, äå (L) � êðèâà x = 3
√

3 cos t, y = 2 sin t

âiä òî÷êè A( 3
√

3; 0) äî òî÷êè B( 3
√
−3; 0);

16)

∫
(L)

(xy − x2)dx + xdy, äå (L) � êðèâà y = 2x2 âiä òî÷êè A(0; 0) äî

òî÷êè B(1; 2);

17)

∫
(L)

(x2−2x)dx+(y2−2xy)dy, äå (L) � êðèâà y = x2 âiä òî÷êè A(−1; 1)

äî òî÷êè B(1; 1);

18)

∫
(L)

ydx +
x

y
dy, äå (L) � êðèâà y = e−x âiä òî÷êè A(0; 1) äî òî÷êè

B(−1; e);

19)

∫
(L)

ydx− xdy
x2 + y2

, äå (L) � êîíòóð òðèêóòíèêà ABC, äå A(1; 0), B(1; 1),

C(0; 1);

20)

∫
(L)

y

2x
dx − xdy, äå (L) � êðèâà y = lnx âiä òî÷êè A(1; 0) äî òî÷êè

B(e2; 2);

21)

∫
(L)

sin ydx+sinxdy, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(0;π) äî òî÷êè

B(π; 0);

22)

∫
(L)

(y2 − z2)dx + 2yzdy − x2dz, äå (L) � êðèâà x = t, y = t2, z = t3,

0 6 t 6 1;

23)

∫
(L)

−x cos ydx+y sinxdy, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(0; 0) äî

òî÷êè B(π; 2π);
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24)

∫
(L)

x cos ydx− y sinxdy, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(0; 0) äî

òî÷êè B(3; 6);

25)

∫
(L)

xdy, äå (L) � êîíòóð òðèêóòíèêà, óòâîðåíîãî îñÿìè êîîðäèíàò i

ïðÿìîþ
x

2
+
y

3
= 1.

4. Îá÷èñëèòè ðîáîòó ñèëîâîãî ïîëÿ ~F ç ïåðåìiùåííÿì ìàòåðiàëüíî¨ òî÷êè

âçäîâæ ëiíi¨ (L) âiä òî÷êè A äî òî÷êè B :

1) ~F = xey~i+ xy~j, äå (L) � êðèâà y = x2, A(0; 0), B(1; 1);

2) ~F = (x2 +2y)~i+(y2 +2x)~j, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(−2; 0)

äî òî÷êè B(0; 1);

3) ~F = y~i+ (y − x)~j, äå (L) � êðèâà y = a− x2

a
, A(−a; 0), B(0; a);

4) ~F = y~i + ln x~j, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(2; 0) äî òî÷êè

B(3; 1);

5) ~F = (x2 +y2)~i+y2~j, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(2; 0) äî òî÷êè

B(0; 2);

6) ~F = (x2 + 2xy)~i+ (x2 + y2)~j, äå (L) � êðèâà y = x2, A(0; 0), B(1; 1);

7) ~F = x2y~i− xy2~j, äå (L) � êðèâà x2 + y2 = 4, A(2; 0), B(0; 2);

8) ~F = (x2−2y)~i+(y2−2x)~j, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(−4; 0)

äî òî÷êè B(0; 2);

9) ~F = (x− y)~i+~j, äå (L) � êðèâà x2 + y2 = 4, A(2; 0), B(−2; 0);

10) ~F = y~i+x~j+(x+y+z)~k, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(2; 3; 4)

äî òî÷êè B(3; 4; 5);

11) ~F = (xy − x)~i+
x2

2
~j, äå (L) � êðèâà y = 2

√
x, A(0; 0), B(1; 2);

12) ~F = (x+ y)~i+ (x− y)~j, äå (L) � êðèâà y = x2, A(−1; 1), B(1; 1);

13) ~F = y~i− x~j, äå (L) � êðèâà x2 + y2 = 1, A(1; 0), B(−1; 0);

14) ~F = (x2−2xy)~i+(y2−2xy)~j, äå (L) � êðèâà y = x2, A(−1; 1), B(1; 1);

15) ~F = (x2 + 2y)~i + (y2 + 2x)~j, äå (L) � êðèâà y = 2 − x2

8
, A(−4; 0),

B(0; 2);

16) ~F = xy~i+ (1− y)~j, äå (L) � êðèâà y = cosx, A(0; 1), B(π2 ; 0);
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17) ~F = y2~i− x2~j, äå (L) � êðèâà x2 + y2 = 9, A(3; 0), B(0; 3);

18) ~F = xy~i, äå (L) � êðèâà y = sinx, A(π; 0), B(0; 0);

19) ~F = 2xy~i+ x~j, äå (L) � êðèâà x2 + y2 = 1, A(1; 0), B(0; 1);

20) ~F = −x~i+ y~j, äå (L) � êðèâà x2 +
y2

9
= 1, A(1; 0), B(0; 3);

21) ~F = (x+ y)~i+ 2x~j, äå (L) � êðèâà x2 + y2 = 4, A(2; 0), B(−2; 0);

22) ~F = (x2−2y)~i+(y2−2x)~j, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(−4; 0)

äî òî÷êè B(0; 2);

23) ~F = (x+ y)~i+ (1− y)~j, äå (L) � êðèâà y = sinx, A(0; 0), B(π2 ; 1);

24) ~F = −y~i+ x~j, äå (L) � êðèâà y = x3, A(0; 0), B(2; 8);

25) ~F = x2y~i− y~j, äå (L) � âiäðiçîê ïðÿìî¨ âiä òî÷êè A(−1; 0) äî òî÷êè

B(0; 1).



ÐÎÇÄIË II. Êðàòíi iíòåãðàëè

�2.1. Ïîäâiéíi iíòåãðàëè

Íåõàé â îáëàñòi (P ) âèçíà÷åíà ôóíêöiÿ f(x, y). Ðîçiá'¹ìî öþ îáëàñòü ñi-

òêîþ êðèâèõ íà ñêií÷åííó êiëüêiñòü îáëàñòåé (P1), . . . , (Pn), ïëîùi ÿêèõ ðiâíi

P1, . . . , Pn. Â îáëàñòi (Pi), i = 1, n, âèáåðåìî äîâiëüíó òî÷êó (ξi, ηi), i = 1, n.

Çíà÷åííÿ ôóíêöi¨ f(ξi, ηi) ïîìíîæèìî íà ïëîùó Pi i ñêëàäåìî ñóìó âèäó

σ =
n∑
i=1

f(ξi, ηi)Pi, ÿêó áóäåìî íàçèâàòè iíòåãðàëüíîþ ñóìîþ äëÿ ôóíêöi¨

f(x, y) â îáëàñòi (P ). Ïîçíà÷èìî ÷åðåç λ íàéáiëüøèé iç äiàìåòðiâ îáëàñòåé

(Pi), i = 1, n.

ßêùî iñíó¹ ñêií÷åííà ãðàíèöÿ I = lim
λ→0

n∑
i=1

f(ξi, ηi)Pi, òî ÷èñëî I íàçèâà-

¹òüñÿ ïîäâiéíèì iíòåãðàëîì ôóíêöi¨ f(x, y) â îáëàñòi (P ) i ïîçíà÷à¹-

òüñÿ ñèìâîëîì

I =

∫∫
(P )

f(x, y)dP.

Ôóíêöiÿ, äëÿ ÿêî¨ iñíó¹ iíòåãðàë, íàçèâà¹òüñÿ iíòåãðîâíîþ â îáëàñòi

(P ).

Íåîáõiäíîþ óìîâîþ iñíóâàííÿ ïîäâiéíîãî iíòåãðàëà âiä ôóíêöi¨ f(x, y) â

îáëàñòi (P ) ¹ îáìåæåíiñòü ôóíêöi¨ â öié îáëàñòi. Â ïðîòèëåæíîìó âèïàäêó

ïðè äîâiëüíîìó ðîçêëàäi îáëàñòi (P ) íà ÷àñòèíêè ìîæíà çà ðàõóíîê âèáîðó

òî÷îê (ξi, ηi) çðîáèòè iíòåãðàëüíó ñóìó ÿê çàâãîäíî âåëèêîþ.
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Àíàëîãi÷íî äî çâè÷àéíîãî iíòåãðàëà ââîäÿòüñÿ íèæíÿ i âåðõíÿ ñóìè

Äàðáó

s =
n∑
i=1

miPi, S =
n∑
i=1

MiPi,

äå mi, Mi ïîçíà÷àþòü âiäïîâiäíî òî÷íó íèæíþ òà òî÷íó âåðõíþ ìåæó ôóí-

êöi¨ f(x, y) â êîæíié ç îáëàñòåé (Pi). Ïðè çàäàíîìó ñïîñîái ðîçêëàäó îáëàñòi

(P ) íà ÷àñòèíêè, íåçàëåæíî âiä âèáîðó òî÷îê (ξi, ηi), áóäå âèêîíóâàòèñü íå-

ðiâíiñòü

s 6 σ 6 S.

Îòæå, íèæíÿ i âåðõíÿ ñóìè Äàðáó ¹, âiäïîâiäíî, òî÷íîþ íèæíüîþ i òî÷íîþ

âåðõíüîþ ìåæàìè äëÿ iíòåãðàëüíèõ ñóì.

Äëÿ ñóì Äàðáó ñïðàâåäëèâi âëàñòèâîñòi:

1) ïðè ïîäàëüøîìó äðîáëåííi ÷àñòèíîê (Pi) iç äîáàâëÿííÿì íîâèõ ëiíié

ïîäiëó íèæíÿ ñóìà Äàðáó íå çìåíøó¹òüñÿ, à âåðõíÿ � íå çáiëüøó¹òüñÿ;

2) êîæíà íèæíÿ ñóìà Äàðáó íå ïåðåâèùó¹ êîæíî¨ âåðõíüî¨ ñóìè Äàðáó

íåçàëåæíî âiä ñïîñîáó ïîäiëó îáëàñòi (P ) íà ÷àñòèíêè.

Âèðàçè I∗ = sup{s} i I∗ = inf{S} íàçèâàþòüñÿ íèæíiì i âåðõíiì

iíòåãðàëîì Äàðáó , ïðè öüîìó

s 6 I∗ 6 I∗ 6 S.

Òåîðåìà 1. Äëÿ iñíóâàííÿ ïîäâiéíîãî iíòåãðàëà íåîáõiäíî i äîñòàòíüî,

ùîá

lim
λ→0

(S − s) = 0,

àáî

lim
λ→0

n∑
i=1

ωiPi = 0,

äå ωi = Mi −mi � êîëèâàííÿ ôóíêöi¨ f(x, y) â îáëàñòi (Pi).

Êëàñè iíòåãðîâíèõ ôóíêöié

1.ßêùî ôóíêöiÿ f(x, y) ¹ íåïåðåðâíîþ â îáëàñòi (P ), òî âîíà â öié îáëàñòi

¹ iíòåãðîâíîþ.
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2. ßêùî îáìåæåíà ôóíêöiÿ f(x, y) â îáëàñòi (P ) ìà¹ ðîçðèâè ëèøå ïî

ñêií÷åííié êiëüêîñòi êðèâèõ ïëîùåþ íóëü, òî âîíà ¹ iíòåãðîâíîþ â öié îáëàñòi.

Òåîðåìà 2. Äëÿ òîãî, ùîá ôóíêöiÿ f(x, y) áóëà iíòåãðîâíîþ â îáëàñòi

(P ), íåîáõiäíî i äîñòàòíüî, ùîá I∗ = I∗.

Âëàñòèâîñòi iíòåãðîâíèõ ôóíêöié i ïîäâiéíèõ iíòåãðàëiâ

1. ßêùî çìiíèòè çíà÷åííÿ iíòåãðîâíî¨ â îáëàñòi (P ) ôóíêöi¨ f(x, y)

âçäîâæ áóäü-ÿêî¨ êðèâî¨ (Γ) ç ïëîùåþ íóëü (ùîá çìiíåíà ôóíêöiÿ çàëèøà-

ëàñü îáìåæåíîþ), òî íîâà ôóíêöiÿ ¹ iíòåãðîâíîþ â (P ) i ïîäâiéíèé iíòåãðàë

öi¹¨ ôóíêöi¨ ïî îáëàñòi (P ) äîðiâíþ¹ ïîäâiéíîìó iíòåãðàëó âiä ïî÷àòêîâî¨

ôóíêöi¨ ïî öié æå îáëàñòi.

2. ßêùî îáëàñòü (P ), â ÿêié çàäàíà ôóíêöiÿ f(x, y), êðèâîþ (Γ) ïëîùåþ

íóëü ðîçêëàäà¹òüñÿ íà äâi îáëàñòi (P ′) i (P ′′), òî iç iíòåãðîâíîñòi ôóíêöi¨

f(x, y) ó âñié îáëàñòi (P ) ñëiäó¹ ¨¨ iíòåãðîâíiñòü â (P ′) i (P ′′), i íàâïàêè, iç

iíòåãðîâíîñòi ôóíêöi¨ f(x, y) â îáëàñòÿõ (P ′) i (P ′′) ñëiäó¹ ¨¨ iíòåãðîâíiñòü â

(P ). Ïðè öüîìó âèêîíó¹òüñÿ ðiâíiñòü∫∫
(P )

f(x, y)dP =

∫∫
(P ′)

f(x, y)dP ′ +

∫∫
(P ′′)

f(x, y)dP ′′.

3. ßêùî ïîìíîæèòè iíòåãðîâíó â (P ) ôóíêöiþ f(x, y) íà ñòàëó k, òî

k · f(x, y) òàêîæ iíòåãðîâíîþ, i âèêîíó¹òüñÿ ðiâíiñòü∫∫
(P )

k · f(x, y)dP = k

∫∫
(P )

f(x, y)dP.

4. ßêùî â îáëàñòi (P ) iíòåãðîâíi ôóíêöi¨ f(x, y) i g(x, y), òî iíòåãðîâíîþ

¹ ôóíêöiÿ f(x, y)± g(x, y), ïðè÷îìó∫∫
(P )

(f(x, y)± g(x, y))dP =

∫∫
(P )

f(x, y)dP ±
∫∫
(P )

g(x, y)dP.

5. ßêùî äëÿ iíòåãðîâíèõ â (P ) ôóíêöié f(x, y) òà g(x, y) âèêîíó¹òüñÿ

íåðiâíiñòü f(x, y) 6 g(x, y), òî∫∫
(P )

f(x, y)dP 6
∫∫
(P )

g(x, y)dP.
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6. ßêùî ôóíêöiÿ f(x, y) iíòåãðîâíà â (P ), òî ¹ iíòåãðîâíîþ â (P ) i ôóí-

êöiÿ |f(x, y)|, ïðè÷îìó∣∣∣ ∫∫
(P )

f(x, y)dP
∣∣∣ 6 ∫∫

(P )

∣∣f(x, y)
∣∣dP.

7. ßêùî iíòåãðîâíà â (P ) ôóíêöiÿ f(x, y) çàäîâîëüíÿ¹ íåðiâíiñòü

m 6 f(x, y) 6M, òî

mP 6
∫∫
(P )

f(x, y)dP 6MP.

Çàóâàæèìî, ùî ÿêùî ðîçäiëèòè âñi ÷àñòèíêè îñòàííüî¨ íåðiâíîñòi íà P,

òî

m 6

∫∫
(P )

f(x, y)dP

P
6M.

Ïîçíà÷èìî ÷åðåç µ âåëè÷èíó

∫∫
(P )

f(x, y)dP

P
. Òîäi

∫∫
(P )

f(x, y)dP = µP, äå

m 6 µ 6 M. ×èñëî µ íàçèâà¹òüñÿ ñåðåäíiì çíà÷åííÿì ïîäâiéíîãî

iíòåãðàëà ôóíêöi¨ f(x, y) ïî îáëàñòi (P ).

ßêùî äëÿ ôóíêöi¨ äâîõ çìiííèõ f(x, y), âèçíà÷åíî¨ â ïðÿìîêóòíié îáëàñòi

(P ) = [a, b; c, d] iñíó¹ ïîäâiéíèé iíòåãðàë

∫∫
(P )

f(x, y)dP i äëÿ êîæíîãî ñòàëîãî

çíà÷åííÿ x iç [a; b] iñíó¹ çâè÷àéíèé iíòåãðàë

d∫
c

f(x, y)dy, òî iñíó¹ ïîâòîðíèé

iíòåãðàë

b∫
a

dx

d∫
c

f(x, y)dy, i âèêîíó¹òüñÿ ðiâíiñòü

∫∫
(P )

f(x, y)dP =

b∫
a

dx

d∫
c

f(x, y)dy.

Àíàëîãi÷íî ìîæíà äîâåñòè, ùî∫∫
(P )

f(x, y)dP =

d∫
c

dy

b∫
a

f(x, y)dx.
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Ðîçãëÿíåìî òåïåð îáëàñòü (P ), îáìåæåíó çíèçó i çâåðõó äâîìà íåïåðåðâ-

íèìè êðèâèìè y = y0(x), y = Y (x), a 6 x 6 b, à ç áîêiâ äâîìà ïðÿìèìè

x = a, x = b. ßêùî äëÿ ôóíêöi¨ f(x, y), âèçíà÷åíî¨ â îáëàñòi (P ), iñíó¹

ïîäâiéíèé iíòåãðàë

∫∫
(P )

f(x, y)dP, i ïðè êîæíîìó ôiêñîâàíîìó çíà÷åííi x

iç [a; b] çâè÷àéíèé iíòåãðàë I(x) =

Y (x)∫
y0(x)

f(x, y)dy, òî iñíó¹ òàêîæ ïîâòîðíèé

iíòåãðàë

b∫
a

dx

Y (x)∫
y0(x)

f(x, y)dy, i âèêîíó¹òüñÿ ðiâíiñòü

∫∫
(P )

f(x, y)dP =

b∫
a

dx

Y (x)∫
y0(x)

f(x, y)dy.

ßêùî îáëàñòü (P ) ìà¹ âèãëÿä êðèâîëiíiéíî¨ òðàïåöi¨, îáìåæåíî¨ êðèâèìè

x = x0(y) i x = X(y), c 6 y 6 d, ïðÿìèìè y = c i y = d, òî ñïðàâåäëèâà

ôîðìóëà ∫∫
(P )

f(x, y)dP =

d∫
c

dy

X(y)∫
x0(y)

f(x, y)dx,

ïðè óìîâi, ùî ðàçîì ç ïîäâiéíèì iíòåãðàëîì iñíó¹ ïðè êîæíîìó ôiêñîâàíîìó

çíà÷åííi y çâè÷àéíèé iíòåãðàë ïî çìiííié x.

Ó âèïàäêó ñêëàäíîãî êîíòóðà îáëàñòü (P ) ðîçáèâà¹òüñÿ íà ñêií÷åííó êiëü-

êiñòü ÷àñòèíîê, ùî ïiäïàäàþòü ïiä ðîçãëÿíóòi âèùå âèïàäêè. Òîäi øóêàíèé

iíòåãðàë çàïèñó¹òüñÿ ó âèãëÿäi ñóìè iíòåãðàëiâ ïî êîæíié iç îáëàñòåé.

Íàäàëi äëÿ ïîçíà÷åííÿ ïîäâiéíîãî iíòåãðàëà âèêîðèñòîâóâàòèìåìî ïîçíà-

÷åííÿ ∫∫
(P )

f(x, y)dxdy.

Çàìiíà çìiííèõ ó ïîäâiéíîìó iíòåãðàëi

Ðîçãëÿíåìî ïîäâiéíèé iíòåãðàë

∫∫
(P )

f(x, y)dxdy, äå îáëàñòü (P ) îáìåæåíà

êóñêîâî-ãëàäêèì êîíòóðîì (Γ), à ôóíêöiÿ f(x, y) íåïåðåðâíà â öié îáëàñòi
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àáî äîïóñêà¹ ðîçðèâè âçäîâæ ñêií÷åííî¨ êiëüêîñòi êðèâèõ, çáåðiãàþ÷è ïðè

öüîìó îáìåæåíiñòü.

Ïðèïóñòèìî, ùî îáëàñòü (P ) çâ'ÿçàíà ôîðìóëàìè

 x = x(ξ, η),

y = y(ξ, η),
ç äå-

ÿêîþ îáëàñòþ (∆) íà ïëîùèíi ξOη. Òîäi ñïðàâåäëèâà ôîðìóëà∫∫
(P )

f(x, y)dxdy =

∫∫
(∆)

f(x(ξ, η), y(ξ, η))
∣∣J(ξ, η)

∣∣ dξdη,

äå J(ξ, η) =
D(x, y)

D(ξ, η)
=

∣∣∣∣∣∣
∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

∣∣∣∣∣∣ � ÿêîáiàí ïåðåõîäó.

Îòæå, äëÿ òîãî, ùîá çäiéñíèòè çàìiíó çìiííèõ â ïîäâiéíîìó iíòåãðàëi,

ïîòðiáíî íå òiëüêè ïiäñòàâèòè ó ôóíêöiþ f(x, y) çàìiñòü x òà y âèðàçè, çà-

ëåæíi âiä íîâèõ çìiííèõ, àëå i çàìiíèòè åëåìåíò ïëîùi dxdy éîãî âèðàçîì çà

àáñîëþòíîþ âåëè÷èíîþ â êðèâîëiíiéíié ñèñòåìi êîîðäèíàò.

Çîêðåìà, ïîäâiéíèé iíòåãðàë ó ïîëÿðíèõ êîîðäèíàòàõ (r, ϕ) ìàòèìå âè-

ãëÿä ∫∫
(P )

f(x, y)dxdy =

∫∫
(∆)

f(r cosϕ, r sinϕ)r drdϕ.

Âïðàâè

1. Îá÷èñëèòè iíòåãðàë

∫∫
(P )

xy dxdy, (P ) = {(x, y) : 06 x6 1, 06 y6 1},

ðîçãëÿäàþ÷è éîãî, ÿê ãðàíèöþ iíòåãðàëüíî¨ ñóìè, ðîçáèâàþ÷è îáëàñòü iíòå-

ãðóâàííÿ íà êâàäðàòèêè ïðÿìèìè x =
i

n
, y =

j

n
, i, j = 1, n, i âèáèðàþ÷è

çíà÷åííÿ ïiäiíòåãðàëüíî¨ ôóíêöi¨ â ïðàâèõ âåðõíiõ âåðøèíàõ öèõ êâàäðàòiâ.

2. Ñêëàñòè íèæíþ s i âåðõíþ S ñóìè Äàðáó äëÿ ôóíêöi¨ f(x, y) = x2 +y2

â îáëàñòi (P ) = {(x, y) : 1 6 x 6 2, 1 6 y 6 2}, ðîçáèâàþ÷è îñòàííþ íà

êâàäðàòè ïðÿìèìè x = 1 +
i

n
, y = 1 +

j

n
, i, j = 0, n− 1. ×îìó ðiâíi ãðàíèöi

öèõ ñóì ïðè n→∞?

3. Îïèñàòè îáëàñòü iíòåãðóâàííÿ äëÿ çàäàíèõ ïîâòîðíèõ iíòåãðàëiâ òà

îá÷èñëèòè ¨õ:



�2.1. Ïîäâiéíi iíòåãðàëè 43

1)

2∫
1

dy

6∫
2

dx

(x+ 2y)2
; 2)

a∫
0

dx

b∫
0

xy dy;

3)

2∫
0

dx

2∫
−2

(2x2 + xy2 + 3y) dy; 4)

3∫
0

dy

3∫
1

dx

(x+ y)2
;

5)

3∫
1

dx

4∫
0

(x4 + y2) dy; 6)

π∫
0

dϕ

a∫
0

r2 cosϕ dr.

4. ßêèé çíàê ìàþòü íàñòóïíi iíòåãðàëè:

1)

∫∫
(P )

ln(x2 + y2) dxdy, (P ) = {(x, y) : |x|+ |y| 6 2};

2)

∫∫
(P )

3
√

1− x2 − y2 dxdy, (P ) = {(x, y) : x2 + y2 6 9};

3)

∫∫
(P )

arcsin(x+ y) dxdy, (P ) = {(x, y) : 0 6 x 6 1, −1 6 y 6 1− x}.

5. Âèêîðèñòîâóþ÷è òåîðåìó ïðî ñåðåäí¹ (âëàñòèâiñòü 7), îöiíèòè iíòåãðà-

ëè:

1)

∫∫
(P )

dxdy

64 + cos2 x+ cos2 y
, (P ) = {(x, y) : |x|+ |y| 6 16};

2)

∫∫
(P )

(4 + sin xy) dxdy, (P ) = {(x, y) : x2 + y2 6 4};

3)

∫∫
(P )

(x2 − y2) dxdy, (P ) = {(x, y) : x2 + y2 − 2x 6 0};

4)

∫∫
(P )

sin
x2 − y + 1

x2 + y2 + 1
dxdy, (P ) = {(x, y) : x2 + y2 6 16}.

6. Çìiíèòè ïîðÿäîê iíòåãðóâàííÿ â çàäàíèõ ïîâòîðíèõ iíòåãðàëàõ:

1)

4∫
0

dx

7−x∫
x
2+1

f(x, y) dy; 2)

1∫
0

dy

1−y∫
−
√

1−y2

f(x, y) dx;

3)

2∫
0

dx

0∫
−
√

1−(x−1)2

f(x, y) dy; 4)

1∫
0

dx

x2∫
x3

f(x, y) dy;
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5)

2∫
0

dy

4−y2∫
4−2y2

f(x, y) dx; 6)

1∫
0

dx

ex∫
e−x

f(x, y) dy;

7)

2a∫
0

dx

√
2ax∫

√
2ax−x2

f(x, y) dy; 8)

3∫
1

dy

y∫
ln y

f(x, y) dx;

9)

7∫
3

dy

3∫
9
y

f(x, y) dx+

9∫
7

dy

10−y∫
9
y

f(x, y) dx;

10)

1∫
0

dy

y∫
y2

9

f(x, y) dx+

3∫
1

dy

1∫
y2

9

f(x, y) dx.

7. Çàïèñàòè ïîäâiéíèé iíòåãðàë

∫∫
(P )

f(x, y) dxdy ó âèãëÿäi ïîâòîðíîãî äâî-

ìà ñïîñîáàìè ç ðiçíèì ïîðÿäêîì iíòåãðóâàííÿ, ÿêùî:

1) (P ) � òðèêóòíèê ç âåðøèíàìè O(0; 0), A(2; 1), B(3; 5);

2) (P ) � òðàïåöiÿ ç âåðøèíàìè O(0; 0), A(1; 0), B(2; 1), C(0; 1);

3) (P ) � êðóã x2 + y2 6 y;

4) (P ) � êiëüöå 1 6 x2 + y2 6 9;

5) (P ) =
{

(x, y) : 1 6 x 6 2,
1

x
6 y 6 x

}
;

6) (P ) = {(x, y) : −
√

1− y2 6 x 6 1− y, 0 6 y 6 1};

7) (P ) îáìåæåíà êðèâèìè y2 = ax, x2 + y2 = 2ax, y = 0, a > 0, y > 0;

8) (P ) � ïàðàëåëîãðàì çi ñòîðîíàìè y = x, y = x− 3, y = 2, y = 4;

9) (P ) îáìåæåíà êðèâèìè x2 + y2 = ax, x2 + y2 = 2ax, y = 0, a > 0,

y > 0;

10) (P ) = {(x, y) : y2 6 x+ 2, y > x}.

8. Îá÷èñëèòè ïîäâiéíi iíòåãðàëè ïî îáëàñòi (P ), îáìåæåíié äàíèìè êðè-

âèìè:

1)

∫∫
(P )

xy2 dxdy, y2 = 4x, x = 1;

2)

∫∫
(P )

(x2 + y2) dxdy, y = x, x+ y = 2a, x = 0, a > 0;
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3)

∫∫
(P )

xy dxdy, x+ y = 2, x2 + y2 = 2y, x > 0;

4)

∫∫
(P )

|xy| dxdy, x2 + y2 6 4;

5)

∫∫
(P )

x2 dxdy, |x|+ |y| 6 9;

6)

∫∫
(P )

x dxdy, (P ) � òðèêóòíèê ç âåðøèíàìè A(1; 1), B(2; 7), C(4; 5);

7)

∫∫
(P )

√
4 + x2 dxdy, y2 − x2 = 4, x = 2, x = 0, y = 0, y > 0;

8)

∫∫
(P )

ex+y dxdy, y = ex, x = 0, y = 2;

9)

∫∫
(P )

x dxdy, y = 0, x = a(t− sin t), y = a(1− cos t), 0 6 t 6 2π;

10)

∫∫
(P )

y dxdy, x = 0, y = 0, x = a cos3 t, y = a sin3 t, 0 6 t 6
π

2
.

9. Îá÷èñëèòè ïîäâiéíi iíòåãðàëè çà äîïîìîãîþ ïåðåõîäó äî ïîëÿðíî¨ ñè-

ñòåìè êîîðäèíàò:

1)

∫∫
(P )

(x2 + y2) dxdy, (P ) = {(x, y) : x2 + y2 6 2ax};

2)

∫∫
(P )

ln(x2 + y2) dxdy, (P ) = {(x, y) : e2 6 x2 + y2 6 e4};

3)

∫∫
(P )

cos
√
x2 + y2√

x2 + y2
dxdy, (P ) =

{
(x, y) :

π2

4
6 x2 + y2 6 π2

}
;

4)

∫∫
(P )

(x2 + y2) dxdy, (P ) = {(x, y) : ax 6 x2 + y2 6 4ax, y > 0};

5)

∫∫
(P )

√
x2 + y2 dxdy, (P ) = {(x, y) : 2x 6 x2 + y2 6 6x};

6)

∫∫
(P )

√
9− x2 − y2 dxdy, (P ) = {(x, y) : x2 + y2 6 9, x 6 y 6

√
2x};



46 ÐÎÇÄIË II. Êðàòíi iíòåãðàëè

7)

∫∫
(P )

dxdy

(x2 + y2)2
, (P ) = {(x, y) : 4x 6 x2 + y2 6 9x, x 6 y 6 2x};

8)

∫∫
(P )

dxdy, äå (P ) îáìåæåíà ëåìíiñêàòîþ Áåðíóëëi (x2 + y2)2 = 2a2xy.

10. Îá÷èñëèòè ïîäâiéíi iíòåãðàëè çà äîïîìîãîþ çàìiíè çìiííèõ:

1)

∫∫
(P )

x2y2 dxdy, äå (P ) îáìåæåíà êðèâèìè xy = 1, xy = 3, y = x,

y = 2x, x > 0, y > 0;

2)

∫∫
(P )

(4x − 2y) dxdy, äå (P ) � ïàðàëåëîãðàì, îáìåæåíèé ïðÿìèìè

x+ y = 1, x+ y = 3, 2x− y = 1, 2x− y = 4;

3)

∫∫
(P )

xy dxdy, äå (P ) îáìåæåíà êðèâèìè xy = 1, xy = 3, x + y =
1

2
,

x+ y =
5

2
;

4)

∫∫
(P )

(x + y)4(x − y)3 dxdy, äå (P ) � êâàäðàò, îáìåæåíèé ïðÿìèìè

x+ y = 1, x− y = −1, x+ y = 3, x− y = 1;

5)

∫∫
(P )

dxdy, äå (P ) îáìåæåíà êðèâèìè y2 = 2x, y2 = 3x, xy = 1, xy = 3;

6)

∫∫
(P )

y2

x2
dxdy, äå (P ) îáìåæåíà êðèâèìè xy = 1, xy = 2, y = 2x,

y = 5x.

11. Îá÷èñëèòè ïîäâiéíi iíòåãðàëè:

1)

∫∫
(P )

(x+ y) dxdy, äå (P ) îáìåæåíà êðèâîþ x2 + y2 = x+ y;

2)

∫∫
(P )

(|x|+ |y|)3 dxdy, äå (P ) = {(x, y) : |x|+ |y| 6 4};

3)

∫∫
(P )

√
1− x2

4
− y2

9
dxdy, äå îáëàñòü (P ) îáìåæåíà åëiïñîì

x2

4
+
y2

9
= 1;

4)

∫∫
(P )

(x+y) dxdy, äå (P ) îáìåæåíà êðèâèìè y2 = 2x, x+y = 4, x+y = 9;



� 2.1. Ïîäâiéíi iíòåãðàëè 47

5)

∫∫
(P )

| cos(x+ y)| dxdy, äå (P ) = {(x, y) : 0 6 x 6 π, 0 6 y 6 π};

6)

∫∫
(P )

√
|y − x2| dxdy, äå (P ) = {(x, y) : |x| 6 1, 0 6 y 6 2|}.

12. Îá÷èñëèòè ïîäâiéíi iíòåãðàëè âiä ðîçðèâíèõ ôóíêöié:

1)

∫∫
(P )

sgn(x2 − y2 + 2) dxdy, äå (P ) = {(x, y) : x2 + y2 6 4};

2)

∫∫
(P )

[x+ y] dxdy, äå (P ) = {(x, y) : 0 6 x 6 2, 0 6 y 6 2};

3)

∫∫
(P )

√
[y − x2] dxdy, äå (P ) = {(x, y) : −2 6 x 6 2, x2 6 y 6 4}.

13. Äîâåñòè, ùî ÿêùî ôóíêöiÿ f(x, y) ¹ íåïåðåðâíîþ, òî ôóíêöiÿ

U(x, y) =
1

2

x∫
0

dξ

x+y−ξ∫
ξ−x+y

f(ξ, η) dη çàäîâîëüíÿ¹ ðiâíÿííÿ

∂2U

∂x2
− ∂2U

∂y2
= f(x, y).

14. Âèâåñòè ôîðìóëó äëÿ îá÷èñëåííÿ

∫∫
(P )

f(x, y) dxdy, â óçàãàëüíåíèõ

ïîëÿðíèõ êîîðäèíàòàõ x = ar cosα ϕ, y = br sinα ϕ, äå a, b, α > 0 � ôiêñîâàíi

ñòàëi.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

5.4. Ôóíêöiÿ f(x, y) = sin
x2 − y + 1

x2 + y2 + 1
¹ íåïåðåðâíîþ i îáìåæåíîþ â îáëà-

ñòi (P ) = {(x, y) : x2 + y2 6 16}. Ìà¹ìî, ùî

−1 6 sin
x2 − y + 1

x2 + y2 + 1
6 1.

Òîäi çà òåîðåìîþ ïðî ñåðåäí¹ ìîæåìî îöiíèòè çàäàíèé ïîäâiéíèé iíòåãðàë.

Îòæå,

−16π 6
∫∫
(P )

sin
x2 − y + 1

x2 + y2 + 1
dxdy 6 16π,

äå 16π � ïëîùà îáëàñòi (P ). I
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8.7. Çàäàíà îáëàñòü iíòåãðóâàííÿ çîáðàæåíà íà ðèñ. 5. Òîäi

(P ) = {(x, y) : 0 6 x 6 2, −
√

4 + x2 6 y 6
√

4 + x2}.

y

0 2 x

Ðèñ. 5

Çâåäåìî ïîäâiéíèé iíòåãðàë äî ïîâòîðíîãî i îá÷èñëèìî éîãî:

∫∫
(P )

√
4 + x2 dxdy =

2∫
0

dx

√
4+x2∫

−
√

4+x2

√
4 + x2 dy =

2∫
0

√
4 + x2 · y

∣∣∣√4+x2

−
√

4+x2
dx =

= 2

2∫
0

(4 + x2) dx = 2
(

4x+
x3

3

)∣∣∣2
0

= 2
(

8 +
8

3

)
=

64

3
. I

0

π
2

π

3π
2

(P ′)

Ðèñ. 6



� 2.1. Ïîäâiéíi iíòåãðàëè 49

9.7. Ïåðåéäåìî äî ïîëÿðíî¨ ñèñòåìè êîîðäèíàò çà äîïîìîãîþ çàìiíè çìií-

íèõ

 x = r cosϕ,

y = r sinϕ.
Òîäi â íîâié ñèñòåìi êîîðäèíàò îòðèìà¹ìî îáëàñòü iíòå-

ãðóâàííÿ âèäó

(P ) =
{

(r, ϕ) :
π

4
6 ϕ 6 arctg 2, 4 cosϕ 6 r 6 9 cosϕ

}
,

ÿêà çîáðàæåíà íà ðèñ. 6.

Îòæå, çà ôîðìóëîþ çàìiíè çìiííèõ â ïîäâiéíîìó iíòåãðàëi çàïèøåìî:∫∫
(P )

dxdy

(x2 + y2)2
=

∣∣∣∣∣∣ x = r cosϕ,

y = r sinϕ,

π

4
6 ϕ 6 arctg 2,

4 cosϕ 6 r 6 9 cosϕ,
J(r, ϕ) = r

∣∣∣∣∣∣ =

=

arctg 2∫
π
4

dϕ

9 cosϕ∫
4 cosϕ

r

r4
dr = −1

2

arctg 2∫
π
4

1

r2

∣∣∣9 cosϕ

4 cosϕ
dϕ = −1

2

arctg 2∫
π
4

( 1

81
− 1

16

) 1

cos2 ϕ
dϕ =

= −1

2

( 1

81
− 1

16

)
tgϕ

∣∣∣arctg 2

π
4

= −1

2

( 2

81
− 1

8
− 1

81
+

1

16

)
=

65

2592
. I

11.3. Îáëàñòü (P ) ìà¹ âèãëÿä:

(P ) =
{

(x, y) :
x2

4
+
y2

9
6 1
}
.

Çðîáèìî çàìiíó çìiííèõ

 x = 2r cosϕ,

y = 3r sinϕ.
Òîäi â íîâié ñèñòåìi êîîðäèíàò

îáëàñòü iíòåãðóâàííÿ ìàòèìå âèä:

{(r, ϕ) : 0 6 ϕ 6 2π, 0 6 r 6 1}.

Îá÷èñëèìî ÿêîáiàí ïåðåõîäó äî íîâî¨ ñèñòåìè êîîðäèíàò:

J(r, ϕ) =

∣∣∣∣∣∣ 2 cosϕ −2r sinϕ

3 sinϕ 3r cosϕ

∣∣∣∣∣∣ = 6r(cos2 ϕ+ sin2 ϕ) = 6r.

Îòæå,∫∫
(P )

√
1− x2

4
− y2

9
dxdy =

∣∣∣∣∣∣ x = 2r cosϕ,

y = 3r sinϕ

∣∣∣∣∣∣ =

2π∫
0

dϕ

1∫
0

√
1− r2 · 6r dr =

= −3

2π∫
0

dϕ

1∫
0

√
1− r2 d(1− r2) = −2

2π∫
0

√
(1− r2)3

∣∣∣1
0
dϕ = 4π. I
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�2.2. Ïîòðiéíi iíòåãðàëè

Íåõàé â äåÿêié ïðîñòîðîâié îáëàñòi (V ) çàäàíà ôóíêöiÿ f(x, y, z). Ðîçi-

á'¹ìî îáëàñòü çà äîïîìîãîþ ñiòêè ïîâåðõîíü íà ñêií÷åííó êiëüêiñòü ÷àñòè-

íîê (V1), (V2), . . . , (Vn), ùî ìàþòü âiäïîâiäíi îá'¹ìè V1, V2, . . . , Vn. Â ìå-

æàõ i-ãî åëåìåíòà (Vi) âiçüìåìî äîâiëüíó òî÷êó (ξi, ηi, ζi) i çíà÷åííÿ ôóíêöi¨

â öié òî÷öi f(ξi, ηi, ζi) ïîìíîæèìî íà îá'¹ì Vi. Ñêëàäåìî iíòåãðàëüíó ñóìó

σ =
n∑
i=1

f(ξi, ηi, ζi)Vi.

ßêùî iñíó¹ ñêií÷åííà ãðàíèöÿ I öi¹¨ ñóìè ïðè ïðÿìóâàííi äî íóëÿ íàé-

áiëüøîãî ç äiàìåòðiâ âñiõ îáëàñòåé (Vi), òî âîíà íàçèâà¹òüñÿ ïîòðiéíèì

iíòåãðàëîì ôóíêöi¨ f(x, y, z) â îáëàñòi (V ). Ïîçíà÷à¹òüñÿ

I = lim
λ→0

σ =

∫∫∫
(V )

f(x, y, z)dV =

∫∫∫
(V )

f(x, y, z)dxdydz,

äå λ � ìàêñèìàëüíèé iç äiàìåòðiâ îáëàñòåé (Vi).

Ñêií÷åííà ãðàíèöÿ ìîæå iñíóâàòè ëèøå äëÿ îáìåæåíî¨ ôóíêöi¨. Äëÿ ií-

òåãðàëüíèõ ñóì çà àíàëîãi¹þ äî ïîäâiéíèõ iíòåãðàëiâ ìîæíà ââåñòè íèæíþ i

âåðõíþ ñóìè Äàðáó:

s =
n∑
i=1

miVi, S =
n∑
i=1

MiVi,

äå mi = inf
(Vi)
{f}, Mi = sup

(Vi)

{f}.

Òåîðåìà 1. Äëÿ iñíóâàííÿ ïîòðiéíîãî iíòåãðàëà âiä ôóíêöi¨ f(x, y, z)

ïî îáëàñòi (V ) íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü õî÷à á îäíà iç äâîõ

íàñòóïíèõ óìîâ:

1) lim
λ→0

(S − s) = 0,

2) lim
λ→0

n∑
i=1

ωiVi = 0, äå ωi = Mi − mi � êîëèâàííÿ ôóíêöi¨ f(x, y, z) â

îáëàñòi (Vi).

Òåîðåìà 2. Áóäü-ÿêà íåïåðåðâíà ôóíêöiÿ f(x, y, z) â îáëàñòi (V ) ¹ ií-

òåãðîâíîþ.
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Òåîðåìà 3. Áóäü-ÿêà îáìåæåíà ôóíêöiÿ f(x, y, z) â îáëàñòi (V ), âñi

ðîçðèâè ÿêî¨ ëåæàòü íà ñêií÷åííié êiëüêîñòi ïîâåðõîíü îá'¹ìîì íóëü, ¹

iíòåãðîâíîþ â öié îáëàñòi.

Âëàñòèâîñòi iíòåãðîâíèõ ôóíêöié òà ïîòðiéíèõ iíòåãðàëiâ

1. Iñíóâàííÿ i çíà÷åííÿ ïîòðiéíîãî iíòåãðàëà íå çàëåæèòü âiä çíà÷åíü,

ùî ïðèéìà¹ ïiäiíòåãðàëüíà ôóíêöiÿ f(x, y, z) âçäîâæ ñêií÷åííî¨ êiëüêîñòi

ïîâåðõîíü îá'¹ìîì íóëü.

2. ßêùî (V ) = (V ′) + (V ′′), òî∫∫∫
(V )

f(x, y, z)dV =

∫∫∫
(V ′)

f(x, y, z)dV ′ +

∫∫∫
(V ′′)

f(x, y, z)dV ′′,

ïðè÷îìó iç iñíóâàííÿ iíòåãðàëà çëiâà âèïëèâà¹ iñíóâàííÿ iíòåãðàëiâ ñïðàâà i

íàâïàêè.

3. ßêùî k = const, òî∫∫∫
(V )

k · f(x, y, z)dV = k

∫∫∫
(V )

f(x, y, z)dV,

ïðè÷îìó iç iñíóâàííÿ iíòåãðàëà ñïðàâà âèïëèâà¹ iñíóâàííÿ iíòåãðàëà çëiâà i

íàâïàêè.

4. ßêùî â îáëàñòi (V ) iíòåãðîâíi ôóíêöi¨ f(x, y, z) i g(x, y, z), òî iíòå-

ãðîâíîþ ¹ ôóíêöiÿ f(x, y, z)± g(x, y, z), ïðè÷îìó∫∫∫
(V )

(
f(x, y, z)± g(x, y, z)

)
dV =

∫∫∫
(V )

f(x, y, z)dV ±
∫∫∫
(V )

g(x, y, z)dV.

5. ßêùî äëÿ iíòåãðîâíèõ â îáëàñòi (V ) ôóíêöié f(x, y, z) òà g(x, y, z)

âèêîíó¹òüñÿ íåðiâíiñòü f(x, y, z) 6 g(x, y, z), òî∫∫∫
(V )

f(x, y, z)dV 6
∫∫∫
(V )

g(x, y, z)dV.

6. Ó âèïàäêó iíòåãðîâíîñòi ôóíêöi¨ f(x, y, z) â îáëàñòi (V ) iíòåãðîâíîþ

òàêîæ â öié îáëàñòi ¹ ôóíêöiÿ |f(x, y, z)|. Ïðè öüîìó ìà¹ ìiñöå íåðiâíiñòü∣∣∣ ∫∫∫
(V )

f(x, y, z)dV
∣∣∣ 6 ∫∫∫

(V )

|f(x, y, z)|dV.
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7. ßêùî iíòåãðîâíà â îáëàñòi (V ) ôóíêöiÿ f(x, y, z) çàäîâîëüíÿ¹ íåðiâ-

íiñòü m 6 f(x, y, z) 6M, òî

mV 6
∫∫∫
(V )

f(x, y, z)dV 6MV,

àáî ∫∫∫
(V )

f(x, y, z)dV = µV,

äå m 6 µ 6M.

Ó âèïàäêó íåïåðåðâíîñòi ôóíêöi¨ f(x, y, z) ïîïåðåäíþ ôîðìóëó ìîæíà

çàïèñàòè ó âèäi ∫∫∫
(V )

f(x, y, z)dV = f(x, y, z)V,

äå òî÷êà (x, y, z) ∈ (V ).

Íåõàé ôóíêöiÿ f(x, y, z) âèçíà÷åíà â ïðÿìîêóòíîìó ïàðàëåëåïiïåäi

(T ) = [a, b; c, d; e, f ], ÿêèé ïðîåêòó¹òüñÿ íà ïëîùèíó yOz â ïðÿìîêóòíèê

(R) = [c, d; e, f ]. ßêùî äëÿ ôóíêöi¨ f(x, y, z) iñíó¹ ïîòðiéíèé iíòåãðàë∫∫∫
(T )

f(x, y, z)dT i äëÿ êîæíîãî ôiêñîâàíîãî çíà÷åííÿ x iç [a, b] äëÿ

ôóíêöi¨ f(x, y, z) iñíó¹ ïîäâiéíèé iíòåãðàë I(x) =

∫∫
(R)

f(x, y, z)dR, òî iñíó¹

òàêîæ ïîâòîðíèé iíòåãðàë

b∫
a

dx

∫∫
(R)

f(x, y, z)dR, i âèêîíó¹òüñÿ ðiâíiñòü

∫∫∫
(T )

f(x, y, z)dT =

b∫
a

dx

∫∫
(R)

f(x, y, z)dR.

ßêùî ïðèïóñòèòè iñíóâàííÿ çâè÷àéíîãî iíòåãðàëà

f∫
e

f(x, y, z)dz äëÿ

áóäü-ÿêèõ ôiêñîâàíèõ çíà÷åíü x ∈ [a, b] i y ∈ [c, d], òî∫∫∫
(T )

f(x, y, z)dT =

b∫
a

dx

d∫
c

dy

f∫
e

f(x, y, z)dz.



� 2.2. Ïîòðiéíi iíòåãðàëè 53

Îòæå, îá÷èñëåííÿ ïîòðiéíîãî iíòåãðàëà çâîäèòüñÿ äî îá÷èñëåííÿ ïîâòîð-

íîãî iíòåãðàëà.

Î÷åâèäíî, ùî ç iñíóâàííÿ ïîòðiéíîãî iíòåãðàëà i çâè÷àéíîãî iíòåãðàëà
f∫
e

f(x, y, z)dz âèïëèâàòèìå ðiâíiñòü∫∫∫
(T )

f(x, y, z)dT =

∫∫
(Q)

dxdy

f∫
e

f(x, y, z)dz,

äå (Q) = [a, b; c, d].

Íåõàé òiëî (V ) îáìåæåíå çíèçó i çâåðõó âiäïîâiäíèìè ïîâåðõíÿìè

z = z0(x, y) i z = Z(x, y), ùî ïðîåêòó¹òüñÿ íà ïëîùèíó xOy ó ôiãóðó

(P ), ÿêà îáìåæåíà êîíòóðîì (Γ) ïëîùåþ íóëü; ç áîêiâ òiëî (V ) îáìåæåíå

öèëiíäðè÷íîþ ïîâåðõíåþ ç òâiðíèìè, ïàðàëåëüíèìè îñi Oz, i êðèâîþ (Γ),

ÿê íàïðÿìíîþ. Òîäi

∫∫∫
(V )

f(x, y, z)dV =

∫∫
(P )

dxdy

Z(x,y)∫
z0(x,y)

f(x, y, z)dz,

ïðè öüîìó ââàæàþòüñÿ âèçíà÷åíèìè âiäïîâiäíi iíòåãðàëè

∫∫∫
(V )

f(x, y, z)dV i

Z(x,y)∫
z0(x,y)

f(x, y, z)dz.

ßêùî îáëàñòü (P ) ¹ êðèâîëiíiéíîþ òðàïåöi¹þ, îáìåæåíîþ äâîìà êðèâèìè

y = y0(x) i y = Y (x), x0 6 x 6 X, òà ïðÿìèìè x = x0 i x = X, òî ïîïåðåäíÿ

ôîðìóëà ïåðåïèøåòüñÿ ó âèäi

∫∫∫
(V )

f(x, y, z)dV =

X∫
x0

dx

Y (x)∫
y0(x)

dy

Z(x,y)∫
z0(x,y)

f(x, y, z)dz.

Çàóâàæèìî, ùî ïåðåñòàâëÿþ÷è çìiííi i âðàõîâóþ÷è iñíóâàííÿ âiäïîâiä-

íèõ iíòåãðàëiâ, ìîæíà âèâåñòè iíøi ôîðìóëè çâ'ÿçêó ïîòðiéíîãî iíòåãðàëà ç

ïîäâiéíèì òà ïîâòîðíèìè iíòåãðàëàìè, çàëåæíî âiä âèãëÿäó îáëàñòi (V ).
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Íàïðèêëàä, äëÿ îáëàñòåé

(V ) = {(x, y, z) : a 6 x 6 b, z0(x) 6 z 6 Z(x), y0(x, z) 6 y 6 Y (x, z)},

(V ) = {(x, y, z) : c 6 y 6 d, x0(y) 6 x 6 X(y), z0(x, y) 6 z 6 Z(x, y)},

(V ) = {(x, y, z) : c 6 y 6 d, z0(y) 6 z 6 Z(y), x0(y, z) 6 x 6 X(y, z)},

(V ) = {(x, y, z) : e 6 z 6 f, x0(z) 6 x 6 X(z), y0(x, z) 6 y 6 Y (x, z)},

(V ) = {(x, y, z) : e 6 z 6 f, y0(z) 6 y 6 Y (z), x0(y, z) 6 x 6 X(y, z)},

ìîæíà çàïèñàòè âiäïîâiäíi ôîðìóëè:

∫∫∫
(V )

f(x, y, z)dxdydz =

b∫
a

dx

Z(x)∫
z0(x)

dz

Y (x,z)∫
y0(x,z)

f(x, y, z)dy,

∫∫∫
(V )

f(x, y, z)dxdydz =

d∫
c

dy

X(y)∫
x0(y)

dx

Z(x,y)∫
z0(x,y)

f(x, y, z)dz,

∫∫∫
(V )

f(x, y, z)dxdydz =

d∫
c

dy

Z(y)∫
z0(y)

dz

X(y,z)∫
x0(y,z)

f(x, y, z)dx,

∫∫∫
(V )

f(x, y, z)dxdydz =

f∫
e

dz

X(z)∫
x0(z)

dx

Y (x,z)∫
y0(x,z)

f(x, y, z)dy,

∫∫∫
(V )

f(x, y, z)dxdydz =

f∫
e

dz

Y (z)∫
y0(z)

dy

X(y,z)∫
x0(y,z)

f(x, y, z)dx.

Çàìiíà çìiííèõ ó ïîòðiéíîìó iíòåãðàëi

Ðîçãëÿíåìî ïîòðiéíèé iíòåãðàë

∫∫∫
(V )

f(x, y, z)dxdydz, äå îáëàñòü (V )

îáìåæåíà ïîâåðõíåþ îá'¹ìîì íóëü, à ôóíêöiÿ f(x, y, z) íåïåðåðâíà â öié

îáëàñòi àáî ìà¹ ðîçðèâè íà ñêií÷åííié êiëüêîñòi ïîâåðõîíü îá'¹ìîì íóëü,
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çàëèøàþ÷èñü ïðè öüîìó îáìåæåíîþ. Ïðèïóñòèìî, ùî îáëàñòü (V ) â ïðîñòîði

xyz ïîâ'ÿçàíà ôîðìóëàìè 
x = x(ξ, η, ζ),

y = y(ξ, η, ζ),

z = z(ξ, η, ζ)

ç äåÿêîþ îáëàñòþ (V ′) â ïðîñòîði ξηζ. Òîäi ñïðàâåäëèâà ôîðìóëà∫∫∫
(V )

f(x, y, z)dxdydz =

∫∫∫
(V ′)

f(x(ξ, η, ζ), y(ξ, η, ζ), z(ξ, η, ζ))|J(ξ, η, ζ)|dξdηdζ,

äå J(ξ, η, ζ) = D(x,y,z)
D(ξ,η,ζ) =

∣∣∣∣∣∣∣∣∣
∂x
∂ξ

∂x
∂η

∂x
∂ζ

∂y
∂ξ

∂y
∂η

∂y
∂ζ

∂z
∂ξ

∂z
∂η

∂z
∂ζ

∣∣∣∣∣∣∣∣∣ � ÿêîáiàí ïåðåõîäó.

Ðîçãëÿíåìî îêðåìi âèïàäêè ôîðìóëè çàìiíè çìiííèõ:

1) ïîòðiéíèé iíòåãðàë ó öèëiíäðè÷íèõ êîîðäèíàòàõ (r, ϕ, z) :

∫∫∫
(V )

f(x, y, z)dxdydz =

∣∣∣∣∣∣∣∣∣
x = r cosϕ,

y = r sinϕ,

z = z

∣∣∣∣∣∣∣∣∣ =

∫∫∫
(V ′)

f(r cosϕ, r sinϕ, z)rdrdϕdz;

2) ïîòðiéíèé iíòåãðàë ó ñôåðè÷íèõ êîîðäèíàòàõ (r, ϕ, θ) :

∫∫∫
(V )

f(x, y, z)dxdydz =

∣∣∣∣∣∣∣∣∣
x = r cosϕ sin θ,

y = r sinϕ sin θ,

z = r cos θ

∣∣∣∣∣∣∣∣∣ =

=

∫∫∫
(V ′)

f(r cosϕ sin θ, r sinϕ sin θ, r cos θ)r2 sin θdrdϕdθ.

Âïðàâè

1. Âèêîðèñòîâóþ÷è òåîðåìó ïðî ñåðåäí¹, îöiíèòè iíòåãðàëè:

1)

∫∫∫
(V )

e

√
x2

a2
+y2

b2
+ z2

c2 dxdydz, (V ) =
{

(x, y, z) :
x2

a2
+
y2

b2
+
z2

c2
6 1
}

;

2)

∫∫∫
(V )

(x+ y − z + 10)dxdydz, (V ) =
{

(x, y, z) : x2 + y2 + z2 6 9
}

;
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3)

∫∫∫
(V )

(x + y + z)dxdydz, (V ) =
{

(x, y, z) : 1 6 x 6 2, 1 6 y 6 3,

1 6 z 6 4
}

;

4)

∫∫∫
(V )

dxdydz√
(x− 1)2 + (y − 2)2 + (z − 3)2

, (V ) =
{

(x, y, z) : x2+y2+z269
}
.

2. Çâåñòè ïîòðiéíèé iíòåãðàë

∫∫∫
(V )

f(x, y, z)dxdydz äî ïîâòîðíîãî ïî çìií-

íèõ x, y, z áóäü-ÿêèìè òðüîìà ç øåñòè ìîæëèâèõ ñïîñîáiâ, ÿêùî îáëàñòü (V )

îáìåæåíà äàíèìè ïîâåðõíÿìè:

1) x = 0, x = 1, y = 0, y = 1− x, z = 0, x+ y + z = 1;

2)
x2

4
+
y2

9
+
z2

4
= 1;

3) x = 0, y = 0, z = 0, x = 1, y = 1, z = x2 + y2;

4) x2 + y2 + z2 = 1, x2 + y2 + z2 = 16, x = 0, y = 0, z = 0, (x>0, y>0,

z > 0);

5) x = 0, y = 0, z = 0, x = 4, y =
√

16− x2, z = x2 + y2.

3. Îá÷èñëèòè ïîòðiéíi iíòåãðàëè ïî îáëàñòi (V ), îáìåæåíié ïîâåðõíÿìè:

1)

∫∫∫
(V )

xy2z3dxdydz, z = xy, y = x, x = 1, z = 0;

2)

∫∫∫
(V )

xdxdydz, x2 + y2 = 1, z = 0, z = 3;

3)

∫∫∫
(V )

xyzdxdydz, x2 + y2 + z2 = 1, x = 0, y = 0, z = 0;

4)

∫∫∫
(V )

xyzdxdydz, y = x2, x = y2, z = xy, z = 0;

5)

∫∫∫
(V )

√
x2 + y2dxdydz, x2 + y2 = z2, z = 1;

6)

∫∫∫
(V )

xy
√
zdxdydz, z = 0, z = y, y = x2, y = 1;

7)

∫∫∫
(V )

zdxdydz, z2 =
4

9
(x2 + y2), 0 6 z 6 2;
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8)

∫∫∫
(V )

xyzdxdydz, x2 + y2 + z2 = a
√

3x, x2 + y2 + z2 = ay, z > 0;

9)

∫∫∫
(V )

(x2 + y2 + z2)dxdydz, x2 + y2 + z2 = 9, y2 + z2 = x2, x > 0;

10)

∫∫∫
(V )

z2dxdydz, x2 + y2 + z2 = 16, x2 + y2 + z2 = 8z.

4. Îá÷èñëèòè ïîòðiéíèé iíòåãðàë, ïåðåéøîâøè äî öèëiíäðè÷íèõ àáî ñôå-

ðè÷íèõ êîîðäèíàò:

1)

∫∫∫
(V )

√
x2 + y2 + z2dxdydz, (V ) =

{
(x, y, z) : x2 + y2 + z2 6 z

}
;

2)

∫∫∫
(V )

(x2 + y + z2)2dxdydz, (V ) =
{

(x, y, z) : x2 + z2 6 1, 0 6 y 6 1
}

;

3)

∫∫∫
(V )

(x2 + y2)dxdydz, (V ) =
{

(x, y, z) :
1

2
(x2 + y2) 6 z 6 2

}
;

4)

∫∫∫
(V )

z2dxdydz, (V ) =
{

(x, y, z) : 0 6 x 6 1, 0 6 y 6
√

1− x2,

√
x2 + y2 6 z 6

√
2− x2 − y2

}
;

5)

∫∫∫
(V )

(x2 + y2)dxdydz, (V ) =
{

(x, y, z) : 4 6 x2 + y2 + z2 6 9, z > 0
}

;

6)

∫∫∫
(V )

(x2 + y2)dxdydz, äå (V ) îáìåæåíà ïîâåðõíÿìè x2 + y2 = 4,

x2 + y2 = 9, z = 0, z = 1, x = 0, y = 0;

7)

∫∫∫
(V )

z
√
x2 + y2dxdydz, äå (V ) îáìåæåíà ïîâåðõíÿìè y = 0, z = 0,

z = 2, x2 + y2 = 2x;

8)

∫∫∫
(V )

√
x2 + y2 + z2dxdydz, (V ) =

{
(x, y, z) : x2 + y2 + z2 6 x

}
;

9)

∫∫∫
(V )

xyzdxdydz, (V ) =
{

(x, y, z) : x2+y2+z2 6 2
√

3x, x2+y2+z262y,

z > 0
}

;

10)

∫∫∫
(V )

dxdydz, äå (V ) îáìåæåíà ïîâåðõíÿìè x2+y2 =4x, x2+y2+z2 =16,

z = 0.
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5. Âèêîíàâøè âiäïîâiäíó çàìiíó çìiííèõ, îá÷èñëèòè ïîòðiéíi iíòåãðàëè:

1)

∫∫∫
(V )

√
1− x2

4
− y2

9
− z2

16
dxdydz, (V ) =

{
(x, y, z) :

x2

4
+
y2

9
+
z2

16
6 1
}

;

2)

∫∫∫
(V )

x2dxdydz, äå (V ) îáìåæåíà ïîâåðõíÿìè z = ay2, z = by2, y > 0,

z = αx, z = βx, z = h, h > 0, 0 < a < b, 0 < α < β;

3)

∫∫∫
(V )

xyzdxdydz, äå (V ) ðîçìiùåíà â ïåðøîìó îêòàíòi i îáìåæåíà ïî-

âåðõíÿìè z =
x2 + y2

2
, z =

x2 + y2

5
, xy = 4, xy = 9, y = 2x, y = 3x.

6.Îá÷èñëèòè ïîòðiéíèé iíòåãðàë

∫∫∫
(V )

xmynzpdxdydz, äå (V ) = {(x, y, z) :

x2 + y2 + z2 6 1}, m, n i p � öiëi íåâiä'¹ìíi ÷èñëà.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

3.7. Îáëàñòü iíòåãðóâàííÿ (V ) çîáðàæåíà íà ðèñ. 7. Ïðè ïðîåêòóâàííi íà

ïëîùèíó xOy óòâîðèòüñÿ êðóã x2 + y2 6 9 ðàäióñà 3.

Îòæå,

(V )=
{

(x, y, z) : −36x63, −
√

9− x26y6
√

9− x2,
2

3

√
x2 + y26z62

}
.

Òîäi ïîòðiéíèé iíòåãðàë ìîæíà çâåñòè äî ïîâòîðíîãî i îá÷èñëèòè éîãî:

∫∫∫
(V )

zdxdydz =

3∫
−3

dx

√
9−x2∫

−
√

9−x2

dy

2∫
2
3

√
x2+y2

zdz =
1

2

3∫
−3

dx

√
9−x2∫

−
√

9−x2

z2
∣∣∣2
2
3

√
x2+y2

dy =

=
1

2

3∫
−3

dx

√
9−x2∫

−
√

9−x2

(
4− 4

9
(x2 + y2)

)
dy =

3∫
−3

dx

√
9−x2∫
0

(
4− 4

9
(x2 + y2)

)
dy =

=

3∫
−3

(
4y − 4

9

(
x2y +

y3

3

))∣∣∣√9−x2

0
dx =

16

3

3∫
0

(√
9− x2 − 1

9
x2
√

9− x2
)
dx =

=
16

27

3∫
0

(9− x2)
√

9− x2dx =

∣∣∣∣∣∣ x = 3 sin t, x1 = 0, x2 = 3,

dx = 3 cos tdt, t1 = 0, t2 = π
2

∣∣∣∣∣∣ =



� 2.2. Ïîòðiéíi iíòåãðàëè 59

= 48

π
2∫

0

cos4 tdt = 12

π
2∫

0

(1 + cos 2t)2dt = 12

π
2∫

0

(1 + 2 cos 2t+ cos2 2t)dt =

= 12

π
2∫

0

(
1 + 2 cos 2t+

1 + cos 4t

2

)
dt = 12

(3t

2
+ sin 2t+

1

8
sin 4t

)∣∣∣π2
0

= 9π. I

−3

3
−3

3
1

2

3

x

y

z

Ðèñ. 7

4.10. Ïåðåéäåìî äî öèëiíäðè÷íî¨ ñèñòåìè êîîðäèíàò. Òîäi îáëàñòü (V ′) â

íîâié ñèñòåìi êîîðäèíàò (r, ϕ, z) ìàòèìå âèãëÿä:

(V ′) =
{

(r, ϕ, z) : −π
2
6 ϕ 6

π

2
, 0 6 r 6 4 cosϕ, 0 6 z 6

√
16− r2

}
.

Çà ôîðìóëîþ ïåðåõîäó äî öèëiíäðè÷íî¨ ñèñòåìè êîîðäèíàò îòðèìà¹ìî:

∫∫∫
(V )

dxdydz =

∣∣∣∣∣∣∣∣∣
x = r cosϕ,

y = r sinϕ, J(r, ϕ, z) = r

z = z,

∣∣∣∣∣∣∣∣∣ =

π
2∫

−π2

dϕ

4 cosϕ∫
0

dr

√
16−r2∫
0

rdz =

=

π
2∫

−π2

dϕ

4 cosϕ∫
0

rz
∣∣∣√16−r2

0
dr =

π
2∫

−π2

dϕ

4 cosϕ∫
0

r
√

16− r2dr =

= −1

2

π
2∫

−π2

dϕ

4 cosϕ∫
0

√
16− r2d(16− r2) = −1

3

π
2∫

−π2

√
(16− r2)3

∣∣∣4 cosϕ

0
dϕ =

= −64

3

π
2∫

−π2

(| sin3 ϕ| − 1)dϕ = −64

3

0∫
−π2

(− sin3 ϕ)dϕ− 64

3

π
2∫

0

sin3 ϕdϕ+
64

3
π =
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= −64

3

0∫
−π2

(1− cos2 ϕ)d(cosϕ) +
64

3

π
2∫

0

(1− cos2 ϕ)d(cosϕ) +
64

3
π =

=
64

3
π − 64

3

(
cosϕ− 1

3
cos3 ϕ

)∣∣∣0
−π2

+
64

3

(
cosϕ− 1

3
cos3 ϕ

)∣∣∣π2
0

=
64

9
(3π − 4). I

5.3. Îñêiëüêè îáëàñòü (V ) ðîçìiùåíà â ïåðøîìó îêòàíòi òà îáìåæåíà

ïîâåðõíÿìè z =
x2 + y2

2
, z =

x2 + y2

5
, xy = 4, xy = 9, y = 2x i y = 3x,

òî çðîáèìî çàìiíó çìiííèõ
z

x2 + y2
= ξ, xy = η,

y

x
= ζ. Òîäi â ïðîñòîði ξηζ

îáëàñòü (V ′) ìàòèìå âèãëÿä

(V ′) =
{

(ξ, η, ζ) : 2 6 ζ 6 3, 4 6 η 6 9,
1

5
6 ξ 6

1

2

}
.

Ç ñèñòåìè


z

x2+y2 = ξ,

xy = η,

y
x = ζ

çíàéäåìî çàëåæíiñòü çìiííèõ x, y, z âiä ξ, η, ζ.

Òîäi 
x = η

1
2ζ−

1
2 ,

y = η
1
2ζ

1
2 ,

z = ξ(ηζ−1 + ηζ),

àáî


x = η

1
2ζ−

1
2 ,

y = η
1
2ζ

1
2 ,

z = ξη(ζ−1 + ζ).

Îá÷èñëèìî ÿêîáiàí ïåðåõîäó äî íîâî¨ ñèñòåìè êîîðäèíàò:

J(ξ, η, ζ) =

∣∣∣∣∣∣∣∣∣
0 1

2ζ
− 1

2η−
1
2 −1

2ζ
− 3

2η−
1
2

0 1
2ζ

1
2η−

1
2

1
2ζ
− 1

2η
1
2

η(ζ−1 + ζ) ξ(ζ−1 + ζ) ξη(−ζ−2 + 1)

∣∣∣∣∣∣∣∣∣ =

=
1

4
ζ−1η(ζ−1 + ζ) +

1

4
ζ−1η(ζ−1 + ζ) =

1

2
η(ζ−2 + 1).

Îòæå,∫∫∫
(V )

xyz dxdydz =

∣∣∣∣∣∣ x = η
1
2ζ−

1
2 , y = η

1
2ζ

1
2 ,

z = ξη(ζ−1 + ζ), J(ξ, η, ζ) = 1
2η(ζ−2 + 1)

∣∣∣∣∣∣ =

=

1
2∫

1
5

dξ

9∫
4

dη

3∫
2

η2ξ(ζ−1 + ζ) · 1
2
η(ζ−2 + 1)dζ=

1

2

1
2∫

1
5

dξ

9∫
4

dη

3∫
2

η3ξ(ζ−3 + 2ζ−1 + ζ)dζ=
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=
1

2

1
2∫

1
5

dξ

9∫
4

η3ξ
(
− ζ−2

2
+ 2 ln ζ +

ζ2

2

)∣∣∣3
2
dη =

1

2

1
2∫

1
5

dξ

9∫
4

η3ξ
(185

72
+ 2 ln

3

2

)
dη =

=
1

2

(185

72
+ 2 ln

3

2

) 1
2∫

1
5

η4

4
ξ
∣∣∣9
4
dξ =

65

8

(185

72
+ 2 ln

3

2

) 1
2∫

1
5

ξdξ =

=
65

16

(185

72
+2 ln

3

2

)
ξ2
∣∣∣ 12
1
5

=
65

16

(185

72
+2 ln

3

2

)(1

4
− 1

25

)
=

273

320

(185

72
+2 ln

3

2

)
. I

�2.3. Íåâëàñíi ïîäâiéíi i ïîòðiéíi iíòåãðàëè

Íåõàé îáëàñòü (P ) íà ïëîùèíi ¹ íåîáìåæåíîþ i ôóíêöiÿ f(x, y) ¹ íåïå-

ðåðâíîþ íà (P ), òîäi∫∫
(P )

f(x, y)dxdy = lim
n→∞

∫∫
(Pn)

f(x, y)dxdy,

äå {(Pn)} � äîâiëüíà ïîñëiäîâíiñòü îáìåæåíèõ çàìêíåíèõ êâàäðîâàíèõ îáëà-

ñòåé, ùî ìiñòÿòüñÿ â îáëàñòi (P ).

ßêùî ãðàíèöÿ â ïðàâié ÷àñòèíi ïîïåðåäíüî¨ ðiâíîñòi iñíó¹ i íå çàëåæèòü

âiä âèáîðó ïîñëiäîâíîñòi {(Pn)}, òî âiäïîâiäíèé iíòåãðàë íàçèâà¹òüñÿ çái-

æíèì ïîäâiéíèì íåâëàñíèì iíòåãðàëîì ïî íåîáìåæåíié îáëàñòi .

ßêùî ãðàíèöÿ ðiâíà íåñêií÷åííîñòi àáî íå iñíó¹, òî ïîäâiéíèé íåâëàñíèé ií-

òåãðàë íàçèâà¹òüñÿ ðîçáiæíèì .

Çà àíàëîãi¹þ ìîæíà âèçíà÷èòè ïîòðiéíi íåâëàñíi iíòåãðàëè âiä íåïåðåðâ-

íî¨ ôóíêöi¨ ïî íåîáìåæåíié òðüîõâèìiðíié îáëàñòi.

Ðîçãëÿíåìî âèïàäîê, êîëè ôóíêöiÿ f(x, y) íåïåðåðâíà â îáìåæåíié i çà-

ìêíåíié îáëàñòi (P ) âñþäè, çà âèíÿòêîì òî÷êè M(a, b). Òîäi∫∫
(P )

f(x, y)dxdy = lim
ε→+0

∫∫
(P )\(Uε)

f(x, y)dxdy,

äå (Uε) � ïëîñêà îáëàñòü äiàìåòðà ε, ùî ìiñòèòü òî÷êó M .
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ßêùî iñíó¹ ñêií÷åííà ãðàíèöÿ â ïîïåðåäíié ðiâíîñòi, òî âiäïîâiäíèé iíòå-

ãðàë íàçèâà¹òüñÿ çáiæíèì ïîäâiéíèì íåâëàñíèì iíòåãðàëîì âiä íå-

îáìåæåíî¨ ôóíêöi¨ â îáëàñòi (P ). ßêùî ãðàíèöÿ ðiâíà íåñêií÷åííîñòi

àáî íå iñíó¹, òî ïîäâiéíèé íåâëàñíèé iíòåãðàë íàçèâà¹òüñÿ ðîçáiæíèì .

Àíàëîãi÷íî âèçíà÷à¹òüñÿ íåâëàñíèé iíòåãðàë, ÿêùî ôóíêöiÿ f(x, y) ìà¹

ëiíiþ ðîçðèâó.

Çàóâàæèìî, ùî ïîíÿòòÿ íåâëàñíîãî iíòåãðàëà âiä ðîçðèâíî¨ ôóíêöi¨ ëåãêî

ïåðåíîñèòüñÿ íà âèïàäîê ïîòðiéíèõ iíòåãðàëiâ.

Íåâëàñíi ïîäâiéíi àáî ïîòðiéíi iíòåãðàëè âiä íåïåðåðâíî¨ ôóíêöi¨ ìîæíà

îá÷èñëþâàòè çâåäåííÿì äî ïîâòîðíèõ iíòåãðàëiâ ïðè óìîâi, ùî âiäïîâiäíi

ïîâòîðíi iíòåãðàëè âiä çàäàíî¨ ôóíêöi¨ iñíóþòü.

Çàìiíó çìiííèõ ó çáiæíèõ íåâëàñíèõ iíòåãðàëàõ âiä íåïåðåðâíèõ ôóíêöié

âèêîíóþòü çà àíàëîãi¹þ äî âëàñíèõ iíòåãðàëiâ. Íàïðèêëàä, ïðè îá÷èñëåííi

ïîäâiéíèõ çáiæíèõ íåâëàñíèõ iíòåãðàëiâ âèêîðèñòîâóþòü ïåðåõiä äî ïîëÿð-

íî¨ ñèñòåìè êîîðäèíàò, à ó çáiæíèõ ïîòðiéíèõ íåâëàñíèõ iíòåãðàëàõ ìîæíà

ïåðåõîäèòè äî öèëiíäðè÷íèõ àáî ñôåðè÷íèõ êîîðäèíàò.

Âïðàâè

1. Äîñëiäèòè íà çáiæíiñòü äàíi íåâëàñíi iíòåãðàëè ïî íåîáìåæåíèõ

îáëàñòÿõ:

1)

∫∫
(P )

x2 − y2

(x2 + y2)3
dxdy , (P ) = {(x, y) : x > 1, y > 1};

2)

∫∫
(P )

dxdy

(x2 + y2)n
, (P ) = {(x, y) : x2 + y2 > 1};

3)

∫∫
(P )

cos(x2 + y2)dxdy , (P ) = {(x, y) : x > 0, y > 0};

4)

∫∫
(P )

y

x
dxdy , (P ) = {(x, y) : x > 1, −1 6 y 6 1};
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5)

∫∫
(P )

dxdy

(1 + x2 + y2)m
, (P ) = {(x, y) : −∞ < x < +∞, 0 6 y 6 1};

6)

∫∫
(P )

cosx cos y

(x+ y)p
dxdy , (P ) = {(x, y) : x+ y > 1};

7)

∫∫
(P )

dxdy

|x|p + |y|q
, p > 0, q > 0, (P ) = {(x, y) : |x|+ |y| > 1};

8)

∫∫∫
(V )

ex+y+zdxdydz , (V ) = {(x, y, z) : x > 0, y > 0, z > 0};

9)

∫∫∫
(V )

dxdydz

(x2 + y2 + z2)n
, (V ) = {(x, y, z) : x2 + y2 + z2 > 1};

10)

∫∫∫
(V )

dxdydz

|x|p + |y|q + |z|r
, (V ) = {(x, y, z) : |x| + |y| + |z| > 1}, p > 0,

q > 0, r > 0.

2. Äîñëiäèòè íà çáiæíiñòü äàíi íåâëàñíi iíòåãðàëè âiä íåîáìåæåíèõ

ôóíêöié:

1)

∫∫
(P )

dxdy

(x2 + xy + y2)n
, (P ) = {(x, y) : x2 + y2 6 1};

2)

∫∫
(P )

dxdy

x2 + y2
, (P ) = {(x, y) : |y| 6 x2, x2 + y2 6 1};

3)

∫∫
(P )

dxdy

|x|p + |y|q
, p > 0, q > 0, (P ) = {(x, y) : |x|+ |y| 6 1};

4)

∫∫
(P )

dxdy

|x− y|p
, (P ) = {(x, y) : 0 6 x 6 2, 0 6 y 6 2};

5)

∫∫
(P )

ln
√
x2 + y2dxdy , (P ) = {(x, y) : x2 + y2 6 1};

6)

∫∫
(P )

dxdy

(1− x2 − y2)p
, (P ) = {(x, y) : x2 + y2 6 1};
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7)

∫∫
(P )

dxdy

(x− y)n
, n > 0, (P ) = {(x, y) : 0 6 x 6 1, 0 6 y 6 x};

8)

∫∫∫
(V )

dxdydz

(x2 + y2 + z2)n
, n > 0, (V ) = {(x, y, z) : x2 + y2 + z2 6 1};

9)

∫∫∫
(V )

dxdydz

(x+ y − z)2
, (V ) = {(x, y, z) : |x| 6 1, |y| 6 1, |z| 6 1};

10)

∫∫∫
(V )

(x+ y − z)dxdydz

(x2 + y2 + z2)n
, (V ) = {(x, y, z) : |x|+ |y|+ |z| 6 1}.

3. Îá÷èñëèòè çàäàíi íåâëàñíi iíòåãðàëè:

1)

∫∫
(P )

ln
1√

x2 + y2
dxdy , (P ) = {(x, y) : x2 + y2 6 1};

2)

∫∫
(P )

dxdy

(x+ y)n
, (P ) = {(x, y) : 0 6 x 6 1, x+ y > 1};

3)

∫∫
(P )

dxdy
3
√

1− x2 − y2
, (P ) = {(x, y) : x2 + y2 6 1};

4)

∫∫
(P )

dxdy√
(2− x)(x− y)

, (P ) = {(x, y) : 0 6 x 6 2, 0 6 y 6 x};

5)

∫∫
(P )

ln sin(x− y)dxdy , (P ) = {(x, y) : 0 6 x 6 π, 0 6 y 6 x};

6)

∫∫
(P )

dxdy√
x2 + y2

, (P ) = {(x, y) : x2 + y2 6 x};

7)

∫∫∫
(V )

e−(x2+y2+z2)dxdydz , (V ) = {(x, y, z) : −∞ < x, y, z < +∞};

8)

∫∫∫
(V )

dxdydz

(1− x2 − y2 − z2)n
, n < 1, (V ) = {(x, y, z) : x2 + y2 + z2 6 1};

9)

∫∫∫
(V )

dxdydz

xpyqzr
, (V ) = {(x, y, z) : 0 6 x 6 1, 0 6 y 6 1, 0 6 z 6 1};
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10)

∫∫∫
(V )

dxdydz

(x2 + y2 + z2)2
, (V ) = {(x, y, z) : x2 + y2 + z2 > 1}.

4. Äîâåñòè, ùî ÿêùî:

1) ôóíêöiÿ ϕ(x, y) íåïåðåðâíà â îáìåæåíié îáëàñòi

(P ) = {(x, y) : a 6 x 6 A, b 6 y 6 B},

2) ôóíêöiÿ f(x) íåïåðåðâíà íà ñåãìåíòi a 6 x 6 A,

3) p < 1,

òî iíòåãðàë

A∫
a

dx

B∫
b

ϕ(x, y)

|f(x)− y|p
dy çáiãà¹òüñÿ.

5. Ïîêàçàòè, ùî

lim
n→+∞

∫∫
|x|6n, |y|6n

sin(x2 + y2)dxdy = π

i

lim
n→+∞

∫∫
x2+y262πn

sin(x2 + y2)dxdy = 0

ïðè n ∈ N.

6. Ïîêàçàòè, ùî iíòåãðàë

∫∫
x>1, y>1

x2 − y2

(x2 + y2)2
dxdy ðîçáiãà¹òüñÿ, îäíàê ïî-

âòîðíi iíòåãðàëè

+∞∫
1

dx

+∞∫
1

x2 − y2

(x2 + y2)2
dy i

+∞∫
1

dy

+∞∫
1

x2 − y2

(x2 + y2)2
dx çáiãàþòüñÿ.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.5. Ðîçãëÿíåìî ïîñëiäîâíiñòü îáëàñòåé

{(Pn)} = {(x, y) : −n 6 x 6 n, 0 6 y 6 1}, n ∈ N.

Òîäi∫∫
(Pn)

dxdy

(1 + x2 + y2)m
=

n∫
−n

dx

1∫
0

dy

(1 + x2 + y2)m
=

1∫
0

dy

n∫
−n

dx

(1 + x2 + y2)m
.

ßêùî m 6 0, òî lim
n→+∞

∫∫
(Pn)

dxdy

(1 + x2 + y2)m
= +∞, òîäi

∫∫
(P )

dxdy

(1 + x2 + y2)m

¹ ðîçáiæíèì.
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ßêùî m > 0, òî âèêîíó¹òüñÿ íåðiâíiñòü:

n∫
−n

dx

(2 + x2)m
=

1∫
0

dy

n∫
−n

dx

(2 + x2)m
6

1∫
0

dy

n∫
−n

dx

(1 + x2 + y2)m
6

6

1∫
0

dy

n∫
−n

dx

(1 + x2)m
=

n∫
−n

dx

(1 + x2)m
.

Îòæå,

+∞∫
−∞

dx

(2 + x2)m
6

1∫
0

dy

+∞∫
−∞

dx

(1 + x2 + y2)m
6

+∞∫
−∞

dx

(1 + x2)m
,

äå m > 0.

Çà îçíàêîþ Êîøi ìà¹ìî, ùî íåâëàñíèé iíòåãðàë ñïðàâà â îñòàííié íå-

ðiâíîñòi çáiãà¹òüñÿ ïðè m >
1

2
, i íåâëàñíèé iíòåãðàë çëiâà ðîçáiãà¹òüñÿ ïðè

m 6
1

2
.

Îòæå, íåâëàñíèé iíòåãðàë

∫∫
(P )

dxdy

(1 + x2 + y2)m
, äå (P ) = {(x, y) :

−∞ < x < +∞, 0 6 y 6 1}, çáiãà¹òüñÿ, ÿêùî m >
1

2
i ðîçáiãà¹òüñÿ, ÿêùî

m 6
1

2
. I

2.8. Çàóâàæèìî, ùî ïiäiíòåãðàëüíà ôóíêöiÿ f(x, y, z) =
1

(x2 + y2 + z2)n
,

n > 0, ¹ äîäàòíîþ i âèçíà÷åíîþ â îáëàñòi (V ), çà âèíÿòêîì òî÷êè O(0, 0, 0).

Òîìó ∫∫∫
(V )

dxdydz

(x2 + y2 + z2)n
= lim

ε→0

∫∫∫
(Vε)

dxdydz

(x2 + y2 + z2)n
,

äå (Vε) = (V ) \ (Rε), (Rε) = {(x, y, z) : x2 + y2 + z2 6 ε2, 0 < ε < 1}.

Ïåðåéäåìî äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò


x=r cosϕ sin θ,

y=r sinϕ sin θ,

z=r cos θ,

äå 06ϕ62π,

0 6 θ 6 π, ε 6 r 6 1.
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Òîäi ïðè n 6= 0 îòðèìà¹ìî:∫∫∫
(V )

dxdydz

(x2 + y2 + z2)n
= lim

ε→0

2π∫
0

dϕ

π∫
0

dθ

1∫
ε

r−2nr2 sin θdr =

= lim
ε→0

2π∫
0

dϕ

π∫
0

r3−2n

3− 2n

∣∣∣1
ε

sin θdθ = lim
ε→0

4π

(
1

3− 2n
− ε3−2n

3− 2n

)
=

= 4π lim
ε→0

1− ε3−2n

3− 2n
=

 4π
3−2n , n < 3

2 ,

+∞, n > 3
2 .

ßêùî n =
3

2
, òî

lim
ε→0

2π∫
0

dϕ

π∫
0

dθ

1∫
ε

1

r
sin θdr = 4π lim

ε→0
ln r
∣∣∣1
ε

= +∞.

Îòæå çàäàíèé íåâëàñíèé iíòåãðàë çáiæíèé ïðè n <
3

2
i éîãî çía÷åííÿ

ðiâíå
4π

3− 2π
. Ïðè n >

3

2
íåâëàñíèé iíòåãðàë ¹ ðîçáiæíèì. I

3.4. Ôóíêöiÿ f(x, y) =
1√

(2− x)(x− y)
¹ íåîáìåæåíîþ ïðè x = 2 òà

y = x, 0 6 x 6 2, â îáëàñòi (P ) = {(x, y) : 0 6 x 6 2, 0 6 y 6 x}.

Îòæå,

∫∫
(P )

dxdy√
(2− x)(x− y)

¹ ïîäâiéíèì íåâëàñíèì iíòåãðàëîì âiä

íåîáìåæåíî¨ ôóíêöi¨.

Òîäi ∫∫
(P )

dxdy√
(2− x)(x− y)

=

2∫
0

dx

x∫
0

dy√
(2− x)(x− y)

=

=

2∫
0

dx

lim
ε→0

x−ε∫
0

dy√
(2− x)(x− y)

 =

2∫
0

lim
ε→0

(
−2
√
x− y√
2− x

) ∣∣∣∣∣
x−ε

0

dx =

=

2∫
0

lim
ε→0

(
− 2

√
ε√

2− x
+

2
√
x√

2− x

)
dx = 2

2∫
0

√
x

2− x
dx =

=

∣∣∣∣∣∣
x

2−x = t2, x = 2t2

t2+1 , t1 = 0

x = t2(2− x), dx = 4t(t2+1)−2t·2t2
(t2+1)2 dt, t2 = +∞

∣∣∣∣∣∣ = 8

+∞∫
0

t2dt

(t2 + 1)2
=
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= 8

 +∞∫
0

dt

t2 + 1
−

+∞∫
0

dt

(t2 + 1)2

 = 8 lim
b→+∞

(
arctg t− t

2(t2 + 1)
− 1

2
arctg t

) ∣∣∣b
0

=

= 8 lim
b→+∞

(
1

2
arctg b− b

2(b2 + 1)

)
= 2π. I
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Íåõàé (E) � îáìåæåíà ìíîæèíà ïðîñòîðó Rn , à (A) � n-âèìiðíèé (åëåìåí-

òàðíèé) ïðÿìîêóòíèê ïëîùi A, ùî ìiñòèòü öþ ìíîæèíó. Ðîçiá'¹ìî ïðÿìîêó-

òíèê (A) íà n-âèìiðíi ïðÿìîêóòíèêè (Ai), i = 1, n, ïëîùàìè Ai . Ïîçíà÷èìî

s =
n∑
i=1

Ai , äå (Ai) ⊂ (E), à S =
n∑
i=1

Ai , äå (Ai) ∩ (E) 6= ∅. ßêùî ââåñòè äî

ðîçãëÿäó õàðàêòåðèñòè÷íó ôóíêöiþ ìíîæèíè (E)

λE(x) =

 1, ÿêùî x ∈ (E),

0, ÿêùî x /∈ (E),

òî äiñòàíåìî s =
n∑
i=1

inf
x∈(Ai)

λE(x)Ai � íèæíÿ ñóìà Äàðáó, à S =
n∑
i=1

sup
x∈(Ai)

λE(x)Ai

� âåðõíÿ ñóìà Äàðáó ôóíêöi¨ λE(x).

Ìíîæèíó (E) ⊂ Rn íàçèâàþòü âèìiðíîþ çà Æîðäàíîì , ÿêùî õàðà-

êòåðèñòè÷íà ôóíêöiÿ öi¹¨ ìíîæèíè iíòåãðîâàíà çà Ðiìàíîì íà n-âèìiðíîìó

ïðÿìîêóòíèêó (A) ⊃ (E). ×èñëî mesE =
∫

(A)

λE(x)dx íàçèâà¹òüñÿ ìiðîþ

Æîðäàíà ìíîæèíè (E).

Íàïðèêëàä, ÿêùî (E) ⊂ (A) ⊂ R2 , òî mesE =

∫∫
(A)

λE(x, y)dxdy i (E)

òîäi íàçèâà¹òüñÿ êâàäðîâàíîþ ìíîæèíîþ, à ÿêùî (E) ⊂ (A) ⊂ R3 , òî

mesE =

∫∫∫
(A)

λE(x, y, z)dxdydz i (E) íàçèâà¹òüñÿ êóáîâíîþ ìíîæèíîþ.

Çàóâàæèìî, ùî ìíîæèíà (E) ⊂ Rn âèìiðíà çà Æîðäàíîì òîäi i òiëüêè

òîäi, êîëè ìiðà Æîðäàíà ìåæi öi¹¨ ìíîæèíè äîðiâíþ¹ íóëþ (êðèòåðié âèìið-

íîñòi ìíîæèíè çà Æîðäàíîì).

Íåõàé ôóíêöiÿ f(x1, x2, . . . , xn) âèçíà÷åíà íà âèìiðíié çà Æîðäàíîì

ìíîæèíi (E) ⊂ (A) ⊂ R, äå (A) � n-âèìiðíèé ïðÿìîêóòíèê. Òîäi, ÿêùî



� 2.4. Ìíîãîêðàòíi iíòåãðàëè 69

mesE = 0, òî ôóíêöiþ f íàçèâàþòü iíòåãðîâíîþ çà Ðiìàíîì íà

ìíîæèíi (E), à ¨¨ iíòåãðàëîì Ðiìàíà (n-êðàòíèì iíòåãðàëîì) ââàæàþòü

÷èñëî íóëü ∫
· · ·
∫

(E)

f(x1, x2, . . . , xn)dx1dx2 . . . dxn = 0.

ßêùî mesE > 0, òî ôóíêöiþ f(x1, . . . , xn) íàçèâàþòü iíòåãðîâíîþ çà

Ðiìàíîì íà ìíîæèíi (E) ïðè óìîâi, ùî ôóíêöiÿ

f1(x1, x2, . . . , xn) =

 f(x1, x2, . . . , xn), ÿêùî (x1, x2, . . . , xn) ∈ (E),

0, ÿêùî (x1, x2, . . . , xn) /∈ (E),

iíòåãðîâíà íà n-âèìiðíîìó ïðÿìîêóòíèêó (A), à ÷èñëî∫
· · ·
∫

(E)

f(x1, x2, . . . , xn)dx1dx2 . . . dxn =

∫
· · ·
∫

(A)

f1(x1, x2, . . . , xn)dx1dx2 . . . dxn

íàçèâà¹òüñÿ iíòåãðàëîì Ðiìàíà (n-êðàòíèì iíòåãðàëîì) ôóíêöi¨

f(x1, x2, . . . , xn) ïî ìíîæèíi (E).

Íàïðèêëàä, ÿêùî (E) � êâàäðîâàíà ìíîæèíà, òî

∫∫
(E)

f(x, y)dxdy � ïîäâié-

íèé iíòåãðàë ôóíêöi¨ f(x, y) íà ìíîæèíi (E) ⊂ R2 , à ÿêùî (E) � êóáîâíà

ìíîæèíà, òî

∫∫∫
(E)

f(x, y, z)dxdydz � ïîòðiéíèé iíòåãðàë ôóíêöi¨ f(x, y, z) íà

ìíîæèíi (E) ⊂ R3 .

ßêùî ôóíêöiÿ f(x1, x2, . . . , xn) íåïåðåðâíà íà çàìêíåíié âèìiðíié ìíîæè-

íi (E) ⊂ Rn , òî âîíà ¹ iíòåãðîâíîþ íà öié ìíîæèíi (äîñòàòíÿ óìîâà iíòåãðîâ-

íîñòi ôóíêöi¨).

Íåõàé çàäàíî óçàãàëüíåíå öèëiíäðè÷íå òiëî ïðîñòîðó Rm :

(E) = {u = (x, y) : x ∈ (E1), α(x) 6 y 6 β(x)},

äå (E1) � çàìêíåíà âèìiðíà ìíîæèíà ïðîñòîðó Rm−1 à α(x) i β(x) � íåïåðåðâ-

íi ôóíêöi¨ íà ìíîæèíi (E1). ßêùî ôóíêöiÿ f � íåïåðåðâíà íà óçàãàëüíåíîìó
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öèëiíäðè÷íîìó òiëi (E), òî

∫
(E)

f(u)du =

∫
(E1)

( β(x)∫
α(x)

f(x, y)dy
)
dx.

ßêùî (E) = {u = (x, y) ∈ Rn : x ∈ [a, b] ⊂ R1, y ∈ (E1(x)) ⊂ Rn−1} �

çàìêíåíà âèìiðíà ìíîæèíà äëÿ äîâiëüíîãî x ∈ [a, b], òî

∫
(E)

f(u)du =

b∫
a

( ∫
(E1(x))

f(x, y)dy
)
dx.

Íåõàé ôóíêöi¨

x = x(u, v, . . . , w), y = y(u, v, . . . , w), . . . , z = z(u, v, . . . , w)

íåïåðåðâíi ðàçîì iç ñâî¨ìè ÷àñòèííèìè ïîõiäíèìè ó çàìêíåíié îáëàñòi

(P ) ⊂ Rn i çäiéñíþþòü âçà¹ìíîîäíîçíà÷íå âiäîáðàæåííÿ îáëàñòi (P ) íà

îáëàñòü (P ′).

ßêùî ÿêîáiàí ïåðåõîäó

J(u, v, . . . , w) =
D(x, y, . . . , z)

D(u, v, . . . , w)
=

∣∣∣∣∣∣∣∣∣∣∣∣

x′u x′v . . . x′w

y′u y′v . . . y′w

. . . . . . . . . . . .

z′u z′v . . . z′w

∣∣∣∣∣∣∣∣∣∣∣∣
6= 0

â îáëàñòi (P ), òî çàìêíåíà âèìiðíà ìíîæèíà (E) ⊂ (P ) ç êóñêîâî-ãëàäêîþ

ìåæåþ ∂E âiäîáðàæà¹òüñÿ ó çàìêíåíó âèìiðíó ìíîæèíó (E ′) ⊂ (P ′) i äëÿ

ôóíêöi¨ f(x, y, . . . , z), íåïåðåðâíî¨ íà ìíîæèíi (E ′), ìà¹ ìiñöå ôîðìóëà∫
· · ·
∫

(E′)

f(x, y, . . . , z)dxdy . . . dz =

=

∫
· · ·
∫

(E)

f
(
x(u, v, . . . , w), y(u, v, . . . , w), . . . , z(u, v, . . . , w)

)
×

×
∣∣J(u, v, . . . , w)

∣∣dudv . . . dw.
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Çàóâàæèìî, ùî iç öi¹¨ ôîðìóëè ëåãêî âèâåñòè ôîðìóëè çàìiíè çìiííèõ

äëÿ ïîäâiéíîãî i ïîòðiéíîãî iíòåãðàëiâ.

Íåõàé ôóíêöiÿ f âèçíà÷åíà ó çàìêíåíié îáëàñòi (E) ⊂ Rn, n > 2 çà âè-

íÿòêîì òî÷îê, ùî óòâîðþþòü ìíîæèíó (E0), ÿêó ìîæíà ïîêðèòè ñêií÷åííîþ

êiëüêiñòþ êóëü, ñóìó ìið ÿêèõ ìîæíà çðîáèòè ÿê çàâãîäíî ìàëîþ, òîáòî

(∀ε > 0), (∃(Bk), k = 1,m(ε)) :
{m(ε)⋃

k=1

(Bk) ⊃ (E0) ∧
m(ε)∑
k=1

mesBk < ε
}
.

ßêùî ôóíêöiÿ f iíòåãðîâíà íà ìíîæèíi (Eε) = (E) \
m(ε)⋃
k=1

(Bk), ∀ ε > 0, òî

âèðàç ∫
(E)

f(x)dx =

∫
· · ·
∫

(E)

f(x1, x2, . . . , xn)dx1dx2 . . . dxn

íàçèâà¹òüñÿ íåâëàñíèì êðàòíèì iíòåãðàëîì ôóíêöi¨ f ïî çàìêíåíié

âèìiðíié îáëàñòi (E).

Íåâëàñíèé êðàòíèé iíòåãðàë ôóíêöi¨ f ïî âèìiðíié îáëàñòi (E) íàçèâà¹-

òüñÿ çáiæíèì , ÿêùî iñíó¹ ñêií÷åííà ãðàíèöÿ

lim
ε→0

∫
(Eε)

f(x)dx,

ÿêó íàçèâàþòü çíà÷åííÿì íåâëàñíîãî iíòåãðàëà i ïîçíà÷àþòü∫
(E)

f(x)dx = lim
ε→0

∫
(Eε)

f(x)dx.

Íåõàé çàìêíåíà îáëàñòü (E) ⊂ Rn íåîáìåæåíà, àëå ïåðåðiç (Br) ∩ (E) =

(Er), äå (Br) ∈ Rn � çàìêíåíà êóëÿ ç ðàäióñîì r i ç öåíòðîì â ïî÷àòêó

êîîðäèíàò, ¹ âèìiðíîþ ìíîæèíîþ äëÿ äîâiëüíîãî r > 0. Òîäi âèðàç∫
(E)

f(x)dx =

∫
· · ·
∫

(E)

f(x1, x2, . . . , xn)dx1dx2 . . . dxn

íàçèâà¹òüñÿ íåâëàñíèì êðàòíèì iíòåãðàëîì ôóíêöi¨ f ïî íåîáìå-

æåíié îáëàñòi (E).
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Íåâëàñíèé êðàòíèé iíòåãðàë f ïî íåîáìåæåíié îáëàñòi (E) íàçèâà¹òüñÿ

çáiæíèì , ÿêùî iñíó¹ ñêií÷åííà ãðàíèöÿ lim
r→∞

∫
(Er)

f(x)dx, ÿêó íàçèâàþòü

çíà÷åííÿì íåâëàñíîãî iíòåãðàëà ïî íåîáìåæåíié îáëàñòi .

Îòæå, ∫
(E)

f(x)dx = lim
r→∞

∫
(Er)

f(x)dx.

Iç ðîçãëÿíóòèõ îçíà÷åíü âèïëèâàþòü îçíà÷åííÿ ïîäâiéíèõ i ïîòðiéíèõ íå-

âëàñíèõ iíòåãðàëiâ.

Âïðàâè

1. Îá÷èñëèòè ìíîãîêðàòíèé iíòåãðàë:

1)

1∫
0

1∫
0

. . .

1∫
0

(x2
1 + x2

2 + . . .+ x2
n)dx1dx2 . . . dxn ;

2)

∫
· · ·
∫

(E)

dx1dx2 . . . dxn , (E) = {(x1, x2, . . . , xn) : xi > 0, i = 1, n,

x1 + x2 + . . .+ xn 6 1};

3)

1∫
0

1∫
0

. . .

1∫
0

(x1 + x2 + . . .+ xn)
2dx1dx2 . . . dxn ;

4)

∫
· · ·
∫

(E)

x1dx1dx2 . . . dxn , (E) = {(x1, x2, . . . , xn) : xi > 0, i = 1, n,

x1 + x2 + . . .+ xn 6 1};

5)

1∫
0

dx1

x1∫
0

dx2 . . .

xn−1∫
0

x1x2 . . . xndxn ;

6)

∫
· · ·
∫

(E)

√
x1 + x2 + . . .+ xndx1dx2 . . . dxn , (E) = {(x1, x2, . . . , xn) :

x1 + x2 + . . .+ xn 6 1, xi > 0, i = 1, n}.

2. Çíàéòè ìiðó çàäàíîãî òiëà (E) ç ïðîñòîðó Rn :

1) (E) = {(x1, x2, . . . , x6) : x2
1 + x2

2 + . . .+ x2
6 6 R2} (øåñòèâèìiðíà êóëÿ);

2) (E) = {(x1, x2, . . . , xn) : xi > 0, i = 1, n, x1 + x2 + . . . + xn 6 1}

(n-âèìiðíèé ñèìïëåêñ);
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3) (E) � îáìåæåíà ïëîùèíàìè ai1x1 + ai2x2 + . . .+ ainxn = ±hi , i = 1, n,

ïðè ∆ =

∣∣∣∣∣∣∣∣∣∣∣
a11 . . . a1n

. . . . . . . . .

an1 . . . ann

∣∣∣∣∣∣∣∣∣∣∣
6= 0 (n-âèìiðíèé ïàðàëåëåïiïåä);

4) (E) =
{

(x1, x2, . . . , xn) : xi > 0,
x1

a1
+
x2

a2
+ . . .+

xn
an

6 1, ai > 0, i = 1, n
}

(n-âèìiðíà ïiðàìiäà);

5) (E) =
{

(x1, x2, . . . , xn) : xi > 0,
x2

1

a2
1

+
x2

2

a2
2

+ . . . +
x2
n−1

a2
n−1

6
x2
n

a2
n

6 1,

ai > 0, i = 1, n
}
(n-âèìiðíèé êîíóñ).

3. Íåõàé f(x1, x2, . . . , xn) � íåïåðåðâíà ôóíêöiÿ â îáëàñòi 0 6 xi 6 a,

i = 1, n. Äîâåñòè ðiâíiñòü
a∫

0

dx1

x1∫
0

dx2 . . .

xn−1∫
0

fdxn =

a∫
0

dxn

a∫
xn

dxn−1 . . .

a∫
x2

fdx1, n > 2.

4. Îá÷èñëèòè iíòåãðàë∫
· · ·
∫

(E)

dx1dx2 . . . dxn√
1− x2

1 − x2
2 − . . .− x2

n

,

äå (E) = {(x1, x2, . . . , xn) : x2
1 + x2

2 + . . .+ x2
n 6 1}.

5. Äîâåñòè ðiâíiñòü

1∫
0

dt1

t1∫
0

dt2 . . .

tn−1∫
0

f(t1)f(t2) . . . f(tn)dtn =
1

n!

( 1∫
0

f(τ)dτ
)n
,

ïðè óìîâi, ùî ôóíêöiÿ f ¹ íåïåðåðâíîþ.

6. Äîâåñòè ðiâíiñòü
a∫

0

dx1

x1∫
0

dx2 . . .

xn−1∫
0

f(xn)dxn =

a∫
0

f(u)
(a− u)n−1

(n− 1)!
du,

ïðè óìîâi, ùî ôóíêöiÿ f ¹ íåïåðåðâíîþ.

7. Äîâåñòè ðiâíiñòü
x∫

0

x1dx1

x1∫
0

x2dx2 . . .

xn∫
0

f(xn+1)dxn+1 =
1

2nn!

x∫
0

(x2 − u2)nf(u)du,
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äå ôóíêöiÿ f ¹ íåïåðåðâíîþ.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.5. Âèêîðèñòàâøè ïîñëiäîâíå iíòåãðóâàííÿ ôóíêöié, îòðèìà¹ìî:

1∫
0

dx1

x1∫
0

dx2 . . .

xn−1∫
0

x1x2 . . . xndxn =

=

1∫
0

dx1

x1∫
0

dx2 . . .

xn−2∫
0

x1x2 · . . . ·
x2
n

2

∣∣∣xn−1
0

dxn−1 =

=

1∫
0

dx1

x1∫
0

dx2 . . .

xn−2∫
0

x1x2 · . . . · xn−1
x2
n−1

2
dxn−1 =

=
1

2

1∫
0

dx1

x1∫
0

dx2 . . .

xn−3∫
0

x1x2 · . . . ·
x4
n−1

4

∣∣∣xn−2
0

dxn−2 =

=
1

2
· 1

4

1∫
0

dx1

x1∫
0

dx2 . . .

xn−3∫
0

x1x2 · . . . · x5
n−2dxn−2 =

=
1

2
· 1

4
· 1

6

1∫
0

dx1

x1∫
0

dx2 . . .

xn−4∫
0

x1x2 · . . . · x7
n−3dxn−3 = . . . =

=
1

2
· 1

4
· 1

6
· . . . · 1

2(n− 1)

1∫
0

dx1

x1∫
0

x1x
2n−2
2

∣∣∣x1
0
dx2 =

=
1

2
· 1

4
· 1

6
· . . . · 1

2(n− 1)

1∫
0

x2n−1
1 dx1 =

1

2
· 1

4
· 1

6
· . . . · 1

2(n− 1)
· 1

2n
=

1

2n · n!
. I

2.5. Çà îçíà÷åííÿì ìiðè Æîðäàíà äëÿ çàäàíîãî n-âèìiðíîãî êîíóñà çà-

ïèøåìî

mesE =

∫
· · ·
∫

(E)

dx1dx2 . . . dxn.
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Çðîáèìî íàñòóïíó çàìiíó çìiííèõ:

x1 = a1r sinϕ1 sinϕ2 . . . sinϕn−2,

x2 = a2r cosϕ1 sinϕ2 . . . sinϕn−2,

. . .

xj = ajr cosϕj−1

n−2∏
i=j

sinϕi, j = 2, n− 2;

. . .

xn−1 = an−1r cosϕn−2,

xn = xn.

Îá÷èñëèìî ÿêîáiàí ïåðåõîäó:

J(r, ϕ1, . . . , ϕn−2, xn) =
D(x1, . . . , xn)

D(r, ϕ1, . . . , ϕn−2, xn)
= a1a2·. . .·an−1r

n−2
n−2∏
j=1

sinj−1 ϕj.

Òîäi

mesE = a1a2 · . . . · an−1

2π∫
0

dϕ1

π∫
0

sinϕ2dϕ2 . . .

π∫
0

sinn−3 ϕn−2dϕn−2

1∫
0

rn−2dr×

×
an∫

ran

dxn =
2π

(n− 1)n
a1a2 · . . . · an · 2n−3

n−2∏
j=2

π
2∫

0

sinj−1 ϕjdϕj =

=
2π

(n− 1)n
a1a2 · . . . · an · 2n−3 ·

(√
π

2

)n−3

· 1

Γ
(
n−1

2

) =

=
2π

n−1
2 a1a2 · . . . · an

(n− 1)nΓ
(
n−1

2

) =
π
n−1
2 a1a2 · . . . · an
nΓ
(
n+1

2

) ,

îñêiëüêè ç ôîðìóëè

π
2∫

0

sinj−1 ϕjdϕj =
1

2
B

(
j

2
,
1

2

)
=

√
π

2
·

Γ
(
j
2

)
Γ
(
j+1

2

)
âèïëèâà¹, ùî

n−2∏
j=2

π
2∫

0

sinj−1 ϕjdϕj =

(√
π

2

)n−3

·
Γ(1) · Γ

(
3
2

)
· . . . · Γ

(
n−2

2

)
Γ
(

3
2

)
· Γ(2) · . . . · Γ

(
n−1

2

) =
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=

(√
π

2

)n−3

· 1

Γ(n−1
2 )

. I

6. Çà ôîðìóëîþ ç ïðèêëàäó 3 ìîæåìî çàïèñàòè:

a∫
0

dx1

x1∫
0

dx2 . . .

xn−1∫
0

f(xn)dxn =

a∫
0

f(xn)dxn

a∫
xn

dxn−1

a∫
xn−1

dxn−2 . . .

a∫
x3

dx2

a∫
x2

dx1.

Ïðè n = 3 ìà¹ìî, ùî

a∫
x3

dx2

a∫
x2

dx1 =
(a− x3)

2

2
.

Çà ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ìîæíà äîâåñòè, ùî ïðè n = k âèêîíó-

¹òüñÿ ðiâíiñòü

a∫
xk

dxk−1

a∫
xk−1

dxk−2 . . .

a∫
x3

dx2

a∫
x2

dx1 =
(a− xk)k−1

(k − 1)!
.

Îòæå,

a∫
0

f(xn)dxn

a∫
xn

dxn−1 . . .

a∫
x3

dx2

a∫
x2

dx1 =

a∫
0

f(xn) ·
(a− xn)n−1

(n− 1)!
dxn =

=

∣∣∣∣∣∣ xn = u

dxn = du

∣∣∣∣∣∣ =

a∫
0

f(u) · (a− u)n−1

(n− 1)!
du,

ùî é òðåáà áóëî äîâåñòè. I

�2.5. Çàñòîñóâàííÿ êðàòíèõ iíòåãðàëiâ ó ãåîìåòði¨

Íåõàé çàäàíà îáëàñòü

(V ) = {(x, y, z) : (x, y) ∈ (P ), 0 6 z 6 f(x, y)} ⊂ R3,

äå (P ) � çàìêíåíà êâàäðîâàíà ìíîæèíà, ôóíêöiÿ f(x, y) ¹ íåïåðåðâíîþ íà

ìíîæèíi (P ). Òîäi

V =

∫∫
(P )

dxdy
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� îá'¹ì öèëiíäðè÷íîãî òiëà (V ).

Çàóâàæèìî, ùî öÿ ôîðìóëà âiäîáðàæà¹ ãåîìåòðè÷íèé çìiñò ïîäâiéíîãî

iíòåãðàëà.

Ç ïîïåðåäíüî¨ ôîðìóëè âèïëèâàþòü íàñòóïíi:

P =

∫∫
(P )

dxdy � ïëîùà êâàäðîâàíî¨ îáëàñòi (P ),

V =

∫∫∫
(V )

dxdydz � îá'¹ì êóáîâíî¨ îáëàñòi (V ).

Ïëîùà ãëàäêî¨ ïîâåðõíi z = f(x, y), äå (x, y) ∈ (P ), (P ) � çàìêíåíà îáìå-

æåíà êâàäðîâàíà îáëàñòü, à ôóíêöiÿ f ìà¹ â öié îáëàñòi íåïåðåðâíi ÷àñòèííi

ïîõiäíi f ′x i f ′y , îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

P =

∫∫
(P )

√
1 + (f ′x(x, y))2 + (f ′y(x, y))2dxdy.

ßêùî ðiâíÿííÿ ïîâåðõíi çàäàíå ó ïàðàìåòðè÷íîìó âèäi


x = x(u, v),

y = y(u, v),

z = z(u, v),

äå

(u, v) ∈ (P ), (P ) � çàìêíåíà îáìåæåíà êâàäðîâàíà îáëàñòü i ôóíêöi¨ x, y, z

íåïåðåðâíî äèôåðåíöiéîâíi â îáëàñòi (P ), òî ïëîùà ïîâåðõíi îá÷èñëþ¹òüñÿ

çà ôîðìóëîþ

P =

∫∫
(P )

√
EG− F 2dudv,

äå

E = (x′u)
2 + (y′u)

2 + (z′u)
2,

G = (x′v)
2 + (y′v)

2 + (z′v)
2,

F = x′u · x′v + y′u · y′v + z′u · z′v.

Âïðàâè

1. Çíàéòè ïëîùi ïëîñêèõ ôiãóð, îáìåæåíèõ êðèâèìè:

1) y =
1

x
, x = 0, y = 2, y = 5;
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2) xy = 4, x+ y = 5;

3) y2 = 2px+ p2, y2 = −2qx+ q2, p > 0, q > 0;

4) y2 = 4(1− x), x2 + y2 = 4, x > 1;

5) r = 1, r =
2√
3

cosϕ, r > 1;

6) r = a(1 + cosϕ), r = a cosϕ, a > 0;

7) (x2 + y2)2 = 2a2(x2 − y2), x2 + y2 > a2, a > 0;

8) (x2 + y2)2 = a(x3 − 3xy2), a > 0;

9) (x3 + y3)2 = x2 + y2, x > 0, y > 0;

10) x3 + y3 = axy, a > 0;

11) x2 + y2 = 2ax, x2 + y2 = 2bx, y = x, y = 0, 0 < a < b;

12) y2 = ax, y2 = bx, my2 = x3, ny2 = x3, 0 < a < b, 0 < m < n;

13) y2 = 2x, y2 = 3x, y = 5x, y = 7x;

14) (x2 + y2 − ax)2 = a2(x2 + y2), x2 + y2 = a
√

3y, a > 0;

15) x+ y = 2, x+ y = 5, y = 3x, y = 7x;

16) xy = a2, xy = 2a2, y = 2x, y = 3x, x > 0, y > 0;

17)

√
x

a
+

√
y

b
= 1,

√
x

a
+

√
y

b
= 2,

x

a
=
y

b
, 4
x

a
=
y

b
, a > 0, b > 0;

18)
(x

3

) 2
3

+
(y

4

) 2
3

= 1,
(x

3

) 2
3

+
(y

4

) 2
3

= 4,
x

3
=
y

4
, 8
x

3
=
y

4
, x > 0, y > 0.

2. Ïåðåéøîâøè äî óçàãàëüíåíèõ ïîëÿðíèõ êîîðäèíàò (r, ϕ) çà ôîðìóëà-

ìè

 x = ar cosα ϕ

y = br sinα ϕ,
r > 0, äå a, b, α � ïiäiáðàíi ñòàëi i

J(r, ϕ) =
D(x, y)

D(r, ϕ)
= αabr cosα−1 ϕ sinα−1 ϕ

� ÿêîáiàí ïåðåõîäó, çíàéòè ïëîùi ïëîñêèõ ôiãóð, îáìåæåíèõ êðèâèìè:

1)
(x
a

+
y

b

)5

=
x2y2

c4
, a > 0, b > 0, c > 0;

2)
(x2

a2
+
y2

b2

)2

=
xy

c2
, a > 0, b > 0, c > 0;

3)
x2

a2
+
y2

b2
=
x

h
+
y

k
, a > 0, b > 0, h > 0, k > 0;

4)
(x
a

+
y

b

)4

=
x2

h2
+
y2

k2
, x > 0, y > 0, a > 0, b > 0, h > 0, k > 0;

5)
(x
a

+
y

b

)4

=
x2

h2
− y2

k2
, x > 0, y > 0, a > 0, b > 0, h > 0, k > 0;
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6) 4

√
x

a
+ 4

√
y

b
= 1, x = 0, y = 0, a > 0, b > 0;

7)
x3

a3
+
y3

b3
=
x2

h2
+
y2

k2
, x = 0, y = 0, a > 0, b > 0, h > 0, k > 0;

8)
(x
a

+
y

b

)3

=
x2

h2
, y > 0, a > 0, b > 0;

9)
(√x

a
+

√
y

b

)12

=
xy

c2
, a > 0, b > 0, c > 0;

10)
(x

2
+
y

5

)3

=
xy

16
.

3. Çíàéòè îá'¹ì òiëà, îáìåæåíîãî äàíèìè ïîâåðõíÿìè:

1) z = x2 + y2, y = x2, y = 1, z = 0;

2)
x

2
+
y

3
+
z

4
= 1, x = 0, y = 0, z = 0;

3) x+ y + z = 2, x2 + y2 = 1, x = 0, y = 0, z = 0;

4) x2 + y2 = 2x, x2 + y2 = z2, z = 0;

5) z = sin
πy

2x
, z = 0, y = x, y = 0, x = π ;

6)
x2

a2
+
y2

b2
+
z2

c2
= 1;

7) z = x2 + y2, x = x2 + y2, 2x = x2 + y2, z = 0;

8) z = x+ y, (x2 + y2)2 = 2xy, z = 0, x > 0, y > 0;

9) z = x2 + y2, z = x+ y ;

10) x2 + y2 + z2 = a2, (x2 + y2)2 = a2(x2 − y2);

11)
x2

a2
+
y2

b2
+
z2

c2
= 1,

x2

a2
+
y2

b2
=
z2

c2
;

12) z2 = xy, xy = 1, xy = 4, y2 = x, y2 = 3x, z = 0;

13) z = e−(x2+y2), z = y, x2 + y2 = 4;

14) x2 + y2 + z2 = a2, x2 + y2 > a|x|, a > 0;

15) (x2 + y2)2 + z4 = a3z ;

16) z = cos
π
√
x2 + y2

2
, z = 0, y = x tgα, y = x tgβ, 0 6 α < β <

π

2
;

17)
x2

a2
+
y2

b2
− z2

c2
= −1,

x2

a2
+
y2

b2
= 1;

18) z = x2 + y2, xy = a2, xy = 2a2, y =
x

2
, y = 2x, z = 0;

19)
x2

a2
+
y2

b2
=
z

c
,
x2

a2
+
y2

b2
=
x

a
+
y

b
, z = 0;

20)
x2

a2
+
y2

b2
+
z

c
= 1,

(x
a

) 2
3

+
(y
b

) 2
3

= 1, z = 0.
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4. Âèêîðèñòîâóþ÷è ïåðåõiä äî óçàãàëüíåíèõ ñôåðè÷íèõ êîîðäèíàò
x = ar cosα ϕ cosβ θ,

y = br sinα ϕ cosβ θ,

z = cr sinβ θ,

äå a, b, c, α, β � âiäïîâiäíi ñòàëi, çíàéòè îá'¹ì òiëà, îáìåæåíîãî ïîâåðõíÿìè:

1)
(x
a

+
y

b
+
z

c

)2

=
x

h
+
y

k
, x > 0, y > 0, z > 0, a > 0, b > 0, c > 0,

h > 0, k > 0;

2)
(x2

a2
+
y2

b2

)2

+
z4

c4
=
z

k
, a, b, c, k > 0;

3)
(x2

a2
+
y2

b2
+
z2

c2

)2

=
x

h
, a, b, c, h > 0;

4)
(x
a

) 2
3

+
(y
b

) 2
3

+
(z
c

) 2
3

= 1, a, b, c > 0;

5) 3

√
x

a
+ 3

√
y

b
+ 3

√
z

c
= 1, x > 0, y > 0, z > 0, a > 0, b > 0, c > 0.

5. Çíàéòè ïëîùó ïîâåðõíi (P ), ùî âèçíà÷à¹òüñÿ óìîâàìè:

1) (P ) � ÷àñòèíà ïîâåðõíi z2 = xy , ùî âiäòèíà¹òüñÿ ïëîùèíàìè

x + y = 1, x = 0, y = 0;

2) (P ) � ÷àñòèíà ñôåðè x2 + y2 + z2 = 9, ùî ìiñòèòüñÿ âñåðåäèíi öèëiíäðà
x2

9
+
y2

4
= 1;

3) (P ) � ÷àñòèíà ïîâåðõíi êîíóñà x2 + y2 − z2 = 0, ùî âèðiçà¹òüñÿ öèëií-

äðîì x2 − 2x+ y2 = 0;

4) (P ) � ÷àñòèíà ïëîùèíè x + y + z = 4, ÿêà âèðiçà¹òüñÿ öèëiíäðîì

x2 + y2 = 4 i ìiñòèòüñÿ â ïåðøîìó îêòàíòi;

5) (P ) � ÷àñòèíà ïîâåðõíi x2 + y2 + z2 = a2 , ùî ìiñòèòüñÿ ïîçà öèëiíäðîì

x2 + y2 = ±ax (çàäà÷à Âiâiàíi);

6) (P ) � ÷àñòèíà ïîâåðõíi ïàðàáîëî¨äà x2 + y2 = 2z , ÿêà âèðiçà¹òüñÿ

öèëiíäðîì x2 + y2 = 1;

7) (P ) � ÷àñòèíà ïîâåðõíi x2 + y2 = a2 , ùî âiäòèíà¹òüñÿ ïëîùèíàìè

x + z = 0, x− z = 0, x > 0, y > 0;

8) (P ) � ÷àñòèíà ïîâåðõíi x2 + y2 + z2 = 4, ÿêà âèðiçà¹òüñÿ öèëiíäðîì

x2 + y2 = 4(x2 − y2);
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9) (P ) � ÷àñòèíà ïîâåðõíi (x2 + y2)
3
2 + z = 1, ÿêà âiäòèíà¹òüñÿ ïëîùèíîþ

z = 0;

10) (P ) � ÷àñòèíà ïîâåðõíi ãåëiêî¨äà x = r cosϕ, y = r sinϕ, z = hϕ, äå

0 6 r 6 a, 0 6 ϕ 6 2π .

6. Çíàéòè ïëîùó ïåðåòèíó ïîâåðõíi x2 + y2 + z2 − xy − xz − yz = a2

ïëîùèíîþ x+ y + z = 0.

7. Çíàéòè ïëîùó ïåðåòèíó ïîâåðõíi
1

x
+

1

y
+

1

z
= 0 ïëîùèíîþ

z = 1− 2(x+ y).

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.11. Ïëîñêà ôiãóðà îáìåæåíà êðèâèìè x2 + y2 = 2ax, x2 + y2 = 2bx,

y = 0, y = x, 0 < a < b çîáðàæåíà íà ðèñ. 8.

a b 2a 2b

a
b

x

y

Ðèñ. 8

Äëÿ ñïðîùåííÿ îá÷èñëåííÿ ïëîùi ïëîñêî¨ ôiãóðè ïåðåõîäèìî äî ïîëÿðíî¨

ñèñòåìè êîîðäèíàò

 x = r cosϕ,

y = r sinϕ.

Òîäi â íîâié ñèñòåìi êîîðäèíàò (r, ϕ) ïëîñêà ôiãóðà (P ′) ìàòèìå âèä:

(P ′) = {(r, ϕ) : 0 6 ϕ 6
π

4
, 2a cosϕ 6 r 6 2b cosϕ}.

Îòæå, çà ôîðìóëîþ îá÷èñëåííÿ ïëîùi ïëîñêî¨ ôiãóðè îòðèìà¹ìî:

P =

π
4∫

0

dϕ

2b cosϕ∫
2a cosϕ

rdr =
1

2

π
4∫

0

r2
∣∣∣2b cosϕ

2a cosϕ
dϕ = 2(b2 − a2)

π
4∫

0

cos2 ϕdϕ =
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= 2(b2 − a2)

π
4∫

0

1 + cos 2ϕ

2
dϕ = (b2 − a2)(ϕ+

1

2
sin 2ϕ)

∣∣∣π4
0

=

= (b2 − a2)

(
π

4
+

1

2

)
=
b2 − a2

4
· (π + 2) (êâ. îä.). I

2.6. Îñêiëüêè êðèâà, ÿêà îáìåæó¹ ïëîñêó ôiãóðó, ìà¹ âèãëÿä

4

√
x

a
+ 4

√
y

b
= 1, x = 0, y = 0, a > 0, b > 0, òî ïåðåéäåìî äî óçàãàëüíåíèõ

ïîëÿðíèõ êîîðäèíàò âèäó

 x = ar cos8 ϕ,

y = br sin8 ϕ.

Òîäi ÿêîáiàí ïåðåõîäó

J(r, ϕ) =
D(x, y)

D(r, ϕ)
=

∣∣∣∣∣∣ a cos8 ϕ b sin8 ϕ

8ar cos7 ϕ(− sinϕ) 8br sin7 ϕ cosϕ

∣∣∣∣∣∣ =

= 8abr sin7 ϕ cos9 ϕ+ 8abr cos7 ϕ sin9 ϕ = 8abr sin7 ϕ cos7 ϕ.

Â íîâié ñèñòåìi êîîðäèíàò (r, ϕ) ïëîñêà ôiãóðà ìàòèìå âèä:

(P ′) = {(r, ϕ) : 0 6 ϕ 6
π

2
, 0 6 r 6 1}.

Òîäi ïëîùà öi¹¨ ôiãóðè îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

P =

π
2∫

0

dϕ

1∫
0

8abr sin7 ϕ cos7 ϕdr = 4ab

π
2∫

0

sin7 ϕ cos7 ϕdϕ =

= 4ab

π
2∫

0

sin7 ϕ(1− sin2 ϕ)3d(sinϕ) =

∣∣∣∣∣∣∣∣∣
sinϕ = t,

t1 = 0,

t2 = 1

∣∣∣∣∣∣∣∣∣ =

= 4ab

1∫
0

t7(1− 3t2 + 3t4 − t6)dt = 4ab

1∫
0

(t7 − 3t9 + 3t11 − t13)dt =

= 4ab

(
t8

8
− 3t10

10
+
t12

4
− t14

14

) ∣∣∣1
0

= 4ab

(
1

8
− 3

10
+

1

4
− 1

14

)
=
ab

70
(êâ. îä.). I

3.18. Òiëî, îá'¹ì ÿêîãî íåîáõiäíî çíàéòè, âèçíà÷åíå íà ìíîæèíi (P ), ùî

îáìåæåíà êðèâèìè xy = a2, xy = 2a2, y =
x

2
, y = 2x i îáìåæåíå çíèçó
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ïëîùèíîþ z = 0, çâåðõó � ïàðàáîëî¨äîì îáåðòàííÿ z = x2 + y2 . Òîäi çà

ôîðìóëîþ îá÷èñëåííÿ îá'¹ìó òiëà îòðèìà¹ìî:

V =

∫∫
(P )

dxdy

x2+y2∫
0

dz =

∫∫
(P )

(x2 + y2)dxdy.

Äëÿ òîãî, ùîá îá÷èñëèòè iíòåãðàë

∫∫
(P )

(x2 +y2)dxdy , çðîáèìî çàìiíó çìií-

íèõ

 xy = u,

y
x = v.

Çâiäñè

 x = u−
1
2v

1
2 ,

y = u
1
2v

1
2 .

Îòæå, ÿêîáiàí ïåðåõîäó äî íîâî¨ ñèñòåìè êîîðäèíàò (u, v) ìàòèìå âèãëÿä:

J(u, v) =
D(x, y)

D(u, v)
=

∣∣∣∣∣∣ −
1
2u
− 3

2v
1
2

1
2u
− 1

2v
1
2

1
2u
− 1

2v−
1
2

1
2u

1
2v−

1
2

∣∣∣∣∣∣ = −1

4
u−1 − 1

4
u−1 = −1

2
u−1.

Îáëàñòü (P ) â íîâié ñèñòåìi êîîðäèíàò (u, v) ìàòèìå âèä:

(P ′) = {(u, v) : a2 6 u 6 2a2,
1

2
6 v 6 2}.

Îòæå,

V =

2∫
1
2

dv

2a2∫
a2

(u−1v + uv) · du
2u

=
1

2

2∫
1
2

dv

2a2∫
a2

v

(
1

u2
+ 1

)
du =

=
1

2

2∫
1
2

v

(
−1

u
+ u

) ∣∣∣2a2
a2
dv =

1

2

2∫
1
2

v

(
− 1

2a2
+ 2a2 +

1

a2
− a2

)
dv =

=
1

2

(
a2 +

1

2a2

)
· v

2

2

∣∣∣2
1
2

=
1

2

(
a2 +

1

2a2

)(
2− 1

8

)
=

=
15

16

(
a2 +

1

2a2

)
=

15

32a2
(2a4 + 1) (êóá. îä.). I

5.6. Äëÿ îá÷èñëåííÿ ïëîùi çàäàíî¨ ïîâåðõíi ñêîðèñòà¹ìîñÿ ôîðìóëîþ:

P =

∫∫
(P )

√
1 + (f ′x(x, y))2 + (f ′y(x, y))2dxdy,

äå (P ) = {(x, y) : x2 + y2 6 1}, f(x, y) =
x2 + y2

2
, f ′x(x, y) = x, f ′y(x, y) = y .
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Òîäi

P =

∫∫
(P )

√
1 + x2 + y2dxdy.

Ïåðåéäåìî äî ïîëÿðíî¨ ñèñòåìè êîîðäèíàò

 x = r cosϕ,

y = r sinϕ.
Òîäi â íîâié

ñèñòåìi êîîðäèíàò îáëàñòü (P ) ìàòèìå âèãëÿä:

(P ′) = {(r, ϕ) : 0 6 ϕ 6 2π, 0 6 r 6 1}.

Îòæå,

P =

∣∣∣∣∣∣ x = r cosϕ, 0 6 ϕ 6 2π,

y = r sinϕ, 0 6 r 6 1

∣∣∣∣∣∣ =

2π∫
0

dϕ

1∫
0

r
√

1 + r2dr =

=
1

2

2π∫
0

(1 + r2)
3
2

3
2

∣∣∣∣∣
1

0

dϕ =
1

3

2π∫
0

(2
√

2− 1)dϕ =
2π

3
(2
√

2− 1) (êâ. îä.). I

�2.6. Çàñòîñóâàííÿ êðàòíèõ iíòåãðàëiâ ó ôiçèöi

1. Öåíòð ìàñ ïëîñêî¨ ïëàñòèíêè. Íåõàé %(x, y) � ãóñòèíà ðîçïîäiëó

ìàñè ïëîñêî¨ ïëàñòèíêè (P ), ùî ëåæèòü íà ïëîùèíi xOy . Òîäi êîîðäèíàòè

öåíòðà ìàñ öi¹¨ ïëàñòèíêè (òî÷êà C(x0, y0)) îá÷èñëþ¹òüñÿ çà ôîðìóëàìè:

x0 =
1

m

∫∫
(P )

%(x, y)xdxdy,

y0 =
1

m

∫∫
(P )

%(x, y)ydxdy,

äå m =

∫∫
(P )

%(x, y)dxdy � ìàñà ïëàñòèíêè (P ).

Çàóâàæèìî, ùî âåëè÷èíè

Mx =

∫∫
(P )

%(x, y)ydxdy, My =

∫∫
(P )

%(x, y)xdxdy

íàçèâàþòüñÿ ñòàòè÷íèìè ìîìåíòàìè ïëàñòèíêè (P ) âiäíîñíî âiäïî-

âiäíèõ êîîðäèíàòíèõ îñåé.
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2. Ìîìåíòè iíåðöi¨ ïëîñêî¨ ïëàñòèíêè. Íåõàé %(x, y) � ãóñòèíà

ðîçïîäiëó ìàñè ïëîñêî¨ ïëàñòèíêè (P ). Òîäi âåëè÷èíè

Ix =

∫∫
(P )

%(x, y)y2dxdy, Iy =

∫∫
(P )

%(x, y)x2dxdy

íàçèâàþòüìîìåíòàìè iíåðöi¨ ïëàñòèíêè (P ) âiäíîñíî âiäïîâiäíèõ îñåé

Ox òà Oy .

Ìîìåíò iíåðöi¨ ïëîñêî¨ ïëàñòèíêè (P ) ç ãóñòèíîþ %(x, y) âiäíîñíî ïî÷à-

òêó êîîðäèíàò âèðàæà¹òüñÿ ôîðìóëîþ:

I0 =

∫∫
(P )

%(x, y)(x2 + y2)dxdy.

3. Öåíòð ìàñ ïðîñòîðîâîãî òiëà. Êîîðäèíàòè öåíòðà ìàñ ïðîñòî-

ðîâîãî òiëà (V ) (òî÷êà C(x0, y0, z0)) ç ãóñòèíîþ %(x, y, z) îá÷èñëþþòüñÿ çà

ôîðìóëàìè:

x0 =
1

m

∫∫∫
(V )

%(x, y, z)xdxdydz,

y0 =
1

m

∫∫∫
(V )

%(x, y, z)ydxdydz,

z0 =
1

m

∫∫∫
(V )

%(x, y, z)zdxdydz,

äå m =

∫∫∫
(V )

%(x, y, z)dxdydz � ìàñà òiëà (V ).

4. Ìîìåíòè iíåðöi¨ òiëà. Íåõàé %(x, y, z) � ãóñòèíà òiëà (V ). Òîäi

ìîìåíòè iíåðöi¨ òiëà âiäíîñíî êîîðäèíàòíèõ ïëîùèí îá÷èñëþþòüñÿ çà ôîð-

ìóëàìè:

Ixy =

∫∫∫
(V )

%(x, y, z)z2dxdydz,

Iyz =

∫∫∫
(V )

%(x, y, z)x2dxdydz,
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Ixz =

∫∫∫
(V )

%(x, y, z)y2dxdydz.

Ìîìåíò iíåðöi¨ òiëà âiäíîñíî ïî÷àòêó êîîðäèíàò îá÷èñëþ¹òüñÿ çà ôîðìó-

ëîþ:

I0 =

∫∫∫
(V )

%(x, y, z)(x2 + y2 + z2)dxdydz.

Ìîìåíòè iíåðöi¨ òiëà (V ) âiäíîñíî êîîðäèíàòíèõ îñåé îá÷èñëþþòüñÿ çà

ôîðìóëàìè:

Ix = Ixy + Ixz, Iy = Iyx + Iyz, Iz = Izx + Izy.

Î÷åâèäíî, ùî

I0 = Ixy + Iyz + Izx.

5. Ïîòåíöiàë ïîëÿ òÿæiííÿ. Íüþòîíîâèì ïîòåíöiàëîì òiëà (V ) â

òî÷öi P (x0, y0, z0) íàçèâà¹òüñÿ âåëè÷èíà

u(x0, y0, z0) = γ

∫∫∫
(V )

%(x, y, z)dxdydz√
(x− x0)2 + (y − y0)2 + (z − z0)2

,

äå γ � ãðàâiòàöiéíà ñòàëà, %(x, y, z) � ãóñòèíà òiëà (V ).

6. Íåõàé ~F = {Fx, Fy, Fz} � ñèëà ïðèòÿãàííÿ ìàòåðiàëüíî¨ òî÷êè

M0(x0, y0, z0) ìàñîþ m0 ìàòåðiàëüíèì òiëîì (V ). Òîäi ñêëàäîâi öi¹¨ ñèëè

îá÷èñëþþòüñÿ çà ôîðìóëàìè:

Fx = γm0

∫∫∫
(V )

%(x, y, z)(x− x0)dxdydz√(
(x− x0)2 + (y − y0)2 + (z − z0)2

)3
,

Fy = γm0

∫∫∫
(V )

%(x, y, z)(y − y0)dxdydz√(
(x− x0)2 + (y − y0)2 + (z − z0)2

)3
,

Fz = γm0

∫∫∫
(V )

%(x, y, z)(z − z0)dxdydz√(
(x− x0)2 + (y − y0)2 + (z − z0)2

)3
,

äå %(x, y, z) � ãóñòèíà òiëà (V ), γ � ãðàâiòàöiéíà ñòàëà.
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Âïðàâè

1. Çíàéòè ìàñó ìàòåðiàëüíî¨ ïëàñòèíêè (P ), îáìåæåíî¨ êðèâèìè iç çàäà-

íîþ ãóñòèíîþ ðîçïîäiëó ìàñè %(x, y):

1) ay = x2, x+ y = 2a, a > 1, %(x, y) = 1;

2) y2 = x+ 4, y2 = 4− x, y = 0, y > 0, %(x, y) = y ;

3)
√
x+
√
y =
√
a, x = 0, y = 0, %(x, y) = 1;

4) x2 + y2 = 4x, x2 + y2 = 4y, x > 0, y > 0, %(x, y) = x;

5) x2 + y2 = 4, %(x, y) = k
√
x2 + y2, k > 0;

6)
x2

9
+
y2

4
= 1,

x2

18
+
y2

8
= 1, %(x, y) = 4x2 + 9y2 ;

7) x2 + y2 = 1, x2 + y2 = 9, x = 0, y = 0, x > 0, y > 0, %(x, y) = x+ y ;

8) x
2
3 + y

2
3 = a

2
3 , x > 0, y > 0, %(x, y) = 1;

9) (x2 + y2)2 = 2a2xy, x > 0, y > 0, %(x, y) = 1;

10)
(x2

a2
+
y2

b2

)2

=
x2

a2
− y2

b2
, x > 0, %(x, y) = x2 .

2. Çíàéòè êîîðäèíàòè öåíòðà ìàñ îäíîðiäíî¨ ìàòåðiàëüíî¨ ïëàñòèíè (P ),

ùî âèçíà÷à¹òüñÿ óìîâàìè:

1) (P ) îáìåæåíà êðèâèìè y2 = 4x+ 4, y2 = −2x+ 4;

2) (P ) îáìåæåíà êðèâèìè y = x2, y = 2x2, x = 1, x = 2;

3) (P ) îáìåæåíà êðèâèìè y = x2, y2 = x;

4) (P ) îáìåæåíà êðèâèìè
√
x+
√
y = 1, x = 0, y = 0;

5) (P ) îáìåæåíà êðèâèìè y =
√

2x− x2, y = 0;

6) (P ) îáìåæåíà êðèâèìè x
2
3 + y

2
3 = a

2
3 , x > 0, y > 0;

7) (P ) îáìåæåíà êðèâîþ
(x
a

+
y

b

)3

=
xy

c2
;

8) (P ) îáìåæåíà êðèâîþ r = a(1 + cosϕ);

9) (P ) îáìåæåíà êðèâîþ r = a
√

cos 2ϕ, −π
4
6 ϕ 6

π

4
;

10) (P ) îáìåæåíà ïåðøîþ àðêîþ öèêëî¨äè x = a(t−sin t), y = a(1−cos t),

y = 0, 0 6 t 6 2π .

3. Çíàéòè ìîìåíòè iíåðöi¨ îäíîðiäíî¨ ôiãóðè (P ):

1) âiäíîñíî îñåé êîîðäèíàò, ÿêùî ôiãóðà (P ) îáìåæåíà êðèâèìè

(x− a)2 + (y − a)2 = a2, x = 0, y = 0, 0 6 x 6 a;
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2) âiäíîñíî îñåé êîîðäèíàò, ÿêùî (P ) îáìåæåíà êðèâèìè y2 =4x, x+y=3,

y = 0;

3) âiäíîñíî ïî÷àòêó êîîðäèíàò, ÿêùî (P ) îáìåæåíà ïðÿìèìè
x

2
+
y

3
= 1,

x = 0, y = 0;

4) âiäíîñíî îñåé êîîðäèíàò, ÿêùî (P ) îáìåæåíà êðèâèìè xy=a2, xy=2a2,

x = 2y, 2x = y, x > 0, y > 0;

5) âiäíîñíî îñåé êîîðäèíàò i ïî÷àòêó êîîðäèíàò, ÿêùî (P ) îáìåæåíà åëi-

ïñîì
x2

a2
+
y2

b2
= 1;

6) âiäíîñíî ïîëþñà, ÿêùî (P ) îáìåæåíà êðèâîþ r = a(1 + cosϕ);

7) âiäíîñíî îñåé êîîðäèíàò, ÿêùî ôiãóðà (P ) îáìåæåíà êðèâîþ

x4 + y4 =a2(x2 + y2);

8) âiäíîñíî ïîëþñà, ÿêùî (P ) îáìåæåíà êðèâîþ (x2 + y2)2 = a2(x2− y2).

4. Çíàéòè ìàñó òiëà (V ), îáìåæåíîãî äàíèìè ïîâåðõíÿìè ç ãóñòèíîþ ðîç-

ïîäiëó ìàñè %(x, y, z):

1) 0 6 x 6 1, 0 6 y 6 1, 0 6 z 6 1, %(x, y, z) = x+ y + z ;

2) x2 + y2 + z2 = 4, %(x, y, z) = 2(2−
√
x2 + y2 + z2);

3) x2 + y2 = 2z, x2 + y2 + z2 = 3, %(x, y, z) = 1;

4) x2 = 2y, y + z = 1, 2y + z = 2, %(x, y, z) = y ;

5) x2 + y2 + z2 = 4, z = 0, %(x, y, z) =
√
x2 + y2 + z2 ;

6) x2 + y2 + z2 = 4, x2 + y2 + z2 = 4z, %(x, y, z) = kz, k > 0.

5. Çíàéòè êîîðäèíàòè öåíòðà ìàñ îäíîðiäíîãî òiëà (V ), îáìåæåíîãî çà-

äàíèìè ïîâåðõíÿìè:

1) z = 0, x2 + y2 = 2x, z = x2 + y2 ;

2)
x

2
+
y

3
+
z

4
= 1, x = 0, y = 0, z = 0;

3) z = x2 + y2, y2 = 4x, x = 1, z = 0;

4) z2 = xy, x = 5, y = 5, z = 0;

5) z = x2 + y2, x+ y = a, x = 0, y = 0, z = 0;

6) z =
y2

2
, 2x+ 3y − 12 = 0, x = 0, z = 0;

7)
x2

a2
+
y2

b2
+
z2

c2
= 1, x = 0, y = 0, z = 0;
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8) x2 + z2 = a2, y2 + z2 = a2, z > 0;

9) x2 = 2z, z2 = 2x, x =
1

2
, z = 0;

10)
(x2

a2
+
y2

b2
+
z2

c2

)2

=
xyz

abc
, x > 0, y > 0, z > 0, a > 0, b > 0, c > 0.

6. Çíàéòè ìîìåíòè iíåðöi¨ îäíîðiäíîãî òiëà (V ):

1) âiäíîñíî êîîðäèíàòíèõ ïëîùèí, ÿêùî (V ) îáìåæåíå ïîâåðõíÿìè
x

2
+
y

3
+
z

4
= 1, x = 0, y = 0, z = 0;

2) âiäíîñíî êîîðäèíàòíèõ ïëîùèí, ÿêùî (V ) îáìåæåíå ïîâåðõíåþ
x2

a2
+
y2

b2
+
z2

c2
= 1;

3) âiäíîñíî êîîðäèíàòíèõ ïëîùèí, ÿêùî (V ) îáìåæåíå ïîâåðõíÿìè
x2

a2
+
y2

b2
+
z2

c2
= 1,

x2

a2
+
y2

b2
=
x

a
;

4) âiäíîñíî êîîðäèíàòíèõ ïëîùèí, ÿêùî (V ) îáìåæåíå ïîâåðõíÿìè
x2

a2
+
y2

b2
=
z2

c2
, z = c;

5) âiäíîñíî êîîðäèíàòíèõ ïëîùèí, ÿêùî (V ) îáìåæåíå ïîâåðõíåþ(x2

a2
+
y2

b2
+
z2

c2

)2

=
x2

a2
+
y2

b2
− z2

c2
;

6) âiäíîñíî îñi Oz , ÿêùî (V ) îáìåæåíå ïîâåðõíÿìè x2 + y2 + z2 = 2,

x2 + y2 = z2, z > 0;

7) âiäíîñíî îñi Oz , ÿêùî (V ) îáìåæåíå ïîâåðõíÿìè z=x2+y2, x+y=±1,

x− y = ±1, z = 0;

8) âiäíîñíî îñi Oz , ÿêùî (V ) îáìåæåíå ïîâåðõíÿìè z = 0, y = ±a,

z =
h

a2
(y2 − x2);

9) âiäíîñíî îñi Oz , ÿêùî (V ) îáìåæåíå ïîâåðõíåþ (x2 + y2 + z2)3 = a5z ;

10) âiäíîñíî ïî÷àòêó êîîðäèíàò, ÿêùî (V ) îáìåæåíå ïîâåðõíåþ

(x2 + y2 + z2)2 = a2(x2 + y2).

7. Çíàéòè íüþòîíîâèé ïîòåíöiàë ìàòåðiàëüíîãî òiëà (V ) ó çàäàíié òî÷öi

M0 :

1) (V ) � îäíîðiäíå òiëî, îáìåæåíå åëiïñî¨äîì
x2

a2
+

y2

a2
+

z2

b2
= 1,

b > 0, M0(0, 0, 0);

2) (V ) � âåðõíÿ ïîëîâèíà îäíîðiäíî¨ êóëi x2 + y2 + z2 = a2, M0(0, 0, z);

3) (V ) � îäíîðiäíèé êîíóñ ç ðàäióñîì îñíîâè r i âèñîòîþ h, M0(x0, y0, z0);
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4) (V ) � ñôåðè÷íèé øàð a26x2+y2+z26b2, %(x, y, z)=f(
√
x2 + y2 + z2),

M0(x0, y0, z0).

8. Ïðÿìèé êðóãîâèé öèëiíäð, ðàäióñ îñíîâè ÿêîãî ðiâíèé a, à âèñîòà b,

öiëêîì çàíóðåíèé â ðiäèíó ãóñòèíè %(x, y, z) òàê, ùî öåíòð éîãî çíàõîäèòüñÿ

íà ãëèáèíi h ïiä ïîâåðõíåþ âîäè, à âiñü öèëiíäðà óòâîðþ¹ êóò α ç âåðòèêàë-

ëþ. Âèçíà÷èòè òèñê ðiäèíè íà íèæíþ i âåðõíþ îñíîâè öèëiíäðà.

9. Âèçíà÷èòè, ç ÿêîþ ñèëîþ ïðèòÿãó¹ îäíîðiäíèé öèëiíäð x2 + y2 6 a2,

0 6 z 6 h, ìàòåðiàëüíó òî÷êó M(0, 0, b), ÿêùî ìàñà öèëiíäðà äîðiâíþ¹ m, à

ìàñà ìàòåðiàëüíî¨ òî÷êè m0 .

10. Ç ÿêîþ ñèëîþ ïðèòÿãó¹ îäíîðiäíèé øàð x2 + y2 + z2 6 R2 ìàñîþ M

ìàòåðiàëüíó òî÷êó A(0, 0, a) ìàñîþ m.

11. Çíàéòè ñèëó, ç ÿêîþ îäíîðiäíèé êîíóñ ç ðàäióñîì îñíîâè R òà âèñîòîþ

H ïðèòÿãó¹ ìàòåðiàëüíó òî÷êó îäèíè÷íî¨ ìàñè, ùî ìiñòèòüñÿ â éîãî âåðøèíi.

12. Ç ÿêîþ ñèëîþ ïðèòÿãó¹ îäíîðiäíèé öèëiíäð x2 + y2 6 a2, 0 6 z 6 h,

ãóñòèíîþ %(x, y, z)0 ìàòåðiàëüíó òî÷êó A(0, 0, z) îäèíè÷íî¨ ìàñè.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.6. Îñêiëüêè ïëîñêà ïëàñòèíêà (P ) ¹ îäíîðiäíîþ, òî ââàæà¹ìî, ùî

%(x, y) = 1. Ïëîñêà ôiãóðà (P ), öåíòð ìàñ ÿêî¨ ïîòðiáíî çíàéòè, çîáðàæåíà

íà ðèñ. 9.

0

(P )

a

a

x

y

Ðèñ. 9
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Ïåðåéäåìî äî óçàãàëüíåíèõ ïîëÿðíèõ êîîðäèíàò

 x = r cos3 ϕ,

y = r sin3 ϕ.

Òîäi â íîâié ñèñòåìi êîîðäèíàò (r, ϕ) ïëîñêà ôiãóðà ìàòèìå âèãëÿä:

(P ′) = {(r, ϕ) : 0 6 ϕ 6
π

2
, 0 6 r 6 a},

à ÿêîáiàí ïåðåõîäó

J(r, ϕ) =
D(x, y)

D(r, ϕ)
=

∣∣∣∣∣∣ cos3 ϕ sin3 ϕ

−3r cos2 ϕ sinϕ 3r sin2 ϕ cosϕ

∣∣∣∣∣∣ = 3r sin2 ϕ cos2 ϕ.

Ñïî÷àòêó çíàéäåìî ìàñó çàäàíî¨ ïëàñòèíêè:

m =

π
2∫

0

dϕ

a∫
0

3r sin2 ϕ cos2 ϕdr =
3

2
a2

π
2∫

0

sin2 ϕ cos2 ϕdϕ =
3

8
a2

π
2∫

0

sin2 2ϕdϕ =

=
3

8
a2

π
2∫

0

1− cos 4ϕ

2
dϕ =

3

16
a2

(
ϕ− 1

4
sin 4ϕ

) ∣∣∣∣∣
π
2

0

=
3πa2

32
.

Äàëi îá÷èñëþ¹ìî ñòàòè÷íi ìîìåíòè ïëîñêî¨ ïëàñòèíêè (P ) âiäíîñíî îñåé

êîîðäèíàò:

Mx =

π
2∫

0

dϕ

a∫
0

3r sin2 ϕ cos2 ϕ · r sin3 ϕdr = a3

π
2∫

0

sin5 ϕ cos2 ϕdϕ =

= −a3

π
2∫

0

sin4 ϕ cos2 ϕd(cosϕ) = −a3

π
2∫

0

(1− cos2 ϕ)2 cos2 ϕd(cosϕ) =

= −a3

π
2∫

0

(
cos2 ϕ− 2 cos4 ϕ+ cos6 ϕ

)
d(cosϕ) =

= −a3

(
cos3 ϕ

3
− 2

5
cos5 ϕ+

1

7
cos7 ϕ

) ∣∣∣∣∣
π
2

0

= −a3

(
−1

3
+

2

5
− 1

7

)
=

8

105
a3,

My =

π
2∫

0

dϕ

a∫
0

3r sin2 ϕ cos2 ϕ · r cos3 ϕdr = a3

π
2∫

0

sin2 ϕ cos4 ϕd(sinϕ) =
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= a3

π
2∫

0

sin2 ϕ(1− sin2 ϕ)2d(sinϕ) = a3

π
2∫

0

(
sin2 ϕ− 2 sin4 ϕ+ sin6 ϕ

)
d(sinϕ) =

= a3

(
sin3 ϕ

3
− 2

5
sin5 ϕ+

1

7
sin7 ϕ

) ∣∣∣∣∣
π
2

0

= a3

(
1

3
− 2

5
+

1

7

)
=

8

105
a3.

Òîäi

x0 =
My

m
=

8
105a

3

3π
32a

2
=

256

315π
a, y0 =

Mx

m
=

8
105a

3

3π
32a

2
=

256

315π
a.

Îòæå, òî÷êà C
( 256

315π
a,

256

315π
a
)
� öåíòð ìàñ ïëîñêî¨ ïëàñòèíêè (P ). I

6.10. Áåç çìåíøåííÿ çàãàëüíîñòi ââàæà¹ìî, ùî %(x, y, z) = 1, îñêiëüêè

òiëî (V ) çà óìîâîþ îäíîðiäíå.

Ïåðåéäåìî äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò


x = r cosϕ sin θ,

y = r sinϕ sin θ,

z = r cos θ,

ç ÿêîái-

àíîì ïåðåõîäó J(r, ϕ, θ) = r2 sin θ .

Òîäi òiëî â íîâié ñèñòåìi êîîðäèíàò ìàòèìå âèãëÿä:

(V ′) = {(r, ϕ, θ) : 0 6 ϕ 6 2π, 0 6 θ 6 π, 0 6 r 6 a sin θ}.

Âðàõîâóþ÷è ïåðåõiä äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò, îá÷èñëþ¹ìî ìîìåíò

iíåðöi¨ òiëà (V ) âiäíîñíî ïî÷àòêó êîîðäèíàò:

I0 =

∫∫∫
(V )

(x2 + y2 + z2)dxdydz =

∣∣∣∣∣∣∣∣∣∣∣∣

x = r cosϕ sin θ,

y = r sinϕ sin θ,

z = r cos θ,

J(r, ϕ, θ) = r2 sin θ

∣∣∣∣∣∣∣∣∣∣∣∣
=

=

∫∫∫
(V ′)

r2 · r2 sin θdϕdθdr =

2π∫
0

dϕ

π∫
0

dθ

a sin θ∫
0

r4 sin θdr =
a5

5

2π∫
0

dϕ

π∫
0

sin6 θdθ =

=
2πa5

5

π∫
0

(
1− cos 2θ

2

)3

dθ =
πa5

20

π∫
0

(1− 3 cos 2θ + 3 cos2 2θ − cos3 2θ)dθ =
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=
πa5

20

(
(θ − 3

2
sin 2θ)

∣∣∣π
0

+
3

2

π∫
0

(1 + cos 4θ)dθ − 1

2

π∫
0

(1− sin2 2θ)d(sin 2θ)
)

=

=
πa5

20

(
π +

3

2
π

)
=
π2a5

8
. I

7.4. Äëÿ çðó÷íîñòi ïîâåðíåìî ñèñòåìó êîîðäèíàò òàêèì ÷èíîì, ùîá âiñü

Oz , ñèñòåìè êîîðäèíàò x1y1z1 ïðîõîäèëà ÷åðåç òî÷êó M0(x0, y0, z0). Òîäi íüþ-

òîíîâèé ïîòåíöiàë îá÷èñëþ¹ìî çà ôîðìóëîþ:

u(x0, y0, z0) = u1(0, 0, d) =

∫∫∫
a26x21+y21+z216b

2

f(
√
x2

1 + y2
1 + z2

1)√
x2

1 + y2
1 + (z1 − z0)2

dx1dy1dz1,

äå d =
√
x2

0 + y2
0 + z2

0 .

Ïåðåéäåìî äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò. Òîäi 0 6 θ 6 π, 0 6 ϕ 6 2π,

a 6 r 6 b, J(r, ϕ, θ) = r2 sin θ .

Îòæå,

u(x0, y0, z0) =

b∫
a

r2f(r)dr

2π∫
0

dϕ

π∫
0

sin θdθ√
r2 − 2rd cos θ + d2

=

= 2π

b∫
a

r2f(r)

√
r2 − 2rd cos θ + d2

rd

∣∣∣∣∣
π

0

dr =
2π

d

b∫
a

rf(r)(r + d− |d− r|)dr =

=


4π

b∫
a

rf(r)dr, ÿêùî r > d,

4π
d

b∫
a

r2f(r)dr, ÿêùî r < d,

äå d =
√
x2

0 + y2
0 + z2

0. I

Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó II

1. Çìiíèòè ïîðÿäîê iíòåãðóâàííÿ â ïîâòîðíèõ iíòåãðàëàõ:

1)

−1∫
−2

dy

0∫
−
√

2+y

f(x, y)dx+

0∫
−1

dy

0∫
−
√
−y

f(x, y)dx;
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2)

1∫
0

dy

0∫
−√y

f(x, y)dx+

√
2∫

1

dy

0∫
−
√

2−y2

f(x, y)dx;

3)

1∫
0

dy

y∫
0

f(x, y)dx+

√
2∫

1

dy

√
2−y2∫

0

f(x, y)dx;

4)

1∫
0

dy

√
y∫

0

f(x, y)dx+

2∫
1

dy

√
2−y∫

0

f(x, y)dx;

5)

−1∫
−
√

2

dx

0∫
−
√

2−x2

f(x, y)dy +

0∫
−1

dx

0∫
x

f(x, y)dy;

6)

1√
2∫

0

dy

arcsin y∫
0

f(x, y)dx+

1∫
1√
2

dy

arccos y∫
0

f(x, y)dx;

7)

−1∫
−2

dy

√
2+y∫

0

f(x, y)dx+

0∫
−1

dy

√
−y∫

0

f(x, y)dx;

8)

1∫
0

dy

0∫
−√y

f(x, y)dx+

e∫
1

dy

− ln y∫
−1

f(x, y)dx;

9)

−1∫
−
√

2

dx

√
2−x2∫
0

f(x, y)dy +

0∫
−1

dx

x2∫
0

f(x, y)dy;

10)

−
√

3∫
−2

dx

0∫
−
√

4−x2

f(x, y)dy +

0∫
−
√

3

dx

0∫
√

4−x2

f(x, y)dy;

11)

1∫
0

dx

1∫
1−x2

f(x, y)dy +

e∫
1

dx

1∫
lnx

f(x, y)dy;

12)

1∫
0

dy

3
√
y∫

0

f(x, y)dx+

2∫
1

dy

2−y∫
0

f(x, y)dx;

13)

π
4∫

0

dy

sin y∫
0

f(x, y)dx+

π
2∫

π
4

dy

cos y∫
0

f(x, y)dx;
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14)

−1∫
−2

dx

0∫
−(2+x)

f(x, y)dy +

0∫
−1

dx

0∫
3
√
x

f(x, y)dy;

15)

1∫
0

dy

√
y∫

0

f(x, y)dx+

e∫
1

dy

1∫
ln y

f(x, y)dx;

16)

1∫
0

dy

0∫
−√y

f(x, y)dx+

2∫
1

dy

0∫
−
√

2−y2

f(x, y)dx;

17)

1∫
0

dy

0∫
−y

f(x, y)dx+

√
2∫

1

dy

0∫
−
√

2−y2

f(x, y)dx;

18)

1∫
0

dy

y3∫
0

f(x, y)dx+

2∫
1

dy

2−y∫
0

f(x, y)dx;

19)

√
3∫

0

dx

0∫
√

4−x2−2

f(x, y)dy +

2∫
√

3

dx

0∫
−
√

4−x2

f(x, y)dy;

20)

−1∫
−2

dy

0∫
−(2+y)

f(x, y)dx+

0∫
−1

dy

0∫
3
√
y

f(x, y)dx;

21)

1∫
0

dy

y∫
0

f(x, y)dx+

e∫
1

dy

1∫
ln y

f(x, y)dx;

22)

1∫
0

dx

x2∫
0

f(x, y)dy +

√
2∫

1

dx

√
2−x2∫
0

f(x, y)dy;

23)

π
4∫

0

dx

sinx∫
0

f(x, y)dy +

π
2∫

π
4

dx

cosx∫
0

f(x, y)dy;

24)

−1∫
−
√

2

dy

0∫
−
√

2−y2

f(x, y)dx+

0∫
−1

dy

0∫
y

f(x, y)dx;

25)

1∫
0

dx

x3∫
0

f(x, y)dy +

2∫
1

dx

2−x∫
0

f(x, y)dy.

2. Îá÷èñëèòè ïîäâiéíi iíòåãðàëè ïî îáëàñòi (D), îáìåæåíié êðèâèìè:
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1)

∫∫
(D)

(12x2y2 + 16x3y3)dxdy; (D) : x = 1, y = x2, y = −
√
x;

2)

∫∫
(D)

(9x2y2 + 48x3y3)dxdy; (D) : x = 1, y =
√
x, y = −x2;

3)

∫∫
(D)

(36x2y2 − 96x3y3)dxdy; (D) : x = 1, y = 3
√
x, y = −x3;

4)

∫∫
(D)

(18x2y2 + 32x3y3)dxdy; (D) : x = 1, y = x3, y = − 3
√
x;

5)

∫∫
(D)

(27x2y2 + 48x3y3)dxdy; (D) : x = 1, y = x2, y = − 3
√
x;

6)

∫∫
(D)

(18x2y2 + 32x3y3)dxdy; (D) : x = 1, y = 3
√
x, y = −x2;

7)

∫∫
(D)

(18x2y2 + 32x3y3)dxdy; (D) : x = 1, y = x3, y = −
√
x;

8)

∫∫
(D)

(27x2y2 + 48x3y3)dxdy; (D) : x = 1, y =
√
x, y = −x3;

9)

∫∫
(D)

(4xy + 3x2y2)dxdy; (D) : x = 1, y = x2, y = −
√
x;

10)

∫∫
(D)

(12xy + 9x2y2)dxdy; (D) : x = 1, y =
√
x, y = −x2;

11)

∫∫
(D)

(8xy + 9x2y2)dxdy; (D) : x = 1, y = 3
√
x, y = −x3;

12)

∫∫
(D)

(24xy + 18x2y2)dxdy; (D) : x = 1, y = x3, y = − 3
√
x;

13)

∫∫
(D)

(12xy + 27x2y2)dxdy; (D) : x = 1, y = x2, y = − 3
√
x;

14)

∫∫
(D)

(8xy + 18x2y2)dxdy; (D) : x = 1, y = 3
√
x, y = −x2;

15)

∫∫
(D)

(4

5
xy +

9

11
x2y2

)
dxdy; (D) : x = 1, y = x3, y = −

√
x;
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16)

∫∫
(D)

(4

5
xy + 9x2y2

)
dxdy; (D) : x = 1, y =

√
x, y = −x3;

17)

∫∫
(D)

(24xy − 48x3y3)dxdy; (D) : x = 1, y = x2, y = −
√
x;

18)

∫∫
(D)

(6xy + 24x3y3)dxdy; (D) : x = 1, y =
√
x, y = −x2;

19)

∫∫
(D)

(4xy + 16x3y3)dxdy; (D) : x = 1, y = 3
√
x, y = −x3;

20)

∫∫
(D)

(4xy + 16x3y3)dxdy; (D) : x = 1, y = x3, y = − 3
√
x;

21)

∫∫
(D)

(44xy + 16x3y3)dxdy; (D) : x = 1, y = x2, y = − 3
√
x;

22)

∫∫
(D)

(4xy + 17x3y3)dxdy; (D) : x = 1, y = 3
√
x, y = −x2;

23)

∫∫
(D)

(xy − 4x3y3)dxdy; (D) : x = 1, y = x3, y = −
√
x;

24)

∫∫
(D)

(4xy + 17x3y3)dxdy; (D) : x = 1, y =
√
x, y = −x3;

25)

∫∫
(D)

(
6x2y2 +

25

3
x4y4

)
dxdy; (D) : x = 1, y = x2, y = −

√
x.

3. Îá÷èñëèòè ïîäâiéíi iíòåãðàëè ïî îáëàñòi (D), îáìåæåíié êðèâèìè:

1)

∫∫
(D)

ye
xy
2 dxdy; (D) : y = ln 2, y = ln 3, x = 2, x = 4;

2)

∫∫
(D)

y2 sin
xy

2
dxdy; (D) : x = 0, y =

√
π, y =

x

2
;

3)

∫∫
(D)

y cosxydxdy; (D) : y =
π

2
, y = π, x = 1, x = 2;

4)

∫∫
(D)

y2e−
xy
4 dxdy; (D) : x = 0, y = 2, y = x;

5)

∫∫
(D)

y sinxydxdy; (D) : y =
π

2
, y = π, x = 1, x = 2;
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6)

∫∫
(D)

y2 cos
xy

2
dxdy; (D) : x = 0, y =

√
π

2
, y =

x

2
;

7)

∫∫
(D)

4ye2xydxdy; (D) : y = ln 3, y = ln 4, x =
1

2
, x = 1;

8)

∫∫
(D)

4y2 sinxydxdy; (D) : x = 0, y =

√
π

2
, y = x;

9)

∫∫
(D)

y cos 2xydxdy; (D) : y =
π

2
, y = π, x =

1

2
, x = 1;

10)

∫∫
(D)

y2e−
xy
8 dxdy; (D) : x = 0, y = 2, y =

x

2
;

11)

∫∫
(D)

12y sin 2xydxdy; (D) : y =
π

4
, y =

π

2
, x = 2, x = 3;

12)

∫∫
(D)

y2 cos 2dxdy; (D) : x = 0, y =
√
π, y = x;

13)

∫∫
(D)

ye
xy
4 dxdy; (D) : y = ln 2, y = ln 3, x = 4, x = 8;

14)

∫∫
(D)

4y2 sin 2xydxdy; (D) : x = 0, y =
√

2π, y = 2x;

15)

∫∫
(D)

12y cos 2xydxdy; (D) : y =
π

4
, y =

π

2
, x = 1, x = 2;

16)

∫∫
(D)

y2e−
xy
2 dxdy; (D) : x = 0, y =

√
2, y = x;

17)

∫∫
(D)

y sinxydxdy; (D) : y = π, y = 2π, x =
1

2
, x = 1;

18)

∫∫
(D)

y2 cos 2xydxdy; (D) : x = 0, y =

√
π

2
, y =

x

2
;

19)

∫∫
(D)

8ye4xydxdy; (D) : y = ln 3, y = ln 4, x =
1

4
, x =

1

2
;

20)

∫∫
(D)

3y2 cos
xy

2
dxdy; (D) : x = 0, y =

√
4π

3
, y =

2x

3
;
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21)

∫∫
(D)

y cosxydxdy; (D) : y = π, y = 3π, x =
1

2
, x = 1;

22)

∫∫
(D)

y2e−
xy
2 dxdy; (D) : x = 0, y = 1, y =

x

2
;

23)

∫∫
(D)

y sin 2xydxdy; (D) : y =
π

2
, y =

3π

2
, x =

1

2
, x = 2;

24)

∫∫
(D)

y2 cosxydxdy; (D) : x = 0, y =
√
π, y = 2x;

25)

∫∫
(D)

6ye
xy
3 dxdy; (D) : y = ln 2, y = ln 3, x = 3, x = 6.

4. Îá÷èñëèòè ïîòðiéíi iíòåãðàëè ïî îáëàñòi (V ), îáìåæåíié ïîâåðõíÿìè:

1)

∫∫∫
(V )

2y2exydxdydz; (V ) : x = 0, y = 1, y = x, z = 0, z = 1;

2)

∫∫∫
(V )

x2z sin(xyz)dxdydz; (V ) : x = 2, y = π, z = 1, x = 0, y = 0,

z = 0;

3)

∫∫∫
(V )

y2ch (2xy)dxdydz; (V ) : x = 0, y = −2, y = 4x, z = 0, z = 2;

4)

∫∫∫
(V )

8y2ze2xyzdxdydz; (V ) : x = −1, y = 2, z = 1, x = 0, y = 0, z = 0;

5)

∫∫∫
(V )

x2sh (3xy)dxdydz; (V ) : x = 1, y = 2x, y = 0, z = 0, z = 36;

6)

∫∫∫
(V )

y2z cos(xyz)dxdydz; (V ) : x = 1, y = π, z = 2, x = 0, y = 0,

z = 0;

7)

∫∫∫
(V )

y2 cos
(πxy

4

)
dxdydz; (V ) : x = 0, y = −1, y =

x

2
, z = 0, z = −π2;

8)

∫∫∫
(V )

x2z sin
(xyz

4

)
dxdydz; (V ) : x = 1, y = 2π, z = 4, x = 0,

y = 0, z = 0;

9)

∫∫∫
(V )

y2e−xydxdydz; (V ) : x = 0, y = −2, y = 4x, z = 0, z = 1;



100 ÐÎÇÄIË II. Êðàòíi iíòåãðàëè

10)

∫∫∫
(V )

2y2zexyzdxdydz; (V ) : x = 1, y = 1, z = 1, x = 0, y = 0, z = 0;

11)

∫∫∫
(V )

y2ch (2xy)dxdydz; (V ) : x = 0, y = 1, y = x, z = 0, z = 8;

12)

∫∫∫
(V )

x2z sh (xyz)dxdydz; (V ) : x = 2, y = 1, z = 1, x = 0, y = 0,

z = 0;

13)

∫∫∫
(V )

y2e
xy
2 dxdydz; (V ) : x = 0, y = 2, y = 2x, z = 0, z = −1;

14)

∫∫∫
(V )

y2z cos
(xyz

3

)
dxdydz; (V ) : x = 3, y = 1, z = 2π, x = 0,

y = 0, z = 0;

15)

∫∫∫
(V )

y2 cos
(πxy

2

)
dxdydz; (V ) : x = 0, y = −1, y = x, z = 0, z = 2π2;

16)

∫∫∫
(V )

2x2z sh (xyz)dxdydz; (V ) : x = 1, y = −1, z = 1, x = 0,

y = 0, z = 0;

17)

∫∫∫
(V )

y2 cos(πxy)dxdydz; (V ) : x = 0, y = 1, y = 2x, z = 0, z = π2;

18)

∫∫∫
(V )

2x2z sh (2xyz)dxdydz; (V ) : x = 2, y =
1

2
, z =

1

2
, x = 0,

y = 0, z = 0;

19)

∫∫∫
(V )

x2sh (2xy)dxdydz; (V ) : x = −1, y = x, y = 0, z = 0, z = 8;

20)

∫∫∫
(V )

x2z sin
(xyz

2

)
dxdydz; (V ) : x = 1, y = 4, z = π, x = 0, y = 0,

z = 0;

21)

∫∫∫
(V )

y2ch (xy)dxdydz; (V ) : x = 0, y = −1, y = x, z = 0, z = 2;

22)

∫∫∫
(V )

y2z ch (xyz)dxdydz; (V ) : x = 1, y = 1, z = 1, x = 0, y = 0,

z = 0;
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23)

∫∫∫
(V )

y2 cos
(πxy

2

)
dxdydz; (V ) : x = 2, y = x, y = 0, z = 0, z = π;

24)

∫∫∫
(V )

y2z cos
(xyz

9

)
dxdydz; (V ) : x = 9, y = 1, z = 2π, x = 0,

y = 0, z = 0;

25)

∫∫∫
(V )

x2 sin(πxy)dxdydz; (V ) : x = 1, y = 2x, y = 0, z = 0, z = 4π.

5. Îá÷èñëèòè ïîòðiéíèé iíòåãðàë ïî îáëàñòi (V ), îáìåæåíié ïîâåðõíÿìè:

1)

∫∫∫
(V )

xdxdydz; (V ) : y = 10x, y = 0, x = 1, z = xy, z = 0;

2)

∫∫∫
(V )

dxdydz

(1 + x
3 + y

4 + z
8)4

; (V ) :
x

3
+
y

4
+
z

8
= 1, x = 0, y = 0, z = 0;

3)

∫∫∫
(V )

15(y2 +z2)dxdydz; (V ) : z = x+y, x+y = 1, x = 0, y = 0, z = 0;

4)

∫∫∫
(V )

(3x+ 4y)dxdydz; (V ) : y = x, y = 0, x = 1, z = 5(y2 + z2), z = 0;

5)

∫∫∫
(V )

(1 + 2x3)dxdydz; (V ) : y = 9x, y = 0, x = 1, z =
√
xy, z = 0;

6)

∫∫∫
(V )

(27 + 54y3)dxdydz; (V ) : y = x, y = 0, x = 1, z =
√
xy, z = 0;

7)

∫∫∫
(V )

ydxdydz; (V ) : y = 15x, y = 0, x = 1, z = xy, z = 0;

8)

∫∫∫
(V )

dxdydz

(1 + x
16 + y

8 + z
3)5

; (V ) :
x

16
+
y

8
+
z

3
= 1, x = 0, y = 0, z = 0;

9)

∫∫∫
(V )

(3x2 + y2)dxdydz; (V ) : z = 10y, x+ y = 1, x = 0, y = 0, z = 0;

10)

∫∫∫
(V )

(15x + 30z)dxdydz; (V ) : z = 5(x2 + 3y2), z = 0, y = x,

y = 0, x = 1;

11)

∫∫∫
(V )

(4 + 8z3)dxdydz; (V ) : y = x, y = 0, x = 1, z =
√
xy, z = 0;
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12)

∫∫∫
(V )

(1 + 2x3)dxdydz; (V ) : y = 36x, y = 0, x = 1, z =
√
xy, z = 0;

13)

∫∫∫
(V )

21xzdxdydz; (V ) : y = 5x, y = 0, x = 2, z = xy, z = 0;

14)

∫∫∫
(V )

dxdydz

(1 + x
10 + y

8 + z
3)6

; (V ) :
x

10
+
y

8
+
z

3
= 1, x = 0, y = 0, z = 0;

15)

∫∫∫
(V )

(x2 + 3y2)dxdydz; (V ) : z = 10x, x+ y = 1, x = 0, y = 0, z = 0;

16)

∫∫∫
(V )

(60y+ 90z)dxdydz; (V ) : y = x, y = 0, x = 1, z = x2 + y2, z = 0;

17)

∫∫∫
(V )

(10

3
x+

5

3

)
dxdydz; (V ) : y = 9x, y = 0, x = 1, z =

√
xy, z = 0;

18)

∫∫∫
(V )

(1 + 2x3)dxdydz; (V ) : y = 4x, y = 0, x = 1, z =
√
xy, z = 0;

19)

∫∫∫
(V )

3y2dxdydz; (V ) : y = 2x, y = 0, x = 2, z = xy, z = 0;

20)

∫∫∫
(V )

dxdydz(
1 + x

2 + y
4 + z

6

)4 ; (V ) :
x

2
+
y

4
+
z

6
= 1, x = 0, y = 0, z = 0;

21)

∫∫∫
(V )

x2dxdydz; (V ) : z = 10(x+ 3y), x+ y = 1, x = 0, y = 0, z = 0;

22)

∫∫∫
(V )

(8y+12z)dxdydz; (V ) : y = x, y = 0, x = 1, z = 3x2+2y2, z = 0;

23)

∫∫∫
(V )

(1 + 2
√
y)dxdydz; (V ) : y = x, y = 0, x = 1, z =

√
xy, z = 0;

24)

∫∫∫
(V )

(x+ y)dxdydz; (V ) : y = x, y = 0, x = 1, z = 30x2 + 60y2, z = 0;

25)

∫∫∫
V

dxdydz(
1 + x

6 + y
4 + z

16

)4 ; (V ) :
x

6
+
y

4
+

z

16
= 1, x = 0, y = 0, z = 0.

6. Çíàéòè ïëîùó ïëîñêî¨ ôiãóðè, îáìåæåíî¨ çàäàíèìè ëiíiÿìè:

1) y =
3

x
, y = 4ex, y = 3, y = 4;

2) x =
√

36− y2, x = 6−
√

36− y2;
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3) x2 + y2 = 72, 6x = −x2, (y 6 0);

4) x = 8− y2, x = −2y;

5) y =
3

x
, y = 8ex, y = 3, y = 8;

6) y =

√
x

2
, y =

1

2x
, x = 16;

7) x = 5− y2, x = −4y;

8) x2 + y2 = 12, −
√

6y = x2, (y 6 0);

9) y =
√

12− x2, y = 2
√

3−
√

12− x2, x = 0, (x > 0);

10) y =
3
√
x

2
, y =

3

2x
, x = 9;

11) y =
√

24− x2, 2
√

3y = x2, x = 0, (x > 0);

12) y = sinx, y = cosx, x = 0, (x > 0);

13) y = 20− x2, y = −8x;

14) y =
√

18− x2, y = 3
√

2−
√

18− x2;

15) y = 32− x2, y = −4x;

16) y =
2

x
, y = 5ex, y = 2, y = 5;

17) x2 + y2 = 36, 2
√

3y = x2, (y > 0);

18) y = 3
√
x, y =

3

x
, x = 4;

19) y = 6−
√

36− x2, y =
√

36− x2, x = 0, (x > 0);

20) y =
25

4
− x2, y = x− 5

2
;

21) y =
√
x, y =

1

x
, x = 16;

22) y =
2

x
, y = 7ex, y = 2, y = 7;

23) x = 27− y2, x = −6y;

24) x =
√

72− y2, 6x = y2, y = 0, (y > 0);

25) y =
√

6− x2, y =
√

6−
√

6− x2.

7. Çíàéòè ïëîùó ïëîñêî¨ ôiãóðè, îáìåæåíî¨ äàíèìè ëiíiÿìè:

1) y2 − 2y + x2 = 0, y2 − 4y + x2 = 0, y =
x√
3
, y =

√
3x;

2) x2 − 4x+ y2 = 0, x2 − 8x+ y2 = 0, y = 0, y =
x√
3

;

3) y2 − 6y + x2 = 0, y2 − 8y + x2 = 0, y =
x√
3
, y =

√
3x;

4) x2 − 2x+ y2 = 0, x2 − 4x+ y2 = 0, y = 0, y = x;
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5) y2 − 8y + x2 = 0, y2 − 10y + x2 = 0, y =
x√
3
, y =

√
3x;

6) x2 − 4x+ y2 = 0, x2 − 8x+ y2 = 0, y = 0, y = x;

7) y2 − 4y + x2 = 0, y2 − 6y + x2 = 0, y = x, y = 0;

8) x2 − 2x+ y2 = 0, x2 − 10x+ y2 = 0, y = 0, y =
√

3x;

9) y2 − 6y + x2 = 0, y2 − 10y + x2 = 0, y = x, y = 0;

10) x2 − 2x+ y2 = 0, x2 − 4x+ y2 = 0, y =
x√
3
, y =

√
3x;

11) y2 − 2y + x2 = 0, y2 − 4y + x2 = 0, y =
√

3x, x = 0;

12) x2 − 2x+ y2 = 0, x2 − 6x+ y2 = 0, y =
x√
3
, y =

√
3x;

13) y2 − 4y + x2 = 0, y2 − 6y + x2 = 0, y =
√

3x, x = 0;

14) x2 − 2x+ y2 = 0, x2 − 8x+ y2 = 0, y =
x√
3
, y =

√
3x;

15) y2 − 2y + x2 = 0, y2 − 6y + x2 = 0, y =
x√
3
, x = 0;

16) x2 − 2x+ y2 = 0, x2 − 4x+ y2 = 0, y = 0, y =
x√
3

;

17) y2 − 2y + x2 = 0, y2 − 10y + x2 = 0, y =
x√
3
, y =

√
3x;

18) x2 − 2x+ y2 = 0, x2 − 6x+ y2 = 0, y = 0, y =
x√
3

;

19) y2 − 4y + x2 = 0, y2 − 10y + x2 = 0, y =
x√
3
, y =

√
3x;

20) x2 − 2x+ y2 = 0, x2 − 6x+ y2 = 0, y = 0, y = x;

21) y2 − 2y + x2 = 0, y2 − 4y + x2 = 0, y = x, y = 0;

22) x2 − 2x+ y2 = 0, x2 − 4x+ y2 = 0, y = 0, y =
√

3x;

23) y2 − 6y + x2 = 0, y2 − 8y + x2 = 0, y = x, y = 0;

24) x2 − 4x+ y2 = 0, x2 − 8x+ y2 = 0, y = 0, y =
√

3x;

25) y2 − 4y + x2 = 0, y2 − 8y + x2 = 0, y = x, y = 0.

8. Ïëàñòèíêà (D) çàäàíà êðèâèìè, ùî ¨¨ îáìåæóþòü, µ � ïîâåðõíåâà ãó-

ñòèíà. Çíàéòè ìàñó ïëàñòèíêè.

1) (D) : x = 1, y = 0, y2 = 4x, (y > 0); µ = 7x2 + y;

2) (D) : x2 + y2 =1, x2 + y2 =4, x=0, y=0, (x > 0, y > 0); µ=
x+ y

x2 + y2
;

3) (D) : x = 1, y = 0, y2 = 4x, (y > 0); µ =
7x2

2
+ 5y;

4) (D) : x2+y2 =9, x2+y2 =16, x=0, y=0, (x > 0, y > 0); µ=
2x+ 5y

x2 + y2
;
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5) (D) : x = 2, y = 0, y2 = 2x, (y > 0); µ =
7x2

8
+ 2y;

6) (D) : x2 +y2 =1, x2 +y2 =16, x=0, y=0, (x > 0, y > 0); µ=
x+ y

x2 + y2
;

7) (D) : x = 2, y = 0, y2 =
x

2
, (y > 0); µ =

7x2

2
+ 6y;

8) (D) : x2 +y2 =4, x2 +y2 =25, x=0, y=0, (x > 0, y 6 0); µ=
x− y
x2 + y2

;

9) (D) : x = 1, y = 0, y2 = 4x, (y > 0); µ = x+ 3y2;

10) (D) : x2 +y2 =1, x2 +y2 =9, x=0, y=0, (x > 0, y 6 0); µ=
x− y
x2 + y2

;

11) (D) : x = 1, y = 0, y2 = x, (y > 0); µ = 3x+ 6y2;

12) (D) : x2+y2 =9, x2+y2 =25, x=0, y=0, (x 6 0, y > 0); µ=
2y − x
x2 + y2

;

13) (D) : x = 2, y = 0, y2 =
x

2
, (y > 0); µ = 2x+ 3y2;

14) (D) : x2+y2 =4, x2+y2 =16, x=0, y=0, (x 6 0, y > 0); µ=
2y − 3x

x2 + y2
;

15) (D) : x =
1

2
, y = 0, y2 = 8x, (y > 0); µ = 7x+ 3y2;

16) (D) : x2+y2 =9, x2+y2 =16, x=0, y=0, (x 6 0, y > 0); µ=
2y − 5x

x2 + y2
;

17) (D) : x = 1, y = 0, y2 = 4x, (y > 0); µ = 7x2 + 2y;

18) (D) : x2 +y2 =1, x2 +y2 =16, x=0, y=0, (x > 0, y > 0); µ=
x+ 3y

x2 + y2
;

19) (D) : x = 2, y = 0, y2 = 2x, (y > 0); µ =
7x2

4
+
y

2
;

20) (D) : x2 + y2 =1, x2 + y2 =4, x=0, y=0, (x > 0, y > 0); µ=
x+ 2y

x2 + y2
;

21) (D) : x = 2, y = 0, y2 = 2x, (y > 0); µ =
7x2

4
+ y;

22) (D) : x2 + y2 =1, x2 + y2 =9, x=0, y=0, (x > 0, y 6 0); µ=
2x− y
x2 + y2

;

23) (D) : x = 2, y = 0, y2 =
x

2
, (y > 0); µ =

7x2

2
+ 8y;

24) (D) : x2+y2 =1, x2+y2 =25, x=0, y=0, (x > 0, y 6 0); µ=
x− 4y

x2 + y2
;

25) (D) : x = 1, y = 0, y2 = 4x, (y > 0); µ = 6x+ 3y2.

9. Ïëàñòèíêà (D) çàäàíà íåðiâíîñòÿìè, µ � ïîâåðõíåâà ãóñòèíà. Çíàéòè

ìàñó ïëàñòèíêè.

1) (D) : x2 +
y2

4
6 1; µ = y2;

2) (D) : 1 6
x2

9
+
y2

4
6 2, y > 0, y 6

2

3
x; µ = y2;
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3) (D) :
x2

9
+
y2

25
6 1, y > 0; µ = x2y;

4) (D) :
x2

9
+
y2

25
6 1, y > 0; µ =

7

18
x2y;

5) (D) : 1 6
x2

4
+ y2 6 4, y > 0, y 6

x

2
; µ = 8yx−3;

6) (D) :
x2

9
+ y2 6 1, x > 0; µ = 7xy6;

7) (D) :
x2

4
+ y2 6 1; µ = 4y4;

8) (D) : 1 6
x2

4
+
y2

9
6 4, x > 0, y 6

3x

2
; µ = xy−1;

9) (D) : 1 6
x2

16
+
y2

4
6 4, x > 0, y 6

x

2
; µ = xy−1;

10) (D) :
x2

4
+
y2

9
6 1, x > 0, y 6 0; µ = x3y;

11) (D) :
x2

4
+ y2 6 1, x > 0, y 6 0; µ = 6x3y3;

12) (D) : 1 6
x2

4
+ y2 6 25, x > 0, y 6

x

2
; µ = xy−3;

13) (D) :
x2

9
+
y2

4
6 1; µ = x2y2;

14) (D) :
x2

16
+ y2 6 1, x > 0, y 6 0; µ = 5xy7;

15) (D) :
x2

4
+ y2 6 1, x > 0, y 6 0; µ = 30x3y7;

16) (D) : 1 6
x2

9
+
y2

4
6 3, y > 0, y 6

2

3
x; µ =

y

x
;

17) (D) : x2 +
y2

25
6 1, y > 0; µ = 7x4y;

18) (D) : x2 +
y2

9
6 1, y > 0; µ = 35x4y3;

19) (D) :
x2

4
+
y2

9
6 1; µ = x2;

20) (D) : 1 6 x2 +
y2

16
6 9, y > 0, y 6 4x; µ = yx−3;

21) (D) :
x2

9
+ y2 6 1, x > 0; µ = 11xy8;

22) (D) : 1 6
x2

4
+
y2

16
6 5, x > 0, y > 2x; µ =

x

y
;

23) (D) : 1 6
x2

9
+
y2

4
6 5, x > 0, y >

2x

3
; µ =

x

y
;

24) (D) :
x2

4
+
y2

9
6 1, x > 0, y > 0; µ = x5y;



Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó II 107

25) (D) :
x2

4
+
y2

25
6 1; µ = x4.

10. Çíàéòè îá'¹ì òiëà (V ), îáìåæåíîãî ïîâåðõíÿìè:

1) z =
√

9− x2 − y2,
9z

2
= x2 + y2;

2) z = 7, 5
√

9− x2 − y2, z = 8, 5− x2 − y2;

3) z =
√

4− x2 − y2, z =

√
x2 + y2

255
;

4) z =
√

64− x2 − y2, z = 1, x2 + y2 = 60, (x2 + y2 6 60);

5) z =

√
16

9
− x2 − y2, 2z = x2 + y2;

6) z = 3
√
x2 + y2, z = 10− x2 − y2;

7) z =
√

25− x2 − y2, z =

√
x2 + y2

99
;

8) z =
√

100− x2 − y2, z = 6, x2 + y2 = 51, (x2 + y2 6 51);

9) z = 10, 5
√
x2 + y2, z =

23

2
− x2 − y2;

10) z =
√

16− x2 − y2, 6z = x2 + y2;

11) z =
√

9− x2 − y2, z =

√
x2 + y2

80
;

12) z =
√

81− x2 − y2, z = 5, x2 + y2 = 45, (x2 + y2 6 45);

13) z =
√

1− x2 − y2,
3z

2
= x2 + y2;

14) z = 6
√
x2 + y2, z = 16− x2 − y2;

15) z =
√

36− x2 − y2, z =

√
x2 + y2

63
;

16) z =
√

64− x2 − y2, z = 4, x2 + y2 = 39, (x2 + y2 6 39);

17) z =
√

144− x2 − y2, 18z = x2 + y2;

18) z = 1, 5
√
x2 + y2, z =

5

2
− x2 − y2;

19) z =
√

9− x2 − y2, z =

√
x2 + y2

35
;

20) z =
√

49− x2 − y2, z = 3, x2 + y2 = 33, (x2 + y2 6 33);

21) z =
√

36− x2 − y2, 9z = x2 + y2;

22) z = 9
√
x2 + y2, z = 22− x2 − y2;

23) z =
√

16− x2 − y2, z =

√
x2 + y2

15
;

24) z =
√

36− x2 − y2, z = 2, x2 + y2 = 27, (x2 + y2 6 27);

25) z =

√
4

9
− x2 − y2, z = x2 + y2.
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11. Çíàéòè îá'¹ì òiëà (V ), îáìåæåíîãî ïîâåðõíÿìè:

1) z = 2− 12(x2 + y2), z = 24x+ 2;

2) z = 10((x− 1)2 + y2) + 1, z = 21− 20x;

3) z = 10(x2 + y2) + 3, z = 16x+ 3;

4) z = 2− 20((x+ 1)2 + y2), z = −40x− 38;

5) z = 4− 14(x2 + y2), z = 4− 28x;

6) z = 28((x+ 1)2 + y2) + 3, z = 56x+ 59;

7) z = 32(x2 + y2) + 3, z = 3− 64x;

8) z = 4− 6((x− 1)2 + y2), z = 12x− 8;

9) z = 2− 4(x2 + y2), z = 8x+ 2;

10) z = 22((x+ 1)2 + y2) + 3, z = 47− 44x;

11) z = 24(x2 + y2) + 1, z = 48x+ 1;

12) z = 2− 18((x+ 1)2 + y2), z = −36x− 34;

13) z = −16(x2 + y2)− 1, z = −32x− 1;

14) z = 30((x+ 1)2 + y2) + 1, z = 60x+ 61;

15) z = 26(x2 + y2)− 2, z = −52x− 2;

16) z = −2((x+ 1)2 + y2)− 1, z = 4x− 5;

17) z = −2(x2 + y2)− 1, z = −4y − 1;

18) z = 26((x− 1)2 + y2)− 2, z = 50− 52x;

19) z = 30(x2 + y2) + 1, z = 60y + 1;

20) z = −16((x+ 1)2 + y2)− 1, z = −32x− 33;

21) z = 2− 18(x2 + y2), z = 2− 36y;

22) z = 24((x+ 1)2 + y2) + 1, z = 48x+ 49;

23) z = 22(x2 + y2) + 3, z = 3− 44y;

24) z = 2− 4((x− 1)2 + y2), z = 8x− 6;

25) z = 4− 6(x2 + y2), z = 12y + 4.

12. Çíàéòè îá'¹ì òiëà (V ), çàäàíîãî íåðiâíîñòÿìè:

1) 1 6 x2 + y2 + z2 6 49, −
√
x2 + y2

35
6 z 6

√
x2 + y2

3
, −x 6 y 6 0;
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2) 4 6 x2 + y2 + z2 6 64,

√
x2 + y2

15
6 z 6

√
x2 + y2

3
, −
√

3x 6 y 6 0;

3) 4 6 x2 + y2 + z2 6 64, z 6

√
x2 + y2

3
, − x√

3
6 y 6 0;

4) 4 6 x2 + y2 + z2 6 36, z > −
√
x2 + y2

63
, 0 6 y 6 − x√

3
;

5) 4 6 x2 + y2 + z2 6 36, z >

√
x2 + y2

99
, −
√

3x 6 y 6
√

3x;

6) 25 6 x2 + y2 + z2 6 100, z 6 −
√
x2 + y2

99
, −
√

3x 6 y 6
√

3x;

7) 1 6 x2 + y2 + z2 6 49, 0 6 z 6

√
x2 + y2

24
, y 6 − x√

3
, y 6 −

√
3x;

8) 25 6 x2 + y2 + z2 6 121, −
√
x2 + y2

24
6 z 6 0, 0 6 y 6

√
3x;

9) 4 6 x2 + y2 + z2 6 64, −
√
x2 + y2

35
6 z 6

√
x2 + y2

3
, x 6 y 6 0;

10) 16 6 x2 + y2 + z2 6 100,

√
x2 + y2

15
6 z 6

√
x2 + y2

3
,
√

3x 6 y 6 0;

11) 16 6 x2 + y2 + z2 6 100, z 6

√
x2 + y2

3
, −
√

3x 6 y 6 − x√
3

;

12) 16 6 x2 + y2 + z2 6 64, z > −
√
x2 + y2

63
, − x√

3
6 y 6 −

√
3x;

13) 4 6 x2 + y2 + z2 6 49, z >

√
x2 + y2

99
, y 6 0, y 6

√
3x;

14) 36 6 x2 + y2 + z2 6 121, z 6 −
√
x2 + y2

99
, y >

√
3x, y > 0;

15) 4 6 x2 + y2 + z2 6 64, 0 6 z 6

√
x2 + y2

24
, y 6

√
3x, y 6

x√
3

;

16) 36 6 x2 + y2 + z2 6 144, −
√
x2 + y2

24
6 z 6 0, y >

√
3x, y >

x√
3

;

17) 9 6 x2 + y2 + z2 6 81, −
√
x2 + y2

3
6 z 6

√
x2 + y2

35
, 0 6 y 6 −x;

18) 36 6 x2 +y2 +z2 6 144, −
√
x2 + y2

3
6z6−

√
x2 + y2

15
, 0 6 y 6 −

√
3x;

19) 36 6 x2 + y2 + z2 6 144, z 6

√
x2 + y2

3
,
√

3x 6 y 6
x√
3

;

20) 36 6 x2 + y2 + z2 6 100, z > −
√
x2 + y2

63
,
x√
3
6 y 6

√
3x;
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21) 9 6 x2 + y2 + z2 6 64, z >

√
x2 + y2

99
, y >

x√
3
, y 6 − x√

3
;

22) 49 6 x2 + y2 + z2 6 144, z 6 −
√
x2 + y2

99
, y >

x√
3
, y > − x√

3
;

23) 9 6 x2 + y2 + z2 6 81, 0 6 z 6

√
x2 + y2

24
, y 6 0, y 6

x√
3

;

24) 49 6 x2 + y2 + z2 6 169, −
√
x2 + y2

24
6 z 6 0, y > 0, y >

x√
3

;

25) 16 6 x2 + y2 + z2 6 100, −
√
x2 + y2

3
6 z 6

√
x2 + y2

35
, 0 6 y 6 x.

13. Òiëî (V ) çàäàíî ïîâåðõíÿìè, ÿêi éîãî îáìåæóþòü. Çíàéòè ìàñó òiëà,

ÿêùî %(x, y, z) � ãóñòèíà òiëà.

1) 64(x2 + y2) = z2, x2 + y2 = 4, y = 0, z = 0, (y > 0, z > 0);

%(x, y, z) =
5

4
(x2 + y2);

2) x2 + y2 + z2 = 4, x2 + y2 = 1, (x2 + y2 6 1), x = 0, (x > 0);

%(x, y, z) = 4|z|;

3) x2 + y2 = 1, x2 + y2 = 2z, x = 0, y = 0, z = 0, (x > 0, y > 0);

%(x, y, z) = 10x;

4) x2 + y2 =
16

49
z2, x2 + y2 =

4

7
z, x = 0, y = 0, (x > 0, y > 0);

%(x, y, z) = 80yz;

5) x2 + y2 + z2 = 1, x2 + y2 = 4z2, x = 0, y = 0, (x > 0, y > 0, z > 0);

%(x, y, z) = 20z;

6) 36(x2 + y2) = z2, x2 + y2 = 1, x = 0, z = 0, (x > 0, z > 0);

%(x, y, z) =
5

6
(x2 + y2);

7) x2 + y2 + z2 = 16, x2 + y2 = 4, (x2 + y2 6 4); %(x, y, z) = 2|z|;

8) x2 + y2 = 4, x2 + y2 = 8z, x = 0, y = 0, z = 0, (x > 0, y > 0);

%(x, y, z) = 5x;

9) x2 + y2 =
2

25
z2, x2 + y2 =

2

5
z, x = 0, y = 0, (x > 0, y > 0);

%(x, y, z) = 28xz;

10) x2 + y2 + z2 = 4, x2 + y2 = z2, x = 0, y = 0, (x > 0, y > 0, z > 0);

%(x, y, z) = 6z;
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11) 25(x2+y2) = z2, x2+y2 = 4, x = 0, y = 0, z = 0, (x > 0, y > 0, z > 0);

%(x, y, z) = 2(x2 + y2);

12) x2 + y2 + z2 = 9, x2 + y2 = 4, (x2 + y2 6 4), y = 0, (y > 0);

%(x, y, z) = |z|;

13) x2 + y2 = 1, x2 + y2 = 6z, x = 0, y = 0, z = 0, (x > 0, y > 0);

%(x, y, z) = 90y;

14) x2 + y2 =
z2

25
, x2 + y2 =

z

5
, x = 0, y = 0, (x > 0, y > 0);

%(x, y, z) = 14yz;

15) x2 + y2 + z2 = 4, x2 + y2 = 9z2, x = 0, y = 0, (x > 0, y > 0, z > 0);

%(x, y, z) = 10z;

16) 9(x2+y2) = z2, x2+y2 = 4, x = 0, y = 0, z = 0, (x > 0, y > 0, z > 0);

%(x, y, z) =
5

3
(x2 + y2);

17) x2 + y2 + z2 = 4, x2 + y2 = 1, (x2 + y2 6 1); %(x, y, z) = 6|z|;

18) x2 + y2 = 1, x2 + y2 = z, x = 0, y = 0, z = 0, (x > 0, y > 0);

%(x, y, z) = 10x;

19) x2 + y2 =
z2

49
, x2 + y2 =

z

7
, x = 0, y = 0, (x > 0, y > 0);

%(x, y, z) = 10xz;

20) x2 + y2 + z2 = 4, x2 + y2 = 4z2, x = 0, y = 0, (x > 0, y > 0, z > 0);

%(x, y, z) = 10z;

21) 16(x2+y2) = z2, x2+y2 = 1, x = 0, y = 0, z = 0, (x > 0, y > 0, z > 0);

%(x, y, z) = 5(x2 + y2);

22) x2 + y2 + z2 = 16, x2 + y2 = 4, (x2 + y2 6 4); %(x, y, z) = |z|;

23) x2 + y2 = 4, x2 + y2 = 4z, x = 0, y = 0, z = 0, (x > 0, y > 0);

%(x, y, z) = 5y;

24) x2 + y2 =
z2

49
, x2 + y2 =

z

7
, x = 0, y = 0, (x > 0, y > 0);

%(x, y, z) = 10xz;

25) x2 + y2 + z2 = 1, x2 + y2 = z2, x = 0, y = 0, (x > 0, y > 0, z > 0);

%(x, y, z) = 32z.
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�3.1. Ïîâåðõíåâi iíòåãðàëè ïåðøîãî ðîäó

Ìíîæèíó (S)={(x, y, z) : x=x(u, v), y=y(u, v), z=z(u, v), (u, v) ∈ (P )},

äå ôóíêöi¨ x, y, z íåïåðåðâíi ðàçîì ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó

ó çàìêíåíié êâàäðîâàíié îáëàñòi (P ) òà A2 +B2 + C2 > 0, äå

A =

∣∣∣∣∣∣ y
′
u z′u

y′v z′v

∣∣∣∣∣∣ , B =

∣∣∣∣∣∣ z
′
u x′u

z′v x′v

∣∣∣∣∣∣ , C =

∣∣∣∣∣∣ x
′
u z′u

x′v z′v

∣∣∣∣∣∣ ,
íàçèâàþòü ãëàäêîþ ïîâåðõíåþ.

Âåêòîð âèäó

~n =

∣∣∣∣∣∣∣∣∣
~i ~j ~k

x′u y′u z′u

x′v y′v z′v

∣∣∣∣∣∣∣∣∣ = A~i+B~j + C~k

íàçèâà¹òüñÿ âåêòîðîì íîðìàëi , ùî çàäà¹ âåðõíþ (çîâíiøíþ) ñòîðîíó ïî-

âåðõíi (S+). Ïðîòèëåæíèé âåêòîð −~n çàäà¹ íèæíþ (âíóòðiøíþ) ñòîðîíó ïî-

âåðõíi (S−). Â òàêîìó âèïàäêó ïîâåðõíÿ (S) íàçèâà¹òüñÿ äâîñòîðîííüîþ.

Äîâæèíó i íàïðÿìíi êîñèíóñè ç îñÿìè êîîðäèíàò âåêòîðà íîðìàëi ~n îá-

÷èñëþþòü âiäïîâiäíî çà ôîðìóëàìè:

|~n| =
√
EG− F 2,

cosα = cos(~̂n,~i) =
A√

EG− F 2
,
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cos β = cos(~̂n,~j) =
B√

EG− F 2
,

cos γ = cos(~̂n,~k) =
C√

EG− F 2
,

äå E = x′2u + y′2u + z′2u , G = x′2v + y′2v + z′2v , E = x′ux
′
v + y′uy

′
v + z′uz

′
v .

Íåõàé â òî÷êàõ äåÿêî¨ äâîñòîðîííüî¨ ãëàäêî¨ (àáî êóñêîâî-ãëàäêî¨) ïîâåðõ-

íi (S), îáìåæåíî¨ êóñêîâî-ãëàäêèì êîíòóðîì, âèçíà÷åíà ôóíêöiÿ f(x, y, z).

Ðîçiá'¹ìî ïîâåðõíþ (S) çà äîïîìîãîþ ñiòêè êóñêîâî-ãëàäêèõ êðèâèõ íà ÷à-

ñòèíêè (S1), . . . , (Sn) i âèáåðåìî â êîæíié ç ÷àñòèíîê äîâiëüíèì ÷èíîì òî÷êó

Mi(xi, yi, zi), i = 1, n, òà îá÷èñëèìî çíà÷åííÿ f(xi, yi, zi). Ñêëàäåìî ñóìó âèäó

σ =
n∑
i=1

f(xi, yi, zi)Si , äå Si � ïëîùà ïîâåðõíi (Si).

ßêùî iñíó¹ ñêií÷åííà ãðàíèöÿ öi¹¨ ñóìè ïðè ïðÿìóâàííi ìàêñèìàëüíî-

ãî ç äiàìåòðiâ λ îáëàñòåé (Si) äî íóëÿ, òî âîíà íàçèâà¹òüñÿ ïîâåðõíåâèì

iíòåãðàëîì ïåðøîãî ðîäó âiä ôóíêöi¨ f(x, y, z) ïî ïîâåðõíi (S) i ïî-

çíà÷à¹òüñÿ

I =

∫∫
(S)

f(x, y, z)dS.

ßêùî ôóíêöiÿ f(x, y, z) âèçíà÷åíà i íåïåðåðâíà íà ãëàäêié ïîâåðõíi

(S) = {(x, y, z) : x = x(u, v), y = y(u, v), z = z(u, v), (u, v) ∈ (P )},

òî âèêîíó¹òüñÿ ðiâíiñòü∫∫
(S)

f(x, y, z)dS =

∫∫
(P )

f (x(u, v), y(u, v), z(u, v))
√
EG− F 2dudv,

ïðè óìîâi, ùî iñíó¹ õî÷à á îäèí ç iíòåãðàëiâ.

Çîêðåìà, ÿêùî ïîâåðõíþ (S) çàäàíî ðiâíÿííÿì z = z(x, y), (x, y) ∈ (P ),

òî ïîïåðåäíÿ ôîðìóëà ïåðåïèøåòüñÿ ó âèäi∫∫
(S)

f(x, y, z)dS =

∫∫
(P )

f (x, y, z(x, y))

√
1 + (z′x(x, y))2 +

(
z′y(x, y)

)2
dxdy.

Ïîäiáíi ôîðìóëè ìîæíà îòðèìàòè, ÿêùî ïîâåðõíÿ (S) çàäà¹òüñÿ ðiâíÿí-

íÿì x = x(y, z), (y, z) ∈ (P ) àáî y = y(x, z), (x, z) ∈ (P ).
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Çàóâàæèìî, ùî îñêiëüêè ïîâåðõíåâèé iíòåãðàë ïåðøîãî ðîäó çâîäèòüñÿ

äî îá÷èñëåííÿ ïîäâiéíîãî iíòåãðàëà, òî âëàñòèâîñòi ïîäâiéíîãî iíòåãðàëà çà

àíàëîãi¹þ ïåðåíîñÿòüñÿ i íà ïîâåðõíåâèé iíòåãðàë ïåðøîãî ðîäó (äèâ. § 2.1).

Âïðàâè

1. Îá÷èñëèòè ïîâåðõíåâi iíòåãðàëè ïåðøîãî ðîäó:

1)

∫∫
(S)

zdS , äå (S) � ÷àñòèíà ïîâåðõíi x2 + z2 = 2z , ùî âèðiçà¹òüñÿ ïî-

âåðõíåþ z =
√
x2 + y2 ;

2)

∫∫
(S)

dS

(1 + x+ z)2
, äå (S) � ÷àñòèíà ïëîùèíè x+ y + z = 1, x, y, z > 0;

3)

∫∫
(S)

(x+ y + z)dS , äå (S) � ïîâåðõíÿ x2 + y2 + z2 = a2, z > 0;

4)

∫∫
(S)

xyzdS , äå (S) � ÷àñòèíà ïîâåðõíi ïàðàáîëî¨äà îáåðòàííÿ

z = x2 + y2 , ùî ìiñòèòüñÿ ìiæ ïëîùèíàìè z = 1 i z = 3;

5)

∫∫
(S)

zdS , äå (S) � ÷àñòèíà ïîâåðõíi ãiïåðáîëi÷íîãî ïàðàáîëî¨äà z = xy ,

ÿêà âèðiçà¹òüñÿ öèëiíäðîì x2 + y2 = 4;

6)

∫∫
(S)

√
x2 + y2dS , äå (S) � ái÷íà ïîâåðõíÿ êîíóñà

x2

a2
+
y2

a2
− z2

b2
= 0,

0 6 z 6 b;

7)

∫∫
(S)

(xy+yz+zx)dS , äå (S) � ÷àñòèíà êîíi÷íî¨ ïîâåðõíi z =
√
x2 + y2 ,

ùî âèðiçà¹òüñÿ öèëiíäðîì x2 + y2 = 2x;

8)

∫∫
(S)

ydS , äå (S) � ÷àñòèíà ïîâåðõíi öèëiíäðà x = 2y2 + 1, y > 0, ùî

âèðiçà¹òüñÿ ïîâåðõíÿìè x = y2 + z2 , x = 2, x = 3;

9)

∫∫
(S)

zdS , äå (S) � ÷àñòèíà ïîâåðõíi ãåëiêî¨äà x = u cos v , y = u sin v ,

z = v , 0 6 u 6 a, 0 6 v 6 2π ;

10)

∫∫
(S)

z2dS , äå (S) � ÷àñòèíà ïîâåðõíi êîíóñà x = r cosϕ sinα,

y = r sinϕ sinα, z = r cosα, 0 6 r 6 a, 0 6 ϕ 6 2π , 0 < α <
π

2
.
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2. Çíàéòè ðiçíèöþ ìiæ äâîìà iíòåãðàëàìè

I1 =

∫∫
(S)

(x2 + y2 + z2)dS i I2 =

∫∫
(S1)

(x2 + y2 + z2)dS1,

äå (S) � ïîâåðõíÿ ñôåðè x2 + y2 + z2 = a2 i (S1) ïîâåðõíÿ îêòàåäðà

|x|+ |y|+ |z| = a, âïèñàíîãî â ñôåðó.

3. Äîâåñòè ôîðìóëó Ïóàññîíà∫∫
(S)

f(ax+ by + cz)dS = 2π

1∫
−1

f(u
√
a2 + b2 + c2)du,

äå (S) � ïîâåðõíÿ ñôåðè x2 + y2 + z2 = 1.

4. Îá÷èñëèòè iíòåãðàë

F (t) =

∫∫
x2+y2+z2=t2

f(x, y, z)dS,

äå f(x, y, z) =

 x2 + y2, ÿêùî z >
√
x2 + y2,

0, ÿêùî z <
√
x2 + y2.

5. Îá÷èñëèòè iíòåãðàë

F (t) =

∫∫
x+y+z=t

f(x, y, z)dS,

äå f(x, y, z) =

 1− x2 − y2 − z2, ÿêùî x2 + y2 + z2 6 1,

0, ÿêùî x2 + y2 + z2 > 1.
Ïîáóäóâàòè

ãðàôiê ôóíêöi¨ u = F (t).

6. Îá÷èñëèòè iíòåãðàë

F (x, y, z, t) =

∫∫
(S)

f(ξ, η, ζ)dS,

äå (S) = {(ξ, η, ζ) : (ξ − x)2 + (η − y)2 + (ζ − z)2 = t2},

f(x, y, z) =

 1, ÿêùî ξ2 + η2 + ζ2 < a2,

0, ÿêùî ξ2 + η2 + ζ2 > a2,

ââàæàþ÷è, ùî r =
√
x2 + y2 + z2 > a > 0.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.4. Ïðè ïðîåêòóâàííi ïîâåðõíi (S) íà ïëîùèíó xOy óòâîðþ¹òüñÿ êiëüöå

âèäó

(P ) = {(x, y) : 1 6 x2 + y2 6 9}.

Òîäi ∫∫
(S)

xyzdS =

∫∫
(P )

xy(x2 + y2)
√

1 + 4x2 + 4y2dxdy =

=

∣∣∣∣∣∣ x = r cosϕ, 0 6 ϕ 6 2π, J(r, ϕ) = r

y = r sinϕ, 1 6 r 6 3,

∣∣∣∣∣∣=
2π∫

0

dϕ

3∫
1

r4 sinϕ cosϕ
√

1 + 4r2rdr=

=
1

2

2π∫
0

dϕ

3∫
1

r4 sinϕ cosϕ
√

1 + 4r2d(r2) =
1

2

2π∫
0

sinϕd(sinϕ)

3∫
1

r4
√

1 + 4r2d(r2).

Îñêiëüêè

2π∫
0

sinϕd(sinϕ) =
sin2 ϕ

2

∣∣∣2π
0

= 0, òî

∫∫
(S)

xyzdS = 0. I

1.10. Îñêiëüêè ÷àñòèíà ïîâåðõíi êîíóñà çàäàíà â ïàðàìåòðè÷íîìó âèäi
x = r cosϕ sinα,

y = r sinϕ sinα,

z = r cosα,

òî øóêà¹ìî âåëè÷èíó dS =
√
EG− F 2drdϕ.

Òîäi

E = (x′r)
2 + (y′r)

2 + (z′r)
2 = cos2 ϕ sin2 α + sin2 ϕ sin2 α + cos2 α = 1,

G = (x′ϕ)2 + (y′ϕ)2 + (z′ϕ)2 = r2 sin2 ϕ sin2 α + r2 cos2 ϕ sin2 α = r2 sin2 α,

F = x′rx
′
ϕ + y′ry

′
ϕ + z′rz

′
ϕ = −r cosϕ sinϕ sin2 α + r cosϕ sinϕ sin2 α = 0.

Îòæå,
√
EG− F 2 drdϕ =

√
r2 sin2 α drdϕ = r sinα drdϕ, áî çà óìîâîþ

0 < α <
π

2
.

Çâiäñè ∫∫
(S)

z2dS =

∣∣∣∣∣∣∣∣∣
x = r cosϕ sinα, 0 6 ϕ 6 2π,

y = r sinϕ sinα, 0 6 r 6 a,

z = r cosα, 0 < α <
π

2

∣∣∣∣∣∣∣∣∣ =
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=

2π∫
0

dϕ

a∫
0

r2 cos2 α · r sinαdr =
cos2 α sinα

4

2π∫
0

r4
∣∣∣a
0
dϕ =

=
a4 cos2 α sinα

4
· 2π =

πa4

2
cos2 α sinα. I

3. Çàïèøåìî ïiäiíòåãðàëüíó ôóíêöiþ f(ax+ by + cz) ó âèãëÿäi

f(ax+ by + cz) = f
(√

a2 + b2 + c2 · ax+ by + cz√
a2 + b2 + c2

)
i ïðîâåäåìî çàìiíó çìiííèõ v, w, u, âèáðàâøè ïëîùèíó ax + by + cz = 0, ÿê

ïëîùèíó çìiíè çìiííèõ v, w , ââàæàþ÷è, ùî u =
ax+ by + cz√
a2 + b2 + c2

. Âèáðàâøè

òàêèì ÷èíîì íîâó ïðÿìîêóòíó ñèñòåìó êîîðäèíàò, îòðèìà¹ìî, ùî îäèíè÷íà

ñôåðà (S) = {(x, y, z) : x2 + y2 + z2 = 1} ïåðåòâîðèòüñÿ â îäèíè÷íó ñôåðó

(S ′) = {(v, w, u) : v2 + w2 + u2 = 1}, òîìó dS = dS ′ .

Òîäi ∫∫
(S)

f(ax+ by + cz)dS =

∫∫
(S′)

f(
√
a2 + b2 + c2u)dS ′.

Ç ðiâíÿííÿ v2 + w2 + u2 = 1 îòðèìà¹ìî, ùî v2 + w2 = 1 − u2 . Âçÿâøè
v√

1− u2
= cosϕ,

w√
1− u2

= sinϕ îòðèìà¹ìî ïàðàìåòðè÷íå ðiâíÿííÿ ñôåðè

(S ′) ó âèãëÿäi


v =
√

1− u2 cosϕ,

w =
√

1− u2 sinϕ,

u = u,

|u| 6 1, 0 6 ϕ 6 2π.

Òîäi

E = (v′u)
2 + (w′u)

2 + (u′u)
2 =

u2

1− u2
cos2 ϕ+

u2

1− u2
sin2 ϕ+ 1 =

1

1− u2
,

G = (v′ϕ)2 + (w′ϕ)2 + (u′ϕ)2 = (1− u2) sin2 ϕ+ (1− u2) cos2 ϕ = 1− u2,

F = v′uv
′
ϕ + w′uw

′
ϕ + u′uu

′
ϕ =

u
√

1− u2

√
1− u2

cosϕ sinϕ− u
√

1− u2

√
1− u2

sinϕ cosϕ = 0.

Îòæå,
√
EG− F 2 = 1.

Çâiäñè∫∫
(S)

f(ax+ by + cz)dS =

1∫
−1

du

2π∫
0

f(
√
a2 + b2 + z2u)

√
EG− F 2dϕ =
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=

1∫
−1

du

2π∫
0

f(
√
a2 + b2 + z2u)dϕ = 2π

1∫
−1

f(
√
a2 + b2 + z2u)du,

ùî é òðåáà áóëî äîâåñòè. I

�3.2. Ïîâåðõíåâi iíòåãðàëè äðóãîãî ðîäó.

Íåõàé (S) � ãëàäêà àáî êóñêîâî-ãëàäêà äâîñòîðîííÿ ïîâåðõíÿ i çàôiêñî-

âàíà îäíà ç äâîõ ¨¨ ñòîðií, ùî ðiâíîñèëüíî âèáîðó íà ïîâåðõíi âèçíà÷åíî¨

îði¹íòàöi¨.

Äëÿ âèçíà÷åíîñòi ïðèïóñêà¹ìî, ùî ïîâåðõíÿ çàäàíà ðiâíÿííÿì z=z(x, y),

ïðè÷îìó òî÷êà (x, y) çìiíþ¹òüñÿ â îáëàñòi (P ) íà ïëîùèíi xOy , îáìåæåíié

êóñêîâî-ãëàäêèì êîíòóðîì. Òîäi âèáið ìîæëèâèé ïî âåðõíié àáî ïî íèæíié

ñòîðîíi ïîâåðõíi. Ó ïåðøîìó âèïàäêó � öå íàïðÿì îáõîäó îáëàñòi ïðîòè ãî-

äèííèêîâî¨ ñòðiëêè, ó äðóãîìó � çâîðîòíèé íàïðÿì.

Íåõàé ó òî÷êàõ ïîâåðõíi (S) âèçíà÷åíà ôóíêöiÿ f(x, y, z). Ðîçêëàäåìî

ïîâåðõíþ (S) íà ÷àñòèíêè (S1), . . . , (Sn) çà äîïîìîãîþ ñiòêè êóñêîâî-ãëàäêèõ

êðèâèõ i âèáåðåìî â êîæíié ÷àñòèíöi (Si) òî÷êó Mi(xi, yi, zi). Ñêëàäåìî ñóìó

âèãëÿäó σ =
n∑
i=1

f(xi, yi, zi)Di , äå Di � ïëîùà ïðîåêöi¨ ÷àñòèíêè (Si) íà

ïëîùèíó xOy .

ßêùî iñíó¹ ñêií÷åííà ãðàíèöÿ iíòåãðàëüíî¨ ñóìè σ ïðè óìîâi, ùî ìàêñè-

ìàëüíèé ç äiàìåòðiâ λ îáëàñòåé (Si) ïðÿìó¹ äî íóëÿ, òî âîíà íàçèâà¹òüñÿ

ïîâåðõíåâèì iíòåãðàëîì äðóãîãî ðîäó âiä ôóíêöi¨ f(x, y, z) ïî âè-

áðàíié ñòîðîíi ïîâåðõíi (S) i ïîçíà÷à¹òüñÿ

I =

∫∫
(S)

f(x, y, z)dxdy.

Îäíàê â iíòåãðàëàõ òàêîãî âèäó ñëiä êîæíèé ðàç çàóâàæóâàòè, ïî ÿêié

ñòîðîíi ïîâåðõíi áåðåòüñÿ iíòåãðàë, áî â òàêîìó âèïàäêó çíàê iíòåãðàëà ìîæå

çìiíþâàòèñÿ.
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Çà àíàëîãi¹þ ìîæíà âèçíà÷èòè ïîâåðõíåâi iíòåãðàëè äðóãîãî ðîäó âèãëÿäó∫∫
(S)

f(x, y, z)dydz i

∫∫
(S)

f(x, y, z)dxdz.

Â çàãàëüíîìó âèïàäêó ïîâåðõíåâèé iíòåãðàë äðóãîãî ðîäó ïî âåðõíié (çîâ-

íiøíié) ñòîðîíi ïîâåðõíi (S+) çàïèñó¹òüñÿ ó âèäi∫∫
(S+)

P (x, y, z)dydz +Q(x, y, z)dxdz +R(x, y, z)dxdy,

äå ôóíêöi¨ P (x, y, z), Q(x, y, z) i R(x, y, z) íåïåðåðâíi íà ïîâåðõíi (S).

Çàóâàæèìî, ùî ñïðàâåäëèâà ôîðìóëà çâ'ÿçêó ìiæ ïîâåðõíåâèìè iíòåãðà-

ëàìè ïåðøîãî i äðóãîãî ðîäó âèãëÿäó∫∫
(S+)

P (x, y, z)dydz +Q(x, y, z)dxdz +R(x, y, z)dxdy =

=

∫∫
(S)

(
P (x, y, z) cosα +Q(x, y, z) cos β +R(x, y, z) cos γ

)
dS.

Íåõàé ïîâåðõíþ (S) çàäàíî ÿâíèì ðiâíÿííÿì z = z(x, y), (x, y) ∈ (P ),

òîäi, ïîçíà÷èâøè


x = u,

y = v,

z = z(u, v),

îòðèìà¹ìî

E = 1 + (z′x)
2, G = 1 + (z′y)

2, F = z′xz
′
y,√

EG− F 2 =
√

1 + (z′x)
2 + (z′y)

2,

~n =

∣∣∣∣∣∣∣∣∣
~i ~j ~k

1 0 z′x

0 1 z′y

∣∣∣∣∣∣∣∣∣ = −z′x~i− z′y~j + ~k.

Â òàêîìó âèïàäêó∫∫
(S+)

P (x, y, z)dydz +Q(x, y, z)dxdz +R(x, y, z)dxdy =
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=

∫∫
(S)

(
− P (x, y, z)z′x −Q(x, y, z)z′y +R(x, y, z)

)
· dS√

1 + (z′x)
2 + (z′y)

2
=

=

∫∫
(P )

(
− P (x, y, z(x, y)) z′x −Q (x, y, z(x, y)) z′y +R (x, y, z(x, y))

)
dxdy.

Çàóâàæèìî, ùî ìîæíà îòðèìàòè àíàëîãi÷íi ôîðìóëè, ÿêùî ïîâåðõíþ (S)

çàäàíî ðiâíÿííÿì x = x(y, z), (y, z) ∈ (P ) àáî y = y(x, z), (x, z) ∈ (P ).

Âïðàâè

1. Îá÷èñëèòè ïîâåðõíåâi iíòåãðàëè äðóãîãî ðîäó:

1)

∫∫
(S)

(y− z)dydz+ (z−x)dxdz+ (x− y)dxdy , äå (S) � çîâíiøíÿ ñòîðîíà

ïîâåðõíi êîíóñà x2 + y2 = z2 , 0 6 z 6 3;

2)

∫∫
(S)

zdxdy , äå (S) � çîâíiøíÿ ñòîðîíà ïîâåðõíi åëiïñî¨äà

x2

a2
+
y2

b2
+
z2

c2
= 1;

3)

∫∫
(S)

yzdydz + xzdxdz + xydxdy , äå (S) � çîâíiøíÿ ñòîðîíà ïîâåðõíi

òåòðàåäðà, îáìåæåíîãî ïëîùèíàìè x = 0, y = 0, z = 0, x+ y + z = a;

4)

∫∫
(S)

xdydz + ydxdz + zdxdy , äå (S) � çîâíiøíÿ ñòîðîíà ñôåðè

x2 + y2 + z2 = a2 ;

5)

∫∫
(S)

x2dydz + y2dxdz + z2dxdy , äå (S) � çîâíiøíÿ ïîâåðõíÿ ïiâñôåðè

x2 + y2 + z2 = a2 , z > 0;

6)

∫∫
(S)

dydz

x
+
dxdz

y
+
dxdy

z
, äå (S) � âíóòðiøíÿ ñòîðîíà åëiïñî¨äà

x2

a2
+
y2

b2
+
z2

c2
= 1;

7)

∫∫
(S)

ydydz , äå (S) � âíóòðiøíÿ ñòîðîíà ïîâåðõíi ÷àñòèíè ïàðàáîëî¨äà

z = x2 + y2 , 0 6 z 6 3;

8)

∫∫
(S)

dxdy

z
, äå (S) � âíóòðiøíÿ ïîâåðõíÿ ñôåðè x2 + y2 + z2 = a2 ;



� 3.2. Ïîâåðõíåâi iíòåãðàëè äðóãîãî ðîäó. 121

9)

∫∫
(S)

x2dydz , äå (S) � çîâíiøíÿ ñòîðîíà ïîâåðõíi ÷àñòèíè ïàðàáîëî¨äà

z =
1

4
(x2 + y2), x > 0, y > 0, z 6 1;

10)

∫∫
(S)

f(x)dydz + g(y)dxdz + h(z)dxdy , äå f(x), g(y), h(z) � íåïåðåðâ-

íi ôóíêöi¨ i (S) � âíóòðiøíÿ ñòîðîíà ïîâåðõíi ïàðàëåëåïiïåäà ç âèìiðàìè

0 6 x 6 a, 0 6 y 6 b, 0 6 z 6 c.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.2. Åëiïñî¨ä
x2

a2
+
y2

b2
+
z2

c2
= 1 äiëèòüñÿ ïëîùèíîþ z = 0 íà äâi ïî-

âåðõíi z = c

√
1− x2

a2
− y2

b2
(âåðõíÿ ÷àñòèíà) i z = −c

√
1− x2

a2
− y2

b2
(íèæíÿ

÷àñòèíà).

Îñêiëüêè iíòåãðàë áåðåòüñÿ ïî çîâíiøíié ñòîðîíi åëiïñî¨äà, òî ïîçíà÷èâøè

(S+) =
{

(x, y, z) ∈ R3 : z = c

√
1− x2

a2
− y2

b2
, (x, y) ∈ (P )

}
,

(S−) =
{

(x, y, z) ∈ R3 : z = −c
√

1− x2

a2
− y2

b2
, (x, y) ∈ (P )

}
,

äå (P ) =
{

(x, y) ∈ R2 :
x2

a2
+
y2

b2
6 1
}
, îòðèìà¹ìî:

∫∫
(S)

zdxdy =

∫∫
(S+)

zdxdy +

∫∫
(S−)

zdxdy =

∫∫
(P )

c

√
1− x2

a2
− y2

b2
dxdy+

+

∫∫
(P )

c

√
1− x2

a2
− y2

b2
dxdy = 2c

∫∫
(P )

√
1− x2

a2
− y2

b2
dxdy =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x = ar cosϕ,

y = br sinϕ,

J(r, ϕ) = abr,

0 6 ϕ 6 2π,

0 6 r 6 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2abc

2π∫
0

dϕ

1∫
0

√
1− r2rdr = −abc

2π∫
0

dϕ

1∫
0

√
1− r2d(1− r2) =
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= −2abc

3

2π∫
0

(1− r2)
√

1− r2
∣∣∣1
0
dϕ =

4πabc

3
. I

1.10. Ïîâåðõíÿ ïàðàëåëåïiïåäà 0 6 x 6 a, 0 6 y 6 b, 0 6 z 6 c ñêëàäà¹-

òüñÿ ç øåñòè ÷àñòèíîê:

(S1) = {(x, y, z) : z = c, 0 6 x 6 a, 0 6 y 6 b},

(S2) = {(x, y, z) : z = 0, 0 6 x 6 a, 0 6 y 6 b},

(S3) = {(x, y, z) : y = b, 0 6 x 6 a, 0 6 z 6 c},

(S4) = {(x, y, z) : y = 0, 0 6 x 6 a, 0 6 z 6 c},

(S5) = {(x, y, z) : x = a, 0 6 y 6 b, 0 6 z 6 c},

(S6) = {(x, y, z) : x = 0, 0 6 y 6 b, 0 6 z 6 c}.

Îá÷èñëèìî äàíèé ïîâåðõíåâèé iíòåãðàë ïî êîæíié iç ÷àñòèíîê çîêðåìà:∫∫
(S1)

f(x)dydz + g(y)dxdz + h(z)dxdy =

∫∫
(S1)

h(c)dxdy =

= −
a∫

0

dx

b∫
0

h(c)dy = −h(c)ab,

∫∫
(S2)

f(x)dydz + g(y)dxdz + h(z)dxdy =

∫∫
(S2)

h(0)dxdy =

=

a∫
0

dx

b∫
0

h(0)dy = h(0)ab,

∫∫
(S3)

f(x)dydz + g(y)dxdz + h(z)dxdy =

∫∫
(S3)

g(b)dxdz =

= −
a∫

0

dx

c∫
0

g(b)dz = −g(b)ac,

∫∫
(S4)

f(x)dydz + g(y)dxdz + h(z)dxdy =

∫∫
(S4)

g(0)dxdz =
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=

a∫
0

dx

c∫
0

g(0)dz = g(0)ac,

∫∫
(S5)

f(x)dydz + g(y)dxdz + h(z)dxdy =

∫∫
(S5)

f(a)dydz =

= −
b∫

0

dy

c∫
0

f(a)dz = −f(a)bc,

∫∫
(S6)

f(x)dydz + g(y)dxdz + h(z)dxdy =

∫∫
(S6)

f(0)dydz =

=

b∫
0

dy

c∫
0

f(0)dz = f(0)bc.

Îòæå, ïðîñóìóâàâøè iíòåãðàëè ïî êîæíié ç ÷àñòèíîê (Si), i = 1, 6, îòðè-

ìà¹ìî: ∫∫
(S)

f(x)dxdz + g(y)dxdz + h(z)dxdy =

= −h(c)ab+ h(0)ab− g(b)ac+ g(0)ac− f(a)bc+ f(0)bc =

= −abc
(
f(a)− f(0)

a
+
g(b)− g(0)

b
+
h(c)− h(0)

c

)
. I

�3.3. Çàñòîñóâàííÿ ïîâåðõíåâèõ iíòåãðàëiâ.

1. Íåõàé (S) � ìàòåðiàëüíà ïîâåðõíÿ, îáìåæåíà êóñêîâî-ãëàäêèì êîíòó-

ðîì. Òîäi ôîðìóëà

S =

∫∫
(S)

dS

ïîçíà÷à¹ ïëîùó ïîâåðõíi (S).

2. Íåõàé (S) � ìàòåðiàëüíà ïîâåðõíÿ ç ïîâåðõíåâîþ ãóñòèíîþ %(x, y, z) â

äîâiëüíié òî÷öi (x, y, z) ∈ (S). Òîäi ìàñà ïîâåðõíi îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

m =

∫∫
(S)

%(x, y, z)dS.



124 ÐÎÇÄIË III. Ïîâåðõíåâi iíòåãðàëè

3. Ñòàòè÷íi ìîìåíòè ïîâåðõíi (S) âiäíîñíî âiäïîâiäíèõ êîîðäèíàòíèõ

ïëîùèí Oxy, Oxz i Oyz îá÷èñëþþòüñÿ çà ôîðìóëàìè:

Mxy =

∫∫
(S)

z%(x, y, z)dS, Mxz =

∫∫
(S)

y%(x, y, z)dS,

Myz =

∫∫
(S)

x%(x, y, z)dS.

4. Êîîðäèíàòè öåíòðà ìàñ ïîâåðõíi (S) îá÷èñëþþòüñÿ çà ôîðìóëàìè:

x =
Myz

m
, y =

Mxz

m
, z =

Mxy

m
.

5. Ìîìåíòè iíåðöi¨ ïîâåðõíi (S) ç ïîâåðõíåâîþ ãóñòèíîþ %(x, y, z) âiä-

íîñíî âiäïîâiäíèõ êîîðäèíàòíèõ ïëîùèí Oxy, Oxz i Oyz îá÷èñëþþòüñÿ çà

ôîðìóëàìè:

Ixy =

∫∫
(S)

z2%(x, y, z)dS, Ixz =

∫∫
(S)

y2%(x, y, z)dS,

Iyz =

∫∫
(S)

x2%(x, y, z)dS.

6. Ìîìåíòè iíåðöi¨ ïîâåðõíi (S) ç ïîâåðõíåâîþ ãóñòèíîþ %(x, y, z) âiäíî-

ñíî âiäïîâiäíèõ êîîðäèíàòíèõ îñåé Ox, Oy, Oz îá÷èñëþþòüñÿ çà ôîðìóëàìè:

Ix =

∫∫
(S)

(y2 + z2)%(x, y, z)dS, Iy =

∫∫
(S)

(x2 + z2)%(x, y, z)dS,

Iz =

∫∫
(S)

(x2 + y2)%(x, y, z)dS.

7. Ìîìåíòè iíåðöi¨ ïîâåðõíi (S) ç ïîâåðõíåâîþ ãóñòèíîþ %(x, y, z) âiäíî-

ñíî ïî÷àòêó êîîðäèíàò îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

I0 =

∫∫
(S)

(x2 + y2 + z2)%(x, y, z)dS.
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8. Íåõàé ~F = {Fx, Fy, Fz} � ñèëà ïðèòÿãàííÿ ìàòåðiàëüíî¨ òî÷êè

M0(x0, y0, z0) ìàñîþ m0 ìàòåðiàëüíîþ ïîâåðõíåþ (S) ç ïîâåðõíåâîþ

ãóñòèíîþ %(x, y, z). Òîäi ñêëàäîâi öi¹¨ ñèëè îá÷èñëþþòüñÿ çà ôîðìóëàìè:

Fx = γm0

∫∫
(S)

(x− x0)%(x, y, z)dS√(
(x− x0)2 + (y − y0)2 + (z − z0)2

)3
,

Fy = γm0

∫∫
(S)

(y − y0)%(x, y, z)dS√(
(x− x0)2 + (y − y0)2 + (z − z0)2

)3
,

Fz = γm0

∫∫
(S)

(z − z0)%(x, y, z)dS√(
(x− x0)2 + (y − y0)2 + (z − z0)2

)3
,

äå γ � ãðàâiòàöiéíà ñòàëà.

9. Íåõàé òiëî (V ) îáìåæåíå êóñêîâî-ãëàäêîþ ïîâåðõíåþ (S). Òîäi îá'¹ì

öüîãî òiëà ìîæíà îá÷èñëþâàòè çà îäíi¹þ iç ÷îòèðüîõ íàñòóïíèõ ôîðìóë:

V =

∫∫
(S)

xdydz, V =

∫∫
(S)

zdydz, V =

∫∫
(S)

ydydz,

V =
1

3

∫∫
(S)

xdydz + ydxdz + zdxdy,

äå êîæíèé iç iíòåãðàëiâ áåðåòüñÿ ïî çîâíiøíié ñòîðîíi ïîâåðõíi (S), ùî îáìå-

æó¹ òiëî (V ).

Çàóâàæèìî, ùî ââîäÿ÷è íàïðÿìëþþ÷i êîñèíóñè cosα, cos β, cos γ çîâíi-

øíüî¨ íîðìàëi äî ïîâåðõíi (S), îñòàííþ ôîðìóëó äëÿ îá÷èñëåííÿ îá'¹ìó òiëà

ìîæíà ïåðåïèñàòè ó âèäi:

V =
1

3

∫∫
(S)

(x cosα + y cos β + z cos γ) dS.

Âïðàâè

1. Çíàéòè ìàñó ìàòåðiàëüíî¨ ïîâåðõíi iç çàäàíîþ ïîâåðõíåâîþ ãóñòèíîþ

%(x, y, z):

1) z =
x2 + y2

2
, 0 6 z 6 1, %(x, y, z) = z ;
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2) x2 + y2 + z2 = 9, z > 0, %(x, y, z) =
z

3
;

3) x2 + y2 + z2 = a2 , x > 0, y > 0, z > 0, %(x, y, z) =
√
x2 + y2 ;

4) 2az = x2− y2 , ùî âèðiçà¹òüñÿ öèëiíäðîì x2 + y2 = a2 , %(x, y, z) = k|z|,

k > 0;

5) |x| 6 2, |y| 6 2, |z| 6 2, %(x, y, z) = k 3
√
|xyz|, k > 0.

2. Çíàéòè êîîðäèíàòè öåíòðà ìàñ çàäàíî¨ ìàòåðiàëüíî¨ ïîâåðõíi:

1) îäíîðiäíî¨ ÷àñòèíè êîíóñà z =
√
x2 + y2 , ùî âèðiçà¹òüñÿ ïîâåðõíåþ

x2 + y2 = 2x;

2) îäíîðiäíî¨ ïîâåðõíi z =
√
a2 − x2 − y2 , x > 0, y > 0, x+ y 6 a;

3) îäíîðiäíî¨ ÷àñòèíè ïîâåðõíi z = x2 + y2 , îáìåæåíî¨ ïëîùèíîþ z = 2;

4) îäíîðiäíî¨ ÷àñòèíè ïîâåðõíi 4− 2z = x2 + y2 , z > 0;

5) êîíi÷íî¨ ïîâåðõíi z2 = x2 +y2 , 0 6 z 6 1, ÿêùî ãóñòèíà ó êîæíié òî÷öi

ïðîïîðöiéíà ¨¨ âiäñòàíi âiä îñi êîíóñà;

6) îäíîðiäíîãî ñåãìåíòà ïîâåðõíi ñôåðè ðàäióñà R, ùî âiäòèíà¹òüñÿ ïëî-

ùèíîþ z = H , H > 0.

3. Çíàéòè ìîìåíòè iíåðöi¨ îäíîðiäíî¨ ìàòåðiàëüíî¨ ïîâåðõíi:

1) x+ y + z = 1, x > 0, y > 0, z > 0, âiäíîñíî êîîðäèíàòíèõ ïëîùèí;

2) ÷àñòèíè ñôåðè x2 +y2 +z2 = 4, z > 0, ùî ìiñòèòüñÿ âñåðåäèíi öèëiíäðà

x2 + y2 = 2x, âiäíîñíî ïëîùèíè Oyz ;

3) 0 6 x 6 2, 0 6 y 6 2, 0 6 z 6 2, âiäíîñíî ïî÷àòêó êîîðäèíàò;

4) êîíóñà z =
√
x2 + y2 , 0 6 z 6 3, âiäíîñíî îñi Oz ;

5) x2 + y2 + z2 = 4, z > 0, âiäíîñíî îñi Oz òà ïëîùèíè Oxy ;

6) öèëiíäðà x2 + y2 = R2 , 0 6 z 6 H , âiäíîñíî ïî÷àòêó êîîðäèíàò;

7) x2 + y2 = 4z , 0 6 z 6 2, âiäíîñíî îñi Oz ;

8) ÷àñòèíè öèëiíäðà x2 + y2 = ax, ùî ìiñòèòüñÿ âñåðåäèíi ñôåðè

x2 + y2 + z2 = a2 âiäíîñíî ïëîùèíè Oxz .

4. Ç ÿêîþ ñèëîþ ïðèòÿãó¹ îäíîðiäíà êîíi÷íà ïîâåðõíÿ x = r cosϕ,

y = r sinϕ, z = r , 0 6 ϕ 6 2π , 0 < b 6 r 6 a, ãóñòèíè %0 ìàòåðiàëüíó

òî÷êó ìàñîþ m, ðîçìiùåíó ó âåðøèíi öi¹¨ ïîâåðõíi.
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5. Çàéòè ïîòåíöiàë îäíîðiäíî¨ ñôåðè÷íî¨ ïîâåðõíi x2 + y2 + z2 = a2 , ãó-

ñòèíè %0 íà òî÷êó M0(x0, y0, z0), òîáòî îá÷èñëèòè iíòåãðàë

U =

∫∫
(S)

%0dS

r
, äå r =

√
(x− x0)2 + (y − y0)2 + (z − z0)2.

6. Çà äîïîìîãîþ ïîâåðõíåâîãî iíòåãðàëà çíàéòè îá'¹ì òiëà, îáìåæåíîãî

ïîâåðõíÿìè:

1) x2 + y2 + z2 = 4, 3z = x2 + y2 ;

2)
x2

4
+
y2

9
= 1, y = z , z = 0;

3) y = x2 , y = 1, x+ y + z = 4, z = 0;

4) x2 + y2 = 4− z , 2z = 2 + x2 + y2 ;

5) x2 + 4y2 = 1− z , z = 0;

6)


x = a cosU cosV + b sinU sinV,

y = a cosU sinV − b sinU cosV,

z = c sinU,

z = ±c;

7)


x = U cosV,

y = U sinV,

z = −U + a cosV,

U > 0, x = 0, z = 0, a > 0;

8)


x = (b+ a cosψ) cosϕ,

y = (b+ a cosψ) sinϕ,

z = a sinψ,

0 < a 6 b.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.4. Îñêiëüêè ïîâåðõíÿ îäíîðiäíà, òî ââàæà¹ìî, ùî %(x, y, z) = 1.

Çíàéäåìî ìàñó ìàòåðiàëüíî¨ ïîâåðõíi:

m =

∫∫
(S)

dS =

∫∫
(P )

√
1 + (z′x)

2 + (z′y)
2dxdy,

äå z = 2− 1

2
(x2 + y2), z′x = −x, z′y = −y , (P ) = {(x, y) : x2 + y2 6 4}.
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Îòæå,

m =

∫∫
(P )

√
1 + x2 + y2dxdy =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x = r cosϕ,

y = r sinϕ,

J(r, ϕ) = r,

0 6 ϕ 6 2π,

0 6 r 6 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

2π∫
0

dϕ

2∫
0

√
1 + r2rdr =

=
1

2

2π∫
0

dϕ

2∫
0

√
1 + r2d(1 + r2) =

1

3

2π∫
0

√
(1 + r2)3

∣∣∣2
0
dϕ =

2π

3
(5
√

5− 1).

Îá÷èñëþ¹ìî ñòàòè÷íi ìîìåíòè ìàòåðiàëüíî¨ ïîâåðõíi âiäíîñíî êîîðäèíà-

òíèõ ïëîùèí:

Mxy =

∫∫
(S)

zdS =

∫∫
(P )

(
2− 1

2
(x2 + y2)

)√
1 + x2 + y2dxdy =

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x = r cosϕ,

y = r sinϕ,

J(r, ϕ) = r,

0 6 ϕ 6 2π,

0 6 r 6 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

2π∫
0

dϕ

2∫
0

(
2− 1

2
r2

)√
1 + r2rdr =

= 2π

2

2∫
0

r
√

(1 + r2)dr − 1

2

2∫
0

r3
√

1 + r2dr

 =

= 2π

2

3
(5
√

5− 1)− 1

4

2∫
0

(r2 + 1− 1)
√

1 + r2d(1 + r2)

 =

= 2π

(
2

3
(5
√

5− 1)− 1

4
·

2
√

(1 + r2)5

5

∣∣∣2
0

+
1

4
·

2
√

(1 + r2)3

3

∣∣∣2
0

)
=

= 2π

(
2

3
(5
√

5− 1)− 1

10
(25
√

5− 1) +
1

6
(5
√

5− 1)

)
=

= 2π

(
10

3

√
5− 5

2

√
5 +

5

6

√
5− 2

3
+

1

10
− 1

6

)
=
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= 2π

(
5

3

√
5− 11

15

)
=

2π

3

(
5
√

5− 11

5

)
.

Myz =

∫∫
(S)

xdS =

∫∫
(P )

x
√

1 + x2 + y2dxdy =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x = r cosϕ,

y = r sinϕ,

J(r, ϕ) = r,

0 6 ϕ 6 2π,

0 6 r 6 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=

2π∫
0

dϕ

2∫
0

r2 cosϕ
√

1 + r2dr =

2π∫
0

cosϕdϕ

2∫
0

r2
√

(1 + r2)dr =

= (sinϕ)
∣∣∣2π
0

2∫
0

r2
√

1 + r2dr = 0.

Mxz =

∫∫
(S)

ydS =

∫∫
(P )

y
√

1 + x2 + y2dxdy =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x = r cosϕ,

y = r sinϕ,

J(r, ϕ) = r,

0 6 ϕ 6 2π,

0 6 r 6 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=

2π∫
0

dϕ

2∫
0

r2 sinϕ
√

1 + r2dr =

2π∫
0

sinϕdϕ

2∫
0

r2
√

(1 + r2)dr =

= (− cosϕ)
∣∣∣2π
0

2∫
0

r2
√

1 + r2dr = 0.

Îòæå, öåíòð ìàñ ìàòåðiàëüíî¨ ïîâåðõíi ìiñòèòüñÿ â òî÷öi

C
(

0; 0;
25
√

5− 11

25
√

5− 5

)
. I

3.5. Ïîâåðõíÿ x2 + y2 + z2 = 4, z > 0, ïðîåêòó¹òüñÿ íà ïëîùèíó Oxy

ïëîñêó îáëàñòü (P ) = {(x, y) : x2 + y2 6 4}.

Äëÿ ñïðîùåííÿ îá÷èñëåíü â ñèëó îäíîðiäíîñòi ïîâåðõíi ââàæà¹ìî, ùî

%(x, y, z) = 1.
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Ìîìåíòè iíåðöi¨ âiäíîñíî îñi Oz îá÷èñëþ¹ìî çà ôîðìóëîþ:

Iz =

∫∫
(S)

(x2 + y2)dS =

∫∫
(P )

(x2 + y2)
√

1 + (z′x)
2 + (z′y)

2dxdy.

Îñêiëüêè z′x =
−x√

4− x2 − y2
, z′y =

−y√
4− x2 − y2

, òî

Iz =

∫∫
(P )

(x2 + y2)

√
1 +

x2

4− x2 − y2
+

y2

4− x2 − y2
dxdy =

= 2

∫∫
(P )

(x2 + y2)
dxdy√

4− x2 − y2
=

∣∣∣∣∣∣ x = r cosϕ, 0 6 ϕ 6 2π, J(r, ϕ) = r,

y = r sinϕ, 0 6 r 6 2

∣∣∣∣∣∣ =

= 2

2π∫
0

dϕ

2∫
0

r2 · rdr√
4− r2

= −2π

2∫
0

r2 · d(4− r2)√
4− r2

= 2π

2∫
0

(4− r2−4)
d(4− r2)√

4− r2
=

= 2π

 2∫
0

√
4− r2d(4− r2)− 4

2∫
0

d(4− r2)√
4− r2

 =

= 2π

(
2

3

√
(4− r2)3

∣∣∣2
0
− 8
√

4− r2
∣∣∣2
0

)
= 2π

(
−16

3
+ 16

)
=

64

3
π.

Ìîìåíò iíåðöi¨ âiäíîñíî ïëîùèíè Oxy îá÷èñëþ¹ìî çà ôîðìóëîþ:

Ixy =

∫∫
(S)

z2dS =

∫∫
(P )

z2
√

1 + (z′x)
2 + (z′y)

2dxdy.

Ïiäñòàâèâøè çàìiñòü z=
√

4−x2−y2 , z′x=
−x√

4−x2−y2
, z′y=

−y√
4−x2−y2

,

îòðèìà¹ìî

Ixy =

∫∫
(P )

(4− x2 − y2)

√
1 +

x2

4− x2 − y2
+

y2

4− x2 − y2
dxdy =

= 2

∫∫
(P )

√
4− x2 − y2dxdy =

∣∣∣∣∣∣ x = r cosϕ, 0 6 ϕ 6 2π, J(r, ϕ) = r,

y = r sinϕ, 0 6 r 6 2

∣∣∣∣∣∣ =

= 2

2π∫
0

dϕ

2∫
0

√
4− r2rdr = −2π

2∫
0

√
4− r2d(4− r2) =
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= −4π

√
(4− r2)3

3

∣∣∣2
0

=
32

3
π. I

6.6. Íåõàé c > 0. Â ïëîùèíi xOy ìà¹ìî, ùî U = 0 i 0 6 V 6 2π . Îòæå,

íà xOy ìà¹ìî êðóã x2 + y2 6 a2 .

Âçÿâøè z = ±c, îòðèìà¹ìî, ùî U = ±π
2

i 0 6 V 6 2π . Îòæå, íà

ïëîùèíàõ z = ±c ìà¹ìî êðóãè x2 + y2 6 b2 .

Â ðåçóëüòàòi îòðèìà¹ìî ìíîæèíó çìiíè çìiííèõ U òà V âèäó

(P ) =
{

(U, V ) ∈ R2 : −π
2
6 U 6

π

2
, 0 6 V 6 2π

}
.

Çàóâàæèìî, ùî ÿêùî a > b, òî ïðè z > 0 îäèíè÷íèé âåêòîð íîðìàëi ~n

â êîæíié òî÷öi âåðõíüî¨ ÷àñòèíè ái÷íî¨ ïîâåðõíi ç âiññþ Oz óòâîðþ¹ ãîñòðèé

êóò, ÿêùî a < b � òî òóïèé êóò.

Äëÿ îá÷èñëåííÿ îá'¹ìó V òiëà (V ) ñêîðèñòà¹ìîñÿ ôîðìóëîþ

V =
1

3

∫∫
(S)

(x cosα + y cos β + z cos γ)dS.

Îñêiëüêè òiëî îáìåæåíå òðüîìà ïîâåðõíÿìè, òî

V =
1

3

(∫∫
(S1)

(x cosα+ y cos β+ z cos γ)dS+

∫∫
(S2)

(x cosα+ y cos β+ z cos γ)dS+

+

∫∫
(S3)

(x cosα + y cos β + z cos γ)dS

)
,

äå (S1), (S2)� âåðõíÿ i íèæíÿ îñíîâè (êðóã ðàäióñà b), (S3) � ái÷íà ïîâåðõíÿ.

Íà ïîâåðõíi (S1) ìà¹ìî, ùî∫∫
(S1)

(x cosα + y cos β + z cos γ)dS = c

∫∫
(P )

dxdy,

äå (P ) = {(x, y) : x2 + y2 6 b2}, áî cosα = 0, cos β = 0, cos γ = 1.

Îòæå,

∫∫
(S1)

(x cosα + y cos β + z cos γ)dS = πb2c.

Àíàëîãi÷íî, íà ïîâåðõíi (S2) ìà¹ìî, ùî cosα = 0, cos β = 0, cos γ = −1 i∫∫
(S2)

(x cosα + y cos β + z cos γ)dS = c

∫∫
(P )

dxdy = πb2c,



132 ÐÎÇÄIË III. Ïîâåðõíåâi iíòåãðàëè

äå (P ) = {(x, y) : x2 + y2 6 b2}.

Îá÷èñëèìî òåïåð íàïðÿìíi êîñèíóñè íîðìàëi ~n äëÿ ïîâåðõíi (S3):

A =

∣∣∣∣∣∣ y
′
U z′U

y′V z′V

∣∣∣∣∣∣ =

∣∣∣∣∣∣ −a sinU sinV − b cosU cosV c cosU

a cosU cosV + b sinU sinV 0

∣∣∣∣∣∣ =

= −c cosU(a cosU cosV + b sinU sinV ),

B =

∣∣∣∣∣∣ z
′
U x′U

z′V x′V

∣∣∣∣∣∣ =

∣∣∣∣∣∣ c cosU −a sinU cosV + b cosU sinV

0 −a cosU sinV + b sinU cosV

∣∣∣∣∣∣ =

= c cosU(−a cosU sinV + b sinU cosV ),

C=

∣∣∣∣∣∣ x
′
U y′U

x′V y′V

∣∣∣∣∣∣=
∣∣∣∣∣∣−a sinU cosV +b cosU sinV −a sinU sinV −b cosU cosV

−a cosU sinV +b sinU cosV a cosU cosV +b sinU sinV

∣∣∣∣∣∣=
= (b2 − a2) sinU cosU,

äå 0 6 U 6
π

2
.

ßêùî a > b, òî C < 0 i îñêiëüêè cos γ > 0, òî cos γ =
−C√

A2 +B2 + C2
.

ßêùî a < b, òî C > 0 i îñêiëüêè cos γ < 0, òî cos γ =
−C√

A2 +B2 + C2
.

Ç òîãî, ùî dS =
√
A2 +B2 + C2 dUdV, ìà¹ìî∫∫

(S3)

(x cosα + y cos β + z cos γ)dS = −
∫∫
(P )

(xA+ yB + zC)dxdy =

=

∫∫
(P )

(
c cosU(a cosU cosV + b sinU sinV )2 + c cosU(a cosU sinV−

−b sinU cosV )2 + (a2 − b2)c sin2 U cosU
)
dUdV =

=

π
2∫

−π2

dU

2π∫
0

(
a2c cos3 U cos2 V + cb2 cosU sin2 U sin2 V + a2c cos3 U sin2 V+

+b2c cosU sin2 U cos2 V + (a2 − b2)c sin2 U cosU
)
dV =

=

π
2∫

−π2

dU

2π∫
0

(
a2c cos3 U + b2c cosU sin2 U + (a2 − b2)c sin2 U cosU

)
dV =
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= a2c

π
2∫

−π2

dU

2π∫
0

cosUdV = 2πa2c sinU
∣∣∣π2
−π2

= 4πa2c.

Îòæå, ïðè c > 0 îòðèìà¹ìî

V =
1

3
(πb2c+ πb2c+ 4πa2c) =

4

3
πc

(
a2 +

b2

2

)
.

Çà àíàëîãi¹þ, ÿêùî c < 0, òî

V = −4

3
πc

(
a2 +

b2

2

)
.

Îòæå, â çàãàëüíîìó âèïàäêó ìîæåìî çàïèñàòè, ùî

V =
4

3
π|c|

(
a2 +

b2

2

)
. I

�3.4. Îñíîâíi iíòåãðàëüíi ôîðìóëè

Ôîðìóëà Ãðiíà . Íåõàé (D) � êóñêîâî-ãëàäêà îáëàñòü, çàäàíà íà ïëîùèíi

xOy i îáìåæåíà çàìêíåíèì ïðîñòèì êóñêîâî-ãëàäêèì êîíòóðîì (Γ). ßêùî

ôóíêöi¨ P (x, y), Q(x, y), P ′y(x, y) i Q′x(x, y) ¹ íåïåðåðâíèìè â îáëàñòi (D), òî

ìà¹ ìiñöå ôîðìóëà∫
(Γ)

P (x, y)dx+Q(x, y)dy =

∫∫
(D)

(
∂Q

∂x
− ∂P

∂y

)
dxdy,

ïðè óìîâi, ùî íàïðÿì îáõîäó êîíòóðà (Γ) ¹ äîäàòíiì, òîáòî ïðè ðóñi âçäîâæ

êîíòóðà îáëàñòü (D) çàëèøà¹òüñÿ çëiâà.

Öÿ ôîðìóëà íàçèâà¹òüñÿ ôîðìóëîþ Ãðiíà i õàðàêòåðèçó¹ çâ'ÿçîê êðèâî-

ëiíiéíîãî iíòåãðàëà äðóãîãî ðîäó ç ïîäâiéíèì iíòåãðàëîì.

Ôîðìóëà Ñòîêñà . Íåõàé êóñêîâî-ãëàäêà äâîñòîðîííÿ ïîâåðõíÿ (S)

îáìåæåíà çàìêíåíèì ïðîñòèì êóñêîâî-ãëàäêèì êîíòóðîì (Γ). ßêùî ôóíêöi¨

P (x, y, z), Q(x, y, z) i R(x, y, z) íåïåðåðâíi ðàçîì ç ÷àñòèííèìè ïîõiäíèìè

P ′y(x, y, z), P ′z(x, y, z), Q′x(x, y, z), Q′z(x, y, z), R′y(x, y, z), R′x(x, y, z), òî ìà¹

ìiñöå ôîðìóëà: ∫
(Γ)

P (x, y, z)dx+Q(x, y, z)dy +R(x, y, z)dz =



134 ÐÎÇÄIË III. Ïîâåðõíåâi iíòåãðàëè

=

∫∫
(S)

(R′y −Q′z)dydz + (P ′z −R′x)dxdz + (Q′x − P ′y)dxdy,

àáî ∫
(Γ)

P (x, y, z)dx+Q(x, y, z)dy +R(x, y, z)dz =

=

∫∫
(S)

(
(R′y −Q′z) cosα + (P ′z −R′x) cos β + (Q′x − P ′y) cos γ

)
dS,

äå íàïðÿì îáõîäó êîíòóðà (Γ) ¹ äîäàòíèì.

Öÿ ôîðìóëà íàçèâà¹òüñÿ ôîðìóëîþ Ñòîêñà i õàðàêòåðèçó¹ çâ'ÿçîê êðèâî-

ëiíiéíîãî iíòåãðàëà ç ïîâåðõíåâèì iíòåãðàëîì.

Çàóâàæèìî, ùî ÿêùî ïîâåðõíÿ (S) ïàðàëåëüíà äî ïëîùèíè xOy , òî∫
(Γ)

R(x, y, z) = 0 i ç ôîðìóëè Ñòîêñà îòðèìó¹òüñÿ ôîðìóëà Ãðiíà.

Ôîðìóëà Ãàóññà-Îñòðîãðàäñüêîãî. Íåõàé ôóíêöi¨ P (x, y, z),

Q(x, y, z) i R(x, y, z) íåïåðåðâíi ðàçîì ç ÷àñòèííèìè ïîõiäíèìè P ′x(x, y, z),

Q′y(x, y, z), R′z(x, y, z), ó çàìêíåíié îáëàñòi (V ), ùî îáìåæåíà êóñêîâî-ãëàä-

êîþ äâîñòîðîííüîþ ïîâåðõíåþ (S). Òîäi ìà¹ ìiñöå ôîðìóëà:∫∫∫
(V )

(P ′x +Q′y +R′z)dxdydz =

=

∫∫
(S)

P (x, y, z)dydz +Q(x, y, z)dxdz +R(x, y, z)dxdy,

àáî ∫∫∫
(V )

(P ′x +Q′y +R′z)dxdydz =

=

∫∫
(S)

(P (x, y, z) cosα +Q(x, y, z) cos β +R(x, y, z) cos γ) dS,

äå ïîâåðõíåâèé iíòåãðàë äðóãîãî ðîäó áåðåòüñÿ ïî çîâíiøíié ñòîðîíi ïîâåðõíi.

Öÿ ôîðìóëà íàçèâà¹òüñÿ ôîðìóëîþ Ãàóññà-Îñòðîãðàäñüêîãî i õàðàêòåðè-

çó¹ çâ'ÿçîê ïîòðiéíîãî iíòåãðàëà ç ïîâåðõíåâèì iíòåãðàëîì.



� 3.4. Îñíîâíi iíòåãðàëüíi ôîðìóëè 135

Çàóâàæèìî, ùî ÿêùî P ′x +Q′y +R′z = 1, òî îòðèìà¹ìî ôîðìóëó äëÿ îá÷è-

ñëåííÿ îá'¹ìó çàäàíîãî òiëà (V ) çà äîïîìîãîþ ïîâåðõíåâîãî iíòåãðàëà, íàâå-

äåíó â § 3.3.

Âïðàâè

1. Çàñòîñîâóþ÷è ôîðìóëó Ãðiíà, îá÷èñëèòè êðèâîëiíiéíi iíòåãðàëè:

1)

∫
(Γ)

(x+ y)dx− (x− y)dy, äå (Γ) � åëiïñ
x2

a2
+
y2

b2
= 1;

2)

∫
(Γ)

(x+ y)2dx− (x2 + y2)dy, äå (Γ) � êîíòóð òðèêóòíèêà ABC ç âåðøè-

íàìè A(1; 1), B(3; 2), C(2; 5) â äîäàòíüîìó íàïðÿìi;

3)

∫
(Γ)

xy2dy − x2ydx, äå (Γ) � êîëî x2 + y2 = a2 ;

4)

∫
(Γ)

e−(x2−y2)(cos 2xydx+ sin 2xydy), äå (Γ) � êîëî x2 + y2 = 4;

5)

∫
(Γ)

ex
(

(1−cos y)dx−(y−sin y)dy
)
, äå (Γ) � êîíòóð, ùî îáìåæó¹ ôiãóðó

(D) = {(x, y) : 0 6 x 6 π, 0 6 y 6 sinx};

6)

∫
(AnO)

(ex sin y − ny)dx + (ex cos y − n)dy, äå (AnO) � âåðõí¹ ïiâêîëî

x2 + y2 = ax âiä òî÷êè A(a; 0) äî òî÷êè O(0; 0).

2. Çàñòîñîâóþ÷è ôîðìóëó Ñòîêñà, îá÷èñëèòè iíòåãðàëè:

1)

∫
(Γ)

(y2−z2)dx+(z2−x2)dy+(x2−y2)dz , äå (Γ) � ïåðåòèí ïîâåðõíi êóáà

0 6 x 6 a, 0 6 y 6 a, 0 6 z 6 a ïëîùèíîþ x+ y + z =
3

2
a;

2)

∫
(Γ)

ydx+ z2dy + x2dz , äå (Γ) � êîëî

 x2 + y2 + z2 = 4,

z =
√

3;

3)

∫
(Γ)

(y+ z)dx+ (x+ z)dy+ (x+ y)dz , äå (Γ) � êîëî

 x2 + y2 + z2 = a2,

x+ y + z = 0;

4)

∫
(Γ)

(y − z)dx+ (z − x)dy + (x− y)dz , äå (Γ) � åëiïñ

 x2 + y2 = 1,

x+ z = 1;
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5)

∫
(Γ)

x2y3dx+ dy + zdz , äå (Γ) � êîëî

 x2 + y2 = R2,

z = 0;

6)

∫
(Γ)

(y2 − z2)dx+ (z2 − x2)dy + (x2 − y2)dz , äå (Γ) � êîíòóð, ùî îõîïëþ¹

÷àñòèíó ñôåðè x2 + y2 + z2 = 1, x > 0, y > 0, z > 0;

7)

∫
(OA)

yzdx + 3xzdy + 2xydz , äå (OA) � êðèâà x = t cos t, y = t sin t,

z = t2 , 0 6 t 6 2π , O(0; 0; 0), A(2π; 0; 4π2);

8)

∫
(Γ)

(y + z)dx + (z + x)dy + (x + y)dz , äå (Γ) � åëiïñ x = a sin2 t,

y = 2a sin t cos t, z = a cos2 t, 0 6 t 6 π , â íàïðÿìi çðîñòàííÿ ïàðàìåòðà t.

3. Âèêîðèñòîâóþ÷è ôîðìóëó Ãàóññà-Îñòðîãðàäñüêîãî, îá÷èñëèòè äàíi ïî-

âåðõíåâi iíòåãðàëè:

1)

∫∫
(S)

x3dydz + y3dxdz + z3dxdy, äå (S) � çîâíiøíÿ ïîâåðõíÿ ñôåðè

x2 + y2 + z2 = a2 ;

2)

∫∫
(S)

(x−y+z)dydz+(y−z+x)dxdz+(z−x+y)dxdy, äå (S) � çîâíiøíÿ

ñòîðîíà ïîâåðõíi |x− y + z|+ |y − z + x|+ |z − x+ y| = 1;

3)

∫∫
(S)

x2dydz+ y2dxdz+ z2dxdy, äå (S) � çîâíiøíÿ ñòîðîíà ãðàíèöi êóáà

0 6 x 6 a, 0 6 y 6 a, 0 6 z 6 a;

4)

∫∫
(S)

xdydz + ydxdz − zdxdy, äå (S) � âíóòðiøíÿ ÷àñòèíà ïîâåðõíi

z = 1−
√
x2 + y2 , 0 6 z 6 1;

5)

∫∫
(S)

xdydz + ydxdz + zdxdy, äå (S) � ïîâåðõíÿ öèëiíäðà x2 + y2 = a2 ,

−H 6 z 6 H ;

6)

∫∫
(S)

x2dydz+y2dxdz+z2dxdy, äå (S) � ïîâåðõíÿ êîíóñà
x2

a2
+
y2

b2
−z

2

c2
= 0;

7)

∫∫
(S)

(
x3 cosα + y3 cos β + z3 cos γ

)
dS, äå (S) � ïîâåðõíÿ ñôåðè

x2 + y2 + z2 = R2 ;
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8)

∫∫
(S)

x3dydz + y3dxdz + z2dxdy, äå (S) � âíóòðiøíÿ ïîâåðõíÿ ÷àñòèíè

ïàðàáîëî¨äà z = x2 + y2 , ùî âiäòèíà¹òüñÿ ïëîùèíîþ 2x− z = 0;

9)

∫∫
(S)

(
(zn−yn) cosα+(xn−zn) cos β+(yn−xn) cos γ

)
dS, äå (S) � âåðõíÿ

ïîëîâèíà ïîâåðõíi ñôåðè x2 + y2 + z2 = R2 ;

10)

∫∫
(S)

ydydz + zdxdz + xdxdy, äå (S) � ïîâåðõíÿ ïiðàìiäè, îáìåæåíà

ïëîùèíàìè x+ y + z = 4, x = 0, y = 0, z = 0.

4. ßêié óìîâi ïîâèííà çàäîâîëüíÿòè äèôåðåíöiéîâíà ôóíêöiÿ F (x, y),

ùîá êðèâîëiíiéíèé iíòåãðàë∫
(AmB)

F (x, y)(ydx+ xdy)

íå çàëåæàâ âiä ôîðìè øëÿõó iíòåãðóâàííÿ?

5. Çíàéòè çíà÷åííÿ iíòåãðàëà

I =

∫
(Γ)

(
x cos(~n, x) + y cos(~n, y)

)
dS,

äå (Γ) � ïðîñòà çàìêíåíà êðèâà, ùî îáìåæó¹ ñêií÷åííó îáëàñòü (S) i ~n �

çîâíiøíÿ íîðìàëü äî íå¨.

6. Äîâåñòè, ùî îá'¹ì òiëà, óòâîðåíîãî ïðè îáåðòàííi íàâêîëî îñi Ox ïðî-

ñòîãî çàìêíåíîãî êîíòóðà (Γ), ðîçìiùåíîãî ó âåðõíié ïiâïëîùèíi y > 0, ðiâ-

íèé

V = −π
∫

(Γ)

y2dx.

7. Äîâåñòè, ùî îá'¹ì êîíóñà, îáìåæåíîãî ãëàäêîþ êîíi÷íîþ ïîâåðõíåþ

F (x, y, z) = 0 i ïëîùèíîþ Ax+By + Cz +D = 0, äîðiâíþ¹

V =
1

3
SH,

äå S � ïëîùà îñíîâè êîíóñà, ðîçìiùåíî¨ â äàíié ïëîùèíi, H � âèñîòà êîíóñà.
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8. Äîâåñòè, ùî ÿêùî U = U(x, y, z) � ãàðìîíi÷íà ôóíêöiÿ âñåðåäèíi ñôåðè

(S) ðàäióñà R ç öåíòðîì â òî÷öi (x0, y0, z0), òî

U(x0, y0, z0) =
1

4πR2

∫∫
(S)

U(x, y, z)dS.

9. Äîâåñòè äðóãó ôîðìóëó Ãðiíà â ïðîñòîði∫∫
(V )

∣∣∣∣∣∣ ∆U ∆V

U V

∣∣∣∣∣∣ dxdydz =

∫∫
(S)

∣∣∣∣∣∣
∂U
∂n

∂U
∂n

U V

∣∣∣∣∣∣ dS,
äå òiëî (V ) îáìåæåíå ïîâåðõíåþ (S), ~n � çîâíiøíÿ íîðìàëü äî ïîâåðõíi (S)

i ôóíêöi¨ U = U(x, y, z), V = V (x, y, z) äâi÷i äèôåðåíöiéîâíi â çàìêíåíié

îáëàñòi (V ).

10. Äîâåñòè, ùî ÿêùî U � ãàðìîíi÷íà ôóíêöiÿ â ñêií÷åííié çàìêíåíié

îáëàñòi (V ), îáìåæåíié çàìêíåíîþ ïîâåðõíåþ (S), òî ñïðàâåäëèâi ôîðìóëè:

à)

∫∫
(S)

∂U

∂n
dS = 0,

á)

∫∫∫
(V )

((
∂U

∂x

)2

+

(
∂U

∂y

)2

+

(
∂U

∂z

)2
)
dxdydz =

∫∫
(S)

U
∂U

∂n
dS, äå ~n �

çîâíiøíÿ íîðìàëü äî ïîâåðõíié (S).

11. Äîâåñòè, ùî ÿêùî ôóíêöiÿ U = U(x, y, z) � ãàðìîíi÷íà ôóíêöiÿ â

ñêií÷åííié çàìêíåíié îáëàñòi (V ), îáìåæåíié ãëàäêîþ ïîâåðõíåþ (S), òî

U(x, y, z) =
1

4π

∫∫
(S)

(
U

cos(~r, ~n)

r2
+

1

r
· ∂U
∂n

)
dS,

äå ~r � ðàäióñ-âåêòîð, ùî ñïîëó÷à¹ âíóòðiøíþ òî÷êó (x, y, z) îáëàñòi (V ) i

äîâiëüíó òî÷êó (ξ, η, ζ) ïîâåðõíi (S), r =
√

(ξ − x)2 + (η − y)2 + (ζ − z)2 , ~n

� âåêòîð çîâíiøíüî¨ íîðìàëi äî ïîâåðõíi (S) â òî÷öi (ξ, η, ζ).

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.6. Êîíòóð iíòåãðóâàííÿ çîáðàæåíèé íà ðèñ. 10. Îáëàñòü (D) îáìåæåíà

âåðõíüîþ ÷àñòèíîþ êîëà x2 + y2 = ax i âiññþ Ox. Íàïðÿì îáõîäó êîíòóðà

(Γ), ùî îáìåæó¹ îáëàñòü (D) ¹ äîäàòíiì.
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O

(D)

a
2

A

a
2

x

y

Ðèñ. 10

Òîäi P (x, y) = ex sin y− ny , Q(x, y) = ex cos y− n, P ′y(x, y) = ex cos y− n,

Q′x = ex cos y .

Îòæå, çà ôîðìóëîþ Ãðiíà çàïèøåìî∫
(AnOA)

(ex sin y − ny)dx+ (ex cos y − n)dy =

∫∫
(D)

ndxdy,

äå (D) = {(x, y) : 0 6 x 6 a, 0 6 y 6
√
ax− x2}.

Çâiäñè

∫∫
(D)

ndxdy =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x = r cosϕ,

y = r sinϕ,

J(r, ϕ) = r,

0 6 ϕ 6 π
2 ,

0 6 r 6 a cosϕ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= n

π
2∫

0

dϕ

a cosϕ∫
0

rdr =
n

2

π
2∫

0

r2
∣∣∣a cosϕ

0
dϕ =

=
na2

2

π
2∫

0

cos2 ϕdϕ =
na2

2

π
2∫

0

1 + cos 2ϕ

2
dϕ =

na2

4

(
ϕ+

1

2
sin 2ϕ

) ∣∣∣π2
0

=
πna2

8
. I

2.7. ßêùî t çìiíþ¹òüñÿ âiä 0 äî 2π , òî êðèâà (OA) îïèñó¹ çàìêíåíèé

êîíòóð (Γ), ùî îõîïëþ¹ ïîâåðõíþ êîíóñà âèäó x2 + y2 = z2 , 0 6 z 6 4π2 .

Òîäi

P (x, y, z) = yz, Q(x, y, z) = 3xz, R(x, y, z) = 2xy,

P ′y(x, y, z) = z, P ′z(x, y, z) = y, Q′x(x, y, z) = 3z,
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Q′z(x, y, z) = 3x, R′x(x, y, z) = 2y, R′y(x, y, z) = 2x.

Çà ôîðìóëîþ Ñòîêñà çàïèøåìî

I =

∫
(Γ)

yzdx+ 3xzdy + 2xydz =

∫∫
(S)

(−x)dydz + (−y)dxdz + (−2z)dxdy,

äå (S) = {(x, y, z) : x2 + y2 = z2, 0 6 z 6 4π2}.

Çà ïðàâèëîì îá÷èñëåííÿ ïîâåðõíåâîãî iíòåãðàëà äðóãîãî ðîäó çàïèøåìî

I =

∫∫
(D)

(xz′x + yz′y + (−2z))dxdy,

äå z=
√
x2 + y2 , z′x=

x√
x2 + y2

, z′y=
y√

x2 + y2
, (D)={(x, y) : x2 +y264π2}.

Îòæå,

I=

∫∫
(D)

( x2√
x2 + y2

+
y2√
x2 + y2

− 2
√
x2 + y2

)
dxdy=−

∫∫
(D)

√
x2 + y2dxdy=

=

∣∣∣∣∣∣ x = r cosϕ, 0 6 ϕ 6 2π, J(r, ϕ) = r,

y = r sinϕ, 0 6 r 6 2π

∣∣∣∣∣∣ = −
2π∫

0

dϕ

2π∫
0

r2dr =

= −1

3

2π∫
0

r3
∣∣∣2π
0
dϕ = −8π3

3

2π∫
0

dϕ = −16

3
π4. I

3.8. Çà ôîðìóëîþ Ãàóññà-Îñòðîãðàäñüêîãî, âðàõîâóþ÷è, ùî ïîâåðõíåâèé

iíòåãðàë áåðåòüñÿ ïî âíóòðiøíié ïîâåðõíi ÷àñòèíè ïàðàáîëî¨äà, ùî âiäòèíà¹-

òüñÿ ïëîùèíîþ z = 2x, çàïèøåìî

I =

∫∫
(S)

x3dydz + y3dxdz + z2dxdy =

∫∫∫
(V )

(3x2 + 3y2 + 2z)dxdydz,

äå (V ) = {(x, y, z) : x2 + y2 6 2x, x2 + y2 6 z 6 2x}.

Çâiäñè,

I =

∫∫
(D)

dxdy

2x∫
x2+y2

(3x2 + 3y2 + 2z)dz =

∫∫
(D)

(
3z(x2 + y2) + z2

)∣∣∣2x
x2+y2

dxdy =
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=

∫∫
(D)

(
6x(x2 + y2) + 4x2 − 4(x2 + y2)2

)
dxdy,

äå (D) = {(x, y) : x2 + y2 6 2x}.

Ùîá îá÷èñëèòè ïîäâiéíèé iíòåãðàë, ïåðåéäåìî äî ïîëÿðíî¨ ñèñòåìè êî-

îðäèíàò

 x = r cosϕ,

y = r sinϕ,
J(r, ϕ) = r . Òîäi â íîâié ñèñòåìi êîîðäèíàò îáëàñòü

iíòåãðóâàííÿ ìàòèìå âèãëÿä (D′) =
{

(r, ϕ) : −π
2
6 ϕ 6

π

2
, 0 6 r 6 2 cosϕ

}
.

Çâiäñè

I =

π
2∫

−π2

dϕ

2 cosϕ∫
0

(
6r4 cosϕ+ 4r3 cos2 ϕ− 4r5

)
dr =

=

π
2∫

−π2

(
6

5
r5 cosϕ+ r4 cos2 ϕ− 2

3
r6

) ∣∣∣2 cosϕ

0
dϕ =

=

π
2∫

−π2

(
192

5
cos6 ϕ+ 16 cos6 ϕ− 128

3
cos6 ϕ

)
dϕ =

352

15

π
2∫

0

cos6 ϕdϕ =

=
44

15

π
2∫

0

(1 + cos 2ϕ)3dϕ =
44

15

π
2∫

0

(1 + 3 cos 2ϕ+ 3 cos2 2ϕ+ cos3 2ϕ)dϕ =

=
44

15

((
ϕ+

3

2
sin 2ϕ

) ∣∣∣π2
0

+
3

2

π
2∫

0

(1 + cos 4ϕ)dϕ+
1

2

π
2∫

0

(1− sin2 2ϕ)d(sin 2ϕ)

)
=

=
45

15

(
π

2
+

3

2

(
ϕ+

1

4
sin 4ϕ

) ∣∣∣π2
0

+
1

2

(
sin 2ϕ− 1

3
sin3 2ϕ

) ∣∣∣π2
0

)
=

=
44

15

(
π

2
+

3

4
π

)
=

44

15
· 5

4
π =

11

3
π. I

Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó III

1. Îá÷èñëèòè ïîâåðõíåâèé iíòåãðàë ïî ïîâåðõíi (S), äå (S) � ÷àñòèíà

ïëîùèíè, ùî çíàõîäèòüñÿ â ïåðøîìó îêòàíòi.
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1)

∫∫
(S)

(7z + 2)dS, (S) : x+ y +
z

2
= 1;

2)

∫∫
(S)

(4x+ 7y + 2z + 1)dS, (S) : 2x+
y

3
+ 2z = 1;

3)

∫∫
(S)

(7x+ y + 2z + 2)dS, (S) :
x

3
+
y

4
+ z = 1;

4)

∫∫
(S)

(1 + y + 11z)dS, (S) : x+ y +
z

3
= 1;

5)

∫∫
(S)

(y − 2z + 4)dS, (S) : 2x+
y

3
+
z

4
= 1;

6)

∫∫
(S)

(x+ 3y)dS, (S) :
x

3
+ 2y + z = 1;

7)

∫∫
(S)

(3x+ 2z)dS, (S) :
x

2
+
y

3
+
z

9
= 1;

8)

∫∫
(S)

(2x− y + 3z − 1)dS, (S) : x+
y

2
+
z

3
= 1;

9)

∫∫
(S)

(7x+ 9y)dS, (S) : x+
y

3
+ z = 1;

10)

∫∫
(S)

(x+ 2y − z + 1)dS, (S) :
x

4
+
y

2
+
z

3
= 1;

11)

∫∫
(S)

7xdS, (S) : x+
y

2
+ 4z = 1;

12)

∫∫
(S)

(7x+ 4y + 2z + 1)dS, (S) :
x

3
+ 2y + z = 1;

13)

∫∫
(S)

(5x+ y + 4z + 1)dS, (S) :
x

2
+
y

3
+
z

2
= 1;

14)

∫∫
(S)

(7x+ y + z)dS, (S) : x+
y

3
+ z = 1;

15)

∫∫
(S)

(1− 2z)dS, (S) :
x

4
+
y

3
+ z = 1;
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16)

∫∫
(S)

(3x+ 2y)dS, (S) : x+ y + 2z = 1;

17)

∫∫
(S)

dS

(1 + x+ z)2
, (S) : x+ y + z = 1;

18)

∫∫
(S)

(5x− 2y + 4z + 1)dS, (S) :
x

2
+ 4y +

z

3
= 1;

19)

∫∫
(S)

(x− 2z)dS, (S) : x+
y

3
+
z

4
= 1;

20)

∫∫
(S)

(9x+ 5y + 2z)dS, (S) : 3x+ y +
z

9
= 1;

21)

∫∫
(S)

(3x+ y)dS, (S) : 2x+
y

3
+
z

4
= 1;

22)

∫∫
(S)

(x+ y − 2z)dS, (S) : x+
y

3
+
z

4
= 1;

23)

∫∫
(S)

(x+ 2z + 2)dS, (S) :
x

2
+
y

3
+ z = 1;

24)

∫∫
(S)

(x+ 2y + 2z)dS, (S) : 8x+
y

2
+
z

3
= 1;

25)

∫∫
(S)

(x− 2y + z)dS, (S) : 2x+
y

6
+ z = 1;

2. Îá÷èñëèòè ïîâåðõíåâi iíòåãðàëè ïî ïîâåðõíi (S).

1) Îá÷èñëèòè êîîðäèíàòè öåíòðà âàãè îäíîðiäíîãî ïàðàáîëî¨äà

2z = 4− (x2 + y2), ðîçòàøîâàíîãî íàä ïëîùèíîþ Oxy;

2)

∫∫
(S)

x2dS, äå (S) � ÷àñòèíà ïàðàáîëî¨äà 4z = x2 + y2 ìiæ ïëîùèíàìè

y = 0, z = 4;

3) Îá÷èñëèòè ìàñó ïiâñôåðè x2 + y2 + z2 = R2, (z > 0), ÿêùî ïîâåðõíåâà

ãóñòèíà %(x, y, z) =
z

R
;

4) Îá÷èñëèòè ìàñó ÷àñòèíè ãiïåðáîëi÷íîãî ïàðàáîëî¨äà 2z = x2−y2, îáìå-

æåíîãî öèëiíäðîì x2 + y2 = 1, ÿêùî %(x, y, z) = |z|;
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5)

∫∫
(S)

zdS, äå (S) � ìåíøèé ñåãìåíò ïiâñôåðè z =
√

25− x2 − y2, îáìå-

æåíèé ïëîùèíîþ z = 4;

6) Îá÷èñëèòè êîîðäèíàòè öåíòðà âàãè îäíîðiäíî¨ ïëîùèíè z = x, îáìå-

æåíî¨ ïëîùèíàìè x+ y = 1, x = 0, y = 0;

7)

∫∫
(S)

xyzdS, äå (S) � ïàðàáîëî¨ä z = x2 + y2, 0 6 z 6 1;

8)

∫∫
(S)

√
x2 + y2 + z2dS, äå (S) � ÷àñòèíà êîíóñà z =

√
x2 + y2, ùî ìi-

ñòèòüñÿ âñåðåäèíi öèëiíäðà x2 + y2 = 2x;

9)

∫∫
(S)

zdS, äå (S) � ÷àñòèíà ïîâåðõíi x2 +z2 = 2az, (a > 0), ùî âèðiçàíà

ïîâåðõíåþ z =
√
x2 + y2;

10)

∫∫
(S)

ydS, äå (S) � ïiâñôåðà z =
√
R2 − x2 − y2;

11) Îá÷èñëèòè ìîìåíò iíåðöi¨ åëiïñî¨äà
x2

a2
+
y2

b2
+
z2

c2
= 1 âiäíîñíî îñi Ox;

12) Îá÷èñëèòè ìàñó ÷àñòèíè ïîâåðõíi z = xy âñåðåäèíi öèëiíäðà

x2 + y2 = 1, ÿêùî ïîâåðõíåâà ãóñòèíà %(x, y, z) = x2 + y2;

13) Îá÷èñëèòè êîîðäèíàòè öåíòðà âàãè îäíîðiäíî¨ ïiâñôåðè

z =
√
R2 − x2 − y2;

14) Îá÷èñëèòè ìîìåíò iíåðöi¨ âiäíîñíî îñi Oz ái÷íî¨ ïîâåðõíi êîíóñà

z =
√
x2 + y2, 0 6 z 6 a;

15)

∫∫
(S)

(x2 − y2)dS, äå (S) � ñôåðà x2 + y2 + z2 = R2;

16) Îá÷èñëèòè ìîìåíò iíåðöi¨ åëiïcî¨äà
x2

a2
+
y2

b2
+
z2

c2
= 1 âiäíîñíî îñi Oz;

17) Îá÷èñëèòè ìàñó, ðîçïîäiëåíó ïî ïîâåðõíi êóáà −16x61, −16y61,

−1 6 z 6 1, ÿêùî %(x, y, z) = 3
√
|xyz|;

18)

∫∫
(S)

(x+ y + z)dS, äå (S) � âåðõíÿ ÷àñòèíà ñôåðè x2 + y2 + z2 = R2;

19) Îá÷èñëèòè ìîìåíò iíåðöi¨ âiäíîñíî îñi Ox ÷àñòèíè ïàðàáîëî¨äà

2x = y2 + z2, îáìåæåíîãî ïëîùèíîþ x = 1;
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20) Îá÷èñëèòè ìàñó ñôåðè x2 + y2 + z2 = R2, ÿêùî ïîâåðõíåâà ãóñòèíà

%(x, y, z) = x2 + y2;

21) Îá÷èñëèòè ìàñó ïàðàáîëi÷íî¨ îáîëîíêè z =
1

2
(x2 + y2), (0 6 z 6 1),

ÿêùî ïîâåðõíåâà ãóñòèíà %(x, y, z) = z;

22) Îá÷èñëèòè ìîìåíò iíåðöi¨ âiäíîñíî îñi Ox ÷àñòèíè ïàðàáîëî¨äà

z =
1

2
(x2 + y2), 0 6 z 6 1;

23)

∫∫
(S)

xdS, äå (S) � ÷àñòèíà ñôåðè x2 + y2 + z2 = R2, ùî ëåæèòü ó

ïåðøîìó îêòàíòi;

24)

∫∫
(S)

x2y2dS, äå (S) � ïiâñôåðà z =
√
R2 − x2 − y2;

25)

∫∫
(S)

dS

r2
, äå (S) � öèëiíäð x2 + y2 = R2, îáìåæåíèé ïëîùèíàìè z = 0,

z = H, r � âiäñòàíü âiä ïîâåðõíi äî ïî÷àòêó êîîðäèíàò.

3. Îá÷èñëèòè ïîâåðõíåâèé iíòåãðàë ïî ïîâåðõíi (S) :

1)

∫∫
(S)

zdxdy, äå (S) � çîâíiøíÿ ñòîðîíà òðèêóòíèêà, óòâîðåíîãî ïåðåòè-

íîì ïëîùèíè x− y + z = 1 ç êîîðäèíàòíèìè ïëîùèíàìè;

2)

∫∫
(S)

xdxdz, äå (S) � çîâíiøíÿ ñòîðîíà òðèêóòíèêà, óòâîðåíîãî ïåðåòè-

íîì ïëîùèíè x− y + z = 1 ç êîîðäèíàòíèìè ïëîùèíàìè;

3)

∫∫
(S)

yzdydz, äå (S) � çîâíiøíÿ ñòîðîíà ïiðàìiäè, îáìåæåíî¨ ïëîùèíàìè

z = 0, y = 0, x = 0, x+ y + z = 1;

4)

∫∫
(S)

(x − y)dxdy, äå (S) � çîâíiøíÿ ñòîðîíà êîíi÷íî¨ ïîâåðõíi

x2 + y2 = z2, (0 6 z 6 1);

5)

∫∫
(S)

(2x−y+z)dxdz, äå (S) � çîâíiøíÿ ñòîðîíà òðèêóòíèêà, óòâîðåíîãî

ïåðåòèíîì ïëîùèíè x+ y + z = 5 ç êîîðäèíàòíèìè ïëîùèíàìè;

6)

∫∫
(S)

(x+y+ z)dxdz, äå (S) � çîâíiøíÿ ñòîðîíà òðèêóòíèêà, óòâîðåíîãî

ïåðåòèíîì ïëîùèíè x+ y + z = 3 ç êîîðäèíàòíèìè ïëîùèíàìè;
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7)

∫∫
(S)

xdydz, äå (S) � âíóòðiøíÿ ñòîðîíà âåðõíüî¨ ïiâñôåðè

x2 + y2 + z2 = 4, z > 0;

8)

∫∫
(S)

(x2 + 2z)dydz, äå (S) � çîâíiøíÿ ñòîðîíà êóáà, îáìåæåíîãî ïëîùè-

íàìè x = 0, y = 0, z = 0, x = 1, y = 1, z = 1;

9)

∫∫
(S)

xydxdy, äå (S) � çîâíiøíÿ ñòîðîíà òðèêóòíèêà, óòâîðåíîãî ïåðå-

òèíîì ïëîùèíè x+ y + z = 2 ç êîîðäèíàòíèìè ïëîùèíàìè;

10)

∫∫
(S)

y2dxdz, äå (S) � çîâíiøíÿ ñòîðîíà ÷àñòèíè ñôåðè x2 +y2 +z2 = 4,

ùî ëåæèòü ó ïåðøîìó îêòàíòi;

11)

∫∫
(S)

ydydz, äå (S) � çîâíiøíÿ ñòîðîíà òðèêóòíèêà, óòâîðåíîãî ïåðå-

òèíîì ïëîùèíè x− y + z = 1 ç êîîðäèíàòíèìè ïëîùèíàìè;

12)

∫∫
(S)

xydxdz, äå (S) � çîâíiøíÿ ñòîðîíà ïiðàìiäè, îáìåæåíî¨ ïëîùè-

íàìè x = 0, y = 0, z = 0, x+ y + z = 1;

13)

∫∫
(S)

xdydz + ydxdz + zdxdy, äå (S) � çîâíiøíÿ ñòîðîíà êóáà, îáìåæå-

íîãî ïëîùèíàìè x = 0, y = 0, z = 0, x = 1, y = 1, z = 1;

14)

∫∫
(S)

z2dxdy, äå (S) � çîâíiøíÿ ÷àñòèíà åëiïñî¨äà
x2

a2
+
y2

b2
+
z2

c2
= 1;

15)

∫∫
(S)

(x + y)dydz, äå (S) � çîâíiøíÿ ñòîðîíà òðèêóòíèêà, óòâîðåíîãî

ïåðåòèíîì ïëîùèíè x+ y + z = 3 ç êîîðäèíàòíèìè ïëîùèíàìè;

16)

∫∫
(S)

xzdxdz, äå (S) � çîâíiøíÿ ñòîðîíà òðèêóòíèêà, óòâîðåíîãî ïåðå-

òèíîì ïëîùèíè x+ y + z = 3 ç êîîðäèíàòíèìè ïëîùèíàìè;

17)

∫∫
(S)

x2y2zdxdz, äå (S) � äîäàòíÿ ñòîðîíà íèæíüî¨ ïîëîâèíè ñôåðè

x2 + y2 + z2 = 9;

18)

∫∫
(S)

zdxdy, äå (S) � çîâíiøíÿ ñòîðîíà ñôåðè x2 + y2 + z2 = 9;
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19)

∫∫
(S)

xzdxdz, äå (S) � çîâíiøíÿ ñòîðîíà ïiðàìiäè, îáìåæåíî¨ ïëîùè-

íàìè x = 0, y = 0, z = 0, x+ y + z = 1;

20)

∫∫
(S)

yzdydz, äå (S) � çîâíiøíÿ ñòîðîíà òðèêóòíèêà, óòâîðåíîãî ïåðå-

òèíîì ïëîùèíè x+ y + z = 4 ç êîîðäèíàòíèìè ïëîùèíàìè;

21)

∫∫
(S)

ydxdz + zdxdy, äå (S) � çîâíiøíÿ ñòîðîíà êóáà, îáìåæåíîãî ïëî-

ùèíàìè x = 0, y = 0, z = 0, x = 2, y = 2, z = 2;

22)

∫∫
(S)

(x + z)dydz, äå (S) � çîâíiøíÿ ñòîðîíà ïiðàìiäè, îáìåæåíî¨ ïëî-

ùèíàìè x = 0, y = 0, z = 0, x+ y + z = 1;

23)

∫∫
(S)

(y − z)dydz, äå (S) � çîâíiøíÿ ñòîðîíà êîíi÷íî¨ ïîâåðõíi

x2 + y2 = z2, (0 6 z 6 2);

24)

∫∫
(S)

x2dydz, äå (S) � çîâíiøíÿ ñòîðîíà ÷àñòèíè ñôåðè x2 +y2 +z2 = 4,

ùî ëåæèòü ó ïåðøîìó îêòàíòi;

25)

∫∫
(S)

(z − x)dxdz, äå (S) � çîâíiøíÿ ñòîðîíà êîíi÷íî¨ ïîâåðõíi

x2 + y2 = z2, (0 6 z 6 3).



ÐÎÇÄIË IV. Åëåìåíòè âåêòîðíîãî àíàëiçó

�4.1. Îñíîâíi õàðàêòåðèñòèêè âåêòîðíîãî ïîëÿ

Íåõàé êîæíié òî÷öi M(x, y, z) ∈ (V ) ⊂ R3 âiäïîâiäà¹ âåêòîð ~u(M), òî

êàæóòü, ùî â îáëàñòi (V ) çàäàíî âåêòîðíå ïîëå .

Ïðèêëàäàìè âåêòîðíèõ ïîëiâ ¹:

1) åëåêòðè÷íå ïîëå åëåêòðè÷íèõ çàðÿäiâ, ÿêå õàðàêòåðèçó¹òüñÿ â êîæíié

òî÷öi âåêòîðîì íàïðóæåíîñòi ~E ,

2) ïîëå òÿæiííÿ, ñòâîðåíå ñèñòåìîþ ìàñ, ÿêå õàðàêòåðèçó¹òüñÿ ó êîæíié

òî÷öi âåêòîðîì ñèëè òÿæiííÿ ~F , ùî äi¹ â öié òî÷öi íà îäèíèöþ ìàñè;

3) ïîëå øâèäêîñòåé ó ïîòîöi ðiäèí, â ÿêîìó êîæíié òî÷öi âiäïîâiäà¹ âåêòîð

øâèäêîñòåé ~U ,

4) ìàãíiòíå ïîëå, ñòâîðåíå åëåêòðè÷íèì ñòðóìîì, ÿêå õàðàêòåðèçó¹òüñÿ ó

êîæíié òî÷öi âåêòîðîì ìàãíiòíî¨ iíäóêöi¨ ~H .

Ââàæà¹ìî, ùî çàäàíå âåêòîðíå ïîëå âèäó

~u(x, y, z) = P (x, y, z)~i+Q(x, y, z)~j +R(x, y, z)~k,

äå P, Q, R � ñêàëÿðíi ôóíêöi¨, ÿêi ¹ ïðîåêöiÿìè âåêòîðíîãî ïîëÿ ~u íà âiä-

ïîâiäíi êîîðäèíàòíi îñi.

Çàóâàæèìî, ùî õàðàêòåðèñòèêîþ âåêòîðíîãî ïîëÿ ~u ¹ âåêòîðíi ëiíi¨ �

êðèâi, ó êîæíié òî÷öi ÿêèõ íàïðÿì âåêòîðíîãî ïîëÿ çáiãà¹òüñÿ ç íàïðÿìîì äî-

òè÷íî¨ äî êðèâî¨. Âåêòîðíi ëiíi¨ ¹ iíòåãðàëüíèìè êðèâèìè, ÿêi çðó÷íî øóêàòè

ÿê ðîçâ'ÿçêè ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
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dx

P (x, y, z)
=

dy

Q(x, y, z)
=

dz

R(x, y, z)
.

Äëÿ åëåêòðè÷íîãî i ìàãíiòíîãî ïîëiâ, à òàêîæ ïîëÿ òÿæiííÿ òàêi âåêòîðíi

ëiíi¨ íàçèâàþòüñÿ ñèëîâèìè , äëÿ âåêòîðíîãî ïîëÿ øâèäêîñòåé � ëiíiÿìè

òå÷i¨ .

Öèðêóëÿöi¹þ âåêòîðíîãî ïîëÿ ~u ïî çàìêíåíîìó êîíòóðó (Γ) íàçèâà-

¹òüñÿ êðèâîëiíiéíèé iíòåãðàë äðóãîãî ðîäó âèãëÿäó

L =

∫
(Γ)

P (x, y, z)dx+Q(x, y, z)dy +R(x, y, z)dz =

∫
(Γ)

~u~dl,

äå ~dl =~idx+~jdy + ~kdz .

ßêùî ~u � ñèëîâå ïîëå, òî öèðêóëÿöiÿ öüîãî ïîëÿ ïî çàìêíåíîìó êîíòó-

ðó (Γ) äîðiâíþ¹ ðîáîòi ç ïåðåìiùåííÿ òî÷êè ó âåêòîðíîìó ïîëi ~u âçäîâæ

êîíòóðà (Γ).

Âåëè÷èíà

δ(M0) = lim
L→M0

∫
(Γ)

~u~dl

σ
,

äå σ � ïëîùà ïîâåðõíi (S), îáìåæåíà êîíòóðîì σ , íàçèâà¹òüñÿ ãóñòèíîþ

öèðêóëÿöi¨ âåêòîðíîãî ïîëÿ ~u ó òî÷öi M0 .

Íåõàé ôóíêöi¨ P (x, y, z), Q(x, y, z) i R(x, y, z) � íåïåðåðâíi i ìàþòü íå-

ïåðåðâíi ÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó â îêîëi òî÷êè M0(x0, y0, z0). Òîäi

ãóñòèíà öèðêóëÿöi¨ â öié òî÷öi ïî äîâiëüíié ãëàäêié ïîâåðõíi (S) â íàïðÿìi

íîðìàëi ~n = (cosα, cos β, cos γ) âèçíà÷à¹òüñÿ ôîðìóëîþ

δ(M0) =
(
R′y(x0, y0, z0)−Q′z(x0, y0, z0)

)
cosα+

+
(
P ′z(x0, y0, z0)−R′x(x0, y0, z0)

)
cos β +

(
Q′x(x0, y0, z0)− P ′y(x0, y0, z0)

)
cos γ.

Îòæå, ãóñòèíà öèðêóëÿöi¨ δ(M0) âèçíà÷à¹òüñÿ âåêòîðîì íîðìàëi ~n i âå-

êòîðîì

rot ~u = (R′y −Q′z)~i+ (P ′z −R′x)~j + (Q′x − P ′y)~k,
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ÿêèé çàëåæèòü âiä çàäàíîãî âåêòîðíîãî ïîëÿ ~u i íàçèâà¹òüñÿ ðîòîðîì (âè-

õîðîì) öüîãî ïîëÿ.

Çâiäñè

δ(M0) = (rot~u(M0), ~n) = |rot~u(M0)| cos ̂(rot~u, ~n).

Çàóâàæèìî, ùî rot ~u � öå âåêòîð, â íàïðÿìi ÿêîãî ãóñòèíà öèðêóëÿöi¨ â

çàäàíié òî÷öi M0(x0, y0, z0) ¹ íàéáiëüøîþ.

Âèçíà÷èâøè ïîíÿòòÿ ðîòîðà âåêòîðíîãî ïîëÿ ~u, ìîæíà çàïèñàòè ôîðìóëó

Ñòîêñà ó âåêòîðíié ôîðìi∫
(Γ)

~u ~dl =

∫∫
(S)

(rot ~u, ~n)dS.

Ïîòîêîì âåêòîðíîãî ïîëÿ ~u ÷åðåç ïîâåðõíþ (S) ó íàïðÿìi íîðìàëi

~n íàçèâà¹òüñÿ ïîâåðõíåâèé iíòåãðàë ïåðøîãî ðîäó

Π=

∫∫
(S)

(P (x, y, z) cosα +Q(x, y, z) cos β +R(x, y, z) cos γ) dS=

∫∫
(S)

(~u, ~n)dS,

äå cosα, cos β, cos γ � íàïðÿìíi êîñèíóñè íîðìàëi ~n.

Çàóâàæèìî, ùî ÿêùî çìiíèòè îði¹íòàöiþ ïîâåðõíi, òî âåêòîð ~n çìiíèòü

íàïðÿì íà ïðîòèëåæíèé. Â òàêîìó âèïàäêó ïîâåðõíåâèé iíòåãðàë çìiíèòü

çíàê.

Âåëè÷èíà

div ~u(M0) = lim
V→M0

∫∫
(S)

(~u, ~n)dS

V
,

äå (V ) � îáëàñòü ç îá'¹ìîì V , îáìåæåíà ïîâåðõíåþ (S), íàçèâà¹òüñÿ äèâåð-

ãåíöi¹þ âåêòîðíîãî ïîëÿ ~u â òî÷öi M0 i õàðàêòåðèçó¹ ïðîäóêòèâíiñòü

öüîãî ïîëÿ â òî÷öi M0 .

Òî÷êè âåêòîðíîãî ïîëÿ, â ÿêèõ äèâåðãåíöiÿ äîäàòíà, íàçèâàþòüñÿ äæå-

ðåëàìè , à òî÷êè, â ÿêèõ äèâåðãåíöiÿ âiä'¹ìíà, íàçèâàþòüñÿ ñòîêàìè öüîãî

ïîëÿ.
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Áåçïîñåðåäíüî ç îçíà÷åííÿ äèâåðãåíöi¨ âèïëèâà¹, ùî ôîðìóëà äëÿ îá÷è-

ñëåííÿ ¨¨ â äîâiëüíié òî÷öi ìà¹ âèãëÿä

div ~u =
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
.

Îçíà÷åííÿ äèâåðãåíöi¨ äîçâîëÿ¹ çàïèñàòè ôîðìóëó Ãàóññà-Îñòðîãðàäñüêî-

ãî ó âåêòîðíié ôîðìi ∫∫
(S)

(~u, ~n)dS =

∫∫∫
(V )

div ~u dxdydz.

Ôiçè÷íèé çìiñò ôîðìóëè Ñòîêñà . Öèðêóëÿöiÿ âåêòîðíîãî ïîëÿ ~u ïî

çàìêíåíîìó êîíòóðó (Γ) äîðiâíþ¹ ïîòîêó ðîòîðà öüîãî ïîëÿ ÷åðåç ïîâåðõíþ

(S), ÿêà îáìåæåíà êîíòóðîì (Γ).

Ôiçè÷íèé çìiñò ôîðìóëè Ãàóññà-Îñòðîãðàäñüêîãî. Ïîòiê âåêòîð-

íîãî ïîëÿ ~u ÷åðåç çàìêíåíó ïîâåðõíþ (S) â íàïðÿìi íîðìàëi ~n äîðiâíþ¹

ïîòðiéíîìó iíòåãðàëó âiä äèâåðãåíöi¨ öüîãî ïîëÿ ÷åðåç îáëàñòü (V ), îáìåæåíó

öi¹þ ïîâåðõíåþ.

Âëàñòèâîñòi äèâåðãåíöi¨ i ðîòîðà âåêòîðíîãî ïîëÿ

1. ßêùî ~u = a~i+ b~j + c~k , äå a, b, c � ñòàëi, òî div ~u = 0, rot ~u = 0.

2. ßêùî ~w = a~u(x, y, z) + b~v(x, y, z), äå ~u, ~v � âåêòîðíi ïîëÿ, òî

div ~w = a div ~u+ b div~v,

rot ~w = a rot ~u+ b rot~v.

3. ßêùî f(x, y, z) � ñêàëÿðíà ôóíêöiÿ, òî

div (f~u) = (grad f,~v) + f div ~u,

rot (f~u) = [grad f, ~u] + f rot ~u.

4. ßêùî ~u i ~v � âåêòîðíi ïîëÿ, òî

div [~u,~v] = (~v, rot ~u)− (~u, rot~v),

äå [~u,~v]� âåêòîðíèé äîáóòîê âåêòîðiâ ~u i ~v .
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5. Ñïðàâåäëèâi ðiâíîñòi

div ~u = (∇, ~u),

rot ~u = [∇, ~u] =

∣∣∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂z

P Q R

∣∣∣∣∣∣∣∣∣∣
,

äå ∇ =~i
∂

∂x
+~j

∂

∂y
+ ~k

∂

∂z
� îïåðàòîð Ãàìiëüòîíà.

Âïðàâè

1. Äîâåñòè âëàñòèâîñòi 3, 4 i 5 äëÿ äèâåðãåíöi¨ i ðîòîðà äîâiëüíîãî âåêòîð-

íîãî ïîëÿ ~u.

2. Çíàéòè ðîòîð çàäàíîãî âåêòîðíîãî ïîëÿ:

1) ~u =
y

x
~i+

z

y
~j +

x

z
~k , M0(1; 1; 1);

2) ~u =
y√
z
~i− x√

z
~j +
√
xy~k , M0(1; 1; 1);

3) ~u = yz(2x+ y + z)~i+ xz(x+ 2y + z)~j + xy(x+ y + 2z)~k ;

4) ~u = [~a,~b], ~a = x2~i+ y2~j − x2~k , ~b =~i−~j + 2~k ;

5) ~u = r~r , äå ~r = x~i+ y~j + z~k ;

6) ~u =
~r

r3
, äå ~r = x~i+ y~j + z~k ;

7) ~u = (~r,~c), äå ~r = x~i+ y~j + z~k , ~c = a~i+ b~j + d~k ;

8) ~u = [~r,~c], äå ~r = x~i+ y~j + z~k , ~c = a~i+ b~j + d~k .

3. Çíàéòè äèâåðãåíöiþ âåêòîðíîãî ïîëÿ ~u:

1) ~u = gradϕ, ϕ = ex+y+z ;

2) ~u = x2y~i+ xy2~j + z2~k , M0(1; 3;−1);

3) ~u = (x− y)(y − z)~i+ (y − z)(z − x)~j + (z − x)(x− y)~k , M(1; 2; 1);

4) ~u = [~v, ~r], ~v = x2~i+ y2~j , ~r = x~i+ y~j + z~k ;

5) ~u = r[~c, ~r], ~r = x~i+ y~j + z~k , ~c = a~i+ b~j + d~k ;

6) ~u =
~r

r
.

4. Çíàéòè öèðêóëÿöiþ âåêòîðíîãî ïîëÿ ~u âçäîâæ âêàçàíî¨ êðèâî¨ â äîäà-

òíîìó íàïðÿìi:



� 4.1. Îñíîâíi õàðàêòåðèñòèêè âåêòîðíîãî ïîëÿ 153

1) ~u = −y~i+ x~j + c~k , c � ñòàëà, (Γ) = {(x, y, z) : x2 + y2 = 1, z = 0};

2) ~u = y~i − x~j , (Γ) � çàìêíåíà êðèâà, îáìåæåíà ëiíiÿìè x = a cos3 t,

y = a sin3 t, x > 0, y > 0;

3) ~u = y~i + z~j + x~k , (Γ) � ëiíiÿ ïåðåòèíó ïîâåðõíi z = 2(1 − x2 − y2) ç

ïëîùèíîþ z = 0;

4) ~u = y~i−x~j+z~k , (Γ) � çàìêíåíèé êîíòóð x2 +y2 +z2 = 4, x2 +y2 = z2 ,

z > 0;

5) ~u = y2~i − x2~j + z2~k , (Γ) � çàìêíåíà êðèâà ïåðåòèíó ïàðàáîëî¨äà

x2 + y2 = 1− y ç êîîðäèíàòíèìè ïëîùèíàìè;

6) ~u = y~i+ z~j + x~k , (Γ) � êîëî x2 + y2 + z2 = a2 , x+ y + z = 0;

7) ~u = (x − 2z)~i + (x + 3y + z)~j + (5x + y)~k , (Γ) � êîíòóð òðèêóòíèêà ç

âåðøèíàìè A(2; 0; 0), B(0; 2; 0), C(0; 0; 2);

8) ~u = (y− x)~i+ (z− y)~j+ (x− z)~k , (Γ) � äóãà ãâèíòîâî¨ ëiíi¨ x = a cos t,

y = a sin t, z =
b

2π
t, âiä òî÷êè M(a; 0; 0) äî òî÷êè N(a; 0; b) âiäðiçêà NM ;

9) ~u = y2z2~i+x2z2~j+x2z2~k , (Γ) � çàìêíåíà êðèâà x = a cos t, y = a cos 2t,

z = a cos 3t;

10) ~u = grad
(
arctg

y

x

)
, (Γ) � çàìêíåíèé êîíòóð íàâêîëî îñi Oz .

5. Îá÷èñëèòè ïîòiê âåêòîðíîãî ïîëÿ ~u ÷åðåç ïîâåðõíþ (S):

1) ~u = x3~i+ y3~j + z3~k , (S) � ñôåðà x2 + y2 + z2 = x;

2) ~u = x3~i + y3~j + z3~k , (S) � çîâíiøíÿ ïîâåðõíÿ êîíóñà x2 + y2 6
R2

h2
z2 ,

0 6 z 6 h;

3) ~u = xy~i + (y + z)~j + (x + 2z)~k , (S) � çîâíiøíÿ ÷àñòèíà ïëîùèíè

3x+ y + z = 3, ÿêà ìiñòèòüñÿ â ïåðøîìó îêòàíòi;

4) ~u = x2~i+ y2~j + z2~k , (S) � çîâíiøíÿ ÷àñòèíà ïîâåðõíi x2 + y2 + z2 = 1,

x > 0, y > 0, z > 0;

5) ~u = x2~i + x~j + xz~k , (S) � çîâíiøíÿ ñòîðîíà çàìêíåíî¨ ïîâåðõíi

y = x2 + z2 , x = 0, y = 1, z = 0, x > 0;

6) ~u = x~i+y~j−2z~k , (S) � çîâíiøíÿ ñòîðîíà êóáà |x| 6 a, |y| 6 a, |z| 6 a;



154 ÐÎÇÄIË IV. Åëåìåíòè âåêòîðíîãî àíàëiçó

7) ~u = x2~i + x~j + xz~k , (S) � çîâíiøíÿ ñòîðîíà ÷àñòèíè ïàðàáîëî¨äà

y = x2 + y2 , 0 6 y 6 1, ðîçìiùåíà â ïåðøîìó îêòàíòi;

8) ~u = (x + z)~i + (z + y)~k , (S) � çîâíiøíÿ ñòîðîíà çàìêíåíî¨ ïîâåðõíi

x2 + y2 = 9, z = 0, z = y , z > 0;

9) ~u = rot~v , (S) � äîâiëüíà çàìêíåíà ïîâåðõíÿ;

10) ~u =
~r

r
, ~r = x~i + y~j + z~k , (S) � çîâíiøíÿ ñòîðîíà ïîâåðõíi ñôåðè

x2 + y2 + z2 = R2 .

6. Äîâåñòè ôîðìóëó

∇2(u, v) = u∇2v + v∇2u+ 2∇u∇v,

äå ∇ =~i
∂

∂x
+~j

∂

∂y
+ ~k

∂

∂z
, ∇2 = ∇∇ =

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
.

7. Äîâåñòè ôîðìóëó

grad f(u, v) =
∂f

∂u
gradu+

∂f

∂v
grad v.

8. Âèðàçèòè rot ~u(x, y, z):

à) â öèëiíäðè÷íèõ êîîðäèíàòàõ,

á) â ñôåðè÷íèõ êîîðäèíàòàõ.

9. Äîâåñòè ðiâíiñòü

d~v

dt
=
∂~v

∂t
+ grad

(
~v

2

)2

+ [rot~v,~v],

äå ~v(x, y, z, t) � íåñòàöiîíàðíå ïîëå øâèäêîñòåé ïîòîêó ðiäèíè.

10. Äîâåñòè, ùî ∫∫
(S)

∂u

∂n
dS =

∫∫∫
(V )

∇2u dxdydz,

äå (S) îáìåæó¹ òiëî (V ).

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.6. Îñêiëüêè r3 =
√

(x2 + y2 + z2)3 , òî âåêòîðíå ïîëå ~u ìàòèìå âèãëÿä

~u =
x√

(x2 + y2 + z2)3
~i+

y√
(x2 + y2 + z2)3

~j +
z√

(x2 + y2 + z2)3
~k,
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äå

P (x, y, z) =
x√

(x2 + y2 + z2)3
, Q(x, y, z) =

y√
(x2 + y2 + z2)3

,

R(x, y, z) =
z√

(x2 + y2 + z2)3
.

Òîäi

P ′y =
(
x(x2 + y2 + z2)−

3
2

)′
y

= −3xy(x2 + y2 + z2)−
5
2 ,

P ′z =
(
x(x2 + y2 + z2)−

3
2

)′
z

= −3xz(x2 + y2 + z2)−
5
2 ,

Q′x =
(
y(x2 + y2 + z2)−

3
2

)′
x

= −3xy(x2 + y2 + z2)−
5
2 ,

Q′z =
(
y(x2 + y2 + z2)−

3
2

)′
z

= −3yz(x2 + y2 + z2)−
5
2 ,

R′x =
(
z(x2 + y2 + z2)−

3
2

)′
x

= −3xz(x2 + y2 + z2)−
5
2 ,

R′y =
(
z(x2 + y2 + z2)−

3
2

)′
y

= −3yz(x2 + y2 + z2)−
5
2 .

Çà îçíà÷åííÿì ðîòîðà âåêòîðíîãî ïîëÿ ~u çàïèøåìî:

rot ~u = (R′y −Q′z)~i+ (P ′z −R′x)~j + (Q′x − P ′y)~k = 0 ·~i+ 0 ·~j + 0 · ~k = 0. I

4.8. Çà îçíà÷åííÿì öèðêóëÿöi¨ âåêòîðíîãî ïîëÿ ~u çàïèøåìî

L =

∫
(lNM)

(y−x)dx+(z−y)dy+(x−z)dz =

∫
(l)

(y−x)dx+(z−y)dy+(x−z)dz+

+

∫
(NM)

(y − x)dx+ (z − y)dy + (x− z)dz = I1 + I2.

Îá÷èñëèìî êîæåí ç iíòåãðàëiâ çîêðåìà:

I1 =

∣∣∣∣∣∣∣∣∣∣∣∣

x = a cos t,

y = a sin t,

z = b
2π t,

0 6 t 6 2π

∣∣∣∣∣∣∣∣∣∣∣∣
=

2π∫
0

(
a2(sin t− cos t)(− sin t) +

(
b

2π
t− a sin t

)
a cos t+

+

(
a cos t− b

2π
t

)
· b
2π

)
dt =

2π∫
0

(
−a2 sin2 t+

ab

2π
t cos t+

ab

2π
cos t− b2

4π2
t

)
dt =
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= −a2

2π∫
0

1− cos 2t

2π2
dt+

ab

2π
(t+ 1) sin t

∣∣∣2π
0
− ab

2π

2π∫
0

cos tdt− b2t2

8π2

∣∣∣2π
0

=

= −a
2

2

(
t− 1

2
sin 2t

) ∣∣∣2π
0
− ab

2π
sin t

∣∣∣2π
0
− b2

2
= −a2π − b2

2
= −1

2
(2a2π + b2).

Äëÿ îá÷èñëåííÿ iíòåãðàëà I2 ñêëàäåìî ðiâíÿííÿ ïðÿìî¨ (NM):

x− a
0

=
y − 0

0
=
z − b
−b

.

Çàïèøåìî éîãî â ïàðàìåòðè÷íîìó âèäi


x = a,

y = 0,

z = −bt+ b.

ßêùî z çìiíþ¹-

òüñÿ âiä b äî íóëÿ, òî t çíiþ¹òüñÿ âiä 0 äî 1.

Òîäi

I2 =

1∫
0

(a+ bt− b)(−b)dt = −b
(

(a− b)t+
bt2

2

) ∣∣∣1
0

=

= −b
(
a− b+

b

2

)
= −b

(
a− b

2

)
=
b

2
(b− 2a) .

Îòæå,

L = −1

2
(2a2π + b2) +

b

2
(b− 2a) = −a(πa+ b). I

5.8. Ñêîðèñòà¹ìîñÿ ôîðìóëîþ Ãàóññà-Îñòðîãðàäñüêîãî. Ïîòiê âåêòîðíîãî

ïîëÿ ~u ÷åðåç ïîâåðõíþ (S) îáìåæåíó x2 + y2 = 9, z = 0, z = y , z > 0,

äîðiâíþ¹ âåëè÷èíi

Π =

∫∫
(S)

(x+ y)dydz + (z + y)dxdy = 2

∫∫∫
(V )

dxdydz,

äå (V ) = {(x, y, z) : x2 + y2 6 9, 0 6 z 6 y}.

Òîäi

Π = 2

∫∫∫
(V )

dxdydz = 2

∫∫
(D)

dxdy

y∫
0

dz,

äå (D) = {(x, y) : x2 + y2 6 9}.
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Îòæå,

Π = 2

∫∫
(D)

ydxdy =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x = r cosϕ,

y = r sinϕ,

J(r, ϕ) = r,

0 6 ϕ 6 π,

0 6 r 6 3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 2

π∫
0

dϕ

3∫
0

r2 sinϕdr =

=
2

3

π∫
0

r3
∣∣∣3
0

sinϕdϕ = 18

π∫
0

sinϕdϕ = 18(− cosϕ)
∣∣∣π
0

= 36. I
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Íåõàé çàäàíî âåêòîðíå ïîëå

~u = P (x, y, z)~i+Q(x, y, z)~j +R(x, y, z)~k.

Âåêòîðíå ïîëå ~u íàçèâà¹òüñÿ ïîòåíöiàëüíèì â îáëàñòi (V ) ⊂ R3 , ÿêùî

éîãî ìîæíà ïîäàòè â öié îáëàñòi ÿê ãðàäi¹íò äåÿêîãî ñêàëÿðíîãî ïîëÿ ϕ:

~u = gradϕ.

Ôóíêöiþ ϕ â öüîìó âèïàäêó íàçèâàþòü ñêàëÿðíèì ïîòåíöiàëîì âå-

êòîðíîãî ïîëÿ ~u i âèçíà÷àþòü ç ðiâíîñòåé:

∂ϕ

∂x
= P (x, y, z),

∂ϕ

∂y
= Q(x, y, z),

∂ϕ

∂z
= R(x, y, z).

Âåêòîðíå ïîëå ~u íàçèâà¹òüñÿ ñîëåíî¨äíèì â îáëàñòi (V ) ⊂ R3 , ÿêùî â

öié îáëàñòi div ~u = 0.

Îñêiëüêè div ~u õàðàêòåðèçó¹ ãóñòèíó äæåðåë ïîëÿ ~u, òî â òié îáëàñòi, äå

ïîëå ~u ñîëåíî¨äíå, íåìà¹ äæåðåë öüîãî ïîëÿ.

Âåêòîðíå ïîëå ~u íàçèâà¹òüñÿ áåçâèõðîâèì â îáëàñòi (V ) ⊂ R3 , ÿêùî â

öié îáëàñòi rot ~u = 0.

ßêùî âåêòîðíå ïîëå ~u ìîæíà ïîäàòè ÿê ðîòîð äåÿêîãî âåêòîðíîãî ïîëÿ

~v , òîáòî ~u = rot~v , òî âåêòîðíó ôóíêöiþ ~v íàçèâàþòü âåêòîðíèì ïîòåí-

öiàëîì ïîëÿ ~u.
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Çàóâàæèìî, ùî ÿêùî çàäàíå ñêàëÿðíå ïîëå ϕ(x, y, z), òî íàä íèì ìîæíà

âèêîíàòè òiëüêè îäíó äèôåðåíöiàëüíó îïåðàöiþ ïåðøîãî ïîðÿäêó, à ñàìå

gradϕ. Îñêiëüêè gradϕ ¹ âåêòîðîì, òî ìîæíà âèçíà÷èòè äèôåðåíöiàëüíi

îïåðàöi¨ äðóãîãî ïîðÿäêó ïî âiäíîøåííþ äî ñêàëÿðíîãî ïîëÿ, à ñàìå

div gradϕ i rot gradϕ.

ßêùî çàäàíå âåêòîðíå ïîëå ~u(x, y, z), òî âîíî äîïóñêà¹ äâi äèôåðåöiàëüíi

îïåðàöi¨ ïåðøîãî ïîðÿäêó: div ~u i rot ~u. Îñêiëüêè div ~u � ñêàëÿðíà âåëè÷èíà,

òî âîíà äîïóñêà¹ îäíó äèôåðåíöiàëüíó îïåðàöiþ äðóãîãî ïîðÿäêó ïî âiäíî-

øåííþ äî ïîëÿ ~u(x, y, z), à ñàìå grad div~u. Îäíàê, rot ~u ¹ âåêòîðíîþ âåëè-

÷èíîþ, òîìó íàä íåþ ìîæíà âèêîíàòè äâi äèôåðåíöiàëüíi îïåðàöi¨ äðóãîãî

ïîðÿäêó ïî âiäíîøåííþ äî ~u: div rot ~u i rot rot ~u.

Îïåðàöiþ div grad íàçèâàþòü îïåðàòîðîì Ëàïëàñà i ïîçíà÷àþòü ∆,

òîáòî

div gradϕ = ∆ϕ.

Çà äîïîìîãîþ îïåðàòîðà Ãàìiëüòîíà îïåðàòîð Ëàïëàñà çàïèñóþòü ó âè-

ãëÿäi

∆ϕ = (∇(∇ϕ)) = ∇2ϕ.

Âðàõîâóþ÷è, ùî

∇2 =

(
~i
∂

∂x
+~j

∂

∂y
+ ~k

∂

∂z

)
=

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
,

äiñòàíåìî

∆ϕ = ∇2ϕ =
∂2ϕ

∂x2
+
∂2ϕ

∂y2
+
∂2ϕ

∂z2
.

Çàóâàæèìî, ùî ôóíêöiþ ϕ, ÿêà çàäîâîëüíÿ¹ â äåÿêié îáëàñòi ðiâíÿííÿ

Ëàïëàñà ∆ϕ = 0, íàçèâà¹òüñÿ ãàðìîíi÷íîþ â öié îáëàñòi.

Âïðàâè

1. Äîâåñòè, ùî äàíå âåêòîðíå ïîëå ¹ ïîòåíöiàëüíèì i çíàéòè éîãî ïîòåí-

öiàë:

1) ~u = yz(2x+ y + z)~i+ xz(x+ 2y + z)~j + xy(x+ y + 2z)~k;
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2) ~u = x3~i− y3~j + z3~k;

3) ~u =
2√
y + z

~i− x√
(y + z)3

~j − x√
(y + z)3

~k;

4) ~u = (3x2y2z + y2z3)~i+ (2x3yz + 2xyz3)~j + (x3y2 + 3xy2z2)~k;

5) ~u =
4~r

r6
, ~r = x~i+ y~j + z~k;

6) ~u =
~r

r3
, ~r = x~i+ y~j + z~k;

7) ~u = f(r)~r, ~r = x~i+ y~j + z~k;

8) ~u = grad
√
x 3
√
y 4
√
z.

2. ßêå iç çàäàíèõ âåêòîðíèõ ïîëiâ ¹ ñîëåíî¨äíèì:

1) ~u = exy(−x~i+ y~j + xy~k);

2) ~u = xy2~i+ x2y~j − (x2 + y2)z~k;

3) ~u =
~i+~j + ~k

3
√

(x+ y + z)2
;

4) ~u =
y

z
~i+

z

x
~j +

x

y
~k;

5) ~u = rot~r, ~r = x~i+ y~j + z~k;

6) ~u =
~r

r3
, ~r = x~i+ y~j + z~k.

3. ßêå iç çàäàíèõ âåêòîðíèõ ïîëiâ ¹ áåçâèõðîâèì:

1) ~u = (x2 + y2)~i+ (y2 + z2)~j + (x2 + z2)~k;

2) ~u =
~i+~j + ~k

x+ y + z
;

3) ~u = (y + z)~i+ (x+ z)~j + (x+ y)~k;

4) ~u = 2xy~i+ (x2 + 1)~j;

5) ~u =
y

z
~i+

z

x
~j +

x

y
~k.

4. Íåõàé u, v � ñêàëÿðíi ïîëÿ, ~a � çìiííèé âåêòîð, ~c � ñòàëèé âåêòîð.

Âèâåñòè ôîðìóëè äëÿ îá÷èñëåííÿ íàñòóïíèõ âåëè÷èí:

1) ∆(uv); 2) rot rot~a;

3) div grad (uv); 4) div(u grad v);

5) grad div (u,~a); 6) rot rot (u,~c).
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5. Äîâåñòè, ùî äëÿ ãàðìîíi÷íèõ â îáëàñòi (V ) ôóíêöié u òà w ìàþòü

ìiñöå ôîðìóëè:

1)

∫∫
(S)

u
∂w

∂n
dS =

∫∫∫
(V )

(gradu, gradw)dxdydz ;

2)

∫∫
(S)

(
u
∂w

∂n
− w∂u

∂n

)
dS = 0;

3)

∫∫
(S)

∂(uw)

∂n
dS = 2

∫∫∫
(V )

(gradu, gradw)dxdydz , äå (S) � ïîâåðõíÿ, ùî

îáìåæó¹ îáëàñòü (V ).

6. Íåõàé ~a = P (x, y)~i+Q(x, y)~j � âåêòîðíå ïîëå çàäàíå â ïëîñêié îáëàñòi

(D), ùî îáìåæåíà êóñêîâî-ãëàäêèì êîíòóðîì (Γ). Äîâåñòè ôîðìóëó∫∫
(D)

div~a dS =

∫
(Γ)

(~a, ~n)dl,

äå ~n � çîâíiøíÿ íîðìàëü äî (Γ).

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.5. Âðàõîâóþ÷è, ùî ~r = x~i + y~j + z~k, âåêòîðíå ïîëå ~u =
4~r

r6
ìîæíà

çàïèñàòè ó âèãëÿäi

~u(x, y, z) =
4x

(x2 + y2 + z2)3
~i+

4y

(x2 + y2 + z2)3
~j +

4z

(x2 + y2 + z2)3
~k.

Çíàéäåìî rot ~u:

P (x, y, z) =
4x

(x2 + y2 + z2)3
, Q(x, y, z) =

4y

(x2 + y2 + z2)3
,

R(x, y, z) =
4z

(x2 + y2 + z2)3
.

Òîäi

P ′y = − 24xy

(x2 + y2 + z2)4
, P ′z = − 24xz

(x2 + y2 + z2)4
,

Q′x = − 24xy

(x2 + y2 + z2)4
, Q′z = − 24yz

(x2 + y2 + z2)4
,

R′x = − 24xz

(x2 + y2 + z2)4
, R′y = − 24yz

(x2 + y2 + z2)4
.
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Çâiäñè R′y − Q′z = 0, P ′z − R′x = 0, Q′x − P ′y = 0. Òîáòî rot ~u = 0. Îòæå,

âåêòîðíå ïîëå ~u(x, y, z) ¹ ïîòåíöiàëüíèì.

Çíàéäåìî ñêàëÿðíèé ïîòåíöiàë ϕ(x, y, z) âåêòîðíîãî ïîëÿ ~u(x, y, z).

Îñêiëüêè ϕ′x = P (x, y, z), ϕ′y = Q(x, y, z), ϕ′z = R(x, y, z), òî dϕ = ~u d~r,

äå d~r =~idx+~jdy + ~kdz .

Çâiäñè,

ϕ(x, y, z) =

(x,y,z)∫
(x0,y0,z0)

~u d~r =

(x,y,z)∫
(x0,y0,z0)

4~rdr

r6
,

äå (x0, y0, z0) � ôiêñîâàíà òî÷êà.

Ç òîãî, ùî ~r 2 = r2 , ìà¹ìî ~r d~r = rdr . Òîäi

ϕ(x, y, z) = 4

(x,y,z)∫
(x0,y0,z0)

rdr

r6
= 4

(x,y,z)∫
(x0,y0,z0)

dr

r5
= − 1

(x2 + y2 + z2)2
+

1

(x2
0 + y2

0 + z2
0)2

Îòæå, ~u = gradϕ, äå ϕ = − 1

(x2 + y2 + z2)2
+

1

(x2
0 + y2

0 + z2
0)2

� ñêàëÿðíèé

ïîòåíöiàë çàäàíîãî ïîëÿ ~u(x, y, z). I

3.5. Çíàéäåìî rot ~u çàäàíîãî âåêòîðíîãî ïîëÿ ~u(x, y, z):

rot ~u =

∣∣∣∣∣∣∣∣∣∣
~i ~j ~k
∂

∂x

∂

∂y

∂

∂z
y

z

z

x

x

y

∣∣∣∣∣∣∣∣∣∣
=~i

(
∂

∂y

(
x

y

)
− ∂

∂z

(z
x

))
+

+~j

(
∂

∂z

(y
z

)
− ∂

∂x

(
x

y

))
+ ~k

(
∂

∂x

(z
x

)
− ∂

∂y

(y
z

))
=

=~i

(
− x
y2
− 1

x

)
+~j

(
− y
z2
− 1

y

)
+ ~k

(
− z

x2
− 1

z

)
6= 0.

Îòæå, âåêòîðíå ïîëå ~u(x, y, z) íå ¹ áåçâèõðîâèì. I

4.3. Íåõàé u(x, y, z) i v(x, y, z) � äâi ñêàëÿðíi ôóíêöi¨. Òîäi

grad (u · v) =
∂(u · v)

∂x
~i+

∂(u · v)

∂y
~j +

∂(u · v)

∂z
~k =

=

(
v
∂u

∂x
+ u

∂v

∂x

)
~i+

(
v
∂u

∂y
+ u

∂v

∂y

)
~j +

(
v
∂u

∂z
+ u

∂v

∂z

)
~k.
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Çâiäñè

div(grad(u ·v)) =
∂

∂x

(
v
∂u

∂x
+ u

∂v

∂x

)
+
∂

∂y

(
v
∂u

∂y
+ u

∂v

∂y

)
+
∂

∂z

(
v
∂u

∂z
+ u

∂v

∂z

)
=

=
∂v

∂x

∂u

∂x
+ v

∂2u

∂x2
+
∂u

∂x

∂v

∂x
+ u

∂2v

∂x2
+
∂v

∂y

∂u

∂y
+ v

∂2u

∂y2
+
∂u

∂y

∂v

∂y
+ u

∂2v

∂y2
+
∂v

∂z

∂u

∂z
+

+v
∂2u

∂z2
+
∂u

∂z

∂v

∂z
+ u

∂2v

∂z2
= v

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
+ 2

∂u

∂x

∂v

∂x
+ 2

∂u

∂y

∂v

∂y
+

+2
∂u

∂z

∂v

∂z
+ u

(
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

)
= v∆u+ 2(gradu, grad v) + u∆v. I

Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó IV

1. Îá÷èñëèòè ïîòiê âåêòîðíîãî ïîëÿ ~u ÷åðåç ÷àñòèíó ïëîùèíè σ ðîçòà-

øîâàíó â ïåðøîìó îêòàíòi (íîðìàëü óòâîðþ¹ ãîñòðèé êóò ç âiññþ Oz ).

1) ~u = y~j + z~k, σ : x+ y + z = 1;

2) ~u = x~i+ 2y~j + 5z~k, σ : x+ 2y +
z

2
= 1;

3) ~u = 2x~i+ y~j + z~k, σ : x+
y

2
+
z

3
= 1;

4) ~u = 2x~i+ y~j − 2z~k, σ : 2x+ y + z = 1;

5) ~u = 2x~i+ 3y~j + z~k, σ :
x

3
+ y +

z

2
= 1;

6) ~u = x~i+ y~j + z~k, σ : 2x+ 3y + z = 1;

7) ~u = y~j + 3z~k, σ :
x

2
+ y + z = 1;

8) ~u = 2x~i+ y~j + z~k, σ : x+ y + z = 1;

9) ~u = x~i+ 3y~j + 8z~k, σ : x+ 2y +
z

2
= 1;

10) ~u = x~i+ y~j + z~k, σ : x+
y

2
+
z

3
= 1;

11) ~u = 2x~i+ 3y~j + z~k, σ : 2x+ 3y + z = 1;

12) ~u = 2x~i+ 3y~j, σ : x+ y + z = 1;

13) ~u = −x~i+ y~j + 12z~k, σ : 2x+
y

2
+ z = 1;

14) ~u = x~i+ 3y~j − z~k, σ :
x

3
+ y +

z

2
= 1;

15) ~u = x~i+ 4y~j + 5z~k, σ : x+ 2y +
z

2
= 1;

16) ~u = x~i+ 9y~j + 8z~k, σ : x+ 2y + 3z = 1;

17) ~u = x~i+ 3y~j + 2z~k, σ : x+ y + z = 1;
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18) ~u = 8x~i+ 11y~j + 17z~k, σ : x+ 2y + 3z = 1;

19) ~u = x~i− y~j + 6z~k, σ : x+ 2y +
z

2
= 1;

20) ~u = x~i+ y~j + 2z~k, σ : 2x+
y

2
+ z = 1;

21) ~u = x~i+ y~j + z~k, σ : x+ y + z = 1;

22) ~u = x~i+ y~j + z~k, σ : x+ y + z = 1;

23) ~u = 2x~i+ 3y~j + 4z~k, σ : 2x+ 3y + z = 1;

24) ~u = −x~i+ 2y~j + z~k, σ : x+ 2y + 3z = 1;

25) ~u = 8x~i+ 11y~j + 17z~k, σ : x+ 2y + 3z = 1.

2. Îá÷èñëèòè ïîòiê âåêòîðíîãî ïîëÿ ~u ÷åðåç çàìêíåíó ïîâåðõíþ σ (íîð-

ìàëü çîâíiøíÿ).

1) ~u = 2(z − y)~j + (x− z)~k, σ :

x
2 + y2 + 1 = z, z = 0,

x2 + y2 = 1;

2) ~u = 6x~i− 2y~j − z~k, σ :

3− 2(x2 + y2) = z,

x2 + y2 = z2, z > 0;

3) ~u = 8x~i− 2y~j + x~k, σ :

x+ y = 1, x = 0, y = 0,

x2 + y2 = z, z = 0;

4) ~u = 2x~i+ z~k, σ :

x
2 + y2 + 1 = z,

x2 + y2 = 4, z = 0;

5) ~u = z~i− 4y~j + 2x~k, σ :

x
2 + y2 = z,

z = 1;

6) ~u = (y + 2z)~i− y~j + 3z~k, σ :

9− 2

3
(x2 + y2) = z,

x2 + y2 = z2, z > 0;

7) ~u = (y + z)~i+ (x− 2y + z)~j + x~k, σ :

x
2 + y2 = 1,

x2 + y2 = z, z = 0;
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8) ~u = (x+ z)~i+ (z + y)~k, σ :

x
2 + y2 = 9,

z = x, z = 0, z > 0;

9) ~u = (z + y)~i+ y~j − x~k, σ :

x
2 + z2 = 2y,

y = 2;

10) ~u = −2x~i+ z~j + (x+ y)~k, σ :

x
2 + y2 = 2y,

x2 + y2 = z, z = 0;

11) ~u = (2x+ y)~i+ (y + 2k)~k, σ :

z = 2− 4(x2 + y2),

z = 4(x2 + y2);

12) ~u = (x+ y)~i+ (y + z)~j + (z + x)~k, σ :

y = 2x, y = 4x,

x = 1, z = y2, z = 0;

13) ~u = x~j − (x+ 2y)~j + y~k, σ :

x
2 + y2 + 1 = z, z = 0,

x+ 2y + 3z = 6;

14) ~u = z~j + x~j − z~k, σ :

x
2 + y2 = 4z,

z = 4;

15) ~u = 3x~j − z~j, σ :

6− x2 − y2 = z,

x2 + y2 = z2, z > 0;

16) ~u = y~i+ (x+ 2y)~j + x~k, σ :

x
2 + y2 = 2x,

x2 + y2 = z, z = 0;

17) ~u = (2x−3z)~i+(3x+2z)~j+(x+y+z)~k, σ :

x
2 + y2 = 1,

z = 4− x− y, z = 0;

18) ~u = x~i+ z~j − y~k, σ :

4− 2(x2 + y2) = z,

2(x2 + y2) = z;

19) ~u = x~i− 2y~j + x~j + 3z~k, σ :

x
2 + y2 = z,

z = 2x;
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20) ~u = (z + y)~i+ (x− z)~j + x~j + z~k, σ :

x
2 + y2 = 1,

3x+ 4y + z = 12, z = 0;

21) ~u = (3x− y − z)~j + 3y~j + 2z~k, σ :

x
2 + y2 = z,

z = 2y;

22) ~u = z~j + (3y − x)~j − z~k, σ :

x
2 + y2 = 1,

x2 + y2 + 2 = z, z = 0;

23) ~u = 4x~j − 2y~j − z~k, σ :

3x+ 2y = 12,

3x+ y = 6, x+ y + z = 6, y = 0, z = 0;

24) ~u = (2y − 15x)~j + (z − y)~j − (x− 3y)~k, σ :

x
2 + y2 + 1 = z,

x2 + y2 =
1

4
, z = 0;

25) ~u = 2x~j + 2y~j + z~k, σ :

y = x2, y = 4x2, y = 1,

x > 0, z = y, z = 0.

3. Îá÷èñëèòè öèðêóëÿöiþ âåêòîðíîãî ïîëÿ ~u ïî çàìêíåíîìó êîíòóðó (L),

âèêîðèñòîâóþ÷è ôîðìóëó Ãðiíà.

1) ~u = (xy + x+ y)~j + (xy + x− y)~j, (L) : (x− 1)2 + y2 = 1;

2) ~u = (2y − x)~j + xy~j, (L) : x = 0, y = 0, x+ y = 2;

3) ~u = (1− x2)~j + x(1 + y2)~j, (L) : x2 + y2 = 1;

4) ~u = 2xy~j − (x+ y)~j, (L) : y = 3, y = x2 − 1;

5) ~u = (x2 − y2)~j − 2xy~j, (L) : y = 4− x2, y = 0.

Îá÷èñëèòè öèðêóëÿöiþ âåêòîðíîãî ïîëÿ ~u ïî çàìêíåíîìó êîíòóðó (L),

âèêîðèñòîâóþ÷è ôîðìóëó Ñòîêñà.

6) ~u = (x + 2z)~j + (x + 3y + z)~j + (5x + y)~k, (L) : x + y + z = 2,

x = 0, y = 0, z = 0;

7) ~u = (x + y)~j + (x − z)~j + (y + z)~k, (L) : x + y + z = 2, x = 0,

y = 0, z = 0;

8) ~u = z~j − y~k, (L) : x2 + y2 = 4, x+ 2z = 5;
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9) ~u = x2y3~j +~j + z~k, (L) : x2 + y2 = 9, z = 0;

10) ~u = (2z − x)~j + (x + 2z)~j + 3z~k, (L) : x + 4y + z = 4, x = 0,

y = 0, z = 0;

11) ~u = xy~i+ yz~j + zx~k, (L) : x2 + y2 = 1, x+ y + z = 1;

12) ~u = y~i+ z~j + x~k, (L) : 2(1− x2 − y2) = z, z = 0;

13) ~u = (z2−x2)~j+(x2−y2)~j+(y2−z2)~k, (L) : x2+y2+z = 6, x2+y2 = z2;

14) ~u = (x−y+3z)~j+(y−3x+z)~j+(x−3y+z)~k, (L) : 2x+3y+6z = 3,

x = 0, y = 0, z = 0;

15) ~u = (x + 3y + 2z)~j + (2x + z)~j + (x − y)~k, (L) : 3x + 2y + 6z = 6,

x = 0, y = 0, z = 0;

16) ~u = (x − 2z)~i + (x + 3y + z)~j + (5x + y)~k, (L) : x + y + z = 1,

x = 0, y = 0, z = 0;

17) ~u = −y~i+ 2x~j + k~k, (L) : (x− 2)2 + y2 = 1, z = 0;

18) ~u = (y−x)~i+(x+y)~j+y~k, (L) : x+y+z = 1, x = 0, y = 0, z = 0;

19) ~u = y~i− x~j + 2~k, (L) : x2 + y2 = z, z = 1;

20) ~u = x2y3~i+~j + z~k, (L) : x2 + y2 = 1, z = 0.

Îá÷èñëèòè öèðêóëÿöiþ âåêòîðíîãî ïîëÿ ~u ïî çàìêíåíîìó êîíòóðó (L).

21) ~u = y~i+ x~j + z~k, (L) : x = 2 cos t, y = 2 sin t, z = 3;

22) ~u = y~i− x~k, (L) : x = 2 cos3 t, y = 2 sin3 t, z = 0, x > 0, y > 0;

23) ~u = z~i−x~k, (L) � âiäðiçîê ïðÿìî¨ ìiæ òî÷êàìè A(1; 1; 1), B(3; 2; 1);

24) ~u = zy2~i+ xz2~j + x~k, (L) : x = y2 + z2, x = 9;

25) ~u = 2x2~i − y~k, (L) � âiäðiçîê ïðÿìî¨ ìiæ òî÷êàìè A(2; 0; 1),

B(3; 2; 2).

4. Ïåðåâiðèòè, ÷è áóäå âåêòîðíå ïîëå ~u ïîòåíöiàëüíèì i ñîëåíî¨äíèì.

ßêùî ïîëå ~u ïîòåíöiàëüíå, çíàéòè éîãî ïîòåíöiàë.

1) ~u = (3x− yz)~i+ (3y − xz)~j + (3z − xy)~k;

2) ~u = (8x− 5yz)~i+ (8y − 5xz)~j + (8z − 5xy)~k;

3) ~u = yz~i+ xz~j + xy~k;

4) ~u = (x2 + yz)~i+ (y2 + xz)~j + (z2 + xy)~k;
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5) ~u = 6xy~i+ (3x2 − 2y)~j;

6) ~u = (10x− 3yz)~i+ (10y − 3xz)~j + (10z − 3xy)~k;

7) ~u = (6x+ 7yz)~i+ (6y + 7xz)~j + (6z + 7xy)~k;

8) ~u = (8x+ 5yz)~i+ (8y + 5xz)~j + (8z + 5xy)~k;

9) ~u = (x+ yz)~i+ (y + xz)~j + (z + xy)~k;

10) ~u = yz2~i+ xz2~j + 2xyz~k;

11) ~u = (4x− 7yz)~i+ (4y − 7xz)~j + (4z − 7xy)~k;

12) ~u = (11x− 3yz)~i+ (11y − 3xz)~j + (11z − 3xy)~k;

13) ~u = (2x+ 7yz)~i+ (2y + 7xz)~j + (2z + 7xy)~k;

14) ~u = (x− 2yz)~i+ (y − 2xz)~j + (z − 2xy)~k;

15) ~u = yz(2x+ y + z)~i+ xz(x+ 2y + z)~j + xy(x+ y + 2z)~k;

16) ~u = (4x− 2yz)~i+ (4y − 7xz)~j + (4z − 7xy)~k;

17) ~u = (x+ 2yz)~i+ (y + 2xz)~j + (z + 2xy)~k;

18) ~u = (9x+ 5yz)~i+ (9y + 5xz)~j + (9z + 5xy)~k;

19) ~u = (3x+ yz)~i+ (3y + xz)~j + (3z + xy)~k;

20) ~u = (7x− 3yz)~i+ (7y − 3xz)~j + (7z − 3xy)~k;

21) ~u = (x+ 7yz)~i+ (y + 7xz)~j + (z + 7xy)~k;

22) ~u = (7x− 2yz)~i+ (7y − 2xz)~j + (7z − 2xy)~k;

23) ~u = (3x+ 4yz)~i+ (3y + 4xz)~j + (3z + 4xy)~k;

24) ~u = (12x+ yz)~i+ (12y + xz)~j + (12z + xy)~k;

25) ~u = (5x+ 4yz)~i+ (5y + 4xz)~j + (5z + 4xy)~k.
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