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SUFFICIENT CONDITIONS FOR THE IMPROVED REGULAR GROWTH OF ENTIRE

FUNCTIONS IN TERMS OF THEIR AVERAGING

Let f be an entire function of order ρ ∈ (0,+∞) with zeros on a finite system of rays

{z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π and h(ϕ) be its indicator. In

2011, the author of the article has been proved that if f is of improved regular growth (an entire

function f is called a function of improved regular growth if for some ρ ∈ (0,+∞), ρ1 ∈ (0, ρ),

and a 2π-periodic ρ-trigonometrically convex function h(ϕ) 6≡ −∞ there exists a set U ⊂ C con-

tained in the union of disks with finite sum of radii and such that log | f (z)| = |z|ρh(ϕ) + o(|z|ρ1),

U 6∋ z = reiϕ → ∞), then for some ρ3 ∈ (0, ρ) the relation

∫ r

1

log | f (teiϕ)|

t
dt =

rρ

ρ
h(ϕ) + o(rρ3), r → +∞,

holds uniformly in ϕ ∈ [0, 2π]. In the present paper, using the Fourier coefficients method, we

establish the converse statement, that is, if for some ρ3 ∈ (0, ρ) the last asymptotic relation holds

uniformly in ϕ ∈ [0, 2π], then f is a function of improved regular growth. It complements simi-

lar results on functions of completely regular growth due to B. Levin, A. Grishin, A. Kondratyuk,

Ya. Vasyl’kiv and Yu. Lapenko.
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1 INTRODUCTION

It is well known ([13, p. 24]) that an entire function f of order ρ ∈ (0,+∞) may be repre-

sented in the form

f (z) = zλeQ(z)
∞

∏
n=1

E

(
z

λn
, p

)
,

where λn are all nonzero roots of the function f (z), λ ∈ Z+ is the multiplicity of the root at

the origin, Q(z) = ∑
ν
k=1 Qkzk is a polynomial of degree ν ≤ ρ, p ≤ ρ is the smallest integer

for which ∑
∞
n=1 |λn|−p−1

< +∞ and E(w, p) = (1 − w) exp(w + w2/2 + · · · + wp/p) is the

Weierstrass primary factor.

Let f be an entire function of order ρ ∈ (0,+∞). The function

h(ϕ) = h f (ϕ) = lim sup
r→∞

log | f (reiϕ)|

rρ , ϕ ∈ [0, 2π],

УДК 517.5
2010 Mathematics Subject Classification: 30D15, 30D20, 30D30.

c©Khats’ R.V., 2020



SUFFICIENT CONDITIONS FOR THE IMPROVED REGULAR GROWTH OF ENTIRE FUNCTIONS . . . 47

is called the indicator of f ([13, p. 51]). The indicator is a continuous 2π-periodic ρ-trigonomet-

rically convex function (see [13, pp. 53–54]). A set C ⊂ C is called a C0-set ([13, p. 90]) if it can

be covered by a system of disks {z : |z− ak | < sk}, k ∈ N, satisfying ∑
|ak|≤r

sk = o(r) as r → +∞.

An entire function f of order ρ ∈ (0,+∞) with the indicator h(ϕ) is said to be of completely

regular growth in the sense of Levin and Pfluger ([13, p. 139]) if there exists a C0-set such that

log | f (reiϕ)| = rρh(ϕ) + o(rρ), C0 6∋ reiϕ → ∞, uniformly in ϕ ∈ [0, 2π). In the theory of entire

functions of completely regular growth (see [13, pp. 139–167]) the following theorem is valid.

Theorem A ([13, p. 150]). In order that an entire function f of order ρ ∈ (0,+∞) with the

indicator h(ϕ) be of completely regular growth, it is necessary and sufficient that uniformly in

ϕ ∈ [0, 2π] one of the following relations hold:

Jr
f (ϕ) :=

∫ r

1

log | f (teiϕ)|

t
dt =

rρ

ρ
h(ϕ) + o(rρ), r → +∞,

Ir
f (ϕ) :=

∫ r

1
Jt

f (ϕ)
dt

t
=

rρ

ρ2
h(ϕ) + o(rρ), r → +∞.

Similar results for entire functions of ρ-regular growth were obtained by A. Grishin [2]

and for meromorphic functions of completely regular growth of finite λ-type ([11, p. 75]) by

A. Kondratyuk [11, p. 112] and Ya. Vasyl’kiv [14] (see also Yu. Lapenko [12]).

In [5, 16] the notion of entire function of improved regular growth was introduced, and

a criterion for this regularity was obtained in terms of the distribution of zeros under the

condition that they are located on a finite system of rays.

An entire function f is called a function of improved regular growth ([5, 16]) if for some ρ ∈

(0,+∞) and ρ1 ∈ (0, ρ), and a 2π-periodic ρ-trigonometrically convex function h(ϕ) 6≡ −∞

there exists a set U ⊂ C contained in the union of disks with finite sum of radii and such

that log | f (z)| = |z|ρh(ϕ) + o(|z|ρ1), U 6∋ z = reiϕ → ∞. If an entire function f is of im-

proved regular growth, then it has the order ρ and indicator h(ϕ) ([16]). In the case when

zeros of an entire function f of improved regular growth are situated on a finite system of rays

{z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, the indicator h has the form

(see [16])

h(ϕ) =
m

∑
j=1

hj(ϕ), ρ ∈ (0,+∞) \ N, (1)

where hj(ϕ) is a 2π-periodic function such that on [ψj, ψj + 2π)

hj(ϕ) =
π∆j

sin πρ
cos ρ(ϕ − ψj − π), ∆j ∈ [0,+∞).

In the case ρ ∈ N, the indicator h is defined by the formula ([5])

h(ϕ) =






τf cos(ρϕ + θ f ) +
m

∑
j=1

hj(ϕ), p = ρ,

Qρ cos ρϕ, p = ρ − 1,

(2)

where δ f ∈ C, τf = |δ f /ρ + Qρ|, θ f = arg(δ f /ρ + Qρ) and hj(ϕ) is a 2π-periodic function such

that on [ψj, ψj + 2π)

hj(ϕ) = ∆j(π − ϕ + ψj) sin ρ(ϕ − ψj)−
∆j

ρ
cos ρ(ϕ − ψj).
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At present, many different conditions are known that are necessary and sufficient for the

improved regular growth of entire functions (see [1,3–10,15–17]). In view of this, it is natural to

establish an analog of Theorem A for the class of entire functions of improved regular growth.

In this direction, the following results were obtained in [6, 8].

Theorem B ([8]). If an entire function f of order ρ ∈ (0,+∞) is of improved regular growth,

then for some ρ2 ∈ (0, ρ), one has

Ir
f (ϕ) =

rρ

ρ2
h(ϕ) + O(rρ2), r → +∞,

uniformly in ϕ ∈ [0, 2π].

Theorem C ([6]). If an entire function f of order ρ ∈ (0,+∞) with zeros on a finite system of

rays {z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is of improved regular

growth, then for some ρ3 ∈ (0, ρ) the relation

Jr
f (ϕ) =

rρ

ρ
h(ϕ) + o(rρ3), r → +∞, (3)

holds uniformly in ϕ ∈ [0, 2π], where h(ϕ) be defined by (1) and (2).

However, the problem of finding the converse of Theorems B and C remained open. The

aim of the present paper is to prove the converse of Theorem C. Our principal result is the

following theorem.

Theorem 1. Let f be an entire function of order ρ ∈ (0,+∞) with zeros on a finite system of

rays {z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π and h(ϕ) be its indicator.

If for some ρ3 ∈ (0, ρ) the relation (3) holds uniformly in ϕ ∈ [0, 2π] with h(ϕ) defined by (1)

and (2), then f is a function of improved regular growth.

2 PRELIMINARIES

Let f be an entire function with f (0) = 1 and (λn)n∈N be the sequence of its zeros. For

k ∈ Z and r > 0, we set

nk(r, f ) := ∑
|λn|≤r

e−ik arg λn , Nk(r, f ) :=
∫ r

0

nk(t, f )

t
dt,

N∗
k (r, f ) :=

∫ r

0

Nk(t, f )

t
dt, n(r, ψ; f ) := ∑

|λn|≤r, arg λn=ψ

1,

N(r, ψ; f ) :=
∫ r

0

n(t, ψ; f )

t
dt, N∗(r, ψ; f ) :=

∫ r

0

N(t, ψ; f )

t
dt,

ck(r, log | f |) :=
1

2π

∫ 2π

0
e−ikϕ log | f (reiϕ)| dϕ, ck(r, Jr

f ) :=
1

2π

∫ 2π

0
e−ikϕ Jr

f (ϕ) dϕ.

In the proof of Theorem 1, we use the following auxiliary statements.

Lemma 1 ([5, 16]). An entire function f of order ρ ∈ (0,+∞) with zeros on a finite system of

rays {z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is a function of improved

regular growth if and only if for some ρ4 ∈ (0, ρ) and each j ∈ {1, . . . , m}

n(t, ψj; f ) = ∆jt
ρ + o(tρ4), t → +∞, ∆j ∈ [0,+∞), (4)
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and, in addition, for ρ ∈ N and some ρ5 ∈ (0, ρ) and δ f ∈ C, one has

∑
0<|λn|≤r

λ
−ρ
n = δ f + o(rρ5−ρ), r → +∞. (5)

In this case, the indicator h(ϕ) be defined by formulas (1) and (2).

We remark that, for ρ = p+ 1 equality (4) holds with ∆j = 0, because ∑n∈N |λn|
−p−1

< +∞

(see [5, p. 19]).

Lemma 2. If an entire function f of order ρ ∈ (0,+∞) satisfies the conditions of Theorem 1,

then for some ρ3 ∈ (0, ρ) and each k ∈ Z, one has

ck(r, Jr
f ) = ck

rρ

ρ
+ o(rρ3), r → +∞, (6)

N∗
k (r, f ) = ck

(
1 −

k2

ρ2

)
rρ

ρ
+ o(rρ3), r → +∞, (7)

where

ck :=
1

2π

∫ 2π

0
e−ikϕh(ϕ) dϕ =

ρ

ρ2 − k2

m

∑
j=1

∆je
−ikψj, ∆j ∈ [0,+∞), (8)

if ρ ∈ (0,+∞) \ N, and

ck =





ρ

ρ2 − k2

m

∑
j=1

∆je
−ikψj, |k| 6= ρ = p,

τf eiθ f

2
−

1

4ρ

m

∑
j=1

∆je
−iρψj , k = ρ = p,

0, |k| 6= ρ = p + 1,
Qρ

2
, k = ρ = p + 1,

(9)

if ρ ∈ N.

Proof. Under the conditions of the lemma, by using (3), for some ρ3 ∈ (0, ρ) and each k ∈ Z,

we get

ck(r, Jr
f ) =

1

2π

∫ 2π

0
e−ikϕ

(
rρ

ρ
h(ϕ) + o(rρ3)

)
dϕ = ck

rρ

ρ
+ o(rρ3), r → +∞,

where ck is defined by formulas (8) and (9) (see [6, 7, 9, 10]). Thus, relation (6) holds. Let us

prove relation (7). Using relations (see [14, pp. 39, 43], [11, pp. 107, 112], [6, p. 13])

ck(r, Jr
f ) =

∫ r

0

ck(t, log | f |)

t
dt,

Nk(r, f ) = ck(r, log | f |) − k2
∫ r

0

dt

t

∫ t

0

ck(u, log | f |)

u
du, k ∈ Z, r > 0,

we obtain

N∗
k (r, f ) =

∫ r

0

Nk(t, f )

t
dt = ck(r, Jr

f )− k2
∫ r

0

dt

t

∫ t

0

ck(u, Ju
f )

u
du, k ∈ Z, r > 0.

Then, using (6) and passing to the limit as r → +∞, we get

N∗
k (r, f ) = ck

rρ

ρ
+ o(rρ3)− k2

∫ r

0

dt

t

∫ t

0

(
ck

uρ−1

ρ
+ o(uρ3−1)

)
du = ck

(
1 −

k2

ρ2

)
rρ

ρ
+ o(rρ3).

Lemma 2 is proved.
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Lemma 3. Let f be an entire function of order ρ ∈ (0,+∞) with zeros on a finite system of rays

{z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π. In order that the equality

N∗(r, ψj; f ) =
∆j

ρ2
rρ + o(rρ3), r → +∞, ∆j ∈ [0,+∞), (10)

holds for some ρ3 ∈ (0, ρ) and each j ∈ {1, . . . , m}, it is necessary and sufficient that, for some

ρ3 ∈ (0, ρ) and k0 ∈ Z and each k ∈ {k0, k0 + 1, . . . , k0 + m − 1}, relation (7) with ck, defined

by (8) and (9) be true. Besides, we have
m

∑
j=1

∆je
−iρψj = 0, if ρ ∈ N.

Proof. Necessity. Since (see [11, p. 127])

nk(r, f ) =
m

∑
j=1

e−ikψjn(r, ψj; f ), k ∈ Z,

then

Nk(r, f ) =
m

∑
j=1

e−ikψj

∫ r

0

n(t, ψj; f )

t
dt =

m

∑
j=1

e−ikψj N(r, ψj; f ),

N∗
k (r, f ) =

m

∑
j=1

e−ikψj N∗(r, ψj; f ), k ∈ Z.

Using (10), for some ρ3 ∈ (0, ρ) and each k ∈ Z we obtain relation (7) with ck, defined by (8)

and (9). In this case,
m

∑
j=1

∆je
−iρψj = 0, if ρ ∈ N.

Let us prove the sufficiency. Without loss of generality, we can assume that k0 = 0. Then, by

analogy with [7, p. 1957] (see also [10, p. 118], [11, p. 127]), for k ∈ {0, 1, . . . , m − 1} we get

N∗
0 (r, f ) = N∗(r, ψ1; f ) + N∗(r, ψ2; f ) + . . . + N∗(r, ψm; f ),

N∗
1 (r, f ) = e−iψ1 N∗(r, ψ1; f ) + e−iψ2 N∗(r, ψ2; f ) + . . . + e−iψm N∗(r, ψm; f ),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

N∗
m−1(r, f ) = e−i(m−1)ψ1 N∗(r, ψ1; f ) + e−i(m−1)ψ2 N∗(r, ψ2; f ) + . . . + e−i(m−1)ψm N∗(r, ψm; f ).

This is a system of linear equations for the unknowns N∗(r, ψj; f ), j ∈ {1, . . . , m}. Its determi-

nant is the nonzero Vandermonde determinant

D =

∣∣∣∣∣∣∣∣∣

1 1 . . . 1

e−iψ1 e−iψ2 . . . e−iψm

. . . . . . . . . . . .

e−i(m−1)ψ1 e−i(m−1)ψ2 . . . e−i(m−1)ψm

∣∣∣∣∣∣∣∣∣

6= 0.

Therefore, the functions N∗(r, ψj; f ), j ∈ {1, . . . , m}, can be represented as linear combinations

of the functions N∗
k (r, f ), k ∈ {0, 1, . . . , m − 1}. Using (7), we obtain relation (10), where by

the Cramer’s rule ∆j = ρ2Dj/D, j ∈ {1, . . . , m}, and Dj is the determinant formed from the

determinant D by replacing the j-column with the corresponding column (c̃0, c̃1, . . . , c̃m−1),

c̃k := ck
ρ

(
1 − k2

ρ2

)
, k ∈ {0, 1, . . . , m − 1}. Lemma 3 is proved.
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Remark 1. Let ρ ∈ (0,+∞) \ N, µn =
(
n + n

log n

)1/ρ
, {λn : n ∈ N\{1}} :=

⋃m
j=1{µnei

2π(j−1)
m :

n ∈ N\{1}}, m ∈ N \ {1} and ([7, p. 1958])

f (z) =
∞

∏
n=1

(
1 −

z

λn

)
exp

(
p

∑
ζ=1

1

ζ

(
z

λn

)ζ
)

, p = [ρ].

Then for each j ∈ {1, . . . , m}, we obtain (see [7, p. 1959])

N∗

(
r,

2π(j − 1)

m
; f

)
=

rρ

ρ2
+ O

(
rρ

log r

)
, r → +∞.

Therefore, relation (10) is not true for any ρ3 ∈ (0, ρ). Furthermore,

N∗
0 (r, f ) =

m

∑
j=1

N∗

(
r,

2π(j − 1)

m
; f

)
=

m

ρ2
rρ + O

(
rρ

log r

)
, r → +∞.

Thus, relation (7) is not true for k = 0. Moreover, since

m

∑
j=1

e−ik
2π(j−1)

m =
1 − e−2πki

1 − e−i 2πk
m

= 0, k ∈ {1, . . . , m − 1},

we conclude that

nk(r, f ) = ∑
µn≤r

m

∑
j=1

e−ik
2π(j−1)

m = 0,

for each k ∈ {1, . . . , m − 1} and all r > 0. Therefore, relation (7) holds for any ρ3 ∈ (0, ρ) and

each k ∈ {1, . . . , m − 1}.

Lemma 4. Let f be an entire function of order ρ ∈ (0,+∞) with zeros on a finite system of rays

{z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π. In order that the equality (4)

holds for some ρ4 ∈ (0, ρ) and each j ∈ {1, . . . , m}, it is necessary and sufficient that for some

ρ3 ∈ (0, ρ) and each j ∈ {1, . . . , m} relation (10) be true.

Proof. Indeed, using Lemma 3 from [15, p. 143] twice, we obtain the required statement.

3 PROOF OF THEOREM 1

Let the conditions of Theorem 1 be satisfied. Then, by Lemmas 2–4, the relations (6), (7)

and (4) hold. Let us prove the equality (5) for ρ ∈ N. Since (see the proof of Lemmas 2 and 3)

ck(r, log | f |) = Nk(r, f ) + k2
∫ r

0

ck(t, Jt
f )

t
dt, Nk(r, f ) =

m

∑
j=1

e−ikψj N(r, ψj; f ), k ∈ Z,

and ([4, p. 101])

cρ(r, log | f |) =
1

2
Qρrρ +

1

2ρ ∑
0<|λn|≤r

((
r

λn

)ρ

−

(
λn

r

)ρ)
, k = ρ = p ∈ N,
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then, using formulas (4), (6), (7), (9) and the identity
m

∑
j=1

∆je
−iρψj = 0, ρ = p ∈ N, for some

ρ5 ∈ (0, ρ) we get

∑
0<|λn|≤r

λ
−ρ
n =2ρr−ρcρ(r, log | f |) − ρQρ + r−ρ ∑

0<|λn|≤r

(
λn

r

)ρ

=2ρr−ρ

(
Nρ(r, f ) + ρ2

∫ r

0

cρ(t, Jt
f )

t
dt

)
− ρQρ + r−2ρ

m

∑
j=1

e−iρψj

∫ r

0
tρdn(t, ψj; f )

=2ρr−ρ

(
m

∑
j=1

e−iρψj

∫ r

0

n(t, ψj; f )

t
dt + ρ2

∫ r

0

cρ(t, Jt
f )

t
dt

)
− ρQρ

+ r−2ρ
m

∑
j=1

e−iρψj

(
rρn(r, ψj; f )− ρ

∫ r

0
tρ−1n(t, ψj; f ) dt

)

=2ρr−ρ

(
m

∑
j=1

e−iρψj

∫ r

0
(∆jt

ρ−1 + o(tρ4−1)) dt + ρ2
∫ r

0

(
cρ

ρ
tρ−1 + o(tρ3−1)

)
dt

)

− ρQρ + r−2ρ
m

∑
j=1

e−iρψj

(
∆jr

2ρ + o(rρ4+ρ)− ρ

∫ r

0
(∆jt

2ρ−1 + o(tρ4+ρ−1)) dt

)

=2ρr−ρ

(
rρ

ρ

m

∑
j=1

∆je
−iρψj + cρrρ + o(rρ4) + o(rρ3)

)
− ρQρ

+ r−2ρ
m

∑
j=1

e−iρψj

(
∆j

2
r2ρ + o(rρ4+ρ)

)

=ρ(τf eiθ f − Qρ) + o(rρ4−ρ) + o(rρ3−ρ) = δ f + o(rρ5−ρ), r → +∞.

Hence, equality (5) holds for ρ = p with δ f = ρ(τf eiθ f − Qρ). In the case ρ = p + 1, condition

(5) follows from (4) (see [5, p. 23, Remark 2]). Thus, according to Lemma 1, the entire function

f is a function of improved regular growth. This completes the proof of Theorem 1.

Combining Theorem 1 with Theorem C, we obtain the following theorem.

Theorem 2. In order that an entire function f of order ρ ∈ (0,+∞) with zeros on a finite

system of rays {z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, be of improved

regular growth with the indicator h(ϕ) defined by (1) and (2), it is necessary and sufficient

that for some ρ3 ∈ (0, ρ) the relation (3) holds uniformly in ϕ ∈ [0, 2π].

Remark 2. For each m ∈ N \ {1; 2} there exists an entire function f of order ρ ∈ (0,+∞) \ N

with zeros on a finite system of rays {z : arg z = ψj}, ψj := 2π(j−1)
m , j ∈ {1, . . . , m}, such that

uniformly in ϕ ∈ [0, 2π] the relation (3) is not true for any ρ3 ∈ (0, ρ) and f is not a function of

improved regular growth.

Indeed, let f be an entire function of order ρ ∈ (0,+∞) \ N, defined as in Remark 1. Then

(see [7, p. 1959])

n

(
t,

2π(j − 1)

m
; f

)
= tρ −

tρ

ρ log t
+ o

(
tρ

log t

)
, t → +∞,

for each j ∈ {1, . . . , m}. Thus, relation (4) is not true for any ρ4 ∈ (0, ρ), and, according to

Lemma 1, the entire function f is not a function of improved regular growth. Further, for each
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j ∈ {1, . . . , m}, we obtain ([7, p. 1959])

c0(r, log | f |) =
m

∑
j=1

N

(
r,

2π(j − 1)

m
; f

)
=

m

ρ
rρ + O

(
rρ

log r

)
, r → +∞.

Furthermore, (see [6, p. 11], [7, p. 1959])

ck(r, log | f |) = c−k(r, log | f |), k ≤ −1,

ck(r, log | f |) =
1

2k ∑
µn≤r

[(
r

µn

)k

−
(µn

r

)k
]

m

∑
j=1

e−ik
2π(j−1)

m , 1 ≤ k ≤ p,

and

ck(r, log | f |) = −
1

2k

{

∑
µn>r

(
r

µn

)k

+ ∑
µn≤r

(µn

r

)k
}

m

∑
j=1

e−ik
2π(j−1)

m , k ≥ p + 1,

where (see Remark 1)
m

∑
j=1

e−ik
2π(j−1)

m =

{
0, k ∈ N, k 6= m,

m, k = m.

In view of this, since

ck(r, Jr
f ) =

∫ r

0

ck(t, log | f |)

t
dt, k ∈ Z, r > 0,

c0(r, Jr
f ) =

m

ρ2
rρ + O

(
rρ

log r

)
, r → +∞,

Jr
f (ϕ) = ∑

k∈Z

ck(r, Jr
f )e

ikϕ = c0(r, Jr
f ) + ∑

k∈Z\{0}

ck(r, Jr
f )e

ikϕ, ϕ ∈ [0, 2π],

we conclude that the relation (3) is not true for any ρ3 ∈ (0, ρ).
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Хаць Р.В. Достатнi умови покращеного регулярного зростання цiлих функцiй в термiнах їх усере-

днення // Карпатськi матем. публ. — 2020. — Т.12, №1. — C. 46–54.

Нехай f — цiла функцiя порядку ρ ∈ (0,+∞) з нулями на скiнченнiй системi променiв

{z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π i h(ϕ) — її iндикатор. У

2011 роцi автор цiєї статтi довiв, що якщо f є функцiєю покращеного регулярного зростання

(цiла функцiя f називається функцiєю покращеного регулярного зростання, якщо для деяких

ρ ∈ (0,+∞), ρ1 ∈ (0, ρ) i 2π-перiодичної ρ-тригонометрично опуклої функцiї h(ϕ) 6≡ −∞ iснує

множина U ⊂ C, яка мiститься в об’єднаннi кругiв iз скiнченною сумою радiусiв, така, що

log | f (z)| = |z|ρh(ϕ) + o(|z|ρ1), U 6∋ z = reiϕ → ∞), то для деякого ρ3 ∈ (0, ρ) спiввiдношення

∫ r

1

log | f (teiϕ)|

t
dt =

rρ

ρ
h(ϕ) + o(rρ3), r → +∞,

виконується рiвномiрно за ϕ ∈ [0, 2π]. В данiй роботi, використовуючи метод коефiцiєнтiв

Фур’є, ми встановлюємо обернене твердження, а саме, якщо для деякого ρ3 ∈ (0, ρ) останнє

асимптотичне спiввiдношення виконується рiвномiрно за ϕ ∈ [0, 2π], то f є функцiєю покра-

щеного регулярного зростання. Це доповнює аналогiчнi результати Б. Левiна, А. Гришина,

А. Кондратюка, Я. Василькiва та Ю. Лапенка про функцiї цiлком регулярного зростання.

Ключовi слова i фрази: цiла функцiя цiлком регулярного зростання, цiла функцiя покраще-

ного регулярного зростання, iндикатор, коефiцiєнти Фур’є, усереднення, скiнченна система

променiв.


