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ON THE ESTIMATION OF FUNCTIONS BELONGING TO LIPSCHITZ CLASS BY

BLOCK PULSE FUNCTIONS AND HYBRID LEGENDRE POLYNOMIALS

In this paper, block pulse functions and hybrid Legendre polynomials are introduced. The esti-

mators of a function f having first and second derivative belonging to Lipα[a, b] class, 0 < α ≤ 1,

and a, b are finite real numbers, by block pulse functions and hybrid Legendre polynomials have

been calculated. These calculated estimators are new, sharp and best possible in wavelet analysis.

An example has been given to explain the validity of approximation of functions by using the hybrid

Legendre polynomials approximation method. A real-world problem of radioactive decay is solved

using this hybrid Legendre polynomials approximation method. Moreover, the Hermite differential

equation of order zero is solved by using hybrid Legendre polynomials approximation method to

explain the importance and the application of the technique of this method.
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INTRODUCTION

In recent years, researchers like Marzban and Razzaghi [8, 10], Hsiao [4] defined and then

used hybrid functions (HFs) for the numerical solutions of differential equations and integral

equations. Working in the same direction, Marzban et al. [11] derived an operational matrix for

a detailed analysis of HFs. In the continuation of their efforts, Merzban [9] studied the optimal

control of linear delay systems applying HFs.

Objectives of this research paper are:

(i) to introduce block pulse functions and hybrid Legendre polynomials;

(ii) to estimate the error bounds of the functions of a certain class by hybrid functions;

(iii) to estimate the approximations of a function f ∈ Lipα[a, b] by the partial sums of the

block function series and hybrid Legendre series.

This research paper is organized as follows. In Section 1, block pulse functions and their

some properties, block pulse functions expansion, hybrid Legendre polynomials, hybrid Leg-

endre polynomials expansion, and Lipα[a, b] class have been explained. In Section 2, the ap-

proximation of a function f ∈ Lipα[0, 1] by block pulse functions expansion, Legendre polyno-

mials expansion and hybrid Legendre polynomials expansion have been estimated and appro-

priate detailed proofs are provided. In Section 3, hybrid Legendre approximation is explained

with the help of an example. Section 4 is introduced to explain the application of this expan-

sion in solving the Hermite differential equation of order zero and in solving some real-world

problems. Eventually, some conclusions are mentioned in Section 5.
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1 DEFINITIONS AND PRELIMINARIES

1.1 Block pulse functions and their expansion

Let n be an arbitrary fixed positive integer. Define functions βi, i = 1, 2, . . . , n, on the inter-

val [0, 1] by (see [7])

βi(t) =

{

1, i−1
n ≤ t < i

n ;

0, otherwise.

These functions are referred as block pulse functions (or BPFs).

Let 〈·, ·〉 denotes the inner product over the field F (R or C). Block pulse functions expan-

sion of an f ∈ L2[0, 1) is given by (see [3])

f (t) =
∞

∑
i=1

fβi
βi(t), fβi

:= n〈 f , βi〉, (1)

where n is an arbitrary fixed positive integer associated with block pulse function βi. Let Sn

denotes the nth partial sum of the series in (1) and it is given by

Sn(t) =
n

∑
i=1

fβi
βi(t).

1.2 Properties of block pulse functions

An n-set of BPFs defined above satisfies the following properties.

1. Disjointness, i.e., βi(t)βj(t) = δijβi(t), where 1 ≤ i, j ≤ n, δij is the Kronecker delta.

2. Orthogonality, i.e.,

〈βi, βj〉 =
{

0, i 6= j;
1
n , i = j,

1 ≤ i, j ≤ n.

3. Completeness, i.e., for every f ∈ L2[0, 1) Parseval’s identity

∫ 1

0
f 2(t)dt =

∞

∑
i=1

| fβi
|2||βi||2

satisfied, where fβi
is defined in (1).

1.3 Legendre and hybrid Legendre polynomials

Legendre differential equation is given by (see [1])

(1 − x2)
d2y

dx2
− 2x

dy

dx
+ n(n + 1)y = 0,

where n is a positive integer. Legendre polynomial Ln(x) is the solution of above differential

equation and it is written in the form (see [2])

Ln(x) =
[ n

2 ]

∑
r=0

(−1)r (2n − 2r)!

2nr!(n − r)!(n − 2r)!
xn−2r,
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where
[n

2

]

=

{ n
2 , if n is even;

n−1
2 , if n is odd.

Rodrigue’ s formula for Ln(x) is given by

Ln(x) =
1

2nn!

dn

dxn
(x2 − 1)n, n = 0, 1, 2, . . . .

Let n and m be the arbitrary fixed positive integers. Hybrid Legendre polynomials, denoted

by hij, i = 1, 2, . . . , n, j = 0, 1, . . . , m − 1, on the interval [0, 1) are defined by

hij(t) =

{

Lj(2nt − 2i + 1), i−1
n ≤ t < i

n ;

0, otherwise,

where i and j are the orders of BPFs and Legendre polynomials respectively.

1.4 Hybrid Legendre polynomials expansion

If f ∈ L2[0, 1), then associated hybrid Legendre polynomial infinite series is (see [6])

f (t) =
∞

∑
i=1

∞

∑
j=0

cijhij(t), cij =
〈 f , hij〉
〈hij, hij〉

. (2)

The (n, m)th partial sums of the series (2) is given by

sn,m(t) =
n

∑
i=1

m−1

∑
j=0

cijhij(t).

1.5 Lipα[a, b] class

A function f belongs to Lipα[a, b] class for 0 < α ≤ 1 if

| f (x + t)− f (x)| = O(|t|α), 0 < α ≤ 1.

If 0 < α < β≤1, then Lipβ[0, 1] ( Lipα[0, 1].

Example. Let α = 1
3 , β = 1

2 and f (x) = x
1
3 , g(x) = x

1
2 , ∀x ∈ [0, 1], then g ∈ Lipβ[0, 1] ⇒

g ∈ Lipα[0, 1]. Here,

|g(x + t)− g(x)| =
∣

∣

∣
(x + t)

1
2 − x

1
2

∣

∣

∣
≤ |(x + t)− x|

1
2 = t

1
2 .

Hence, |g(x + t)− g(x)| = O(t
1
2 ) and g ∈ Lip 1

2
[0, 1]. Also,

|g(x + t)− g(x)| =
∣

∣

∣
(x + t)

1
2 − x

1
2

∣

∣

∣
≤ |(x + t)− x|

1
2 = t

1
2

t
1
3

t
1
3

= t
1
3 t

1
6 ≤ t

1
3 , ∀ t ∈ [0, 1].

Hence, |g(x + t)− g(x)| = O(t
1
3 ) and g ∈ Lip 1

3
[0, 1]. Now,

| f (x + t)− f (x)| =
∣

∣

∣
(x + t)

1
3 − x

1
3

∣

∣

∣
≤ |(x + t)− x|

1
3 = t

1
3 , ∀ t ∈ [0, 1].

Thus, | f (x + t)− f (x)| = O(t
1
3 ) and f ∈ Lip 1

3
[0, 1]. But

| f (x + t)− f (x)| =
∣

∣

∣
(x + t)

1
3 − x

1
3

∣

∣

∣
≤ |(x + t)− x|

1
3 = t

1
3

t
1
2

t
1
2

= t
1
2 t−

1
6 .

Hence,

lim
t→0+

∣

∣

∣

∣

f (x + t)− f (x)

t
1
2

∣

∣

∣

∣

→ +∞.

This shows that f /∈ Lip 1
2
[0, 1]. Therefore Lip 1

2
[0, 1] ( Lip 1

3
[0, 1].
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2 MAIN RESULTS

Theorem 1. Let f be a differentiable function on the interval [0, 1] such that its first derivative

f ′ ∈ Lipα[0, 1] and the block pulse functions expansion of f be f (t) =
∞

∑
i=1

fβi
βi(t), where

fβi
=

〈 f , βi〉
〈βi, βi〉

, and βi is a block pulse function. Then the error of approximation of f by

(Sm f )(t) =
m

∑
i=1

fβi
βi(t) is

E(BP)( f ) = min ‖ f − Sm f‖2 = O

[

1

m

(

1 +
1

mα

)]

,

where 0 < α ≤ 1 and m be an arbitrary fixed positive integer.

Proof. Since

ei = fβi
βi(t)− f (t)χ[ i−1

m , i
m ), ∀

[

i − 1

m
,

i

m

)

, i = 1, 2, . . . , m,

where m is an arbitrary fixed positive integer associated with the BPFs and χ[ i−1
m , i

m)
is a char-

acterstic function defined on the interval
[

i−1
m , i

m

)

. Then

e2
i = f 2

βi
β2

i (t) + f 2(t)χ[ i−1
m , i

m)
− 2 fβi

f (t)χ[ i−1
m , i

m)
.

Now, by Taylor theorem (see [5])

‖ei‖2 = f 2
βi

i
m
∫

i−1
m

β2
i (t)dt +

i
m
∫

i−1
m

f 2(t)dt − 2 fβi

i
m
∫

i−1
m

βi(t) f (t)dt =
f 2
βi

m
+

i
m
∫

i−1
m

f 2(t)dt − 2 fβi

i
m
∫

i−1
m

f (t)dt

=
f 2
βi

m
+

1
m
∫

0

f 2

(

i − 1

m
+ u

)

du − 2 fβi

1
m
∫

0

f

(

i − 1

m
+ u

)

du

=
f 2
βi

m
+

1
m
∫

0

{

f 2

(

i − 1

m

)

+ u2

(

f ′
(

i − 1

m
+ θu

))2
}

du

+ 2

1
m
∫

0

f

(

i − 1

m

)

u f ′
(

i − 1

m
+ θu

)

du − 2 fβi

1
m
∫

0

(

f

(

i − 1

m

)

+ u f ′
(

i − 1

m
+ θu

))

du

=
f 2
βi

m
+

f 2
(

i−1
m

)

m
+

1
m
∫

0

u2

(

f ′
(

i − 1

m
+ θu

))2

du

+ 2 f

(

i − 1

m

)

1
m
∫

0

f ′
(

i − 1

m
+ θu

)

udu − 2 fβi

f
(

i−1
m

)

m
− 2 fβi

1
m
∫

0

u f ′
(

i − 1

m
+ θu

)

du,
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where 0 < θ < 1. Also,

fβi
= m〈 f , βi〉 = m

i
m
∫

i−1
m

f (t)dt = m

1
m
∫

0

f

(

i − 1

m
+ u

)

du

= m

1
m
∫

0

(

f

(

i − 1

m

)

+ u f ′
(

i − 1

m
+ θu

))

du = f

(

i − 1

m

)

+ m

1
m
∫

0

u f ′
(

i − 1

m
+ θu

)

du.

From the above formulas we get

‖ei‖2
2 =

∫ 1
m

0
u2

(

f ′
(

i − 1

m
+ θu

))2

du − m

(

∫ 1
m

0
u f ′

(

i − 1

m
+ θu

))2

du

=
∫ 1

m

0
u2

{(

f ′
(

i − 1

m
+ θu

)

− f ′
(

i − 1

m

)

+ f ′
(

i − 1

m

))}2

du

− m

(

∫ 1
m

0
u

{(

f ′
(

i − 1

m
+ θu

)

− f ′
(

i − 1

m

)

+ f ′
(

i − 1

m

))})2

du

≤
∫ 1

m

0
u2

(

A1uα + f ′
(

i − 1

m

))2

du + m

(

∫ 1
m

0
u

{

A1uα + f ′
(

i − 1

m

)}

du

)2

=
A2

1

m2α+3

(

1

2α + 3
+

1

(α + 2)2

)

+

(

f ′
(

i−1
m

))2

12m3
+

2A1 f ′
(

i−1
m

)

mα+3

(

1

α + 3
+

1

2α + 4

)

,

where A1 is a positive constant.

Hence,

‖e‖2
2 =

m

∑
i=1

‖ei‖2
2 =

A2
1

m2α+2

(

1

2α + 3
+

1

(α + 2)2

)

+

(

f ′
(

i−1
m

))2

12m2
+

2A1 f ′
(

i−1
m

)

mα+2

(

1

α + 3
+

1

2α + 4

)

≤ 2A2
1

m2α+2
+

(

f ′
(

i−1
m

))2

12m2
+

4A1 f ′
(

i−1
m

)

mα+2

= 2

(

A2
1

m2α+2
+

(

f ′
(

i−1
m

))2

24m2
+

2A1 f ′
(

i−1
m

)

mα+2

)

≤ 2

(

A1

mα+1
+

f ′
(

i−1
m

)

m

)2

.

Therefore,

‖e‖2 = O

[

1

m

(

1 +
1

mα

)]

.

So, the proof of Theorem 1 is completely established.

Theorem 2. Let f be a differentiable function defined on the interval [−1, 1] such that its sec-

ond derivative f ′′ ∈ Lipα[−1, 1] and Legendre expansion of function f be

f (t) =
∞

∑
j=0

cjPj(t), (3)

where Pj is a Legendre polynomial and cj =
〈 f , Pj〉
〈Pj, Pj〉

. Then the error of the approximation of f

by (Um f )(t) =
m−1

∑
j=0

cjPj(t), m = 1, 2, . . ., is

E(LP)( f ) = min ‖ f − Um f‖2 ≤ M

(

1 +
1√

2α + 1

)

1

(2m − 3)
3
2

,
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where m ≥ 2 is an integer, M is a positive constant and 0 < α ≤ 1.

Proof. Legendre expansion of a function f (t) is given by (3). Let

Um(t) =
m−1

∑
j=0

cjPj(t)

denotes the mth partial sum of (3). Then for arbitrary m ≥ 2, we have

‖ f − Um‖2
2 =

1
∫

−1

( f − Um)
2dt =

1
∫

−1

(

m−1

∑
j=0

cjPj(t)

)2

dt

=
∞

∑
j=m

c2
j

1
∫

−1

P2
j dt =

∞

∑
j=m

c2
j

(

2

2j + 1

)

,

and for arbitrary j ≥ m, we obtain

cj =

1
∫

−1

f (t)Pj(t)dt

1
∫

−1

P2
j dt

=
2j + 1

2

1
∫

−1

f (t)Pj(t)dt =
2j + 1

2

1
∫

−1

f (t)
P′

j+1 − P′
j−1

2j + 1
dt

=
1

2

1
∫

−1

f (t)
(

P′
j+1 − P′

j−1

)

dt =
1

2

1
∫

−1

f ′(t)
(

Pj−1 − Pj+1

)

dt

=
1

2

1
∫

−1

f ′(t)Pj−1dt −
1
∫

−1

f ′(t)Pj+1dt =
1

2(2j − 1)

1
∫

−1

f ′(t)
(

P′
j − P′

j−2

)

dt

− 1

2(2j + 3)

1
∫

−1

f ′(t)
(

P′
j+2 − P′

j

)

dt

=
1

2(2j − 1)

1
∫

−1

f ′′(t)
(

Pj−2 − Pj

)

dt +
1

2(2j + 3)

1
∫

−1

f ′′(t)
(

Pj+2 − Pj

)

dt =
1

2

1
∫

−1

f ′′(t)Bj(t)dt,

where Bj(t) =
Pj−2 − Pj

2j − 1
+

Pj+2 − Pj

2j + 3
. Hence,

|cj| ≤
1

2

1
∫

−1

∣

∣ f ′′(t)− f ′′(0)
∣

∣

∣

∣Bj(t)
∣

∣ dt +
1

2

1
∫

−1

∣

∣ f ′′(0)
∣

∣

∣

∣Bj(t)
∣

∣ dt

≤ M1

2

1
∫

−1

|t|α
∣

∣Bj(t)
∣

∣ dt +
| f ′′(0)|

2

1
∫

−1

∣

∣Bj(t)
∣

∣ dt,

(4)
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where M1 is a positive constant. Next, applying the Cauchy-Schwarz inequality, we get

( 1
∫

−1

|t|α|Bj|dt

)2

≤
1
∫

−1

|t|2αdt

1
∫

−1

|Bj|2dt = 2

1
∫

0

|t|2αdt

1
∫

−1

|Bj|2dt

=
2

2α + 1

1
∫

−1

(P2
j+2 + P2

j

(2j + 3)2
+

P2
j−2 + P2

j

(2j − 1)2

)

dt

=
2

(2α + 1)(2j + 3)2

(

2

2j + 5
+

2

2j + 1

)

+
2

(2α + 1)(2j − 1)2

(

2

2j − 3
+

2

2j + 1

)

≤ 16

(2α + 1)(2j − 3)3
.

Hence,

1
∫

−1

|t|α|Bj|dt ≤ 4
√

2α + 1(2j − 3)
3
2

. (5)

Also,

( 1
∫

−1

|Bj|dt

)2

≤
( 1
∫

−1

12dt

)2( 1
∫

−1

|Bj|2dt

)

≤ 16

(2j − 3)3
.

Therefore,

1
∫

−1

|Bj|dt ≤ 4

(2j − 3)
3
2

. (6)

By (4)–(6) we have

|cj| ≤
1

2

4M1√
2α + 1

1

(2j − 3)
3
2

+
| f ′′(0)|

2

4

(2j − 3)
3
2

≤ M

(

1√
2α + 1

+ 1

)

1

(2j − 3)
3
2

,

where M = max
{

2M1, 2| f ′′(0)|
}

and

‖ f − Um‖2
2 ≤

∞

∑
j=m

M2

(

1 +
1√

2α + 1

)2 1

(2j − 3)3

2

(2j + 1)

≤ 2M2

(

1 +
1√

2α + 1

)2 ∞

∑
j=m

1

(2j − 3)4

≤ 2M2

(

1 +
1√

2α + 1

)2 1

(2m − 3)3
, m ≥ 2.

Hence,

‖ f − Um‖2 ≤
√

2M

(

1 +
1√

2α + 1

)

1

(2m − 3)
3
2

.

Thus Theorem 2 is completely proved.
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Theorem 3. Let f be a differentiable function on [0, 1] such that f ′′ ∈ Lipα[0, 1] and hybrid

Legendre polynomials expansion of f be

f (t) =
∞

∑
i=1

∞

∑
j=0

cijhij(t), (7)

where cij =
〈 f , hij〉
〈hij, hij〉

and hij is the hybrid Legendre polynomials, and

(Sn,m f )(t) =
n

∑
i=1

m−1

∑
j=0

cijhij(t)

be the (n, m)th partial sum of the series (7). Then the error of approximation f by Sn,m f is

E
(HFs)
n,m f = min ‖ f − Sn,m f‖2 = O

[

(

1

nα+2
+

1

2n2

)

1

(2m − 3)
3
2

]

,

where m ≥ 2, n is a positive integer and 0 < α ≤ 1.

Proof. We see that hybrid Legendre polynomials expansion of f is given by (7). Now, suppose

n and m are the arbitrary fixed positive integers. Then for i = 1, 2, . . . , n and j = 0, 1, . . . , m − 1,

we have

cij =
〈 f , hij〉
〈hij , hij〉

=

i
n
∫

i−1
n

f (t)hij(t)dt

i
n
∫

i−1
n

h2
ij(t)dt

=

i
n
∫

i−1
n

f (t)Pj(2nt − 2i + 1)dt

i
n
∫

i−1
n

P2
j (2nt − 2i + 1)dt

=

1
∫

−1

f

(

u + 2i − 1

2n

)

Pj(u)
du

2n

1
∫

−1

P2
j (u)

du

2n

=
2j + 1

2

1
∫

−1

f

(

u + 2i − 1

2n

)

Pj(u)du

=
2j + 1

2

1
∫

−1

f

(

t + 2i − 1

2n

)

Pj(t)dt =
2j + 1

2

1
∫

−1

f

(

t + 2i − 1

2n

)

(

P′
j+1 − P′

j−1

2j + 1

)

dt

=
1

2

1
∫

−1

f

(

t + 2i − 1

2n

)

(

P′
j+1 − P′

j−1

)

dt =
−1

4n

1
∫

−1

f ′
(

t + 2i − 1

2n

)

(

Pj+1 − Pj−1

)

dt

=
−1

4n

1
∫

−1

f ′
(

t + 2i − 1

2n

)

Pj+1dt +
1

4n

1
∫

−1

f ′
(

t + 2i − 1

2n

)

Pj−1dt = I1 + I2.

(8)
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Now,

I1 =
−1

4n

1
∫

−1

f ′
(

t + 2i − 1

2n

)

Pj+1dt =
−1

4n

1
∫

−1

f ′
(

t + 2i − 1

2n

)

(

P′
j+2 − P′

j

2j + 3

)

dt

=
1

8n2(2j + 3)

1
∫

−1

f ′′
(

t + 2i − 1

2n

)

(

Pj+2 − Pj

)

dt

=
1

8n2

1
∫

−1

f ′′
(

t + 2i − 1

2n

)(

Pj+2 − Pj

2j + 3

)

dt.

(9)

Next,

I2 =
1

4n

1
∫

−1

f ′
(

t + 2i − 1

2n

)

Pj−1dt =
1

8n2

1
∫

−1

f ′′
(

t + 2i − 1

2n

)(

Pj−2 − Pj

2j − 1

)

dt. (10)

By (8)–(10) we have

cij =
1

8n2

1
∫

−1

f ′′
(

t + 2i − 1

2n

)(

Pj+2 − Pj

2j + 3

)

dt +
1

8n2

1
∫

−1

f ′′
(

t + 2i − 1

2n

)(

Pj−2 − Pj

2j − 1

)

dt

=
1

8n2

1
∫

−1

f ′′
(

t + 2i − 1

2n

)(

Pj+2 − Pj

2j + 3
+

Pj−2 − Pj

2j − 1

)

dt =
1

8n2

1
∫

−1

f ′′
(

t + 2i − 1

2n

)

Bjdt,

where Bj =
Pj+2 − Pj

2j + 3
+

Pj−2 − Pj

2j − 1
. Hence,

|cij| ≤
1

8n2

1
∫

−1

∣

∣

∣

∣

f ′′
(

t + 2i − 1

2n

)
∣

∣

∣

∣

|Bj|dt

≤ 1

8n2

1
∫

−1

∣

∣

∣

∣

f ′′
(

t + 2i − 1

2n

)

− f ′′
(

2i − 1

2n

)∣

∣

∣

∣

|Bj|dt +
1

8n2

1
∫

−1

∣

∣

∣

∣

f ′′
(

2i − 1

2n

)∣

∣

∣

∣

|Bj| dt

≤ M1

2α+3nα+2

1
∫

−1

|t|α|Bj|dt +
1

8n2

∣

∣

∣

∣

f ′′
(

2i − 1

2n

)
∣

∣

∣

∣

1
∫

−1

|Bj| dt,

(11)

where M1 is a positive constant.

Now, by (5), (6) and (11) we get

∣

∣cij

∣

∣ ≤ M1

2α+3nα+2

4
√

2α + 1(2j − 3)
3
2

+
1

8n2

∣

∣

∣

∣

f ′′
(

2i − 1

2n

)
∣

∣

∣

∣

4

(2j − 3)
3
2

≤ M1

2α+3nα+2

4
√

2α + 1(2j − 3)
3
2

+
1

8n2
M2

4

(2j − 3)
3
2

≤ B

(

1√
2α + 1 2α+1 nα+2

+
1

2n2

)

1

(2j − 3)
3
2

≤ B

(

1

nα+2
+

1

2n2

)

1

(2j − 3)
3
2

,

(12)
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where B = max
{

M1, M2

}

. Since f ′′ ∈ Lipα[0, 1], 0 < α ≤ 1, it is continuous on [0, 1]. Therefore

it is bounded on [0, 1]. Thus, there exists a constant M2 independent of t such that | f ′′(t)| ≤ M2

∀t ∈ [0, 1]. Also n ∈ N and i = 1, 2, . . . , n, so 0 ≤ i − 1

n
< 1, i.e.

i − 1

n
∈ [0, 1] for each n and

i = 1, 2, . . . , n. Hence

∣

∣

∣

∣

f ′′
(

i − 1

n

)∣

∣

∣

∣

≤ M2.

Let Sn,m f denotes the (n, m)th partial sum of the series (7) as given in theorem 3. Now,

f − Sn,m f =

(

n

∑
i=1

+
∞

∑
i=n+1

)(

m−1

∑
j=0

+
∞

∑
j=m

)

cijhij −
n

∑
i=1

m−1

∑
j=0

cijhij =
n

∑
i=1

∞

∑
j=m

cijhij.

Then

‖ f − Sn,m f‖2
2 =

1
∫

0

(

n

∑
i=1

∞

∑
j=m

cijhij

)2

dt =
n

∑
i=1

∞

∑
j=m

c2
ij

1
∫

0

h2
ijdt

=
n

∑
i=1

∞

∑
j=m

c2
ij

i
m
∫

i−1
m

P2
j (2nt − 2i + 1)dt =

n

∑
i=1

∞

∑
j=m

c2
ij

1

n (2j + 1)
.

(13)

By (12) and (13) we have

‖ f − Sn,m f‖2
2 ≤

n

∑
i=1

∞

∑
j=m

B2

(

1

nα+2
+

1

2n2

)2 1

(2j − 3)3

1

n(2j + 1)

= B2

(

1

nα+2
+

1

2n2

)2 ∞

∑
j=m

1

(2j − 3)3

1

(2j + 1)

≤ B2

(

1

nα+2
+

1

2n2

)2 ∞

∑
j=m

1

(2j − 3)4
≤ B2

(

1

nα+2
+

1

2n2

)2 1

(2m − 3)3
.

Hence,

‖ f − Sn,m f‖2
2 ≤ B

(

1

nα+2
+

1

2n2

)

1

(2m − 3)
3
2

.

Therefore,

E
(HFs)
n,m ( f ) = min ‖ f − Sn,m f‖2 = O

[

(

1

nα+2
+

1

2n2

)

1

(2m − 3)
3
2

]

, m ≥ 2 and 0 < α ≤ 1.

3 NUMERICAL EXAMPLE OF HYBRID LEGENDRE POLYNOMIALS APPROXIMATION

In this section hybrid Legendre polynomials approximation of the function

f (t) =

{

t3 + t2 + 2t + 1, ∀t ∈ [0, 1],

0, otherwise
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for n = 1, 2 and m = 1, 2, 3 has been explained by graphs of concerned function. Sn,m for

n = 1, 2 and m = 1, 2, 3 are calculated and are given as

S1,1(t) =

{

31
12 , 0 ≤ t < 1,

0, otherwise,
S1,2(t) =

{

31
12 +

39
12(2t − 1), 0 ≤ t < 1,

0, otherwise,

S1,3(t) =

{

31
12 +

39
12 (2t − 1) + 5

24 [3(2t − 1)2 − 1], 0 ≤ t < 1,

0, otherwise,

S2,1(t) =















155
96 , 0 ≤ t < 1

2 ,
341
96 , 1

2 ≤ t < 1,

0, otherwise,

S2,2(t) =















155
96 + 109

160 (4t − 1), 0 ≤ t < 1
2 ,

341
96 + 209

160 (4t − 3), 1
2 ≤ t < 1,

0, otherwise,

S2,3(t) =















155
96 + 109

160 (4t − 1) + 7
192 [3(4t − 1)2 − 1], 0 ≤ t < 1

2 ,
341
96 + 209

160 (4t − 3) + 13
192 [3(4t − 3)2 − 1], 1

2 ≤ t < 1,

0, otherwise.

The graphs of Sn,m and f (t) has been plotted for n = 1, 2 and m = 1, 2, 3 in Figures 1–6

respectively. Hybrid Legendre polynomial approximation error for different values of n and

m is shown in Table 1.

n m ‖ f − Sn,m‖2

n= 1

m=1 1.14131

m=2 0.187295

m=3 0.0188982

n=2

m=1 0.603409

m=2 0.0486932

m=3 0.00236228

Table 1. Hybrid Legendre polynomial approximation errors for different values of n and m

Figure 1. Graph of S1,1 and the function f (t) Figure 2. Graph of S1,2 and the function f (t)
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Figure 3. Graph of S1,3 and the function f (t) Figure 4. Graph of S2,1 and the function f (t)

Figure 5. Graph of S2,2 and the function f (t) Figure 6. Graph of S2,3 and the function f (t)

4 APPLICATION OF HYBRID LEGENDRE POLYNOMIALS EXPANSION

4.1 Application of hybrid Legendre polynomials expansion in real-world problems

We have used the hybrid Legendre polynomial approximation method to solve the differ-

ential equations related to the following real-world problem.

4.1.1 Radioactive decay

Radioactivity [12] is one of the effects of disruption in the nucleus of a radioactive substance.

It is important to remember that radioactivity has also been used in the diagnosis of cancers

through lighting in the nucleus form of the atoms to the recipient.

If m(t) be the mass of a radioactive substance at time t, then (see [12])

dm

dt
= −km(t), m(0) = m0, (14)

where k is a decay constant and m0 is the initial mass. Let us consider k = 2 and m0 = 2, the

above equation reduces to
dm

dt
= −2m(t), m(0) = 2. (15)
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Equation (15 ) is now solved using hybrid Legendre polynomials operational matrix of inte-

gration as in [6] for n = 5 and m = 3 as below.

Let

h(t) = [h10, h11, h12, h20, h21, h22, h30, h31, h32, h40, h41, h42, h50, h51, h52]
T . (16)

Here h(t) be 15 × 1 column vector and hij for i = 1, 2, 3, 4, 5 and j = 0, 1, 2 are calculated as

given in subsection 1.3. The integration of above vector h(t) is given as

∫ t

0
h(x)dx = Ph(t).

Here P is 15× 15 hybrid Legendre polynomials operational matrix of integration and it is given

as

P =



























































1
10

1
10 0 1

5 0 0 1
5 0 0 1

5 0 0 1
5 0 0

− 1
30 0 1

30 0 0 0 0 0 0 0 0 0 0 0 0

0 − 1
50 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1
10

1
10 0 1

5 0 0 1
5 0 0 1

5 0 0

0 0 0 − 1
30 0 1

30 0 0 0 0 0 0 0 0 0

0 0 0 0 − 1
50 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1
10

1
10 0 1

5 0 0 1
5 0 0

0 0 0 0 0 0 − 1
30 0 1

30 0 0 0 0 0 0

0 0 0 0 0 0 0 − 1
50 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1
10

1
10 0 1

5 0 0

0 0 0 0 0 0 0 0 0 − 1
30 0 1

30 0 0 0

0 0 0 0 0 0 0 0 0 0 − 1
50 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1
10

1
10 0

0 0 0 0 0 0 0 0 0 0 0 0 − 1
30 0 1

30

0 0 0 0 0 0 0 0 0 0 0 0 0 − 1
50 0



























































. (17)

Let m(t) = NTh(t), where

N(t) = [n10, n11, n12, n20, n21, n22, n30, n31, n32, n40, n41, n42, n50, n51, n52]
T

is an unknown vector. Integrating equation (15) and using initial conditions, we observe

(I + 2PT)N = 2d. (18)

Here I be a identity matrix of order 15 and d = [1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0]T is a column

vector of order 15 × 1. Equation (18) denotes the set of fifteen algebraic equations which can be

solved for N. Now comparison between exact solution and approximate solution of equation

(15) is given in Table 2.
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t
Hybrid Legendre polynomials

Exact solution Absolute error
solution for n = 5, m = 3

0.0 1.99912 2.00000 0.00088

0.1 1.63744 1.63746 0.00002

0.2 1.34005 1.34064 0.00059

0.3 1.09761 1.09762 0.00001

0.4 0.89826 0.89866 0.00040

0.5 0.73575 0.73576 0.00001

0.6 0.60212 0.60239 0.00027

0.7 0.49319 0.49319 0.00000

0.8 0.40362 0.40379 0.00017

0.9 0.33059 0.33060 0.00001

Table 2. Comparison between approximate solution and exact solution for k = 2 amd m0 = 2

Also, equation (14) is solved for k = 1 and m0 = 1 and comparison between approximate

solution and exact solution for k = 1 and m0 = 1 is shown in Table 3.

t
Hybrid Legendre polynomials

Exact solution Absolute error
solution for n = 5, m = 3

0.0 0.99994 1.00000 0.00006

0.1 0.90484 0.90484 0.00000

0.2 0.81868 0.81873 0.00005

0.3 0.74082 0.74082 0.00000

0.4 0.67028 0.67032 0.00004

0.5 0.60653 0.60653 0.00000

0.6 0.54878 0.54881 0.00003

0.7 0.49659 0.49659 0.00000

0.8 0.44930 0.44933 0.00003

0.9 0.40657 0.40657 0.00000

Table 3. Comparison between approximate solution and exact solution for k = 1 amd m0 = 1

4.2 Application of hybrid Legendre polynomials expansion in solving Hermite differen-

tial equation of order zero

Consider the Hermite differential equation of order zero (see [13])

y′′ − 2ty′ = 0 (19)

with initial conditions

y(0) = y′(0) = 1. (20)

Now we have solved the equation (19) by hybrid Legendre polynomial operational matrix of

integration for n = 5 and m = 3 given by (17), which is obtained by hybrid Legendre polyno-

mial approximation method as below.

Let

y′′(t) = LTh(t), (21)

where L = [l10, l11, l12, l20, l21, l22, l30, l31, l32, l40, l41, l42, l50, l51, l52]
T is 15 × 1 unknown column

vector and h(t) is also a column vector given by (16). Now expanding f (t) = 1 and g(t) = t by
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hybrid Legendre polynomials for n = 5 and m = 3, we obtain f (t) = rTh(t) and g(t) = sTh(t),

where r = [1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0]T and

s =

[

1

10
,

1

10
, 0,

3

10
,

1

10
, 0,

5

10
,

1

10
, 0,

7

10
,

1

10
, 0,

1

10
,

9

10
, 0

]T

are column vectors each of order 15 × 1. Now integrating equation (21) two times and using

initial conditions given by (20), we find

y′(t) = LTPh(t) + rTh(t)

and

y(t) = LTP2h(t) + rTPh(t) + rTh(t).

Approximate sThhT by hybrid Legendre polynomials as

sThhT = hTS, (22)

where S is a square matrix of order 15 and it is given as

S =



























































1
10

1
10 0 0 0 0 0 0 0 0 0 0 0 0 0

1
30

1
10

2
30 0 0 0 0 0 0 0 0 0 0 0 0

0 2
50

1
10 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 3
10

1
10 0 0 0 0 0 0 0 0 0 0

0 0 0 1
30

3
10

2
30 0 0 0 0 0 0 0 0 0

0 0 0 0 2
50

3
10 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 5
10

1
10 0 0 0 0 0 0 0

0 0 0 0 0 0 1
30

5
10

2
30 0 0 0 0 0 0

0 0 0 0 0 0 0 2
50

5
10 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 7
10

1
10 0 0 0 0

0 0 0 0 0 0 0 0 0 1
30

7
10

2
30 0 0 0

0 0 0 0 0 0 0 0 0 0 2
50

7
10 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 9
10

1
10 0

0 0 0 0 0 0 0 0 0 0 0 0 1
30

9
10

2
30

0 0 0 0 0 0 0 0 0 0 0 0 0 2
50

9
10



























































.

From the above we get

(I − 2SPT) = 2Sr.

It is a system of algebraic equations which is solved for L. The exact solution of (19) is given by

y(t) = 1 +
∫ t

0
ex2

dx.

Comparison between approximate solution and exact solution is given in Table 4.



126 LAL S., SHARMA V.K.

t
Hybrid Legendre polynomials

Exact solution Absolute error
solution for n = 5, m = 3

0.0 1.000 1.000 0.000

0.1 1.101 1.100 0.001

0.2 1.204 1.203 0.001

0.3 1.311 1.309 0.002

0.4 1.425 1.422 0.003

0.5 1.548 1.545 0.003

0.6 1.686 1.680 0.006

0.7 1.840 1.833 0.007

0.8 2.019 2.009 0.010

0.9 2.229 2.215 0.014

Table 4. Comparison between approximate solution and exact solution for n = 5 and m = 3

Figure 7. Graph of exact solution (dark line) and approximate solution (dashed line)

of radioactive decay problem for k = 2 and m0 = 2

Figure 8. Graph of exact solution (dark line) and approximate solution (dashed line)

of radioactive decay problem for k = 1 and m0 = 1
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Figure 9. Graph of exact solution (dark line) and approximate solution (dashed line)

of Hermite differential equation

5 CONCLUSIONS

1. Estimates of Theorems 1, 2 and 3 are given by

(i) E
(BP)
m ( f ) = O

[

1

m

(

1 +
1

mα

)]

;

(ii) E
(LP)
m ( f ) = O

[(

1 +
1√

2α + 1

)

1

(2m−3)
3
2

]

, m ≥ 2;

(iii) E
(HFs)
n,m ( f ) = O

[

(

1

nα+2
+

1

2n2

)

1

(2m − 3)
3
2

]

, where m ≥ 2, 0 < α ≤ 1 and n is a positive

integer.

Since E
(BP)
m ( f ) → 0, E

(LP)
m ( f ) → 0 and E

(HFs)
n,m f → 0 as m, n → ∞, these approximations are

best possible in wavelet analysis.

2. The solution of differential equations associated with the radioactive decay problem and

the solution of the Hermite differential equation of order zero by hybrid Legendre polynomials

is approximately same as the exact solution. This is the significant achievement of this paper.
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Лал Ш., Шарма В.К. Про оцiнку функцiй iз класу Лiпшiца блочно-iмпульсними функцiями та гi-

бридними полiномами Лежандра // Карпатськi матем. публ. — 2020. — Т.12, №1. — C. 111–128.

У цiй роботi, використовуючи блочно-iмпульснi функцiї та гiбриднi полiноми Лежандра,

знайдено оцiнки функцiї f , яка має першу i другу похiднi, що належать до класу Lipα[a, b], де

0 < α ≤ 1, i a, b — скiнченнi дiйснi числа. Отриманi оцiнки є новими, точними та найкращими

у вейвелет аналiзi. Iз метою пояснення обґрунтованостi апроксимацiї функцiй методом набли-

ження гiбридними полiномами Лежандра наведено приклад розв’язку задачi радiоактивного

розпаду. Бiльше того, для пояснення важливостi та застосування методики цього методу зна-

йдено розв’язок диференцiального рiвняння Ермiта нульового порядку.

Ключовi слова i фрази: блочно-iмпульсна функцiя, полiном Лежандра, гiбридний полiном

Лежандра.


