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POWER OPERATIONS AND DIFFERENTIATIONS ASSOCIATED WITH

SUPERSYMMETRIC POLYNOMIALS ON A BANACH SPACE

CHERNEGA I.1 , FUSHTEI V.1 , ZAGORODNYUK A.2

We consider different approaches to constructing power operations on the ring of multisets as-

sociated with supersymmetric polynomials of infinitely many variables. Some relations between

constructed power operations are established. Also, we study differential operators on algebras

of symmetric and supersymmetric analytic functions of bounded type on the Banach space of ab-

solutely summable sequences. We have proved the continuity of such operators and found their

evaluations on basis polynomials.
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INTRODUCTION AND PRELIMINARIES

Let X be a complex Banach space. A (continuous) map P : X → C is said to be a (con-

tinuous) n-homogeneous polynomial if there exists a (continuous) n-linear map BP : Xn → C

such that P(x) = BP(x, . . . , x). Here 0-homogeneous polynomials are just constant functions.

A finite sum of homogeneous polynomials is a polynomial. We denote by P(nX) the space of

all continuous n-homogeneous polynomials on X and by P(X) the algebra of all polynomials

on X. It is well known that P(nX) is a Banach space with respect to any of the norms

‖P‖r = sup
‖x‖≤r

|P(x)|, r > 0. (1)

Let us denote by τb the topology on P(X) generated by the countable family of norms (1) for

positive rational numbers r. It is clear that τb is metrisable. We denote by Hb(X) the completion

of (P(X), τb). So Hb(X) is a Fréchet algebra which consists of entire analytic functions on X

which are bounded on all bounded subsets (so-called entire functions of bounded type). For

details on polynomials and analytic functions on Banach spaces we refer the reader to [12].

The spectra (sets of continuous complex homomorphisms = sets of characters) of Hb(X) and

its subalgebras were investigated by many authors (see e.g., [1–3, 9, 23, 24]). For every x ∈ X,

point evaluation functional δx : f 7→ f (x), f ∈ Hb(X), belongs to the spectrum of Hb(X).

A sequence of polynomials {Pn}∞
n=1 is algebraically independent if for every nonzero polyno-

mial q of m variables with q(0) = 0 and any finite subsequence {Pn1 , . . . , Pnm}, m ∈ N, the
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polynomial q(Pn1(x), . . . , Pnm(x)) is nonzero. An algebraically independent sequence of poly-

nomials {Pn}∞
n=1 is an algebraic basis of a subalgebra A ∈ P(X) if every element in A can be

represented as an algebraic span of a finite number of polynomials from {Pn}∞
n=1.

Let X = ℓ1 and G be the group of permutations of basis vectors. A function f on ℓ1 is said

to be symmetric if it is invariant with respect to all permutations in G. We denote by Ps(ℓ1) the

algebra of all continuous symmetric polynomials on ℓ1 and by Hbs(ℓ1) its closure in Hb(ℓ1).

There are a lot of algebraic bases in Ps(ℓ1). The following bases in the algebra of symmetric

polynomials are interesting for us:

• the basis of power series:

Fk(x) =
∞

∑
n=1

xk
n;

• the basis of elementary symmetric polynomials:

Gk(x) = ∑
n1<n2<···<nk

xn1 . . . xnk
;

• complete symmetric polynomials:

Hk(x) = ∑
n1≤n2≤···≤nk

xn1 . . . xnk
.

Here x = (x1, x2, . . . , xn, . . .) ∈ ℓ1. Note that basic properties of classical symmetric polynomi-

als on finite-dimensional spaces are still true for symmetric polynomials on ℓ1. In particular,

the well known Newton formulas hold

mHm = Hm−1F1 + Hm−2F2 + · · ·+ Hm−kFk + · · ·+ Fm, (2)

mGm = Gm−1F1 − Gm−2F2 + · · ·+ (−1)k+1Gm−kFk + · · ·+ (−1)m+1Fm.

Algebras of symmetric analytic functions with respect to various symmetry groups or semi-

groups of operators on Banach spaces were studied in [1, 4–11, 13–19, 21].

Denote Z0 = Z \ {0}. Let ℓ1(Z0) = ℓ1
⊕

ℓ1 be the Banach space of all absolutely summing

complex sequences indexed by numbers in Z0. Any element z in ℓ1(Z0) has the representation

z = (. . . , z−n, . . . , z−2, z−1, z1, z2, . . . , zn, . . .) = (y|x) = (. . . , yn, . . . , y2, y1|x1, x2, . . . , xn, . . .)

with

‖z‖ =
∞

∑
i=−∞

|zi|,

where x = (x1, x2, . . . , xn, . . .) and y = (y1, y2, . . . , yn, . . .) are in ℓ1, zn = xn, z−n = yn for n ∈ N

and

x 7−→ (0|x1, x2, . . . , xn, . . .) and y 7−→ (. . . , y−n, . . . , y−2, y−1|0)

are natural isometric embeddings of the copies of ℓ1 into ℓ1(Z0).

Let us define the following polynomials on ℓ1(Z0):

Tk(z) = Fk(x)− Fk(y) =
∞

∑
i=1

xk
i −

∞

∑
i=1

yk
i , k ∈ N.
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A polynomial P on ℓ1(Z0) is said to be supersymmetric if it can be represented as an alge-

braic combination of polynomials {Tk}
∞
k=1. In other words, P is a finite sum of finite products

of polynomials in {Tk}
∞
k=1 and constants. We denote by Psup = Psup

(
ℓ1(Z0)

)
the algebra

of all supersymmetric polynomials on ℓ1(Z0). Let us denote by H
sup
b the closure of Psup in

Hb(ℓ1(Z0)).

Note that polynomials Tk are algebraically independent because Fk are so. Hence {Tk}
∞
k=1

forms an algebraic basis in Psup. In [20] it was proved that

Wn(y|x) =
n

∑
k=0

Gk(x)Hn−k(−y), n ∈ N, (3)

is another algebraic basis. From [20] it follows that the semigroup of symmetry of Psup is

a minimal semigroup that contains all permutations of coordinates on (0|x1, . . . , xn, . . .), all

permutations of coordinates on (. . . , yn, . . . , y1|0) and operators of the form:

Aλ : (. . . , yn, . . . , y1|x1, . . . , xn, . . .) 7→ (. . . , yn, . . . , y1, λ|λ, x1, . . . , xn, . . .), λ ∈ C.

We say that z ∼ w for some z, w ∈ ℓ1(Z0) if Tk(z) = Tk(w) for every k ∈ N. Let us denote

by M the quotient set ℓ1(Z0)/ ∼ which is a natural domain for supersymmetric polynomials.

For a given z ∈ ℓ1(Z0), let [z] ∈ M be the class of equivalence which contains z. Also, we

denote by M+ the subset of M consisting of elements [(0|x1, x2, . . .)]. M+ can be considered

as a set of multisets. It is clear that every function f ∈ H
sup
b is well-defined on M and we will

write f (u) = f (y|x) for u = [(y|x)] ∈ M. Note that z ∼ w if and only if δz = δw. Thus M can

be embedded into the spectrum of H
sup
b .

In [20] algebraic operations “•” and “⋄” on ℓ1(Z0) were introduced and extended to M.

Let z = (y|x) and w = (d|b) be in ℓ1(Z0). Then

z • w = (y • d|x • b) = (. . . , dn, yn, . . . , d1, y1|x1, b1, . . . , xn, bn, . . .).

Also, we denote z− = (y|x)− = (x|y). Clearly, (z−)− = z and z • z− ∼ (0|0). These operations

can be naturally defined on M by

[z] • [w] = [z • w] and [z]− = [z−].

Let x, y ∈ ℓ1. By x ⋄ y (see [11]) we mean the resulting sequence of ordering the set

{xiyj : i, j ∈ N} with one single index in some fixed order. If u = [(0|x)] and v = [(0|y)],

then u ⋄ v = [(0|x ⋄ y)]. Let u = [(y|x)] and v = [(d|b)] be in M. We define

u ⋄ v = [((y ⋄ b) • (x ⋄ d)|(y ⋄ d) • (x ⋄ b))].

In [20] it is proved that (M, •, ⋄) is a commutative ring (so-called the ring of multisets) with

zero 0 = [(0|0)] and unity I = [(0|1, 0, . . .)], and Tk, k ∈ N, are ring homomorphisms from M

to C. Note that (M, •, ⋄) is not a linear space but in [20] it was introduced a “norm” ‖ · ‖ on

M satisfying natural conditions by

‖u‖ = inf
{

∑
i

|xi|+ ∑
j

|yj | : (y|x) ∈ u
}

.

Using the norm, in [20] it was introduced a metric ρ(u, v) = ‖u • v−‖ and proved that (M, ρ)

is a complete metric space.

In the first section we consider different approaches to construct power operations on M.

In Section 2 we study some operators of differentiation on Hbs(ℓ1) and H
sup
b associated with

the symmetric shift x 7−→ x • a. For combinatorial theory of symmetric polynomials we refer

the reader to [22].
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1 POWER FUNCTIONS

Let u1, u2, . . . , un ∈ M. We will use notation

n⊙

k=1

uk := u1 • u2 • · · · • un.

Using the operation “⋄” we can consider for a given k ∈ N a natural power function on M

u 7−→ u⋄k = u ⋄ · · · ⋄ u
︸ ︷︷ ︸

k

.

However there are different ways to introduce power function on M or M+. Let us define

u[k] = [(. . . , yk
n, . . . , yk

1|x
k
1, . . . , xk

n, . . .)], u = [(y|x)] ∈ M, k ∈ N.

If u = [(0|x)] ∈ M+, then

u〈k〉 =
⊙

i1<···<ik

[(0|xi1 . . . xik
)] = [(0|x1x2 . . . xk, x2x3 . . . xk+1, . . .)].

Finally, for u = [(0|x)] ∈ M+, we define u〈k〉 =
⊙

i1≤···≤ik

[(0|xi1 . . . xik
)].

Clearly that

T1(u
⋄k) = (T1(u))

k , T1(u
[k]) = Tk(u)

and

T1([(0|x)]
〈k〉) = Gk(x), T1([(0|x)]

〈k〉) = Hk(x).

For the general case u = [(y|x)] we set

u〈k〉 =
⊙

m+n=k

⊙

i1 ≤ · · · ≤ im
j1 < · · · < jn

[(yi1 · · · yim
︸ ︷︷ ︸

if m is odd

xj1 · · · xjn | yi1 · · · yim
︸ ︷︷ ︸

if m is even

xj1 · · · xjn)].

Proposition 1. Let u = [(y|x)] ∈ M. Then T1(u
〈k〉) = Wk(u).

Proof. Using (3), we can see that

T1(u
〈k〉) = ∑

n+m=k, m=2s

Hm(y)Gn(x)− ∑
n+m=k, m=2s+1

Hm(y)Gn(x)

= ∑
n+m=k

Hm(−y)Gn(x) = Wk(u).

Theorem 1. For every k ∈ N, power operations u 7−→ u⋄k, u 7−→ u[k], u 7−→ u〈k〉 are well-

defined on M and continuous.

Proof. Let us suppose that u = [(y|x)], v = [(d|b)] and (y|x) ∼ (d|b). Then

Tn(u
⋄k) =

(
Tn(u)

)k
=

(
Tn(v)

)k
= Tn(v

⋄k), n ∈ N,



364 CHERNEGA I., FUSHTEI V., ZAGORODNYUK A.

that is, u⋄k = v⋄k. The continuity of u 7−→ u⋄k is proved in [20]. By the similar reason,

Tn(u
[k]) = Tnk(u) = Tnk(v) = Tn(v

[k]), n ∈ N,

and so u[k] = v[k].

Finally,

Tn(u
〈k〉) = T1

((
u〈k〉

)[n]
)

= T1

((
u[n]

)〈k〉
)

= Wk(u
[n]) = Wk(v

[n]) = Tn(v
〈k〉).

The continuity of u 7−→ u[k] and u 7−→ u〈k〉 follows from the simple fact that if ‖uj‖ → 0,

then ‖u[k]‖ → 0 and ‖u〈k〉‖ → 0 as j → ∞.

In [20] it was prowed that there exists a continuous homomorphism Φ : H
sup
b → Hbs(ℓ1)

with a dense range such that Φ(Tn) = Fn and Φ(Wn) = Gn. Thus the restriction of the inverse

map Λ = Φ−1 on the subspace of supersymmetric polynomials Psup is an algebra isomor-

phism from Psup onto Ps(ℓ1). Applying Λ to the Newton formula, we have

kWk(u) =
k

∑
i=1

(−1)i+1Ti(u)Wk−i(u), u ∈ M, k ∈ N. (4)

Proposition 2. For every k ∈ N and u ∈ M the following equality holds

u〈k〉 • · · · • u〈k〉
︸ ︷︷ ︸

k

=
k⊙

i=1

[(1|0)]⋄(i+1) ⋄ u[i] ⋄ u〈k−i〉.

Proof. Using (4), we can write

Tn

(

u〈k〉 • · · · • u〈k〉
︸ ︷︷ ︸

k

)

= kTn(u
〈k〉) = kWk(u

[n]) =
k

∑
i=1

(−1)i+1Ti(u
[n])Wk−i(u

[n])

=
k

∑
i=1

(−1)i+1Tn(u
[i])Tn(u

〈k−i〉)

= Tn

( k⊙

i=1

[(1|0)]⋄(i+1) ⋄ u[i] ⋄ u〈k−i〉
)

.

Since it is true for every n ∈ N, we have our equality.

Let us denote by ν : Z → M the following mapping: ν(n) = [(0| 1, . . . , 1
︸ ︷︷ ︸

n

, 0, . . .)] if n ≥ 0

and ν(n) = [(. . . , 0 1, . . . , 1
︸ ︷︷ ︸

−n

|0)] if n < 0. Clearly, ν is a ring homomorphism. Let

q(t) =
m

∑
k=0

nktk

be a polynomial with integer coefficients. For a given u ∈ M we consider the following trans-

formations from the set Z[t] of polynomials with integer coefficients to M:

q⋄(u) =
m⊙

k=0

ν(nk)u
⋄k;
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q[·](u) =
m⊙

k=0

ν(nk)u
[k];

q〈·〉(u) =
m⊙

k=0

ν(nk)u
〈k〉.

From the proved properties of the power operations we have the following proposition.

Proposition 3. All mappings q 7−→ q⋄, q 7−→ q[·] and q 7−→ q〈·〉 are additive maps and q 7−→ q⋄
is a multiplicative map between the rings Z[t] and M.

2 DERIVATIVES

Let us consider the following operator on Hbs (c. f. [8])

∂ f (x) = lim
t→0

f (x • (t, 0, 0, . . .))− f (x)

t
.

Note first that ∂ is linear and satisfies the Leibnitz rule for differentiation

∂( f g) = ∂( f )g + f ∂(g)

for all f , g in the domain of ∂. Also, ∂ is well defined on polynomials in Hbs. Indeed

Fm(x • (t, 0, 0, . . .))− Fm(x) = Fm((t, 0, 0, . . .)) = tm.

Thus ∂F1 = 1 and ∂Fm(x) = 0 for m > 0. Since polynomials Fk, k ∈ N, form an algebraic

basis in the algebra of all symmetric polynomials Ps(ℓ1), operator ∂ is defined on Ps(ℓ1) and

∂P ∈ Ps(ℓ1) for every P ∈ Ps(ℓ1).

Proposition 4. The differential operator ∂ is continuous on Hbs(ℓ1).

Proof. Let A0 : ℓ1 → ℓ1 be the forward shift operator on ℓ1,

A0(x1, . . . xn, . . .) = (0, x1, . . . xn, . . .)

and d1 be the Gâteaux derivative in direction (1, 0, 0 . . .) on Hb(ℓ1). Then ∂ is the restriction to

Hbs(ℓ1) of the continuous operator d1 ◦ CA0
, where CA0

( f )(x) = f (A0(x)), f ∈ Hb(ℓ1). Thus ∂

is continuous on Hbs(ℓ1).

Proposition 5. For every m ∈ N we have ∂Gm = Gm−1 and ∂Hm = Hm−1.

Proof. Since

Gm(x • z) = ∑
k+n=m

Gk(x)Gm(z), x, z ∈ ℓ1,

we have

Gm(x • (t, 0, 0 . . .)) =
m

∑
k=0

tkGk(x)

and so ∂Gm = Gm−1. The second equality can be obtained by the similar way or using Newton

formulas (2) and simple induction.
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The differential operator ∂ can be extended to the supersymmetric analytic functions. Let

I = [(0|1)] and I− = [(1|0)]. We set

∂+ f (u) = lim
t→0

f (u • tI)− f (u)

t
and ∂− f (u) = lim

t→0

f (u • tI−)− f (u)

t
,

where u ∈ M. Similarly to the symmetric case, both ∂+ and ∂− are continuous and well-

defined on the whole space H
sup
b .

Theorem 2. For every m ∈ N

∂+Wm = Wm−1 and ∂−Wm = −Wm−1,

where W0 = 1.

Proof. According to (3), we can write

∂+Wm(y|x) = ∂+
n

∑
k=0

Gk(x)Hm−k(−y) =
n

∑
k=0

Gk−1(x)Hm−k(−y)

=
m−1

∑
k=0

Gk(x)Hm−k−1(−y) = Wm−1.

The second equality can be proved by the same way, taking into account that Hm−k(−y) =

(−1)m−k Hm−k(y).
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Розглядаються рiзнi пiдходи до побудови степеневих операцiй в кiльцi мультимножин, асо-

цiйованому з суперсиметричними полiномами вiд нескiнченної кiлькостi змiнних. Встановле-

но деякi спiввiдношення мiж побудованими степеневими операцiями. Також дослiджено опе-

ратори диференцiювання на алгебрах симетричних i суперсиметричних аналiтичних функцiй

обмеженого типу на банаховому просторi абсолютно збiжних послiдовностей.

Ключовi слова i фрази: суперсиметричний полiном, аналiтична функцiя на банаховому про-

сторi, степеневий оператор, оператор диференцiювання, кiльце мультимножин.


